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Two Variable MIP Set

X={(z,s)eZ' xR} :s+z>b)
where f = b —|b] > 0.

The mixed integer rounding (MIR) inequality
s> f(lb])+1-2)

is valid for X.

MIR Inequality: s > 1(z-3)

X={(z.s)eZxRl :s+z> 1)
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MIR Example

X={(z,s) e Zx
MIR Inequality:

13/8

Rl :s+z>%)
s>2(2-2)

P 1 13/8 2 3
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Questions to be asked about a “simple" set X

@ Describe a family # of valid inequalities for X or conv(X)

@ Describe a separation algorithm for conv(X), or for the
polyhedron described by the family 7

@ Describe an extended formulation for X, if possible providing a
tight formulation of conv(X)

@ ( Additional Constraints). Given X, suppose that P = conv(X).
Now consider X N Q where Q is a polyhedron.
For which polyhedra Q is it true that

conv(X N Q) = conv(X) N Q7
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MIR gives Convex Hull: Proof

S+z b
s+fz > f[b]
s >0

\%

In a facet, s = max(b — z, f([b] - z), 0).

@ Ifs=b -z thenfacetis z < |b].
e If s = f([b] - z), then facetis |b] < z < [b]
@ If s =0, then facetis z > [b].
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Generalization

X" ={(s,z) eRL xZ": s+Z>b,i=1,...,n.
Convex hull is obtained by adding MIR inequalities.

When is convex hull of X* N Q given by MIR inequalities?

When Q = {z € R" : Dx < d} with D totally unimodular and d
integer.
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Multi-ltem Discrete Lot-sizing Problem

min N (hisi+ birl + qlyi)
S|4 — t1+Cyt di+ s} —rl Vi, t
Z, 1yt <1Vt

si,ri>0,yl €{0,1} Vi, t

Equivalent formulation of flow constraints
Eliminate the variables I giving
S 2 CI u 1 yu d4t
i _ ot
andsetzl = Y!_, vl
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Reformulation

si/C' >z~ di,/C' Vit
0<zj-2z <1
Z(z; ~z )< 1Vit

i

This is a set of disjoint two variable MIPs plus network constraints.
Conclusion: Simple MIR inequalities give the convex hull for this
multi-item problem.
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The mixing set XM consists of

S+z=bforl=1,...,n
seR', zezZ".

Let fi = b, — | by] for all /.
A tight extended formulation for conv(X™) is:

s =21 fidi+u
zt+u+ Yyirery 6 2 L] +1fort=1,...,n
i 0i =1
SeR peR!, zeR"
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A Network Dual Extended Formulation

Suppose wlog 1 =fo > fi > fo--- > f,. Let yp = n and
Mt = U+ D>t 0 9iving:

s =2 o(fi = fir1)ui
Zt+us = bg]+1fort=1,...,n
—pj—1 +uj=0forj=1,...,n
Mo — Hn = —1
ueRM™ zeRM

This is the transpose of a pure network matrix (dual network)
matrix, and the extreme points are obviously integer.
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Projection gives Mixing Inequalities

S :Z?:o(fi_fiﬂ)ﬂi
ur > [bfl—zifort=1,...,n
Mo > [bp]—1- 2z,

Mixing Inequality

n

52 (1= )byl =1 = 20) + (1~ 1) (i1 = 20)

i=1
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Example of Mixing Inequality

Consider the set
X={(s,y) eRL XZ%: s+ y1 207, +y2226,5+y3 > 1.4}.

Mixing Inequality

s > (1-0.7)(1-y3)+(0.7-0.6)(1-y1)+(0.6-0.4)(3~y2)+0.4(2-y3).
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Additional Constraints for Mixing

All faces are of the form: Some Mixing Inequality is tight, and
aj < zj - zj > pj with aj, ajj € Z.

When is convex hull of XY n Q given by mixing inequalities?

When Q = {z € R" : Dx < d} with D a network dual matrix and d
integer.
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Generalization: Bipartite Edge Covering

Given G = (V4, Vo, E), consider the set

Xi+ x> b V(i,j) € E
x,-eZ1ieI,x,-eR1ieL:V\l
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Network Dual MIPs

Given D = (V, A), consider the set X"\D:

X,'—XijijV(i,j)GA
xieZliel,x;eR'ieL=V\I

There exists a tight extended formulation of the form

i = Miik) = Bik V(i) € A,k €1.Q
ik € R Vi j k

with ,Bijk e Z.
Its size depends on Q, the number of different fractional values the
continuous variables take in the extreme points of conv(X).
Let D, = (L, AL) be the digraph induced by the nodes
corresponding to continuous variables.
Q is polynomial in size if D; is a tree.



Open Questions

@ Complexity when D, is a bi-directed path.

@ Membership Problem: Given x* € RVI, decide whether
x* € conv(XNP).

@ Every facet is induced by a tree in D;. This would imply that
Membership is in co — NP.
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THANK YOU and ANY QUESTIONS

THEN over to JACK
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