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WYX'Z\[\]_^a`b[bced?fhgQijf\klf\monjpqmBr�sutvmaw�ijfxtvklyvmBpqmBr/t{z|yb}Qn�~�g=ijfh��fhijfhmB�\f
ijf\��t{njpqybmQk�y_��f�i��hyb��zQpqmat{njy{ijp�tv�MwQyb��t{pqmBk7pqk��hyb��gB}=n�t{njpqybmBtv�q����f��=�
g|f\mBklpq��fv�;�Byvi���t{mo��gQijyvzB�qf\��k�pqm���yv����pqmBr�kl}B����gQijfh��fhijf\mQ�\f\k\�;p�n7p�k
ijf\�qf\�vtvmon�njy�klp���gQ�qpq���&nj�Bf\�"zo�&gQijy_�3f\��njp�mQr�nj�Bfh�(ybm�t�kl}BzBklf�n�yv�
�bt_ijp�tvzB�qf\k\�b��f�pqm=�bf\k3njpqr�t{njf?klf\��fhi�t{�ag|ybklklpqzQ��f?wQf� amBp�njpqybmQk\����yo�h}BklpqmBr
¡ p�nj�Byb}=n���yvklkFyv�|rvf\mBfhi�t{�qpqn¢��yvm£gQijyvg|ybklp�njpqybmBtv�'s¤zQpqmat{il�B~'�vt{ijp�tvzQ�qf\k\�
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­ f\�\pqklpqybm=�®��tv¯�pqmBr(g=ijybzQ��fh��kNt{ijf��\ybmQ�\fhijmQfxw ¡ p�nj�°��t{matvrvpqmBrtvrvf\monjk\±1g=ijfh��fhijfhmB�\f\k\���9�Qf\m�nj�Qf�klfhn�y{��tv��njfhijmBt{njpq��f\k�pqk�kl��tv�q�¤�
gQijfh��fhijf\mQ�\f\k��xtvm�z|f�ijf\g=ijf\klf\monjfxw/fh�=gB�qpq�\p�nj�q�o�'zo��klpq��gQ�q��i�t{mB¯�pqmBr
tv��njfhijmBt{njpq��f\k\�²tvmBw�nj�Bf�tvklklyo�\p�t{njf\w�n�tvkl¯�k1kl}Q����tvk1ybgQnjpq�qpq³xt{njpqyvm�yvi
tvrvrvijf\rbt{njpqybm�t{ijf��\yv��gB}=n�t{njpqybmBtv�q����fxt{k3�o�b´?y ¡ f\��f�ix�bpqm£��t{m��7ijfxt{���
¡ y{ij��w�tvgBgQ�qp��\t{njpqybmQk\��wQyv��tvpqmBk��Btx��f�t��\yv��zQp�mBt{njy{ijp�t{�Mk3nlij}Q�hnj}Qijfv�µ m¶nj�at_n£�xt{klfb�F��tvmBtvrvp�mQr�t{rbf\monjk\±Fg=ijfh��fhijfhmB�\f\k��xtvm·z|f�t{m¸f\mBy{il�
��yb}Qk��\yv��gB}Qn�t_njpqybmat{��zB}=i�wQf\m;��¹º�Bpqk��Btvk��qfxw9njy¸nj�Bf/k3nj}aw=�»yv�
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�Qyvi�klyv��f�gQijyvzB�qf\��k�p�n7��pqrb�on1z|f�ijf\�qf\�vtvmon�njyYgQijyo�\f\klk�g=ijfh��f�il�
f\mB�hf�ijf\��t_njp�yvmBk\��kly�tvkMnjy�klp���gQ�qpq����p�nJt{maw£��tv¯bfJpqn¨��yvijf��\yv��gatv��nx�
f\��f\m�p��'nj�Qpqk¨ijf\kl}B��njkJpqmYt��qybklkJy{�¼pqmQ��yvij��t_njp�yvm²�Q½Fklg|f\�\p�tv�q���o�=pqn���t\�
z|f��Qf\�qgQ��}B�¼njy�¾a¿lÀ4ÁxÂjÃhÄ�t�g=ijfh��fhijfhmB�\f�ijf\��t{njpqybm�ybm/t�kl}QzBklfhn1yv�Mnj�Bf
