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Abstract

Let v(G) and v,(G) denote the sizes of a smallest dominating set and smallest inde-
pendent dominating set in a graph G, respectively. One of the first results in probabilistic
combinatorics is that if G is an n-vertex graph of minimum degree at least d, then

1) < S (logd+1)

In this paper, the main result is that if G is any n-vertex d-regular graph of girth at least
five then n
Y% (G) < E(logd +¢)

for some constant ¢ independent of d. This result is sharp in the sense that as d — oo,
almost all d-regular n-vertex graphs G of girth at least five have

Yo (G) ~ % log d.

n

Furthermore, if G is a disjoint union of 35 complete bipartite graphs Ky 4, then v,(G) = 5.
We also prove that there are n-vertex graphs G of minimum degree d and whose maximum
degree grows not much faster than dlogd such that v,(G) ~ § as d — oo. Therefore both
the girth and regularity conditions are required for the main result.

1 Introduction

Using so-called semirandom methods, many recent results deal with lower bounds on the size
of maximum independent sets in d-regular graphs of girth g. The optimal bounds were found
by Shearer [15], who showed that the maximum size of an independent set in a d-regular
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triangle-free graph is asymptotically at least %. Later, Johansson [10] used semirandom

methods to show that d-regular triangle-free graphs actually have chromatic number O(mé 7)-
Duckworth and Wormald [4] used the differential equations method [17] to determine lower
bounds on the size of a maximum independent set in random d-regular graphs for each fixed d.
Lauer and Wormald [11] studied the largest independent set in d-regular graphs of large girth.
Gamarnik and Goldberg [7] also study the question of independent sets in d regular graphs
of large girth, in particular studying the performance of a randomized greedy algorithm, thus

differing somewhat from the semirandom methods used in this work and by others.

Let 7,(G) denote the size of a smallest independent dominating set in a graph G. An early
result using the probabilistic method is that every n-vertex graph of minimum degree at least
d has a dominating set of size at most Z(1 + logd). This result is due independently to
Arnautov [2], Lovész [12] and Payan [14]. In this paper, we prove the following theorem.

Theorem 1. There is a constant ¢ > 0 such that for every d-regular n-vertex graph G of girth
at least five,

Y% (G) < =(logd + c).

n
d
The proof of this theorem actually gives a maximal independent set of size roughly % (log d+c),
which coincides with Shearer’s result for triangle-free graphs. However, in our result the girth
five requirement is essential, since a graph G consisting of g3 disjoint copies of the complete
bipartite graph Kg 4, when 2d divides n, has 7,(G) = 5. Alon, Krivelevich, and Sudakov [1]
extended the theorem of Johansson to graphs with sparse neighbourhoods. It seems likely
that Theorem 1 can be extended to cases where the number of common vertices of any pair
of vertices is much smaller than d.

It is known that as d,n — oo with d growing much more slowly than n (say, d° < n), almost
all vertices of a random d-regular n-vertex graph lie in no five cycles and every independent

dominating set has size asymptotic to "lzgd — see Duckworth and Wormald [4] and Zito [18]
for a precise study of independent dominating sets in random regular graphs. Theorem 1 is
also sharp in the following sense.

Theorem 2. For all m > 1, there exists dy(m) such that if d > dy(m) then there exists a
graph G of minimum degree d, maximum degree at most A = md and girth at least five such
that

Alog A ) V(G|

2 2
2Am—1

7%(G) > (1- ==

For example, if % — 00 as d — 00, this theorem guarantees graphs G of maximum degree md

\V(QG)\ (

for each m > 1 to determine the best possible upper bound on the smallest independent

and minimum degree d such that v,(G) ~ again, as d — 00). It would be interesting
dominating set in an n-vertex graph G of girth five, minimum degree d and maximum degree
md. The above theorem does not give any information for 1 < m < 5, since the bound in
this range is negative, and new ideas seem to be required to find an analog of Theorem 1 for
graphs which are not d-regular. We make the following conjecture.



Conjecture 3. For all ¢ >0, m > 1 there exists dy(e, m) such that if d > do(e,m) and G is
a graph of girth at least five, minimum degree d and maximum degree at most A = md then
V(G)|

’YOGS —€
<

1.1 Notation and Terminology

If G is a graph, then for a set S C V(G) let 9S denote the set of vertices in V(G)\S which
are adjacent to at least one vertex in S. As in the introduction, v,(G) denotes the size of a
smallest independent dominating set in G — this is a set S C V(G) such that no edge of G
joins two vertices of S and SUJS = V(G).

