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Abstract anonymity, homogeneity, consistermay be lifted from lo-

cal rules to their sequential composition, whit@notonicity
Sequential composition of voting rules, by making use of  can be lifted from the last local rule. An especially impor-
structural properties of the voters’ preferences, provii- tant property isneutrality. Although it has been proved in
gg‘r?t'g\;‘ear”); %gr’:gg;;na' ‘r'g"’(‘jfctfo(:f rﬁgﬁ'englogaf%rgmg% Sdec; (Xia, Lang, & Ying 2007) that the sequential composition of
P ' two binary plurality rules (resp. correspondences) is rabut

sequential composition is usually defined on a set of legal i It \ = le ifal ld .
profiles following a fixed order. In this paper, we gener- Some negatve resuits arse. For exampie, it a local domain

alize this byorder-independent sequential compositiand has more than three candidates, then the sequential composi
strongly decomposabl® unify the sequential compositions tion of plurality rules (resp. correspondences) is not regut

of all orders. We study to which extent some usual prop- It has also been proved that sequential composition on any
erties of voting rules transfer from the local rules to their rules cannot satisfies both neutrality and the Condorcet cri
order-independent sequential composition. Then, to captu terion. It is still unknown whether there exists a neutral de
the idea that a voting rule is neutral or decomposable on a  composable rule or correspondence other than the sequentia
slightly smaller domain, we defineearly neutral, nearly de- composition of two plurality rules on binary subdomains.

composableules for both sequential composition and order-

independent sequential composition, which leads us to-defin In this paper, we define the sequential composition of lo-

ing and studyingdecomposable permutatiansWe prove calrules overa dpmam of “legal” profiles that_do not require
that any sequential composition of neutral local rules and  the order on which the local rules are applied to be fixed
any order-independent sequential composition of neutral | from the beginning of the process. Such a composition is
cal rules satisfying a necessary condition are nearly akutr said to beorder-independenbecause it is, to some extent,

insensitive to the order in which the local rules are applied
. the order-independent sequential composition of locasul
Introduction is said to be strongly decomposable. Because strong decom-

When the set of candidates has a combinatorial structuge, th posability is sf[r_ongerthan _decompos_ability, not all ressah
space needed for storing a preference relation increases ex d46composability can be directly carried over to strongly de

ponentially. To overcome this problem, several approaches compos_able case. Therefore we s'gudy the .relatlon between
were designed to exploit and use the independence informa- Properties that Ic_>c_:a| ruIe_s and the|r_order-mdependent_s_e
tion in a preference relation, leading to concise represent duential composition satisfy respectively. For the specif
tions, especially, CP-nets (Boutiliet al. 2004). In (Lang case of neutrality, we first study a specific class of permu-

2007), a sequential voting process was suggested, cogsisti tatlztjnt_s on rr|1_|u|t|attr|but¢ domda_uns,tlcallddc_:ompo%able per-
of local voting rules or correspondences, the winner being tmhu a |(_)rls ow?ver, S|rt10e| d|rec y prmglng O{ !sprrlov:jng
selected through multiple steps from a set of votes satisfy- € existence of a neutral decomposablé rule 1S hard, we

ing some independence conditions. Such admissible input .Sl'ghtlé/ relatx tlhte dorga_url O(fj appllc:imon Otf dlecgmposlabll—
profiles are referred to dsgal profiles. A rule or corre- 'Y and neutrality, and introduceearly neutralandnearly

spondence is said to be decomposable, if its restriction to decp_mposfableulels.l W(Ie show thatdevery ;equen';lal (éom-
legal profiles is the sequential composition of local rules o~ POSItion of neutral local correspondences is nearly neutra
respective subdomains. In (Xia, Lang, & Ying 2007) it is These results can be extended to strong decomposability.

proved thatanonymity, homogeneity, neutrality, participa- The paper is structured as follows. I_:irst we recall some
tion, consensusre inherited to local rules from their se- basics on CP-nets, decomposable voting rules and proper-
quential compositionmonotonicityare inherited to the last  ties of voting rules. Then we introduce order-independent
local rule, ancconsistencys also inherited if the sequential ~ sequential composition and strong decomposability, ard ad
composition satisfies homogeneity. On the other hand, only dress next the relation between local rules and their order-
independent sequential composition. Then, we study per-
Copyright © 2009, American Association for Artificial Intelli- mutations between legal profiles following different orgler
gence (www.aaai.org). All rights reserved. which enable us to define nearly neutral and nearly decom-



posable rules and correspondences, and we give our mainDefinition 1 (O-legal) A voteV on X = D; x ...

results. Because of space limit, proofs are omitted.