�bt_ijp�tvzB�qf\k\�M¹º�Qp�k ¡ t\�Åy{��kl}Q����t{ijpq³\pqmBr/t�g=ijfh��f�ijf\mB�\f�ijf\��t{njpqybm»p�kijf\�qf\�vtvmon�pqm¶gBt{ilnjpq�\}B��t_i ¡ �Bfhm¶klyb��f��bt_ijp�tvzB�qf\k�t{ijf���yvijf�pq��g|yvil�n�tvmon�nj�atvm&y{nj�Bfhijk\�ayvi ¡ �Bf\m�klyb��f7�vt{ijp�tvzQ�qf\k1kl�Qyb}B��w�z|f�tvklklpqrvmBfxwgQijpqyviFnjy�y{nj�Bfhijk\��Æ¨ybmQklp�wQfhiF��y{i�p�mQk3n�tvmQ�\f�t1rvijyv}Bg�w=f\�\pqklpqybm£��t{¯�p�mQr
kl�\f\mBt{ijpqyQ�Çd?t{nj�Qfhi?nj�Btvm&t{rbr{ijf\r�t_njp�mQrYnj�Qf ¡ �Qyb�qf�gQijfh��fhijf\mB�hf�ijf\��t_�njpqybmBk�z|fh��yvijf� amBwQpqmBr�yv}Qn�tvm�ybgQnjpq��t{�ºtvklklpqrvmB��f\mon�yv���vt{ijp�tvzQ�qf\k\�
¡ �Bpq���·rvf\mBf�i�tv�q���¶pqk��\yv��gB}Qn�t_njpqybmat{�q�q��p�monli�t{�hn�tvzQ��fv��p�n£��t\��z|fYtrbyoy�w·p�w=fxt/njy/��yo�\}Qk�ybm¶È¢gQijpq��t{il��É��vt{ijp�tvzQ��fhk£ Bijk3nx�FgQijy_�3fh�hn�nj�Bf
gQijfh��fhijf\mQ�\f�ijfh��t_njpqybm�ybm£nj�Qybklf��bt_ijp�t{zB�qf\k\��t{rbr{ijf\r�t_njf?nj�Bfh����w=f\�\p�wQf
ybm�nj�Bf��vtv�q}Bf\k�njy7z|f1t{klklp�rvmBfxw�njy�nj�Byvklf?�vt{ijp�tvzQ�qf\k\�=tvmBw�yvmB���£nj�Qf\m
�\ybmQklp�wQfhi�klf\�\yvmawQt{il�Y�bt_ijp�t{zB�qf\k\�
Ê ijy_�3f\�hnjpqyvm�yvg|fhi�t{njpqyvmBk��atx��f�mQyvn�z|f\f\m��hybmBklp�w=fhijfxw»��}B����tvk
�¤t_i�tvk�gQijf���fhijf\mQ�\f�ijf\��t{njpqybmQk�t_ijf��\yvmB�\f�ijmBfxwÇ�azB}=n�nj�Bfhijf�pqk?t���}Qrbf
tv��yv}Bmon£y{� ¡ yvij¯·tvz|yv}Qn�g=ijy{�4f\�hnjpqmBrÅs¤yvi�Ë£Ìv¿uÍvÎ�ÏaÌbÐ Î�ÑhÎ�ÏoÍx~�gQijyvzat{�zBpq�qp�n4�/wQpqk3nlijpqzB}=njpqybmBk�s¤fhklg|f\�\p�tv�q��� ¡ �Bf\m/nj�Bfh��t_ijf�ijf\g=ijf\klf\monjfxw�z��Ò t\�of\klp�tvm¸mQfhn ¡ yvij¯�k�~���t{maw���yvijf�rvf\mBfhi�t{�q�q���bt{��}Bt{njpqybm���}BmQ�hnjpqybmBkÓ Ô �aÕ_Öu�at{k ¡ f\�q�¼t{k�klf�njk?y{���\ybmQk3nli�tvpqmonjk\�|t{mawYg=ijybg|yvklpqnjpqyvmatv�;��y{ij��}Q���tvk�s¤�h�¢�;nj�Qf���yvijrbf�nlnjp�mQr�ybg|f�i�t{njpqybm Ó × Ö�~�� µ m/nj�Qpqk�gat{g|fhi ¡ f£wQfh BmBfklpq��p���t_i?g=ijy{�4f\�hnjpqybm&yvg|fhi�t{njpqyvmBk���yvi?yvi�w=pqmatv�;gQijf���fhijf\mQ�\f�ijf\��t{njpqybmQk\�
�ByviMnj�Bf�kjtv¯bf?y{�'klpq��gB�qpq�\p�n4�o� ¡ f���yo�\}Qkºybm��\yv��zQp�mBt{njy{ijp�t{�ÇwQyv��tvpqmBk��y{ij��fxw���ijyb��gQijyvg|ybklp�njpqybmat{�¨s¤p¤� fb�q�azQp�mBt{il�B~¨�vt{ijp�tvzQ��fhk\�
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tvklklyo�\p�t{njf\w ¡ p�nj� R pqk²nj�Qfk3nlijpq�hn?yvi�w=fhi1wQfh BmBfxw�zo�
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t{maw�mQyvn
R(~v ′, ~v)