1.2 Organization

The rest of the paper is organized as follows: in Section 2, we define a random process by
which an independent dominating set of a d-regular graph of girth five is constructed. The
analysis of the process is in Section 3, where we use probabilistic tools (Appendix) to control
the degrees of vertices at each stage. The proof of Theorem 2 is in Section 4.

2 The Process

For an ng-vertex dg-regular graph Gq of girth at least five, a natural way to build an inde-
pendent dominating set in stages is to select vertices independently and randomly with an
appropriate probability. Let S; be the set of selected vertices at stage t. The set Z; of selected
vertices in the graph G; which are not adjacent to any other selected vertices are added to the
current independent set Zg U Z7 U ---U Z;_1, and then Z; U 0Z; is deleted from G} to obtain
the graph Gi11. The idea is to show that in the remaining graph G; at each stage t, the
degrees of vertices are all roughly the same with positive probability, specifically, the degrees
all decrease by a factor roughly e~ ¢ at each stage with positive probability. To show that this
is true requires concentration of degrees of the vertices at each stage. Unfortunately this is
not sufficient, since the expected degrees begin to vary substantially if the above process is
followed. To fix this problem, we equalize the degrees of the vertices at each stage by putting
vertices randomly and independently into an auxiliary set W;. Another technical considera-
tion is that the random process stops when the degrees of the vertices become too small. We
will stop the process at time T = |e(logdy — ¢)| where ¢ = 2190,

2.1 Statement of the process

We start with a dg-regular ng-vertex graph Gy of girth at least five. Let Yy = () and X =
V(Gy). Having defined graphs G;, independent sets Z;, and partitions V(G;) = X; UY; for



1<t let dy = dy Hle w; and ny = ng Hle w;, where

o2 = 10°di(logdy)® (1)
Ot—1

wp = e_é<1—a>. (2)

At stage t, we randomly and independently select vertices from X; 1 with probability ﬁ
and let S; be the set of selected vertices of X;_1. Let Z; C S; be the set of selected vertices
which have no selected neighbours. Then place vertices v € X;_1 in a set W; independently
with probability w;(v) chosen so that

P(U QI 3Zt U Wt) = IP)(’U g 82,5)(]. - wt(v)) = Wt. (3)

The choice of weights w;(v) is made to equalize all the expected degrees of vertices in the
graph at stage ¢, so that they are all roughly d;. It will be seen that P(v & 0Z;) > wy, so that
wi(v) is well-defined. Then define

Xt = Xt—l\(Wt U Zt U 8Zt) (4)
Y, = (Y;g,l U Wt) \@Zt (5)

We stop the process when logdi1 < 2100 Since d; < efédo, this occurs at some time
T < |e(logdy — ¢)|, where ¢ = 2190, We make no attempt to find the smallest value of ¢ for
which our analysis still works.

2.2 Control of degrees and sets

For t < T and v € V(G-1)\Z, let X, ; and Y, ; denote the number of neighbours of v in
X; and Y; respectively. We shall show that with positive probability, for all ¢ < T and all
v e V(Gi—1)\Zs:

’Xv,t - dt|
Yo

o (6)

<
< 1000y. (7)

We will use martingales and the Lovasz Local Lemma [5] to prove these statements. It will
then be shown that for ¢ < T,

1000
Xl < e+ = (8)
2000}?’%
Yl < = )
Tt O
|Z| < e—dt+200d—%. (10)



2.3 Proof of Theorem 1

The proof of Theorem 1 follows from the fact that (8) — (10) hold for ¢t < T.

T—1 T—1
noT 200”0 Ot
Zi| < ——+ > =
=0 €d0 do =0 dt
< ng log dy _ noc n 200 - 10°/2n, Tz_:l (logdt)5/2
I D DT
ng log dy
< o

where in the last line we have used the facts that d7_; > ¢ = 2'% and that d; grows exponen-

. . . _ 5/2
tially with decreasing ¢ to deduce that Z?zol % < 1.
t

Let Z be a maximal independent set in X7 U Y. Using (8) and (9), we have

30001n
2] < Xrl 4 Yr| < onpt T
T
= ™(dr + 30007)
dr
2
< C?’LO’
do

where in the last line we used the fact that dr + 30001 < 2dr < 2c.

