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ABSTRACT. Let C' and D be digraphs. A mapping f: V(D) — V(C) is a C-
colouring if for every arc uv of D, either f(u)f(v) is an arc of C or f(u) = f(v),
and the preimage of every vertex of C' induces an acyclic subdigraph in D. We
say that D is C-colourable if it admits a C-colouring and that D is uniquely C-
colourable if it is surjectively C-colourable and any two C-colourings of D differ
by an automorphism of C. We prove that if a digraph D is not C-colourable,
then there exist digraphs of arbitrarily large girth that are D-colourable but not
C-colourable. Moreover, for every digraph D that is uniquely D-colourable,
there exists a uniquely D-colourable digraph of arbitrarily large girth. In
particular, this implies that for every rational number r > 1, there are uniquely
circularly r-colourable digraphs with arbitrarily large girth.

1. INTRODUCTION

In a seminal Canadian Journal of Mathematics article [12], Paul Erdés estab-
lished nonconstructively the existence of graphs with arbitrarily large girth v and
arbitrarily large chromatic number y. In these introductory remarks, we focus
mainly on Erdds’ theorem, for the features that make it interesting are shared by
its progeny (e.g. [6, 28, 31]), the first of which also appeared in CJM.

Because graphs with similar combined properties as guaranteed by Erdés had
been constructed earlier—e.g. triangle-free plus large x [8, 24, 34] or girth at least
six plus large x [9, 16]—his result was not wholly unanticipated. Nevertheless, it re-
mains somewhat counterintuitive. Naively, one might reason that having large girth
implies edge-sparsity, while having large chromatic number entails edge-abundance,
so how could both properties coexist in one graph? Even upon closer inspection,
the result seems paradoxical. If, for a positive integer ¢, a graph G satisfies v > ¢,
then any set of at most ¢ vertices induces an acyclic, hence 2-colourable, subgraph.
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Why is it not possible to assemble such colourings into a proper colouring of V(G)
using few colours? These questions’ answers might be regarded as the take-home
message of Erdés’ theorem: since the chromatic number depends intrinsically upon
the graph’s global structure, local 2-colourability imparts nothing on x.

Yet the theorem’s influence somehow manages to transcend its important mes-
sage. Every student of combinatorial probability studies Erdds’ proof (cf. [1, 2,
5, 7, 10, 22]), that employs a deterministic step after a probabilistic argument for
the existence of graphs with few short cycles and small stability number. And
though constructive proofs [18, 20, 26] of Erdés’ existence theorem eventually fol-
lowed, their complexity perhaps precludes their inclusion in ‘The Book’, generally
imagined to favour the elegance, clarity, and simplicity of Erdés’ original argument.

Aside from its beautiful proof, the theorem’s influence can also be measured by
considering its descendants. Nesetfil [25] conjectured, and Bollobds and Sauer [6]
proved, the existence of graphs as guaranteed by Erd6s that are, moreover, uniquely
x-colourable. Colourings are special cases of homomorphisms into a fixed graph,
and Zhu [31] extended both Erdés’ and Bollobas and Sauer’s results to homomor-
phisms into general graphs. Rather recently, the results of [31] were extended by
Nesettil and Zhu [28] to give a simultaneous generalization of Zhu’s two primary
results. Without attempting to give an exhaustive list, we also note the appearance
in recent years of a host of other articles related to the interplay between girth and
colouring; see, e.g., [11, 17, 19, 23, 27, 29, 32]. The results of the present paper

extend the main theorems of Zhu [31] to digraphs with acyclic homomorphisms.

Notation, terminology, details. As much as possible, we try to follow standard
terminology. See, for example, [3, 7] for graphs and digraphs, [2, 22] for probabilistic
concerns, and [15] for homomorphisms.

Our digraphs are simple—i.e. loopless and without multiple arcs—however, we
allow two vertices u, v to be joined by two oppositely directed arcs, uv and vu. The
girth of a graph or digraph refers to the length of a shortest cycle, that we take to
mean directed cycle in the digraph case (and infinite in either acyclic case).

Recall that a homomorphism of a graph G into a graph H is a function ¢: V(G) —
V(H) such that {¢(u),d(v)} € E(H) whenever {u,v} € E(G). An acyclic homo-
morphism of a digraph D into a digraph C' is a function ¢: V(D) — V(C) such
that:

(i) for every vertex v € V(C), the subdigraph of D induced by ¢~*(v) is
acyclic;
(i) for every arc uwv € E(D), either ¢(u) = ¢(v), or ¢p(u)p(v) is an arc of C.
If digraphs D and C are obtained from undirected graphs G and H, respectively, by

replacing every edge by two oppositely directed arcs, then acyclic homomorphisms
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between D and C correspond to usual graph homomorphisms between G and H. In
this sense, acyclic homomorphisms can be viewed as a generalization of the notion
of homomorphisms of undirected graphs.

It is well-known and easy to see that a graph G is (properly) r-colourable (for a
positive integer r) if and only if G admits a homomorphism to the complete graph
K,.. Thus, G is commonly called H -colourable if there is a homomorphism from G
to H. In the same way as homomorphisms generalize the notion of graph colouring,
acyclic homomorphisms generalize digraph colouring; cf. [4]. Motivated by this, we
say that a digraph D is C-colourable if there is an acyclic homomorphism from D
to C.

Zhu generalized Erdos’ theorem as follows.

Theorem 1.1 ([31]). If G and H are graphs such that G is not H-colourable,
then for every positive integer g, there exists a graph G* of girth at least g that is

G-colourable but not H-colourable.

To recover Erddés’ theorem, suppose that we want to arrange for v > g and y > r,
for some prescribed integers g and r; then we take G = K, and H = K,_; in
Theorem 1.1.

Our first main result is a digraph analogue of the preceding result.