�
¹º�Qf�Î�Ï��vÎ �?Â�¿jÂ�ÏaÃ�Â�¿jÂhÐqÌ{Ä¤ÎuÀvÏ

∼R
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~x
t_ijf£t_n

�qfxtvk3n�t{k�rbyoy�w�t{k�nj�Bf�z|f\k3n7tv��njfhijmBt{njpq��f\k�f��=njfhmawQpqmQr
~x ′ � ¡ �Qfhijfxt{k

R
↓X
StrongPess(~x, ~x

′)
sutvmBw�f��o}Bpq�vtv�qf\monj���

R
↓X
WeakPess(~x, ~x

′)
~¼p��;tvmBw

ybmQ�q�£pq�Çnj�Qf ¡ yvijk3n�t{�qnjf�ijmat{njpq��fhk¨fh��njf\mBwQpqmBr ~x t{ijf1t{n¨��f\tvk3n�t{k¨rbyoy�wtvkJnj�Bf ¡ yvijk3n1tv��njfhijmBt{njpq��f\k�fh��njf\mBwQpqmBr ~x ′ � �
T ] &>5�& Z % [ %9&>#��
	 Â C=ÌvÙvÂ7Ä9CBÂ 	\ÀbÐ�ÐqÀ�HFÎ�ÏoÍ�Î�Ï|Ã\Ð M 
jÎuÀvÏ0
 ?
• R↓X

L ⊆ R↓X
StrongOpt ⊆ R

↓X

WeakOpt ⊆ R
↓X
U @

• R↓X
L ⊆ R↓X

StrongPess ⊆ R
↓X

WeakPess ⊆ R
↓X
U ?

� ��
 >FLN5�246;:
R1 R2 R3 R4 R5

xy xȳ

↓ ↓
x̄y x̄ȳ

xy→ xȳ

x̄y← x̄ȳ

xy

↓
x̄ȳ

↙ ↘
x̄y xȳ

xy

↓
xȳ

↓
x̄ȳ

↓
x̄y

xy ∼ xȳ

↓
x̄y ∼ x̄ȳ

���Bf\m
R = R1

R|t{���²gQijy_�3f\��njp�yvmBk�yvm
x
�\ybpqmQ�\p�wQf�tvmBw&t{ijf7f��o}at{�

njyYnj�Qf£gQijfh��fhijf\mQ�\f�ijf\��t{njpqyvm
x > x̄

� � �q�FgQijy_�3fh�hnjpqybmBk�yv�
R1

ybm
y�\ybpqmQ�\p�wQf�tvmBw�t_ijfJf��o}at{��njy�nj�Bfºg=ijfh��f�ijf\mB�\fºijfh��t_njpqybm