Combining all the bounds we obtain an independent dominating set ZoU Z1U---UZp_1UZ

of size less than
no(log do + 2¢)

do
This completes the proof of Theorem 1 provided we can show (6) — (10) hold for ¢ < T

3 Analysis of degrees

In this section we prove that, for any given vertex v, (6) and (7) hold with high probability
at stage t, assuming they hold for all vertices at stage t — 1.

Lemma 4. Let t <T and v € V(Gi—1). Suppose (6) holds at time t — 1. Then

Ot—1 1 1 Ot—1
1— . < ecP A < 1+ —.
( dt—l) <1 — ) < ePlogdZfvg i) < 1+ di—1

di—1

Proof. Write u <> w to mean that v and w are adjacent vertices in G;_;. For convenience
put d = d;—1 and 0 = 0y_1. For our coming computations, we recall that since t < T, d and,



consequently, o are large constants. First note that

1 1
PogdZwgS)= [[ Pué¢z)= [] (1—g I1 <1—g>>-
UEXy t—1 UEXy,t—1 WEXy 11
wWHv
By (6), the products have at least d — 0 — 1 and at most d 4+ o terms, respectively. Then

logP(v & 0Zjv € S;) < (d—U_l)'10g<1_$<1_Zli)d+a>

(- )

using the inequality log(1 — z) < —x for # < 1. Also since 2 < (1 — 1)1 for z > 1,

11y 1y

IN

logP(v & 8ZJu ¢ S)) < —- ( d
< 1( —|—1>
- e d

< *% +log(1 + %)

for ¢ < T. This proves the upper bound. Now we prove the lower bound. We will use the
inequalities log(1 — ) > —z — 22 which holds for all x € (0,0.5) and 1 — 2 < e~% which holds

for all x.

logP(v & 0Z|v & St)
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From this note that,

]P)(’U ¢ OZt) = ]P)(U g 8Zt|1] ¢ St)P(U ¢ St) + ]P)(U g 8Zt|11 € St)P(U € St)

_1 Ot—1
>ee|ll——) =wt
< dt—l)

Therefore w;(v) is well defined by (3).

Similarly,
_ 1 1

P(vgaZt)ge*é (1—1—(;1) <1—> +—

t—1

This last bound allows us to give an upper bound on wy(v).

Wt

" Pudoz)

-1 ot—1
- e e (1 — E)

wt(v) =

S 1
e« (1 - 2:1) 7
_ 1 61_%(dt—1 —0¢—1)
e e(di—1+op-1)+ 1
_ 26_%0,5,1 +1
a 6_%(dt_1 +op-1)+1
<
Thus,
wi(v) < %
t—1

3.1 Expected degrees

Lemma 4 allows us to estimate E(X, ;) and E(Y, ).

(11)

(12)

Lemma 5. Let t <T and v € V(Gi—1). Suppose that (6) and (7) hold at staget — 1. Then

‘E(Xv7t)—dt| < 0.90’t
E(Y,:) < 900

Proof. By definition:

E(Xo) = Z Plu g 02 UW) = wi Xy 1.

)

ueX’u,tfl
Using the assumption | X, ;1 — d¢—1| < 04—1, we easily obtain for ¢t < T

|E(Xv7t) — dt| = |0Jth’t,1 — dt‘ = wt|XU7t,1 — dt71| < WtOt—1 < 0.90’t.



This is enough for (13). Next we turn to E(Y, ;). We write Y, ; = W, ; + U, + where W, ; is the
number of neighbours of v in Wi, and U, is the number of neighbours of v in Y;\W;. W,
reflects the new neighbours of v in Y;, while the change in U, ; reflects that some neighbours
of vin Y;_; are in 0Z;. Since 0 < wy(u) < Jt L for all u € V(Gi-1),

2011 Xyt 202
0 < E(Wy,) < 20t—1Avt—1 <20, 4 + 1
di—1 di—1

Then summing over u € Y;—1 with u <> v, by Lemma 4 we get:

E(Uy,:) = Z P(u & 0Z;) < ( (1 + %) + dtl—l) Yo t-1-

U>v
u€Yi—1

Finally, since Y, ; = U, s + Wy and Y, ;1 < 10004—1 by assumption:

1 202
E(}/v,t) < < (1 + @) + ) }/1;715_1 + 20¢_1 + =1
di—1 di—1 di—1

< 100 ( H) -+, 1 42 +22‘1 < 90
di—1 dtl i1 0t di—1 ot

These inequalities are contingent on ¢t < 7T'. This completes the proof. O

Remark. The identities for E(X, ;) and E(U,;) in the proof of this lemma are crucial. If
we did not create the set W; to equalize expected degrees, then without further analysis we
could have vertices v such that [E(X, ;) —d¢| > Qe_iat, which is problematic since 272 > 1.
Indeed, in such a case the error terms grow exponentially. This may lead to a situation
where, for t large enough (but much smaller than |e(logdy — ¢)] where our process ends), X;
contains much more than (nglogdy)/dp vertices of small constant degree. In such a case every
maximal independent set in X; might be much larger than the (ng log dp)/do sized independent
dominating set whose existence is posited by Theorem 1.

3.2 Concentration of degrees

In this section, we show that X, ; is highly concentrated near its expected value, and Y, ; <
1000 with high probability.

Lemma 6. Fort <T and allv € V(Gi—1)\Zt, if (6)- (7) hold at stage t — 1, then

1. P(’X%t — dt| > (Tt) < dt__gl
2. P(Y,; > 1000) < d; 7.

The proofs of both inequalities are similar, and are centered around the use of a martingale
concentration inequality of Shamir and Spencer [16] (Appendix: Proposition 12). Throughout
the proof, we fix a v which has neighbourhood T'(v) = {uy,us,...,ux} in X; 1. Let T (x)



denote the set of vertices y € I'(x) at greater distance from v than z. We denote by x the
indicator function and let x(x) := x(x € S;). The event x € S; means z is selected. And
finally, w(z) will denote the indicator for the event that x was placed in W;. We say that u;
survives if u; is not in Wy and for every x € I'"(u;), either x is not selected or z is selected
and at least one y € I'(x) \ {u;} is also selected. In terms of characteristic functions, we may
write the latter event in terms of x and y as x(x) — x(«)x(y) = 0. We let ¥; be the indicator
that u; survives, so that

mo=-ww)- J[ (1= JI (@) —x@xw)). (15)

zelt+(u;) y€el(z)\{u:}

The key to proving Lemma 6 is to show that a,; = Zle 3}; is the final state of a martingale
o whose difference sequence is very unlikely to be large at any time. Note that c,,; is not the
same as X, ;, because a,; ignores the fact when a u; and a neighbour of u; are selected. Thus
we will further show that |, — X, | < 10logd with high probability. Define

Ci = {w(u), x(2), x(2) - x(y) : @ € T (u;),y € T (2)}

and define the o-field F; = o(Cy U---UC}). Then the martingale « is defined by
k
aj =) E(Zi|F)
i=1

Then ot = o = Zle Y;. We note that C; does not include terms x(x)x(y) with both x
and y at distance two from v, so F; does not in general determine ¥;. Nevertheless, as x(z)
is revealed for all vertices within distance two of v by the last Fj, we have that F} indeed
determines all the ¥;, 1 < ¢ < k. The central part of the proof of Lemma 6 is the following.

Lemma 7. Let r = (2logd)?. If |aj — aj_1| > r, then some vertex at distance at most three
from v has more than logd selected neighbours.

= E[x(x)] denote the probability that a vertex

Proof. Throughout the proof, we let p = di T

is selected.
Fix 7 > 1. We wish to bound
aj — ajo1 = E(S]F)) = E(S5|Fj-1) + ) (E(S|Fy) — E(Si|Fja)).
i#]
First, we refine the filter. Suppose I'* (u;) = {21, z2,...,z¢} and I (z;) = {yi1, iz - - - Yim, }
for 1 < i < ¢. Order the random variables in C; as follows: first w(u;), and then x(z1) and

the variables x(z1)x(y11), x(z1)x(y12); - - -, X(21)X (Y1m, ) followed by x(22) then x(z2)x(y21),
X(@2)x(y22), - - - X(22) X (Y2m, ), and so on until x(z¢) and x(ze)x(Yer), - - -, X(2e) X (Yem, )-

If s = |C}|, consider the o-fields G, G1, ..., G where G, is the o-field generated by F;_; and
the first m random variables in our ordering. Note that Go = F;_1 and F; = G,. Then

Y EEIF) —EEi|F) = YY) E(SilGn) — E(Si|Grna).

i#] m=1 i#j

9



We wish to bound each Ayjy, 1= E(3;|Gr,) — E(X;|Gr—1) where i # j. Note that for m =1,
we have A;j, = 0. Now suppose m > 2. A vertex x is said to be exposed at time m if
E(x(z)|Gn) € {0,1}.