Notations and basic definitions
CP-nets and structured preferences

Let A = {x;,...,%x,} be a set of variables (or attributes),
and D; being the finite value domain of;. Let X' =
Dy x ... x D,. X is a combinatorial (or multiattribute) do-
main. ACP-netover A is composed of (a) directed acyclic
graph (DAG)G overx;, ..., x, and (b) a set of conditional
linear preference orders ove); associated to each variable
x;, expressed by a conditional preference taBIBT (x;)
consisting of a linear preference orde}; over D; for each
tuple of valuesi for the parents ok; in G.

Given a CP-netV, a linear preferenct over X’ is said
to extend\/, denoted byV’ ~ N/, if for any i, any ~%€
CPT(Xl)' and anyf € HXJ‘ Z{x; }UPar(x;) Dj’

(zi,i, &) =v (yi, 0, %) iff 2; =L yi.

This definition captures the conditional independenceaef li
ear orders oveit. Namely, ifV extends\/, then for anyi,
given the value ofPar(x;), the preference oveb; is inde-
pendent of all non-descendent variablexpfThe set of all
CP-nets onY is denoted byC P(X).

Given an ordering) = x, (1) > ... > X,(,) Of V, where
o is a permutation of1, ..., p}, we say a DAGH is com-
patible with O, denoted ag7/ ~ O, if for any x; >0 x;j,
x; is not an ancestor of; in G. A CP-net\ is said to be
compatible with®, denoted by\ ~ O, if its DAG is com-
patible withQ. The set of all CP-nets compatible withis
denoted byC'P(0O).

We say a linear preferendé is compatible withO, de-
noted byV ~ O, if there exists a CP-net/ compatible
with O such thatl” extends\. Clearly, in a CP-net com-
patible withO, Par(x,(;)) C {Xy(1),---»Xe(i-1)}. There-
fore, for any linear preferencdé compatible withQ, if the
value of x,(y),...,X,(;—1) is given, then the local pref-
erence ovetD,; is fixed. We writeV*«(/da(n)--doti-1)
for the conditional preference ovép,; given x, ) =
da’(l)a ey Xg(i—1) = da’(i—l)! andan(i)ldv(l)mdv(iil) =
{VXemldoq)doii-1) .V € P},

Decomposable voting rules and correspondences

Given X a finite set of candidates,mofile of N votes over

X is a sequence @V linear orders oveit’, denoted byP =
(V1,...,Vn). The set of all profiles ovel’ is denoted by
Py. A voting ruler over X' is a function that maps each
profile P to r(P) € X, wherer(P) is referred to as the
winner of P. A voting correspondenceover X’ selects a
nonempty set of winners from a profile, thus is a mapping
Py — 2%\{0}.

Given a multi-attribute domai’ = Dy x ... x D), a
decomposable voting rule (Lang 2007) is a voting rule de-
fined over all profiles that are compatible with a given order
O. We refer to such profile®-legal profiles.

x Dy
is O-legal if V' is compatible withD. The set of allD-legall
votes is denotedlegal (O).

A profile P is O-legal if all of its votes ar&-legal. We write
Legaloo(0) = |U;2, Legal(O)" to represent the set of all
O-legal profiles. We also writéegal;(X') to represent the
set of all legal profiles of voters, and.egal (X') to represent
the set of all legal profiles. By definitio,egal;(X) =
Ue Legal(O) andLegal (X) = s, Legal;(X).