yQȳ
pqm ¡ �Qpq���

y
tvmaw

ȳ
t{ijf7pqmB�\yv��gat_i�tvzB�qfb�

���Bf\m
R = R2

R�t{�q�BgQijy_�3fh�hnjpqybmBk�ybm
x
t{ijf�f��o}at{�=njy

xQx̄
�
R

↓{y}
Ltvk ¡ f\�q�Btvk R↓{y}

StrongOpt

tvmBw
R

↓{y}
StrongPess

t_ijf�f��o}atv��njy
yQȳ
� ¡ �Bpq�qf

R
↓{y}
U

t{k ¡ fh���atvk R↓{y}
WeakOpt

t{maw
R

↓{y}
WeakPess

t{ijf�f��o}Btv�Qnjy
y ∼ ȳ

�
���Bf\m

R = R3

R
R

↓{x}
L

pqk�f��o}at{�onjy
xQx̄ � R↓{x}

U

p�kFf��o}Btv�onjy
x ∼

x̄ � R↓{x}
StrongOpt

tvmBw
R

↓{x}
WeakOpt

t{ijf1f��o}atv�anjy
x > x̄ � R↓{x}

StrongPess

�
pqk�f��o}atv�¼njy

xQx̄
� ¡ �Qpq��f R↓{x}

WeakPess

pqk�f��o}atv�¼njy
x ∼ x̄

�²¹º�BpqmBrvk
t{ijf�k3�=����fhnlijpq�?��yvi�nj�Bf�g=ijy{�4f\�hnjpqybmQk?yvm

y
�

���Bf\m
R = R4

R�tv�q��gQijy_�3f\��njp�yvmBk�yvm
x
t{ijfYf��o}atv�ºnjy

x > x̄
�

R
↓{y}
L

pqkºf��o}at{�anjy
yQȳ � R↓{y}

U

pqkºf��o}at{�Bnjy
y ∼ ȳ � nj�Qf?yvgQnjpq��pqk3njp��

3 Ü���êjé¢ê�ï�ì®÷ ø¢ê�ì®÷qíºí\ì®ê�ì¢ê���÷�î�÷�é¢ïjê�î_øÇæ\ú�ø���æxé4ê�çbé4êjó?÷�î �{çoí\è�÷ ø3íhø¢÷ �_ê�ó�êjïj÷�é4÷�æxîø���êjæxì�����é4êjê?ê_ù ô�ù���âxÝQå�������÷ ø �£ø���ê1é¢è�÷�ô!�{ø¢è ��ó�÷ "=ê�ì®êjî{ø�÷�î_ø¢ê�ì�#�ì®êlø3íhø¢÷�æxîø��oíhø
X
�uí\è ø4êjì®îoíhø¢÷ �_ê�é�ì®ê�#�ì¢êjé¢ê�î_ø$#�æxé4é4÷�òbè�ê?ó�êjïj÷�é4÷�æxîbéJí\î�ó�êjè�ê%��êjî_ø4éMæ\ú�

V \ X & �uí\è ø¢êjì¢î�íhø4÷ �_êjéºì®ê�#�ì¢êjé¢ê�î_ø'#�æxé¢é4÷�ò�è�êºé®ø3íhø¢êjé¨æ\ú|ø���ê(��æxì®è�óBù

g=ijy{�4f\�hnjpqybmQk�ybm
y
s ¡ �Bpq�����hybpqmB�\p�w=f�z|f\�xt{}Bklf R pqk��\yv��gB�qfhnjf_~�t{ijffK��}Btv�;njy

y > ȳ � nj�Bf7g|f\klklpq��pqk3njp��7g=ijy{�4f\�hnjpqybmQk�ybm y s ¡ �Bpq���&�\ybpqm=��hp�w=fb�Btvr�t{pqm&z|f\�xtv}Qklf
R
pqk��\yb��gQ��f�njf_~ºt{ijf�f��o}Btv�Çnjy