Theorem 1.2. If D and C are digraphs such that D is not C-colourable, then
for every positive integer g, there exists a digraph D* of girth at least g that is

D-colourable but not C-colourable.

Just as Theorem 1.1 generalizes Erdés’ theorem, Theorem 1.2 generalizes the ana-
logue appearing in [4]. See the introduction to Section 4 for a statement of this
analogue.

A graph G is uniquely H -colourable if it is surjectively H-colourable, and for any

two H-colourings ¢, ¢ of G, there is an automorphism 7 of H such that

(1.1) p=mo.

Unique D-colourability is defined analogously for digraphs D. In either case, when
(1.1) occurs, we sometimes say that ¢ and ¢ differ by an automorphism of H. A
graph H is a core if it is uniquely H-colourable; likewise for digraphs. To align
this formulation with the usual one (cf. [13, 15]), we offer the following observation

about the digraph version.

Lemma 1.3. A digraph D is a core if and only if every acyclic homomorphism
V(D) — V(D) is a bijection.
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Proof. Let ¢ : V(D) — V(D) be an acyclic homomorphism. If ¢ is not a bijection,
then ¢ and the identity homomorphism do not differ by an automorphism of D, so
D is not a core.

Suppose now that D is not a core, and let ¢, be two acyclic homomorphisms
that do not differ by an automorphism of D. If ¢ (or ) is bijective, then it is
a homomorphism of D onto itself. This implies that it is an automorphism of D.
Therefore, ¢ and v are not both bijective. (I

Zhu generalized the aforementioned Bollobds-Sauer theorem [6] as follows.

Theorem 1.4 ([31]). For every graph H that is a core and every positive integer
g, there exists a graph H* of girth at least g that is uniquely H-colourable.

Bollobas and Sauer’s result follows from Theorem 1.4 because complete graphs are
cores, as is easily verified.

Our second main result establishes a digraph analogue of Theorem 1.4.

Theorem 1.5. For every digraph D that is a core and every positive integer g,

there exists a digraph D* of girth at least g that is uniquely D-colourable.

Theorem 1.5 immediately applies to digraph colourings and digraph circular colour-
ings (see, e.g., [4, 21]) to yield our third main result, Theorem 4.4. In favour of
an abbreviated mention of this result here, we postpone until Section 4 its full

statement, the definition of ‘circular colouring’, and some related discussion.

Corollary 1.6. For every rational number r > 1 and every positive integer g, there

exists a digraph of girth at least g that is uniquely circularly r-colourable.

We devote Section 2 to the proof of Theorem 1.2, while Section 3 contains the
proof of Theorem 1.5. Both proofs are probabilistic and follow the main ideas of
[6] and [31], which themselves trace back to Erdds [12]. However, just as both of
these earlier refinements required new ideas to move to the next level, additional

care and some inspiration are needed to extend the proofs to the digraph setting.

2. PROOF OF THEOREM 1.2

We begin by setting up a suitable random digraph model. Suppose that V(D) =
{1,2,...,k} and that ¢ = |E(D)|. Let n be a (large) positive integer, and let D,, be
the digraph obtained from D as follows: replace every vertex ¢ with a (temporarily)
stable set V; of n ordered vertices v, va, ..., U, and replace each arc ij of D by the
set of all possible n? arcs from V; to Vj; additionally, add each arc v,vs such that
vy, vs € V; and r < s. Clearly, |V(D,)| = kn and |E(D,)| = qn® + k(3).

Now fix a positive £ < 1/(4g). Our random digraph model D = D(D,,, p) consists
of those spanning subdigraphs of D,, in which the arcs of D,, are chosen randomly

and independently with probability p = n®~1.



UNIQUELY D-COLOURABLE DIGRAPHS WITH LARGE GIRTH 5

As usual in nonconstructive probabilistic proofs of results of this nature (cf.
[6, 28, 31]), the idea is to show that most digraphs in D have only a few short
cycles, and for most digraphs H € D, the subdigraph of H obtained by removing
an arbitrary yet small set of arcs is not C-colourable. Choosing an H € D with
both these properties, we can force the girth to be large by deleting an arc from
each short cycle. Since the set Ag of deleted arcs is small, the resulting digraph
H — Ap satisfies the desired conclusion of Theorem 1.2.

To make this description more precise, let D1 denote the set of digraphs in D
containing at most [n%] cycles of length less than g, and let Dy be the set of
digraphs H € D that have the property that H — Ay is not C-colourable for any

set Ag of at most [n9°] arcs. We will show that

(2.1) Dy > (1 - n_5/2> D)
and
(2.2) Dy| > (1—e")|D].

Since (2.1) and (2.2) imply that D; N Dy # & (for sufficiently large n), there exists
a digraph H € D1 NDy. Now H € Dy implies that there is a set Ay of at most
[n9¢] arcs whose removal leaves a digraph D* := H — Ay of girth at least g, while
H € Dy means that D* is not C-colourable. Thus, it remains to establish (2.1) and
(2.2).

Proof of (2.1). The expected number Ny of cycles of length ¢ in a digraph H € D

is at most
(2.3) (’2”) (0 —1)p*

since there are (ken) (¢ — 1)! ways of choosing a cyclic sequence of ¢ vertices as a
candidate for a cycle, and such an ¢-cycle occurs in D with probability either 0 or
p’. Tt is easy to see that the product of the first two factors in (2.3) is smaller than
(kn)t/¢. Therefore, if n is large enough, then

g—1

g—1 ¢
N, < Z (’Wzs) < k9~ 1ple—De  —¢/2 98
=2

&~

=2

Now (2.1) follows easily from Markov’s Inequality. O

Proof of (2.2). We shall argue that [D\Ds| < e "|D|. If H € D\ Dy, then there is
a set Ag of at most [n9¢] arcs of H so that H — Ay admits an acyclic homomorphism
h to C. Let k' = |V(C)|. By the pigeonhole principle, for each i € V(D), there
exists a vertex z; € V(C) such that |[V;Nh~1(z;)| > n/k’. Define ¢: V(D) — V(O)
by setting ¢(i) = x;. Since n/k’ > n9, the set V; N h~1(z;) contains a subset W;

of cardinality w := [n/(2k")] such that no arc in Ag has an end vertex in W;.
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Since D is not C-colourable, the function ¢ is not an acyclic homomorphism.
Therefore, either there is an arc ij € E(D) such that ¢(i) # ¢(j) and ¢(i)d(j)
is not an arc of C, or there is a vertex v € V(C) such that the subdigraph of D
induced on ¢~!(v) contains a cycle.