2 and D; =
the

{04, 15},

Examplel Let p =
i following votes:

i = 1,2. Consider

Vi 111y = 1705 > 0115 = 0109
Vo 1115 = 1109 > 0105 = 0115
Vi 1115 %= 0115 > 0105 = 1105
Vi 1115 %= 0105 > 1105 = 0115

V1 extends the CP-ndt; = 01,07 : 1o > 05,11 : 15 >
02, thusitisinLegal (x1 > x2), and therefore iLegal (X).
Itis also in Legal(x2 > x1), because it extends the CP-net
1o = 05,05 : 11 = 07,15 : 17 = 07. V5 isin Legal(x1 >
x3), and thus inLegal(X), but not in Legal(x2 > x1).
V3 is in Legal(x2 > x1), and thus inLegal(X) but not
in Legal(x; > x3). Vi is notin Legal(x; > X2) norin
Legal(x2 > x1), thus itis notinLegal (X).

The 2-voter profile{V;,V5} is in Legal(x; > x3)2,
therefore it is legal (i.e., it is inLegal2(X)). The 2-voter
profile {V5, V3} is not legal, although botfi, and Vs are
legal, simply because there is no common ordefhguch
thatV, andV; are bothO-legal.

Then we recall the definition @-sequential composition
of voting rules (Lang 2007). Given an ordér = x,(;) >
... > X, andasetoflocal ruleg-, ..., }, withr; over
D;, their O-sequential compositiofieq(ry(1), - - -, T (p)) IS
defined to be @-step voting rule over alp-legal profiles.
Given anO-legal profile P, in the first stepr,(;) selects
dy(1) from P*-, and afterd,,),...,d,;—1) have been
selectedd, ;) is selected by, ;) from P« /de()-doi-1),
After p steps,(d,(1), - - -, dy(p)) is chosen to be the winner.
The following is the formal definition.

Definition 2 For any local rules {r,...,7,} and
an order O, define their O-sequential composition
Seq(ry1y,---,To(p)) be a rule over Legal(O) s.t.
for any O-legal profile P, Seq(r,(1),---,70(p))(P) =
(da(l)a ceey da(p)) iff for all ¢ <np,

d"'(i) = ru(i) (Px”(i) |dcr(1) ...dg(i_l))-

The O-sequential composition of correspondences is de-
fined similarly. The difference is, at each step,selects
multiple winners.

Definition 3 For any local correspondences, .. ., ¢,, de-
fine their O-sequential compositiodeq(cy(1),- - -, Co(p))
as a correspondence ovérgal . (0) s.t. for anyO-legal
profile P, (da(l), e, da(p)) € Seq(ca(l), ce ,Ca(p))(P) iff
forall i < p,

da(i) € Cq(i) (an(i) ldo(1) - -doi—1) )



Now we recall the definition oflecomposablesoting
rules. A voting rule is decomposable iff it can be writ-
ten as a sequential composition of multiple local rules on
Legal(O) for some ordeD).

Definition 4 A voting ruler on X = D; X ... x D, is
decomposabléff there existp voting rulesry,...,r, on
D4, ...,D, and an orderQ on X such that for any)-legal
profile P, we haveSeq(ry(1),...,7(p))(P) = 7(P). The
definition is similar for correspondences.

Properties of voting rules

In this section we briefly recall some well-known criteria fo
voting rules. A voting rule- satisfies

e anonymityif the output of the rule is insensitive to a per-
mutation of voters;

e homogeneityif for any voteV and anyn € N, r(V)
r(nV);

e neutrality, if for any profile P and any permutation/ on
candidates; (M (P)) = M (r(P));

e monotonicityif for any profileP = (V4,...,Vy) and an-
other profileP’ = (V/,...,Vy) s.t. eachV/ is obtained
from V; by raising onlyr(P), we haver(P') = r(P);

e consistency, also known as reinforcemeitor any two
disjoint profilesPy, P, s.t. r(P;) = r(P), thenr(P; U
Py) =r(Py) =r(P),

e participation if for any profile P and any votéd/, »(P U
{V}) =v r(P);

e consensu§ for any profile P = (V4,...,Vn), there is
no candidate s.t.c¢ =y, r(P) foralli < N;

e Condorcet criterion if whenever there is a Condorcet
winner in a voting profileP, thenr(P) must be the Con-
dorcet winner.