Case 1. We consider first G, = 0(Gm—1, x(x)) where z € T (u;). ET(x)NT*(u;) = 0, then
Ajjm = 0. Now suppose z* is a neighbour of z in I'" (u;); since G has no cycles of length four,
x* is unique. In that case, we have from (15) that

[Aijm| < [E(x(27) = x(@)x(27)|Gm) — E(x(z") — x(2)x(z")|Gm-1)]-

If i < j, then z* is already exposed at time m — 1, and so A;j,, = 0 when ¢ < j and x(z*) = 0.
If i < j and x(z*) = 1, then

if x(x) =0
A <1 P 'X()_
1 if xy(x)=1

If ¢ > j, then x* is not yet exposed. In that case,

2 s _
p if x(x) =1

This completes Case 1.

Case 2. The second case is Gy, = 0(Gm—1, x(2)x(y)) where z € I'*(u;) and y € T ().
First, note that if x(x) = 0, then A;j,, = 0, since if x is not selected, then x(x)x(y) reveals no
information about y. This is the key to the proof, and the reason why we use the particular
filtration which we use. Suppose x(x) = 1. If i < j, then E(3;|G),) = E(Z;|Gp—1). So we
may suppose that ¢ > j and x(z) = 1. Note that the vertex y is adjacent to at most one
vertex z* € I'"(u;), and this vertex is not yet exposed. We get,

p if x(y
|Aijm|S{ 9 v)

p* if x(y)

This completes Case 2.

Suppose, for a contradiction, that no vertex within distance three of v has more than M = logd
selected neighbours. Let us count how many times each of 1,p, and p? appear as our best
possible bound in our bounds on Ajj,,. Note that in all cases |Ajjn,| < 1.

We have that Ayj,, < p unless G, = 0(Gp—1, x(z)) where x(z) =1, and 7 < j. Furthermore,
Ajjm = 0 unless the common neighbour of « and w;, *, has x(2*) = 1. Therefore |A;jp,| > p
at most M? times; there are at most M selected neighbours x of u; such that x(z) = 1 and
each of these has at most M selected neighbours adjacent to some u; with ¢ < j.

The bound |Ajjm,| < p is our best bound if G, = 0(Gn—1,x(2)) and either i < j with
x(z) = 0, and the unique common neighbour z* of z and u; has x(z*) = 1, or i > j and
x(z) = 1. Since the degree of any vertex is less than 2d and no vertex has more than M

10



selected neighbours, neither bound is our best more than 2dM times. The bound |A;jp,| < p
is also the best bound if G, = 0(Gp—1, x(2)x(y)) where x(z)x(y) = 1 and 7 > j. Note that
there are at most M? edges with x(x)x(y) = 1, for each u;. Again, since the degree of v is at
most 2d, this bound is best possible no more than 2dM? times. In all, p is the best bound for
|Ajjm| no more than 4dM + 2dM? times.

The bound |A;j,| < p? is the best bound if Gy, = 0(Gp—1, x(z)) with x(z) = 0 and i > j.
Using the fact that both v and u; have maximum degree 2d this occurs at most 4d? times. It
also is the best bound if ¢ > j and G, = 0(Gm—1, x(z)x(v)) with x(x)x(y) = 0 but x(z) = 1.
Since at most M neighbours of u; are selected and every vertex has degree at most 2d there
are at most 2dM such edges, and each for at most 2d different |A;j,,[s. In total, p? is the best
bound for |A;jm,| no more than 4d% + 4Md? times.

In all other cases, A, = 0.

In total:

oy =] < 14D Al
i#j t
14 M? + p(4dM + 2dM?) + p*(4d* + 4M d?)
14+ M? +4M +2M? +44+4M =5+ 8M +3M? < r.