We first consider the case when ij is an arc of D such that ¢(i) # ¢(j) and
d(1)p(j) is not an arc of C. Since h is an acyclic homomorphism, there are no arcs
from W; to W; in H — Ag. By the definition of W; and W;, neither are there such
arcs in H.

Let us now estimate the expected number M of pairs of sets A C V;, B C V,
with |A| = |B| = w, such that ij € E(D) and such that there is no arc from A to
B in H € D (we call such a pair A, B a bad pair). By the linearity of expectation,
we have
nv\ 2 2 n2(1 — p)v)v
g = 200

Since w grows no more (or less) than linearly with n, for sufficiently large n we

(2.4) M = Q(Z>2(1 —p)" < q(

have
2 w —2k’ q 1
n“(1—p)¥ <e and e <3
Therefore, Markov’s Inequality and (2.4) yield
(2.5) Pr(3 a bad pair) < 62 5

Suppose now that there is a vertex v € V(C) such that D contains a cycle
Q whose vertices are all in ¢~!(v). Suppose that Q = iyis---i;. Observe that
2 <t < k. Since ¢(Q) = {v}, we conclude that h(W;,) = h(W;,) = --- =
h(W;,) = {v}. Since h is an acyclic homomorphism, the subdigraph of H induced
on W;, UW;, U---UW,, is acyclic.

Let us consider all sequences of sets U;,,Uj,, . .., Uj, such that, forr =1,2,...,¢,
we have U;. C V;, and |U;,| = w, and the vertex sequence jijz---j¢ is a cycle in

D. Let U(¢) denote the subdigraph of H induced on U;, UUj, U ---UUj,,, and
let Py := Pr(U(¥) is acyclic). We call this sequence of sets bad if U({) is acyclic.
Since the expected number N of bad sequences is the sum of the corresponding

expectations over all possible cycle lengths, we have

k ¢
k n
2. < E - 1! .
(2.6) N < (€> (-1 <w) b
(=2
In order to bound N, we first bound the probabilities P;.

Lemma 2.1. There exists a constant v > 0 (not depending on n) such that P, <
et for every integer £ € {2,3,...,k}.
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We present two proofs of Lemma 2.1. The second invokes the Janson Inequalities
(see, e.g., [2, Chapter 8]). The first uses only elementary methods and relies in the

beginning on the following observation.

Lemma 2.2. A digraph D is acyclic if and only if every induced subdigraph contains

a vertex of outdegree 0.

Proof. If D is acyclic, then every induced subdigraph of D must be acyclic and
therefore must contain a vertex of outdegree 0. If D is not acyclic, then it must
contain a cycle, the vertex set of which induces a subdigraph containing no vertex

of outdegree 0. O

Proof 1 of Lemma 2.1. Let Ey be certain (Pr(Ey) = 1), and let E; be the event
that all induced subdigraphs of U(¢) with more than ¢w — j vertices have a vertex

of outdegree 0 (the outdegree in the induced subdigraph). Lemma 2.2 shows that

Lw fw—1 w—1
(2.7) Py =Pr ( N Ej) = [] Pr(Ej1lE)) < [] Pr(EjlE)).
j=0 j=0 Jj=0

We will call aset S C V(U (¥)) an acyclic-sink set if the induced subdigraph U (¢)[5]
is acyclic and there are no arcs in U(¢) from S to V(U(¢£)) N\ S (so S acts as a sink
in U(¥)).

Claim 1: The union of two acyclic-sink sets in U(¢) is an acyclic-sink set in U(¥).

Proof of claim. Let A and B be two acyclic-sink sets in a digraph U(¢). Since A
and B are both sinks in U(¢), their union AU B is a sink because there are no arcs
from AUB to V(U (¢))~ (AUB). Consider the three sets AN B, B\ A, and AN B;
each is a subset of an acyclic-sink set so each induces an acyclic digraph. Since A
is a sink in U(¢), there can be no arcs from AN B to B \ A. Likewise B is a sink
in U(¢), so there can be no arcs from AN B to A~ B. Therefore, AU B induces

an acyclic digraph and is consequently an acyclic-sink set in U(¥). (]

Claim 2: There exists an acyclic-sink set .S C V(U (¢)) of cardinality j if and only

if F/; occurs.

Proof of claim. If there exists an acyclic-sink set of cardinality j, then a subdigraph
of U(¥) with more than fw — j vertices must have a nonempty intersection with it.
Any subdigraph that has nonempty intersection with an acyclic-sink set induces a
subdigraph containing a vertex of outdegree zero.

If there is no acyclic-sink set of cardinality j, then the largest acyclic-sink set is
an " C V(U(()) such that |S’| < j. Then U(¢) — S’ is a subdigraph of U(¢) with
cardinality greater than fw — j and with no vertices of outdegree 0 (otherwise we

could have added them to S’ and had a larger acyclic-sink set). a
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Claim 3: If U(¢) has an acyclic-sink set of cardinality j, then it has an acyclic-sink

set of cardinality j — 1.