Order-independent sequential composition

The sequential composition of rules as defined in the pre-
vious Section assumes that the ordeaccording to which
the voters have to report their conditional preferences on
variable domains is fixed from the beginning. This is a
strong restriction, as in many contexts, this order is not
known from the beginning of the process. Therefore we con-
sider the following notion, that does not need the order to be
fixed.

Definition 5 (order-independent sequential composition )
Given a set of voting ruleéry,...,r,} over Dy, ..., D,
their order-independent sequential compositi@defined
as mapping fromLegal(X') to X' such that for any orde©®
andP € Legal(0),

7Tp)(P) = SQQ(TU(l),"',rU(p))(P)'

Seq®!(r1,...,r,) is well defined, because it has been
proved in (Lang 2007) (Observation 3) that for any
P € Legal(X), if P O and P O' then

SCQ(ra(l)a IERE ra(p))(P) = Seq(r'y(l)a i ar’y(p))(P)'

Seq®T(r,. ..

~ ~

“Order-independent” means that the ordering of vari-
ablesO is not fixed from the beginning, and once the or-
der is given, then order-independent sequential composi-
tion is indeed the sequential composition of the order. The
difference between order-independent and fixed-order se-
quential compositions of voting rules is in theipplica-
bility domains while Seq(ry,...,r,) is defined only on
Legal(x; > ...x%,), Seq®!(ry,...,r,) is defined on the
setLegal (X) of all legal profiles.

We now strengthen the notion of decomposability so that
it applies on order-independent sequential composition. A
voting rule is strongly decomposable if its restrictions on
Legal(X) is the order-independent sequential composition
of some local rules.

Definition 6 (Strong decomposability) A voting ruler on

X =D, x...x D, is strongly decomposable iff there exist
voting rulesry,...,r, onDy,..., D, such that for any le-
gal profile P, we haveSeq®’ (r, (1), - .., 7o(p) ) (P) = r(P).
The definition for correspondences is similar.

From the definition of strong decomposability we imme-
diately know that ifr is strongly decomposable, then it is
also decomposable. For each of the properties of voting
rules listed above, we now consider the logical relatigmshi
between the satisfaction of the property for each of the lo-
cal rules and the satisfaction of the property for their orde
independent sequential composition. The following result
states that for most of these properties, if at leastguees
not satisfy it then the sequential composition does noeeith
(see (Xia, Lang, & Ying 2007) for similar results for fixed-
order composition).

Theorem 1 Let Prop € {anonymity, homogeneity , neu-
trality, monotonicity, consistency, participation, census.

If Seq®(ry,...,ry) satisfiesPr op then for anyl <i < p,

r; also satisfie®r op.

We now consider the implication in the reverse direction.

Theorem 2 LetPr op € {homogeneity, monotonicity, con-
sistency. If forall 1 < ¢ < p, r; satisfiesPr op then
Seq®!(ry,...,r,) also satisfie®r op.

We now focus on neutrality. We start by the specific case
of two binary variables. It is already known(Xia, Lang, &
Ying 2007) that the composition of two plurality correspon-
dences on binary domains is neutral. This extends to order-
independent composition:

Theorem 3 Let ¢; (resp. ¢;) be the plurality correspon-
dence on{0, 1;} (resp. on{02, 15}). ThenSeq®!(cy, c2)
is a neutral correspondence.

By theorem 1, the neutrality of order-independent sequen-
tial composition induces the neutrality of eagh Now we
present another necessary condition $eg®’(cy, ..., c,)
to be neutral.

Theorem 4 If Seq®’(cy, ...
1Djl) = (ci = ¢5)-

Herec; = ¢; means that; andc; behaves the same on re-
spective domain. For any bijectiof; : D; — D; and any
profile P; on Dy, f;.;(ci(P;)) = ¢;(fi,;(P;)). This notation
is meaningful becausg andc; are neutral angD;| = |D;|.