Here, the initial one comes from the fact that |E(X;|F;) —E(3;|Fj—1)| < 1. This contradiction
completes the proof. O

Proof of Lemma 6. Let (aj);?zo be the martingale described above, where k = |I'(v)|. Since
there are at most (2d)? vertices at distance at most three from v, we have with r = (2log d)?,

k—1

pim 3 Bllage — sl > 0 < o’ (*1) (3) <ireiear (%) <a,

=0

Here, (2d)3 - (QTd) (1/d)" gives an upper bound on the probability that some vertex at distance
at most 3 from v has at least r selected neighbours. So (ai)fzo is r-Lipschitz with exceptional
probability at most u := d~4°. Note also that, on the event that v € V(G¢—1) \ Zt, |ou — Xp 1|
is bounded by the number of vertices in I'(v) which are selected. Now, using (6) at time ¢ — 1,
it follows by the Chernoff bounds (noting that vertices are in S; independently) that

P(|T(v) NS¢ > 10logd) < d~1°.

Thus, we have that
P(jay — Xy 4| > 10logd) < d 1.

11



Finally,

o — E(Xop)| < E(Jog — Xoi])

= E(’ak — XU,tHU ¢ Zt)P(’U € Zt) + E(’ak — Xv,tHv S Zt)P(U S Zt)
1
< E[l(v) NSt + (2di-1) - 5
di—1
<242

< 0.010y,

as P(v € Z;) <P(ve $) = 1.

Let A := 0.080;. By Proposition 12 and Lemma 5:

]P)(|Xv7t — dt| > O't) < P(’Xv,t — EXv7t| > 0.10'75)
< P(| Xyt — ao| > 0.090¢)
< P(|lag — ag| > 0.090; — 10log d) + P(|oy, — Xy | > 101logd)
< P(lax — aol > A+ K p!?) +d 71
)\2
< 2 ——— ) +5d7 % 17
< 2o (~5a) + a7)

where we used the fact that ;= d=%° is a bound on the exceptional probability as above, and
the fact that k and |ay, —ag| are both at most 2d. For ¢ < T', we easily have A2 > 64-10d(log d)®
whereas 4dr? < 64d(log d)*. Therefore the above probability is less than 2d~'0 4 5410 < 4~
fort <T.

For Y, ;, we recall that Y, ; = U, + W, where W, ; is the number of neighbours of v in W;
and U, is the number of neighbours of v € Y; \ W;. In this case, W, ; is bounded by the sum
of independent indicators; W, ; < > .. x(u) where x(u) is the indicator random variable of
u being selected to be in the set W, ;. Then, as seen in the proof of Lemma 5,

202
E(Woy) < Z E(x(u)) <2011 + dt L

UV t—1

The Chernoff bounds then imply that

0_2
P(Wys >EWyy) + o) < - t <t
( it ( ﬂf) Ut) = exp ( 2 (2015_1 + 20;52_1/dt—1 + Jt/?’)) -

for t <T.

Concentration for U, ; is nearly precisely the same as concentration of X, ; with one slight
simplification: in the X, ; case we were required to define random variables 3; which were
agnostic to the selection of v and its neighbours. Such is not necessary here, only the realization
that Uy = >, X(u &€ 0Z;), where the sum is taken over u € Y, ;1. For U,, we use the
martingale (ﬁj)?zo defined by §; = E(U,¢|F}) for j =1,2,...,k and By = E(U,+), and where
the F; are defined exactly as above (immediately prior to the proof of Lemma 4), only with
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the {u;} denoting the neighbours of v in Y;_;. Identically as in the proof of Lemma 7, with the
k

j=0
probability at most p. Similar to the calculation in (17), using Proposition 12 and Lemma 5:

random variables x(u ¢ 0Z;) taking over the role of ¥;, (f;)%_ is r-Lipschitz with exceptional

P(|Upt — E(Uys)| > 901) = P(|Br, — Bo| > o) < dj )

for t <T. Combining the two bounds, and using the fact that by Lemma 5, E(Y, ;) < 900,
we see that P(Y,; > 1000;) < P(Yy: — E[Y, 4] > 100;) < d~°. O

3.3 Lovasz Local Lemma

Let A,; and B, be the events that (6) and (7) do not hold at stage t. We have seen that
both these event have probability less than dt__g1 at stage t if they hold at stage t — 1.

Lemma 8. Suppose t < T and (6) - (10) hold at time t — 1. Then (6), (7) and (10) hold at
time t with positive probability.