Proof of claim. Suppose that S is an acyclic-sink set in U(¥) of cardinality j. Then
the subdigraph U(¢)[S] is acyclic, so there must be a vertex v with indegree 0
in U(¢)[S]. Consider the set S ~\ {v}; this induces an acyclic subdigraph of U(¢)
because it is a subdigraph of an acyclic digraph. There were no arcs from S to
V(U(£)) \ S, and there are no arcs from S\ {v} to v, so S~ {v} is a sink in U(¥).

Therefore, there exists an acyclic-sink set in U (¢) of cardinality j — 1. (]

We now fix j in order to estimate Pr(E;;1|E;). Let I = {1,2,..., (ij)} and let
{Si}iel be the j-subsets of the fw vertices of U(¢) (in some fixed order). Let B;
be the event that S; is an acyclic-sink set in U(¢). By Claim 1, if more than one
B; occurs, there must be an acyclic-sink set of cardinality at least j 4+ 1, and so by

Claim 3, there exists one of cardinality exactly j + 1. Therefore by Claim 2,

(2.8) Pr (Ej+1| ﬂ Bi> = 1 whenever Y C [ and |Y]| > 2.

icy
Now additionally fix a B;, and we will estimate Pr(E;11|B;). Let F' be the event
that U(¢) — S; contains a vertex of outdegree 0. Then

(2.9) Pr(E;.1|B;) = Pr(Ej1|F N B;) Pr(F|B;) + Pr(Ej 1 |[FC N B;) Pr(FC|B;).

The event E;;; occurs when all subsets of V(U({)) of cardinality greater than
fw — (j+ 1) induce a subdigraph in U(¢) that has a vertex of outdegree 0. Clearly
U(¢) — S; has cardinality fw — j, while F'C is the event that this set induces a
subdigraph with no vertex of outdegree zero. Thus Pr(E;1|F¢ N B;) = 0. All
sets of cardinality exceeding fw — (j + 1) that are distinct from V(U (¢)) \ S; have
a nonempty intersection with .S;, which (given B;) is an acyclic-sink set in U (¥).
Therefore, subdigraphs of U (¢) induced on these sets have a vertex of outdegree 0, so
that Pr(E;1|B;NF) = 1. Using these observations, (2.9) reduces to Pr(E;|B;) =
Pr(F|B;). The event F is independent of the event B; since the vertices in .S; do
not affect the outdegree of vertices in the subdigraph induced by V(U (¥)) \ S;.
Therefore, Pr(E;41|B;) = Pr(F).

Now we estimate the probability of F'. The probability that any particular vertex
of U(¢) — S; has outdegree 0 in the induced subdigraph is bounded from above by
(1 — p)(@=9). Since these outdegree computations are independent for each vertex,
the probability that all vertices have outdegree greater than 0 is bounded from
below by (1 — (1 — p)w=9)w=3) 5o that

Pr(Ej|Bi) = Pr(F) < 1—((1—(1-p)9)9)
(2.10) < (fw—j7)(1— p)(wfj) =:pj.
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We also need to estimate Pr(£;1|E;). By Claim 2, E; occurs if and only if  J,.; B

occurs. Thus we may rewrite Pr(E;41|E;) using inclusion-exclusion:

Pr(Ej1|E;) = Pr (Ej+1|UBi>

il
Pr (5410 (Uies B1)
Pr (Uiel B;)
Pr (Uz‘el(EjH N Bz))
Pr (Uiel Bi)
Pr (E; 4 oy B,
iel Di

o£Y CI

— Z (_1)\Y|+1

Pr (Ej+1 N(Nyey B )) Pr(N,ey By)

oAYCI Pr(Nyey By) Pr (Uie; Bi)
= > )P (B ﬂ B,)Pr( () B, UB)
@AY CI yey i€l
= Y Pr(E1By) Pr (B, UB)
yel i€l
+ > )P (B | () By) Pr () B U B
IY\Q yey yey il
Y>2

Using (2.8) and (2.10) in the last expression for Pr(E;,|E;) gives

Pr(E;|E;) < p; Y Pr (By{ UBZ) + Y (—1)|Y|+1Pr( N B, UBi)

el el |¥%>12 yey el
= nEe(aIUB) [ (UBIUB) - Sr (51U 5)
yel iel i€l i€l i€l
= Dj pr (By{ UB2> + [1 N ZPr (By| UBzﬂ
yel el yel =

Since >, o, Pr r (By|U;e; Bi) = 1 and p; — 1 < 0, we have

Pr(EjalB;) < 14+ 3 Pr(By| U B:) (s~ 1) <py.

yel i€l
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Applying this last estimate to (2.7) yields

w—1
P < Hp]— [T w - 5@ —p e
=0
< (gw)w( )w (w+1)/2
< () (1 —p)?
< (Ew)w —pw /2
)
(2.11) < (éwe 4’”)
(2.12) < (e )
(2.13) < e~ n'*e/(10(k")%)

In passing from (2.11) to (2.13), the reader may find it helpful to recall that n = |V}|
(for 1 <i < k), k¥ =|V(C)], £ is between 2 and k, w = [n/(2k")], and p = n°~ 1,
and that these estimates are valid for fixed k' and sufficiently large n. Of course,
Lemma 2.1 follows if we take v = 1/(10(k")?). O

Proof 2 of Lemma 2.1. We use the Janson Inequalities, (mainly) follow the notation
of [2, Chapter 8], and assume familiarity on the readers’ part. Here, {2 denotes the
set of all potential arcs (in D, as defined at the start of Section 2) between the
sets Uj,, for i = 1,2..., ¢, (introduced just prior to our statement of Lemma 2.1);
each arc in €2 appears with probability p.