,¢p) is neutral, then(|D;| =



Decomposable permutations

Analyzing the neutrality of (strongly) decomposable vgtin
rules is difficult, mainly because of the domain restriction

of such rules: the problem relies in the fact that the ef-
fect of a transformation on a legal profile may not be legal.
Therefore, we study the permutations that transform a le-
gal profile into another legal one. Since the outcome of a
sequential rule is determined by the CP-nets the votes are

consistent with, we focus on pairs of the CP-ngt§, \V>),
Ni ~ O,N5 ~ O s.t. there exists a permutatidd and a
voteV; ~ N7 and M (V;) ~ Ns. We first study the case
O = ', and then extend the results@# O'.

Order preserving permutations

We first define a class of permutations composed of multi-

ple steps (similarly to sequential voting rules). For any se
X, let S(X) be the set of all permutations oXi. To bet-

ter present the properties of decomposable permutatians, w
give the following definition so as to describe a permutation
that can transform a linear preference extending a given CP-

net to a linear preference that is compatible with

Definition 7 ((N, ©)-legal) Let NV be a CP-net ovei’. A
permutationM/ € S(X) is (N, O)-legal if there exists a
voteV extending\V" and M (V) is O-legal.

We now defineO-decomposable permutations. @&-
decomposabld/ is composed of a set of conditional per-
mutations{ M € S(Dy;)) : i < p,d; € Dypay X ... X
D,(;—1)}, and transforml = (do(1)s -+ dy(p)) IN p StEpS.
In the first step, ;) is transformed th{D(da(l)), which
is the D, (;)-component oiM(cf). After the firsti — 1 steps
are completed, ;) is transformed bwf"(”"“’d”“*”. The
process ends aftersteps.

Definition 8 (O-decomposable permutation)A permuta-
tion M € S(X) is O-decomposable foO = x,) >

. > Xq(p), If for eachl < i < p and eachd; €

Dgy(1y X ... X Dy;_1), there exists a permutatioMfi
Do(i) s.t.

M(du(l), ey dg(p))

=(MP(dg(r)), - -, My™ 000 ().

The set of allO-decomposable permutation is denoted by
DP(0).
Example 2 Letp =2,D = {01, ].1}, D, = {02, 12,22},
andO = x; > x,. Consider the permutatiof/: 0,05
1115; 0115 — 1125; 0125 = 1105; 1105 — 0105; 1115 —~
0122; 1125 — 0;15. M is O-decomposable. Its local con-
ditional permutations are:M;(01) = 11; Mi(1y) = 04;
M= (0s) = 1oy M3 (1g) = 257 M3~ (25) = 023
M;lzh(Oz) = 02, M;q:ll(].z) = 22, M;1:11(22) = 12.

The following question naturally arises: for ady €
DP(0),if V extendsV, then what is the CP-net thaf (V)
extends? The answer is a CP-net obtained/bgfter a spe-
cial permutation closely related f@. To define this permu-
tation, we writeInd(M, i) to represent the temporary win-
ner after first steps of a decomposable permutatidn

on

Definition 9 For any M € DP(O) and anyi < p, define
an induced permutatiofind(M, i) on H;:l D, s.t. for
anyds(j) € Dy (j), 4 < i,

Ind(M, i)(do(l)a ceey da(i))

dy(1 do(1ysdo(io1
:(M{D(du(l)),M2 : )(dU(Q)),- o M; “ ( )(da'(i)))'

Then we define the permutation on CP-nets induced/by
Definition 10 Define a mapping fo DP(O) —
S(CP(O)) such that for any)-decomposable permutation
M and anyN € CP(O), if Z5(1),- -1 To(i) * Yo(it1) =N
Zg(it1)s then

Ind(M, i)(aza(l), ce ,:L”a(i)) :
iﬂiflm’...,zo(i) (yo'(i—i-l)) >'fo (M)W Mlirl(l),---’za(i) (zcr(i+1))

Example 3 TakeM as in Example 2. Consider the CP-net
N: 0; > 11;07 : 09 =15 > 29; 11 : 13 = 29 = 02. Then
fo(M)(N) is the following CP-net:1; = 01; 0y : 25 >
1o = 09; 11 : 15 = 29 > 0o.