Proof. Note that A, ; is mutually independent of any set of events {A,, By : v € U} if no
vertex of U is at distance at most six from v, and similarly for any event B, ;. Therefore a
dependency graph of these events certainly has maximum degree less than A = 210d§_1. By
the Lovasz Local Lemma with § = 212d;_31, the probability that no A,; or B, occurs is at
least

exp(— : \V(Gt_l)]>.

di_y
Using the assumption (8) and (9) at time ¢ — 1, this product is easily at least exp(—n;/d?) if
t < T. Now the event that (10) does not hold has probability easily less than exp(—n;/d}):
By (8), E|Z;| < 2 +150 Ucté“, and concentration follows by consider an ordering vy, va, ..., Uy,

of the vertices of Gy_1, and the martingale (p;)", where p; = E(|Z;| | F;) where F; is the

o-field generated by exposing the first ¢ vertices of G;—1. By (6), no vertex of G;_1 has degree
more than dy_1 4+ 04_1, and this is easily less than 2d; for ¢ < T. Then the required bound
follows from Hoeffding’s Inequality (Appendix: Proposition 11) since (p;)7™, is 2d;-Lipschitz.
Therefore with positive probability (6), (7) and (10) all hold at time t¢. O

3.4 Bounds on |X;| and |V

Lemma 8 implies the existence of a choice for G; (along with X;, ¥; and Z; satisfying (6), (7)
and (10)). It remains to show that such a choice also satisfies (8), (9).

We show that the random variables |X;| and |Y;| are deterministically bounded as follows by
induction on t.

13



Lemma 9. Let t <T. Suppose (8)-(9) hold at staget — 1 and (6), (7) and (10) hold at stage
t. Then
1000tnt

1. Xi| <
| X < ne + d,

(18)

QOOUtnt
dy

2. |v| < (19)

Proof. Observe | Xy| = n and |Yp| = 0, so the inequalities in the lemma hold for ¢ = 0. Suppose
t > 0 and that the inequalities of the lemma hold at stage ¢ — 1. For the first inequality, we
count the number edges between X;_; and X;. Every v € X;_1\Z; has X+ < d; + o, by (6).
Similarly, every v € X; has X, ;1 > d;—1 — 0y—1. Therefore

(dim1 — 01—1)| Xe| < (di + 04)| X1

For ¢t <T we have

dt‘l-()'t B (dt+0t)/dt _67;(14_2)
di—1 — 011 (dt—1 — o¢-1)/dy di/)’
1
Also, a quick computation shows that g::i < %. Using (8) applied to |X;—1|, we obtain

1Xi| < ee (1 + Z) X,

IS

= n <1 + dtft—tftm) (1 n Z) <1 N 10d(10t11>
() () (o)

VAN
9]
E
|
Jan
N\
[
+
|

By (7), we have Y, ; < 1000, for every v € X; and so
(dt — O't)|Yt| S G(Xt,Yt) S 1000’t|Xt|

The following calculation gives the required bound on Y; when ¢t < T.

1000¢| X
;| < dat‘t‘
t — Ot
< 1000',5 ne + 1000’tnt
0.8d; \ dy
_ 125atnt+125ooat2nt
- dy d?
200
< gt
dy
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4 Proof of Theorem 2

Let N = %n, and let I’ be a random k-regular graph on N vertices where k = (m — 1)d. For
convenience, we assume N is even. For m < 5 the bound in the theorem is negative, so we
assume m > 5. Let G be obtained from F' by adding a set I of N independent new vertices,
and place an independent random d-regular graph between I and F'. We shall show that with

positive probability,

4log A N
1 2 ) 2 -
Afimfl Amfl

It is well-known (see Bollobds [3] for instance) that the number of cycles of length at most

Y (G) > (1 -

four in F' is asymptotically Poisson. The same calculation shows that the number of cycles of
length at most four in G is also asymptotically Poisson as n — oo with mean less than %A‘l.
Therefore for large enough N, the probability that G has girth at least five is certainly at least
2exp(—A%).

Now, from a computation of Frieze and Luczak (cf. [6]), it is known that the expected number
of independent sets in F' of size £ is at most 2 (%exp(—%))g . Let Z,, be the expected number
of independent sets in F of size a = (2N logk)/k. It follows that T, < 2 (2log k) 2V1eeh/k <
exp(—N(loglogk)/k). For large enough N, the probability that every independent set has
size at most « is easily at least 1 — exp(—A?), so we conclude that with probability at least
exp(—A*), every independent set in F' has size at most a and G has girth at least five.