Let s be a (large) multiple of ¢; the value of s will be independent of n and
specified below. Now, let us enumerate those cycles of D, that are of length s,
and that cyclically traverse Uj,,Uj,, ...,Uj, s/¢ times. For j > 1, denote by S; the
arc set of the jth such cycle and by B; the event that the arcs in S; all appear in
H (i.e. the cycle determined by S; is present in H). Let the random variable X
count those B; that occur. Since Pr(X = 0) (the probability that there is no such
cycle of length s) is an upper bound for P, (the chance that U(¢) is acyclic), we can
bound P, by bounding Pr(X = 0), and estimating the latter quantity is exactly the
purpose of Janson’s Inequalities. In the Janson paradigm, the value of A is defined
by

(2.14) A= )" Pr(B;NBy),
SLNSJ

where S; ~ §; if the two cycles determined by S; and S; have at least one arc in

comimon.



UNIQUELY D-COLOURABLE DIGRAPHS WITH LARGE GIRTH 11

First, we find an upper bound for A. Letting ¢ remain fixed, we (rather crudely)
obtain
(2.15) A<n® > Pr(B;inBy),
j:Si~S;

since each |U,| < n and each |S;| = s. The sum on the right side satisfies

s—1
(2.16) Z Pr(B; NB;) < Z(j)I)Zs—rws—(r—Q—l).

§iS;~S; r=1
The binomial coefficient in (2.16) accounts for the number of ways to choose the
arcs of S; NS;, the power of p is Pr(B,|B;) Pr(B;), and finally, the power of w
reflects the facts that each U-set has cardinality w and, with ¢ fixed, there are at
most s — (r + 1) vertices in the S;-cycle not already in the S;-cycle. Recalling that
w = [n/(2k')] (so that w < n), using the gross bound (7) < 2°, and replacing p

with n~!, we find that '
Z Pr(B,NB;) < 2° §p2577’n57(r+1) _ QSEnQ“*S*”*l < 95gp2es—s—e—1
3:5i~S; r=1 r=1
With (2.15), the last estimate yields
(2.17) A < 28sp?es—et,
Next, we find a lower bound for p:= E[X]. Since there are ¢ U-sets, each con-

taining w vertices, and each ordered choice of s/¢ vertices from each (up to the

choice of the first vertex) contributes 1 to X with probability at least p*, we have

ez 5 () 16

Therefore,
(2.18)

>1 L es>1(w_s)ss>1(n>snss—5_ nc®
= (w— s/0)! =y )P = s\ o s(4kN)s

We distinguish two cases.

Case 1: A > pu.
Here, we have the hypotheses of the Extended Janson Inequality ([2, Theorem 8.1.2]),
which, along with our bounds (2.17), (2.18) gives

Pr(X =0) < e /@8 < o=/ @25

Case 2: A < p.
Now we have the hypotheses of the basic Janson Inequality ([2, Theorem 8.1.1]),
which together with (2.18) gives

Pr(X:O) S e*ﬂ*‘l’A/Q < 67,11/2 S 677155/(25(416,)5).
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Let s > 1+ (1 +¢)/e be a multiple of £. Then the last bound shows that
Pr(X =0) < e/ @s@k)) < o't

Since s and k' are constants (not depending on n), as is the number 1 (the

coefficient of n'T€ in the last expression), in either case we see that
P < Pr(X=0) < e

for some constant v > 0. This gives us Lemma 2.1. (]

We return to our estimation of the expected number N of bad sequences in (2.6),

repeated here for convenience:

N < Zk: (’;) = 1)!(2)6&.

(=2
Using Lemma 2.1 to bound the factors Py in this sum shows that for n large enough,
n

k l k _ _
k n I+te e " e

2.1 N < — 1! - — —_—.
(2.19) = [ZZZ (z)(g )(w) ¢ < [ZZQ 2% 2

From (2.19) and Markov’s Inequality, we conclude that

(2.20) Pr(3 a bad sequence) < 67.
Since ¢ fails to be an acyclic homomorphism exactly when there exists a bad pair

or there exists a bad sequence, (2.5) and (2.20) now show that
|D \ Ds| < (Pr(3 bad pair) + Pr(3 bad sequence)) |D| < e™"|D|,
which yields (2.2). O

3. PROOF OF THEOREM 1.5

To obtain the conclusion of Theorem 1.5 (unique D-colourability), we shall need
to refine the deletion method employed in the proof of Theorem 1.2. We preserve
the earlier notation. Let D3 be the set of digraphs H € Dy, in which any two cycles
of length less than ¢ are disjoint. Let D4 denote the set of those H € D with the
property that H — Ay is uniquely D-colourable for any set A; of at most [n9]
independent arcs. (Here, we call a set S C E(H) independent if no two arcs in S

have a vertex in common.) Now we will show that

(3.1) D] > (1 - n*6/3) D)
and
(3.2) Dy > (1 - e_"€/6> D).

Since (3.1) and (3.2) imply that D3 N Dy # & (for large enough n), we can choose
a digraph H € D3N Dy. As H € D3 C D, we can delete a set A; of at most
[n9¢] independent arcs from H so that D*:= H — A; has girth at least g, and
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H € Dy ensures that D* is uniquely D-colourable. Hence, to complete the proof of
Theorem 1.5, it suffices to establish (3.1) and (3.2).

Proof of (3.1). For integers {1, {3 < g, we follow [31] and call a digraph an ({1, ¢2)-
double cycle if it consists of a directed cycle Cy, of length ¢; and a directed path
of length ¢5 joining two (not necessarily distinct) vertices of Cy,; such a digraph
contains £1 +£5 — 1 vertices and ¢1 +#5 arcs. Let D’ denote the set of digraphs in D
containing an ({1, ¢5)-double cycle for some ¢1,¢5 < g. Notice that Dy ~ D3 C D,

whence
(3.3) D1\ Ds| < D],

so we can obtain a lower estimate for |Ds| by estimating |D’|.
For fixed ¢4, 42 < g, the expected number N ({1, ¢5) of (¢1,¢5)-double cycles in a
digraph H € D is less than

3 (k) (o) =,

since there are fewer than £;(kn)% (kn)*~! ways of choosing such a double cycle
Y with V(Y) C V, and each such Y exists with probability 0 or p‘**¢2. Since
p =nc"! we have

N(£17£2) < €1ke1+22n5(51+£2)n—1.