The next three theorems shed some light on the “legal
pairs” (P, M (P)). The first and second concern the case
whereM € DP(0), and the third concerns the case where
M ¢ DP(0).

The first theorem gives a characterization of the CP-net
associated with a vote obtained after applying a decompos-
able permutation. It says that for atdecomposable per-
mutation)/, if V' is compatible with a CP-net’ compatible
with O, andM (V) is alsoO-legal, thenM (V') must extend
fo(M)N).

Theorem 5 ForanyM € DP(0O) and any CP-ne\ ~ O,
if a vote V' extends\ and M (V) ~ O, thenM (V) ~
fo(M)(N).

Thus, in Example 3, if we tak®& = 0,05 = 015 >
111 > 0122 = 1125 = 140-. M(V) = 111, >
1125 = 0125 = 105 = 0115 = 0,0.. We have that
V ~ OandM (V) ~ O, thereforeM (V') extends the CP-
net fo(M)(\).

The next theorem focuses on decomposability. It says that
the composition of neutral local correspondences is insens
tive to permutations iD P(O). The same theorem holds for
decomposable rules.

Theorem 6 Let ¢y, .., ¢, be neutral correspondences on
D,,...,D,, respectively. For anyO-legal profile P
and any M € DP(0), if M(P) is O-legal, then
M(Seq(ci,...,cp)(P)) = Seq(ci, ..., cp)(M(P)).
Notice that the precondition in this theorem requires bdth
and M (P) areO-legal. This does not mean for ady <
DP(0O), M(P) is O-legal for all O-legal profilesP. In
fact, M (P) is not necessarily legal, for example, consider
Vi =111y = 0115 > 1705 = 0,00 € Legal(x1 > Xg),
M € DP(x; > x2) s.t. it only exchange$; 0, and1;1,.
ThenM(Vl) =1:02 > 0115 > 1115 > 0104 € Legal(X).
The last theorem says thatdf ¢ DP(O), then there
exists a CP-net such that for any/ ~ A/, M (V) is not
O-legal.
Theorem 7 Forany M € S(X) — DP(0), there exists a
CP-net\y s.t. for any votd” consistent with\/,, M (V)
is notO-legal.



Order-changing permutations

In this section, we consider the case whBrand M (P) are
compatible with different orders. The study of this case is
motivated by the definition of strongly decomposable rules.

Fortunately, nearly all results in the last subsection can b 17(5eq%7 (¢4,
extended to this case (however, the proofs are much harder).

We first define an interesting property describing the rexati
between two orders. We say two orders aimilar if the

number of elements of the same ranked subdomains in the

two orders are the same.

Definition 11 Two ordersO = X, (1) > ... > X,(,), 0’ =
Xy (1) > ... > X,(p are said to besimilar, if for alfi < p,
[Doiy| = 1Dy i)l

We observed that if a permutatidd can always transform

a CP-net compatible witl) to another CP-net compatible
with O, then© and©' are similar.

Theorem 8 Given two order€), 0" and M € S(X), if M
is (N, O')-legal for all N ~ O, thenO' must be similar to
0.

In the sequel we writ®; = {0;, ..., (|D;|—1);}, and al-
ways write©O = Xo(1) > - > Xg(p)s 0 = Xy(1) > --- >
Xy (p). When|D;| = |D;|, we define a standard mapping
fi,j fromD; to D; s.t. f; j(k;) = k; foranyk < |D;| — 1.

ements inD; andD;. For example, whe®; = {0,1:}
andD2 = {02,12}, thenf1,2(01) = Og,fl,g(ll) = 1s.
Now we are able to define such order-changing permuta-
tions.

Definition 12 For any two similar orders) and ©’, define
an (O, 0")-induced permutatiod/» o over X’ s.t. for any
de (i) € Do (i)

MO,O’ (da(l)a s adO'(p))
=(fo(1),7(1)(do(1))s - - fo(p)v(m) (da(p)))-

Again we are concerned with the effect &f» o on CP-
nets. The induced permutatioR»n o from CP(O) to
CP(0'") is defined as follows. It only changes the name of
the variables in the CP-net, namely changing;) to x., ;).