ȳ > y
�

Ø t{k3nj���o�B��y{i
R5

�|t{���'gQijy_�3f\�hnjpqyvmBk�yvm
x
t{ijf�f��o}atv�;njy

x > x̄
t{maw

t{�q�²g=ijy{�4f\�hnjpqybmQk1ybm
y
t{ijf�f��o}at{�;njy

y ∼ ȳ
�

) * ©M<1<�6²ª|§=04©M<�§�© 51@Q©M57©�:=0¢§=04©M<?>F2�24©MPM04ª
Ø fhn

LV

z|f/nj�Qf�g=ijybg|yvklpqnjpqyvmatv�7��tvmQrb}Btvrbf�zB}Qp���n�}Bg���ijyv�
V
�Jp��

ϕ ∈ LV

�
V ar(ϕ)

w=f\mBy{njf\k�nj�BfYklfhn�yv��g=ijybg|yvklpqnjpqyvmatv�?�bt_ijp�tvzB�qf\k
yo�h�\}QilijpqmBr�pqm

ϕ
�o��f1��tv¯bf?}Qklf1yv�²nj�Bf?mBfh��n¨n ¡ y�mBy{njp�yvmBkº��ijyb� Ó + Ö

¡ �Qfhijf ϕ ∈ LV

tvmBw
X ⊆ V

RBnj�QfD
�Ä¤¿3ÀvÏ�ÍoÂ�
jÄ�ÏÇÂlÃ�Â�
N
�Ìv¿�E�ÃjÀvÏ>�vÎ�Ä¤ÎuÀvÏ
y{�
ϕ
yvm

X
�'w=f\mBy{njfxw�z��

∃(V \ X).ϕ
�²pqk�nj�Qf�k3nlijybmQrbf\k3n���yvij��}B��t

ψ
yv�
LV

kl}B���»nj�at_n
V ar(ψ) ⊆ X

tvmBw
ϕ |= ψ � nj�Bf H¨ÂlÌ-,�Â�
jÄ
NM/.»ÃhÎuÂ�ÏBÄ�ÃjÀvÏ>�{Î�Ä¤ÎuÀvÏ�yv�

ϕ
yvm

X
��w=f\mBy{njfxw£zo�

∀(V \X).ϕ
~���pqk�nj�Bf

¡ fxtv¯bf\k3n���yvij��}B��t ψ y{� LV

kl}Q����nj�at_n
V ar(ψ) ⊆ X

tvmaw
ψ |= ϕ

�
∃(V \X).ϕ

pqk�}Bkl}at{�q�q�Y¯�mBy ¡ m�t{kJnj�Bf 	\À{¿uÍoÂ�Ä¤Ä¤Î�ÏoÍ�yv� V \X pqm ϕ ��
V
�®g=ijfh��fhijfhmB�\f1ijfh��t_njpqybm�pqkG�hÎ ¾=Ìv¿�Ä¤Î�Ä¢Â»p��&nj�Bf�ijf1fh�=pqk3njk

G ⊆ 2Vkl}Q����nj�at{n7��yvi�tv�q�
~v
�
~v ′ ∈ 2V �²nj�Bf\m R(~v,~v ′)

�Byv��w=k(p��
~v ∈ Gy{i

~v ′ ∈ 2V \ G � nj�Qf�Ã�CQÌv¿lÌbÃhÄ¢Â�¿�Î

jÄ¤ÎuÃ 	\Àv¿�Ë M=ÐqÌ θR

y{��t�zBpqgBt{ilnjp�njf
V
�®gQijfh��fhijf\mQ�\f�ijfh��t_njpqybm

R
pqk¨nj�Qf?g=ijybg|ybklp�njpqybmBtv�|��y{ij��}Q��t10�}BmQp'�o}Qf

}Qg&njyY�qybrvpq�xtv��f��o}Bpq�vtv�qf\mB�hf20 ¡ �Bybklf�klfhn�y{�º��y�wQfh��k1p�k1fh�Qtv�hnj��� Gs¤pqm�k3�=��z|yb�qk\�
Mod(θR) = G

~�� Q yvnjf�nj�Bt{n�p��
R
pqk�zBpqgat_ilnjp�njfb�|p�n�p�k

�hyb��gB�qfhnjf�tvmaw�nj�Bf\mYk3nlijybmQr�tvmBw ¡ fxt{¯YmQyvnjpqybmQk��\ybpqmB�hp�w=fb�
T ] &>5�& Z % [ %9&(#43 <¼Â�Ä

R
��Â�ÌG�hÎ ¾=Ìv¿�Ä¤Î�Ä¢ÂF¾B¿jÂ
	xÂ�¿lÂ�Ï|Ã�Â�¿lÂhÐqÌvÄ¤ÎuÀvÏ H7CQÀ�
hÂ

Ã�C=Ìv¿lÌ�ÃhÄ¢Â�¿�Î

jÄ¤ÎuÃ7	hÀv¿�Ë M=ÐqÌ1Î


θR ?