Since (€1 4 £3) < 2ge < 1/2, for large enough n we have

> N(ly,by) <n 2

2<l1<yg
1<ly<g

Markov’s Inequality now shows that
D) <n” V2D,
so from (3.3) we obtain
D3| > D1 —n~/? D),
and (2.1) gives (3.1). O
Proof of (3.2). We will argue that [D ~\ Dy| < e " /S|D|. If H € D\ Dy, then

there is a set A; of at most [n9°] independent arcs of H so that H — A; admits
an acyclic homomorphism A to D that is not the composition ¢ o ¢ of the natural
homomorphism ¢: H — A; — D (sending V; to ) with an automorphism o of D.
As in the proof of (2.2), we can define a function ¢: V(D) — V(D) such that
Vi N h=1(¢(i))| > n/k for each i € V(D).

Let us first suppose that ¢ is not an automorphism of D. By hypothesis, D is
a core, so any acyclic homomorphism of D to itself must be an automorphism. It
follows that ¢ is not an acyclic homomorphism. Therefore, there is an arc ij € F(D)
such that ¢(i)¢(j) € E(D), or there is a vertex i € V(D) such that ¢—!(i) is not
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acyclic. Notice that the current arrangement is analogous to the one in the second
paragraph in the proof of (2.2). Repeating the earlier argument, with D in the
place of C' and k in the role of k’, we find that most H € D do not fall into the

present case. More precisely, we reach the following conclusion:

At least (1—e=")|D| digraphs H € D have the property that for any set Ay of at most
[n9¢] arcs (independent or otherwise), the digraph H — Ay cannot be D-coloured so
that ¢ is not an automorphism of D.
Thus, in this case, |D ~\ Dy| < e "|D| < e~ /|D|, and (3.2) is proved.

From now on, we treat the case when ¢ is an automorphism of D. Without loss

of generality, we may assume that ¢ is the identity, i.e., that
(3.4) |Vi nh~'(i)| > n/k for each i € V(D).
We may assume further that

(3.5) |V, N A1 (i)| < n/k for all j # i.

(Otherwise, we can redefine ¢(i) to be equal to j and fall into the case where ¢ is
not an automorphism.)

Since h is not the composition ooc of the natural homomorphism ¢: H—A; — D
(sending V; to i) with an automorphism o of D, there must be a pair {i, j} of distinct
vertices of D such that V;Nh~1(i) # @. Let {ig, jo} be such a pair that maximizes
Vi, N h~1(ip)|. Consider the map ¢': V(D) — V(D) such that

& (z) = { : (= ¢(x)) ;fifjﬁ,
Clearly ¢’ is not a bijection, and since D is a core, it cannot be an acyclic homo-

morphism. There are two possibilities.
Case 1: Both jgip and igjo are arcs of D (so ¢'~!(ig) is not acyclic).

Case 2: There exists v € V(D) such that vjg is an arc of D but vig is not, or jov

is an arc of D but igv is not.

We will show that in either case, |D ~ Dy| < e~ /6|D].

Case 1: Our choice of {ig, jo} ensures that A= (ig) NV}, # @. Let x € h™'(ip) NV},
and consider the (nonrandom) subdigraph D,, of D,, induced by {z}U(h=1(ig)NViy).
As V,, induces no cycles, all cycles of 5; must include z, and since the arcs of A; are
independent, at most one such arc is incident with . Furthermore, the constraint

on the size of A; and our choice of € (smaller than 1/4g) give
[Ar] < o] < !/ < 2.

Because |h™1(ig)NVi,| > n/k (cf. (3.4)), there must be a subset U C h=1(ig)NV;, of
cardinality |n/2k| such that the (random) subdigraph induced by {x}U U contains



UNIQUELY D-COLOURABLE DIGRAPHS WITH LARGE GIRTH 15

no arcs of A; and moreover is acyclic (since h™1(ig) is acyclic). To show that this
is unlikely, we first estimate the expected number M of ways to select a vertex
x €V, and a subset U C V;, of cardinality |n/2k] so that the subdigraph H,
of H that they induce is acyclic and no arc of A; is incident with a vertex in U. If

P, v denotes the probability that H, ;7 is acyclic, then

(3.6) M < n< >Px,U <n"P,y.

n
[n/2k]

In order to estimate P, r7, we again employ the Janson Inequalities (cf. [2, Chap-
ter 8]). Now (2 denotes the set of all potential arcs in the subdigraph Dj ;; of
D,, induced by {z} UU; each arc in Q appears in H, y with probability p. Let
¢ > (2+¢)/e be a fixed integer. Let us index those cycles of D, ;; (with the positive
integers) that are of length £+ 1 in D;_’U. For j > 1, let S; be the arc-set of the jth
such cycle and B; be the event that the arcs in S; all appear (i.e. the cycle deter-
mined by S; is present in Hy 7). Let X count the B; that occur; since Pr(X = 0)
is an upper bound for P, 7, we can bound P,y by bounding Pr(X = 0).