Definition 13 Given any two similar order® and ©’, de-
fine an(O, O')-induced permutatio®» o from CP(O) to
CP(O'") s.t. foranyN € CP(0),

Xg(1) = dy e Xg () = di:x >Ny
=Xy(1) = o)) (di) - Xy(i) = fo(iy iy (di) :

fo(i+1) 7041 (@) = Py o (W) Fo(ir1)m (i) (¥)-
Denote DP(OI) . M(’),O’ {M : M(’),O’ M €
DP(0")}, whereM - Mo o is a permutation ont” s.t.
M- Moo (V) = M(Mo,or(V)). We then present the
order-changing version of Theorem 5, Theorem 6, and The-
orem?7.

Theorem 9 ForanyM € DP(Q')-Mp, o and any CP-net
N compatible withO, if a voteV extendsV and M (V') is
O'-legal, then)M (V) extendsfo (M - Mo 0)(Po,0r (N)).

These standard permutations only exchange the names of el-

Theorem 10 Letcy, ..., c, be neutral correspondences on
D,,...,D, respectively, such tha&tD;| = |D;|) = (¢; =
¢;). For any O-legal profile P and anyM € DP(O’) -
Mo, o, if M(P)is O'-legal, then

) (P)) = Seqoj(cl, . cp)(M(P)).

Theorem 11 ForanyM € S(X)—DP(O')- Mo, o, there
exists a CP-nety; ~ O s.t. for any voté’ consistent with
N, M(V) is notO'-legal.

Justifying decomposability
Since proving or refuting the neutrality of a decomposable
rule is hard, we now relax the domain of decomposability
and neutrality by applying them to a smaller domain=
{Ly,Ls,...} whereL; C Legal(O). In order to keep the
properties of legal profiles, we requife be approximately
the set of alli-votesO-legal profilesLegal(O)?, i.e. with
the number of voters increases/; should occupy a large
portion of Legal (0)¢. The next three concepts are defined
to capture these ideas.

Definition 14 Given X, a countable sequencd.
{L1, Ls, ...} is nearly representatiier Legal(O) if

1. Foranyi € N, L; C Legal(O)'.

Ll _
| Legal(O)|*
Then we say a decomposable correspondence (rule) is

nearly neutralif it is neutral on a sequence nearly repre-
sentative fotlLegal(O).

Definition 15 A decomposable voting correspondence
Seq(cy(1) - -+ Co(p)) 1S NE@rly neutral folegal (O) if there
exists a nearly representative sequenceor Legal(O)
such that for any € N, anyP € L;, and any permutation
M e S(X), if M(P)is O-legal, then

M(Seq(cg(l), e ,Cg(p))(P)) = Seq(cg(l), e ,Cg(p))(M(P)).
Obviously, if Seq(c,(1) - - -, co(p)) iS Neutral, then it is also
nearly neutral, and wheh; = Legal(0)! for all i, nearly
neutrality is equivalent to neutrality. Similarly, a neade-

composable rule is arule that coincides with a decomposable
rule on a nearly representative sequehder Legal(O).

Definition 16 A voting correspondenceon X is nearly de-
composabléf there exists:y, . . ., ¢, and a nearly represen-
tative sequencé for Legal(QO) s.t. for anyi € N and any

P e Li, c(P) = Seq(co(1) - - Co(p))-

Now, we give an example of nearly representative sequence
for Legal(O). We say that a profile i€©-universalif its
votes cover all possible CP-nets that are compatible @Qith

Definition 17 An O-legal profile P is O-universaif for any
CP-netN compatible withO, there exists a vot& in P
extendingV'.

Let us writeU;(O) = {P : |P| =i, P is O- universa};
by simple calculations we can prove that(O)

Ui(0),...,}is nearly representative fdregal(O). Then

we can give the main theorem of this section, which says that
the sequential composition of any neutral correspondéaces
nearly neutral.



Theorem 12 For any local neutral correspondences
C1y.-.,¢p, Seq(er, ..., cp)is nearly neutral.