<¼Â�Ä
X ⊆ V

ÌvÏ>�
Y = V \X ?65 CBÂ�Ï

• R↓X

WeakOpt = R
↓X

StrongOpt

Î

¸Ä9CBÂ4�hÎ ¾=Ìv¿�Ä¤Î�Ä¢Â�¿jÂhÐqÌvÄ¤Î¤ÀvÏ H7CQÀ�
hÂ
Ã�CQÌv¿3Ì�ÃhÄ¢Â�¿�Î9
�Ä¤Î¤Ã 	\Àv¿�Ë M=ÐqÌ£Î



∃(V \X).θR ?
• R↓X

WeakPess = R
↓X
StrongPess

Î

�Ä9CBÂ �hÎ ¾=Ìv¿�Ä¤Î�Ä¢Â/¿lÂhÐqÌvÄ¤ÎuÀvÏ H7CQÀ�
hÂ
Ã�CQÌv¿3Ì�ÃhÄ¢Â�¿�Î9
�Ä¤Î¤Ã 	\Àv¿�Ë M=ÐqÌ£Î



∀(V \X).θR ?

7 * ©M<?ª;23V�:Q0¢©¨<�>F<?A 576²@Q:�5�6;ª|§=0�8M6²:
¹º�Qpqkºgat{g|fhiJpqkº��fxt{m�n�njy�gatx��f�nj�Bf ¡ t\��njy ¡ t{i�w=kJklpq��gB�qp����=pqmBr�tvmBww=f\�\yv��g|ybklpqmBr·gQijfh��fhijf\mQ�\f�ijf\��t{njpqyvmBk�y_��fhi&�\yv��zQp�mBt{njy{ijp�t{��k3nlij}Q�h�
nj}=ijf\k\� µ n�pqk�k3njpq�q�|t1g=ijf\�qpq��p�mBt{il� ¡ y{ij¯�t{maw�i�t{p�klfhkM��t{m�� �o}Bfhk3njp�yvmBk\�9 mQf�y{�¨nj�Qf���yvk3n�kjtv�qpqf\mon7pqklkl}Bf\k?nj�at{n ¡ f£w=p�w�mQyvn�pqm���f\k3njpqrbt{njf�pqkt{z|yb}=n��\yv��gB}QnjpqmQr£nj�Bf7�bt_ijpqyb}Bk1mByvnjpqyvmBk1y{�¨g=ijy{�4f\�hnjpqybm ¡ �Bfhm�nj�QfpqmQpqnjp�t{�¨gQijf���fhijf\mQ�\f�ijf\��t{njpqybm¶pqk7ijf\gQijfhklf\monjfxw�pqm¶t¶ÃjÀvË1¾=ÌbÃhÄ�¿jÂ¢¾a¿lÂ �
hÂ�ÏQÄ®ÌvÄ¤ÎuÀvÏYÐqÌvÏ�Í�MQÌxÍoÂ�¹º�QfJ��yvmBr��bfhijklpqybm�y{�anj�Bf¨gatvg|f�i�tv�qkly�pqmB�\�q}aw=f\k
t7klf\�hnjpqyvm�ybm�nj�Bf?�bt_ijpqyb}Bk¨g|ybklklpqzB�qf�mQyvnjpqybmQkJyv�¨Î�Ï>�oÂ¢¾QÂ�Ï��oÂ�Ï|Ã�Âºyv�¼t
g=ijfh��f�ijf\mB�\f�ijfh��t_njpqybm���ijyv��t�klfhn�yv�¼�bt_ijp�t{zB�qf\k\�
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