As in (2.14), Janson’s A is given by

A= > Pr(B;nB;).
Si~S;

Since there are at most (LH/E%J) < n' cycles S;, if we fix an S; to maximize
> jis;~s, Pr(Bi N'Bj), then
(3.7) A<nl Z Pr(B, N B;).

j:Sj~S;

Now we sum over the number r of common arcs an S; can have with S;; this fixes

at least r 4 1 vertices of S;. Thus,

¢ / l—r—1
> Pr(B;NB;) < ;( J;1> L%J P

J:Sj~Ss
Using the crude upper estimates (Z':l) < 21 and |n/2k] < n, and replacing p
with n°~!, we obtain

4
Z PI‘(BiﬂBj) < 2Z+1 Z(np>é—r—1p€+3 < 2€+1€(np)€—2p€+3 — 2€+1£n25€+6—€—3.
§:55~5i r=1

This and (3.7) now give
(3.8) A < 28 yp2ette=s,

We also need to find a lower bound for p := E[X]. Since the arcs of D, ;; within

U are acyclically oriented, each choice of ¢ vertices within U determines exactly one



16 ARARAT HARUTYUNYAN, P. MARK KAYLL, BOJAN MOHAR, AND LIAM RAFFERTY

potential (¢ + 1)-cycle (viz., through x). It follows that

n n ¢ né‘f e—1
I G G E

As in the proof of Theorem 1.2, we have two subcases.

Subcase 1(i): A > pu.

Again, we have the hypotheses of the Extended Janson Inequality ([2, Theorem 8.1.2]),
which, along with (3.8) and (3.9) gives

Pr(X = 0) < e W/@R) o o't/ RERO™) _ mpn' e

where f is the (positive) constant (not depending on n) absorbing the denominator
in the preceding exponent.

Subcase 1(ii): A < p.

Here, we have the hypotheses of the Janson Inequality ([2, Theorem 8.1.1]), which,
with the help of (3.9) gives

Pr(X =0) < e HTA2Z o w2 o n™ T/ 20k01

Recalling our choice of £ > (2 + €)/e, we see that
Pr(X =0) < R ARICICU DR

In either subcase, we have that P, y < Pr(X =0) < e=A"" (since B < 1), and

returning to (3.6), we have
M < n"Pyy < nte ATt — (neiﬁnjn < ez,

By Markov’s Inequality, the probability that there exists such an {x} U U (that
induces an acyclic subdigraph) is less than e=Bn /2 < e~"/6 and so in Case 1,
D\ Dy| < e ™ /%D|, as desired.

Case 2: By the hypothesis of this case, there is a vertex v such that either vj, €
E(D) and vig € E(D), or jov € E(D) and igv ¢ E(D). We will consider the first
of these; the second one yields to similar reasoning. Let us recall that we chose a

pair {io,jo} of distinct vertices of D so as to maximize b := |V}, N h~1(i)| # 0.
Claim: Every vertex z € V(D) \ {io} satisfies |V. Nh~1(2)| > n — (k — 1)b.

Proof of claim. Otherwise, some z # o satisfies |V, N h~!(z)| <n — (k — 1)b. By
the pigeonhole principle, there is some u # z such that |VZ N h_l(u)’ > b, but this
contradicts our choice of {ig, jo}. O

Using the claim, we see that there are sets U, C V, Nh~'(v) and Uj, = Vj, N
h=(ip) with |U,| =n — (k—1)b and |U;,| = b. Since h: H — A} — D is an acyclic
homomorphism and vip € E(D), there are at most min{b, [n9]} independent arcs

from a vertex in U, to one in Uj,. We now estimate the expected number L(b) of
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pairs U, C V,,, U C Vj, with |Uy| =n — (k= 1)b=n— (k- 1)|Uj |, and at most
min{b, [n9*]} arcs from Uy, to Uj .

For b < n/k (cf. (3.5)) and s < min{b, [n9%]}, denote by L(b, s) the expected
number of pairs Uy, C V,, Ui C Vo, |Uj| =n — (k—1)b=n— (k- 1)|U] |, and

exactly s arcs joining a vertex in U, to one in U} . Then

L(b,s) < (n B (:_ 1)b) (Z) <(n - (ks_ l)b)b>ps(1 _ p)(n—(k—l)b)b—s

n(kfl)bnb(nb)sns(efl)efbns%»'rf*l ((k—1)b%+5)

AN A

bsnssnkbe—(bni)/2
bSnss (nke—nE/Q)b

< bsnssef(bns)/3
<

_6
e /4,

Letting L(b) = >~ < nin(p, fno=1y L(b; 8) < [n9°] e "/t < e /5 we find that

Z L(b) < (n/k)e™™ /5 < e/,
1<b<n/k
This completes the discussion for the case when vjy € E(D) and vig ¢ E(D); an
identical argument gives the same upper bound in the case when jov € E(D) and
iov & E(D). Thus in Case 2, we also arrive at |D \ Dy| < e /%|D|.

Combining the estimates obtained above and applying Markov’s Inequality fi-
nally yields (3.2) and therefore completes the proof of Theorem 1.5. (]

4. THE CIRCULAR CHROMATIC NUMBER

We turn now to the implications of Theorem 1.5 for circular colouring digraphs.
The concept of the digraph circular chromatic number Y., defined below, generalizes
the circular chromatic number for undirected graphs. The theory of the graph
invariant, as of 2001, was surveyed in [33]. The digraph version was introduced
in [4], where it was proved, via Lemma 4.2 below, that x. assumes all rational
values at least one. (Note that the digraphs of Lemma 4.2 do not generally have
large girth.) The same article also established the following analogue of the Erdds’
theorem introducing the present paper: there exist digraphs with arbitrarily large
girth and arbitrarily large circular chromatic number (this is the result to which
we alluded immediately following the statement of Theorem 1.2). Our main result
here, Theorem 4.4, provides a common generalization and strengthening of these
basic results. It shows that the ‘all conceivable rationals’ property of x. holds even
for digraphs of arbitrarily large girth and even demanding a certain uniqueness of

the colouring.
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Let d > 1 and k > d be integers. Let C(k,d) be the digraph with vertex set
Zy, ={0,1,...,k — 1} and arcs