Another interesting question is about the existence of neu-

Conclusion and future work

To define the sequential composition of local voting rules
without the ordering over attributes being fixed from the be-

tral and nearly decomposable correspondences. The answemginning, we introduced order-independent sequential com-

is affirmative. To see this, we define a correspondetice

such that
Seq(ci, ..., cp)(P)
X

o(P) If P is universal

Otherwise

For any non-universaD-legal profile P and any permuta-
tion M, M(P) cannot be universal by Theorem 7. So if
M(P) is O-legal thenC(P) = C(M(P)) = M(C(P))
X. For any universal profilé’, from Theorem 7 we know
thatif M € S(X)— DP(O) thenM (P) is notO-legal, and
from Theorem 6 we knowthat#/ € DP(O) andM (P) is
O-legal, thenC'(P) = M (C(P)). SoC' is neutral. Sincé/

is a nearly representative sequenceliegal (), we know
that C' is nearly decomposable. This is summarized in the
following theorem.

Theorem 13 For any local neutral correspondences
c,...,Cp, there exists a neutral and nearly decomposable
correspondenc€’ on X" s.t. for any universal profilé® ,
C(P) = Seq(ciy ..., cp)(P).

Justifying strong decomposability

In this section, we study strong decomposability in a simila
approximative framework.

Definition 18 A countable sequenck = {L;, Lo,...} is
nearly representatiier Legal(X) if
1. Foranyi € N, L; C Legal;(X).

|Li|
|Legal;(X)]
A strongly decomposable voting correspondence
Seq?!(c1,...,¢p) is nearly neutral forLegal(X) if it
is neutral on some nearly representative sequehctor
Legal(X). A voting correspondence on Legal(X) is
nearly strongly decomposabiéthere exists:, ..., ¢, and
a nearly representative sequentefor Legal(X) s.t. for
anyi € Nand anyP € L;, ¢(P) = Seq®(ci, ..., ¢c,)(P).
DenotelU; = J, U;(O) the set of all universal profiles
of i voters. We claim that/ = {Uq,...} is nearly repre-
sentative forLegal(X). The main theorem of this section
says that if a set of neutral local correspondences satisfy a
necessary condition for their order-independent seqalenti
composition to be neutral (see Theorem 4), then their order-
independent sequential composition is nearly neutral.

Theorem 14 For any neutral local correspondences
Cly---5Cp, if (|Dz| = |D]|) = (Ci = C]'), then
Seq®!(c1,...,¢cp) is nearly neutral.

Like Theorem 13, a similar construction leads to the the next
theorem.

Theorem 15 For any local neutral correspondences
1,y .-.,¢p, if (|Di] = |Dj|) = (¢; = ¢j), then there exists a
neutral and nearly strong decomposable correspondéhce
on Legal (X) such that for any universal profilB,

C(P) = Seq®(c1,...,cp)(P).

position and strong decomposability. We studied the prop-
erties of this new definition of decomposability. We stud-

ied to which extent some of the most relevant properties of
voting rules can be lifted from local rules to their sequen-
tial composition. The most interesting of these properties
is neutrality; in order to study neutrality of the composi-

tion of local voting rules, we first explored the properties

of order-preserving and order-changing permutations) the
we introduced the notions of near-decomposability and-near
neutrality, in order to define an approximative framework to
study the neutrality and (strong) decomposability on adarg

set of legal profiles. These results lead to the conclusiain th

the neutrality of local rules can always be nearly lifted to

their (safe) sequential composition.

We plan to study further the properties of strong de-
composability, especially the existence of neutral stroeg
composable correspondences. Lastly, our order-indepénde
compositions of local voting rules can be a solution to mul-
tiple election paradoxes (Brams, Kilgour, & Zwicker 1998)
or simultaneous referenda (Lacy & Liou 2000). Separabil-
ity allows for escaping these paradoxes; however, it is is a
very demanding assumption. Our composition of local vot-
ing rules has a much wider range of applicability, and still a
lows to some extent to escape the paradoxes (see (Xia, Lang,
& Ying 2007) for a preliminary study, with fixed-order se-
guential composition).
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