If J is a fixed set of vertices in F, let ¢(J) denote the number of vertices of I adjacent to no
vertex in J. Then

— —d)¢ d
B(e(n) > 1) FL= Dy (1= L

We claim that for |J| < «, this expectation is at least 3 := N/A% (=1 Indeed,
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LR d o o [+ |J|+d
N P N
S _2dlogk:_dj_d 2logk i
P k N E TN

2
_ ((m_ 1)d)—2/(m—1) - exp (_?\j) cexp [ — <2ﬂlogk n dﬂ)

k N

2 ool (m — 3/2\ 2

> ((m—1)d)~2/(m=1. (m) ~2/(m~-1)

m—1

N L

where in the penultimate step we used the fact that m is fixed and we can take d sufficiently
large with respect to m and N sufficiently large with respect to d. Hoeffding’s inequality
(Appendix: Proposition 11) applied to the 1-Lipschitz vertex exposure martingale, obtained
by exposing one by one the vertices of I shows that:

1
B(p() < (1 - (s,
(p() < (1-8)8) < exp(~5:0%8
We select the following value of d§, which is less than one if m > 5 and d > dy(m):
2 1
0 =4Am-1"2]og A.

Using this choice of J, the expected number of sets J C F' of size at most a such that
o(J) < (1 —9)p is at most

Z (7) ~exp(—$5262) < exp<2a log A — %52ﬁ2) < exp(—SiNyBZ).

Jj<a

If N is large enough, we conclude that with probability at least 1 — exp(—A?), every set .J
of at most « vertices in F' has ¢(J) > (1 — §)5. By the first part of the proof, we conclude
that with positive probability, G has girth at least five and every independent set J in F' has
o(J) > (1 —9)B, and therefore v,(G) > (1 — §)f, as required. This completes the proof.

Acknowledgments: We are deeply grateful to the referee for his detailed and comprehensive
comments and suggested corrections, which tremendously improved the presentation of this
paper. We are also grateful to the journal for their understanding of the delay on our part for
making these corrections.
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5 Appendix : Concentration Inequalities

In this section, we present the inequalities which we will need from probability theory involving
concentration of measure. All of these inequalities deal with upper bounds for expressions of
the form P(|X — EX| > A) where X is a random variable and A is a real number. The most
basic inequality of this type for binomial distributions is the Chernoff Bound [9].

Proposition 10. (Chernoff Bound) If a random variable X has binomial distribution with
probability p and mean pn, then for any e € [0, 1],

2
P(|X —pn| > epn) < Qexp(—g gn)

Moreover, the following version also holds, for allt > 0:

t2
P(X > E[X] +1t) < exp(—m).

Most of the inequalities we will need concern martingales. One of the most fundamental
martingale inequalities is Hoeffding’s Inequality. Further refinements and generalizations of
this inequality may be found in McDiarmid [13].

Proposition 11. (Hoeffding’s Inequality) Let (&)1, be a martingale with respect to a filtra-
tion F; and with difference sequence (y;)'_,, where —a; < y; < —a; + ¢;, and where a; is a
function on (Q, F;—1) and ¢; € R. Then fort >0 and ¢ = c?,

2 2
P(& > E(&n) +A) < exp(—%) and P(§, <E(&) — ) < exp(—%).

We require the following martingale concentration inequality of Shamir and Spencer [16],
which deals with concentration of a martingale which is ¢-Lipschitz with high probability. An
overview of such inequalities is given in [8]. We note that the version in [16] has a larger
factor of 8 in the exponential instead of 2, but the version stated here follows from the proof
given there.

Proposition 12. Suppose (fi)f:(] is a martingale with & constant satisfying

k-1

(4) ZP(\@H —&l>r) <
=0

(1)  VO<i<k:[{Gr—&[ <k

Suppose kul/Q <r. Then

2

2 1/2
P(’fk—§0!>)\—|—ku/)<2exp<2kr2

> + 2kpt/2.

A martingale satisfying the hypothesis of Proposition 12 is called r-Lipschitz with exceptional
probability at most p. A final tool from probability which we require is the Lovasz Local
Lemma [5].

17



Proposition 13. (Lovasz Local Lemma) Let Ay, As,..., A, be events in some probability
space and suppose that for some set J; C [n] of size at most A, A; is mutually independent of
{A;:j & J;U{i}}. Suppose that there is a real 0 < x < 1 such that P(A;) < x(1 —x)? for all

i. Then .
P(g AZ-) > (1 - )"

)

Let 0 < 6 < 1. The following corollary is immediate for A > 2 by setting v = x.

IfP(4;) < & for all i, then

- T —26n/A
]P’(Q Az> >e .
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