EC(k,d))={ij|j—ie{dd+1,...,k—1}},

where the subtraction is considered in the cyclic group Zj of integers modulo k.
Acyclic homomorphisms into C(k,d) are an important concept because of their
relation to the circular chromatic number of digraphs; cf. [4]. An acyclic homo-
morphism of a digraph D into C(k,d) is called a (k, d)-colouring of D. Tt is shown
in [4, 21] that there is a rational number ¢ € Q such that D has a (k, d)-colouring
if and only if k/d > ¢. This value ¢ is denoted by x.(D) and called the circular
chromatic number of D. For ¢ € Q7, let S, denote the circle of perimeter ¢ (cen-
tred, say, at the origin of R?). We define a circular g-colouring of D to be a map
¢ : V(D) — S, such that for every zy € E(D), with ¢(z) # ¢(y), the distance
ds(é(x), ¢(y)) from ¢(z) to ¢(y) in the clockwise direction around S, is at least
1, and for every p € S, the preimage ¢~!(p) induces an acyclic subdigraph of D.
If ¢ is a circular g-colouring, we say that the arc xy € E(D) is tight whenever
ds(¢p(x),#(y)) < 1 (in which case this distance is either 1 or 0). A cycle in D
consisting of tight arcs is called a tight cycle for the circular g-colouring ¢. Note
that every tight cycle contains an arc zy such that ds(¢(x), #(y)) = 1. We will use

the following results, respectively from [21] and [4].
Lemma 4.1. If x.(D) = q, then every circular g-colouring of D has a tight cycle.
Lemma 4.2. x.(C(k,d)) =k/d.

Lemmas 4.1 and 4.2 imply the following fact.

Proposition 4.3. If k and d are integers with 1 < d < k, then C(k,d) is a core if

and only if k and d are relatively prime.

Proof. Let C = C(k,d) and V = V(C). If r:= ged(k,d) > 1, then the mapping
¢: V. — V given by ¢(i) :=r|i/r] is easily seen to be an acyclic homomorphism
C — C that is not surjective. By Lemma 1.3, C(k,d) is not a core.

For the converse, assume that k and d are relatively prime, and let ¢: V —
V' be an acyclic homomorphism. Define a map ¢: C(k,d) — Sj/q as follows.
Let so,s1,...,8k—1 be points on S} /4 that appear on the circle consecutively at
distance 1/d apart. For 0 < i < k — 1, we set ¢(i) := s4(;y. Since ¢ is an acyclic
homomorphism, it is easily verified that ¢ is a circular %—colouring of C(k,d).
By Lemmas 4.1 and 4.2, ¢ has a tight cycle Cy = vivg---vpv; in C(k,d). We
may assume that ¢(v;) = sg. The images p(v1), p(va),...,o(ve), p(v1) must take
consecutive values sg, S4, S24, S3d, - - - (€ach possibly repeated several times), with the

indices taken modulo k, and end up at sg. Since k and d are relatively prime, the
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sequence S, 4, Sad, - - - must exhaust all the elements in the set {sg, $1,...,8k—1}-
This shows that ¢ is surjective; whence, by Lemma 1.3, C(k, d) is a core. ([
Proposition 4.3 and Theorem 1.5 together yield an immediate consequence,

Corollary 1.6, that we now state in a slightly expanded (and more precise) form:

Theorem 4.4. If k and d are relatively prime integers with 1 < d < k, then for
every positive integer g, there exists a uniquely C(k,d)-colourable digraph of girth

at least g (and with circular chromatic number equal to k/d).

The last claim of Theorem 4.4 follows from the next result, an analogue of [31,
Theorem 3].

Theorem 4.5. If D is a uniquely C(k,d)-colourable digraph, then x.(D) = k/d.

Proof. Since D is C(k,d)-colourable, we have x.(D) < k/d. Suppose, for a contra-
diction, that x.(D) = k'/d’ < k/d. Define d* := dd’, m := kd’ and m’ := k’d so that
m'/d* = K /d < k/d = m/d*. Now, let ¢’ be an (m’,d*)-colouring of D. Using
%—colouring @ of
C(m/,d*) so that ¢ o ¢’ is such a colouring of D. Since x.(D) = k'/d' = m'/d*,

Lemma 4.1 implies that po¢’ has a tight cycle in D. Choosing a tight arc zy € E(D)

the idea in the proof of Proposition 4.3, we can define a circular

for po ¢’ yields an arc zy of D such that ¢'(z) and ¢'(y) are separated by d* units
in the clockwise direction around C(m’,d*). Without loss of generality, we may
assume that ¢'(y) = 0 and ¢'(z) = m’ — d*. We define an (m, d*)-colouring ¢ as
follows: ¥(v):=¢'(v) if ¢'(v) < m' — d* and Y (v) :=¢'(v) + m — m’ otherwise.
It is easily verified that ¢ is indeed an (m,d*)-colouring of D. Next, we define
Yp: V(D) — V(C(k,d)) by ¥(v):= |¢(v)/d’]. (In this formula—and hereafter—
we view the vertices ¢ (v) of C(m,d*) as integers between 0 and m — 1.) Since
|-/d']: V(C(m,d*)) — V(C(k,d)) defines an acyclic homomorphism, and such
maps compose (cf. [4]), it is not hard to check that v is a (k, d)-colouring of D.
Similarly, we define ¢: V(D) — V(C(k,d)) by ¢(v):= |¢'(v)/d']. As in the case
of 1), it is easy to check that ¢ is a (k, d)-colouring of D. We claim that ¢ and 1 do
not differ by an automorphism of C(k,d). Note that ¢(y) = ¢(y) = 0; therefore, it
suffices to show that ¢(z) # ¢ (z). Now,

b(x) = {m/d,d*J = V(k/d,d/)J while  (z) = Vd/d*J —k_d

Since k'/d’ < k/d, we have d(k' — d')/d" < k — d, and it follows that ¢(z) <
Y(x). This implies that ¢ and v are (k,d)-colourings of D that do not differ
by an automorphism of C(k,d). Hence, D is not uniquely C(k,d)-colourable, a

contradiction. O
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