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Given: a beam directions, b bixels per beam, dose deposition
matrix A € R™*2 with aj; dose delivered to voxel j at unit
intensity for bixel /

Wanted: x = (x;:i=1,..., ab = n) intensity profiles such
that dose d = Ax satisfies the treatment goals

Goal 1: Destroy the tumour, phyician prescribes lower and
upper bound /+ and vt for dose in tumour

Goal 2: Avoid damage to healthy tissue, physician prescribes
upper bounds u¢ for critical organs and up for other normal
tissue
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Radiotherapy Treatment Planning
Robust Airline Crew Scheduling

BB |CINEAYS

Sunday, 4 August, 2002, 20:29 GMT 21:29 UK

Delays as Easyjet cancels 19 flights

Passengers with low-cost airline Easyjet are suffering delays after 19 flights in and out
of Britain were cancelled.

The company blamed the move - which comes a week after passengers staged a protest sit-in
at Nice airport - on crewing problems stemming from technical hitches with aircraft.
Crews caught up in the delays worked up to their maximum hours and then had to be allowed
home to rest.

Mobilising replacement crews has been a problem as it takes time to bring people to
airports from home. Standby crews were already being used and other staff are on holiday.
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@ Given: Schedule of m flights

@ Wanted: Tours of duty, such that each flight is contained in
exactly one tour of duty
@ Goal: Small cost for operation
Assume all possible ToDs i =1

n are known

o 1 flight j contained in ToD i
/"1 0 otherwise
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@ Given: Schedule of m flights

e Wanted: Tours of duty, such that each flight is contained in
exactly one tour of duty

@ Goal: Small cost for operation

Assume all possible ToDs i =1, ..., n are known

5 — 1 flight j contained in ToD i
771 0 otherwise
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min ¢’ x min  (c'x,r"x)
st. Ax = e st. Ax = e
x € {0,1)" x € {0,1}"
Encourages tight connections, not ri is penalty for tight
robust

connection /expected delay in ToD /

«O» «Fr « > «E» Q>



min ¢’ x min  (c'x,r"x)
st. Ax = e st. Ax = e
x € {01} x € {0,1}"
Encourages tight connections, not ri is penalty for tight
robust

connection /expected delay in ToD /

«O» «Fr « «E>» =] Q>

it
v



min

st. Ax =

e

min  (c"x,r"x)
s.t.  Ax
x € {0,1}"
Encourages tight connections, not
robust

e
x € {0,1}"
ri is penalty for tight

connection /expected delay in ToD i
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subject to g(x)

<0
x € R”
x € R" — nvariables, i =1,
N "%n N Rm
R" — RP

m constraints, j =1

..... m
p objective functions, k =1
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min f(x)

subject to g(x) < 0
x € R”
x € R" — nvariables, i =1,
R" — R™
R" — RP

.., n
— m constraints, j =1,

cee,m
p objective functions, k =1



f:

min f(x)
subject to g(x) < 0
€ R”

X

x €R" — nvariables, i=1,...,n
R" - R™ — mconstraints, j =1,...,m
R" — RP — p objective functions, k =1,...,p
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o X={xeR":g(x) =0}
feasible set in decision space

o Y =f(X)={f(x):xe€X)

feasible set in objective space
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e X={xeR": g(x) 20}
feasible set in decision space

o Y =1(X)={f(x):xe X}
feasible set in objective space
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Let y!,y2 € RP

e ylsy? e yl<y2fork=1,....p
y! weakly dominates y?

o yl<y’syl<ylfork=1,..., p

yt y?

oyl <y?e yl <y?and y £ )2
yl )/2

e RZ ={yeRP:y >0}

o RE ={yeRP:y >0}

o RE ={ycRP:y >0}
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Let y!,y? € RP
e ylsy? e yl<y2fork=1,....p
y! weakly dominates y?
eyl<y?’eyl<yifork=1,....p
y! strictly dominates y?
o y'<y? eyt <y?and y! # y?
y! y?

o RE ={y eRP:y =0}
o R2 ={yeRP:y >0}
o B2 =(ycRr:y >0}

«Or «Fr «=»r <

it
it
N)
¥l
i)



Let y!,y? € RP
e ylsy? e yl<y2fork=1,....p
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Let y!,y? € RP

e ylsy? e yl<y2fork=1,....p
y! weakly dominates y?
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y! strictly dominates y?
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Let y!,y? € RP
e ylsy? e yl<y2fork=1,....p
y! weakly dominates y?

eyl<y?’eyl<yifork=1,....p
y! strictly dominates y?

oyl <y*eyl<y?and y! #y2
y! dominates y?

.R’é:{yGRping}

e RE ={yeRP:y>0}

o RY ={ycRP:y>0}
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o y3<yl
o y* <y?but y* £ y?
o y* <yt

o y3 and y* are incomparable
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o y3<yl
o y* <y?but y* £ y?
o y* <yt

o y3 and y* are incomparable

The fundamental difference between single and multiple objective
optimization: Vectors cannot always be compared
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@ Individual minima
(%) £ fi(x) for all x € X

@ Lexicographic optimality (1)
f(X) Sjex f(x) for all x € X

@ Lexicographic optimality (2)
f™(X) Sjex T(x) for all x € X
and some permutation f™ of




@ Individual minima
(%) £ fi(x) for all x € X

@ Lexicographic optimality (1)
f(X) Sjex f(x) for all x € X

@ Lexicographic optimality (2)
fT(X) Sjex T(x) for all x € X
and some permutation f™ of
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@ Individual minima
(%) £ fi(x) for all x € X

@ Lexicographic optimality (1)
f(X) Sjex f(x) for all x € X

@ Lexicographic optimality (2)
fT(X) Sjex FT(x) for all x € X
and some permutation ™ of

(f,..., 1)
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o Weakly efficient solutions X,,g
There is no x with f(x) < f(X)
(%) is weakly nondominated
Yun = F(Xun)

Efficient solutions Xg

There is no x with f(x) < f(%X)
f(X) is nondominated

Y/\/ = f(XE)
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o Weakly efficient solutions X,,g
There is no x with f(x) < f(X)
(%) is weakly nondominated
Yun = F(Xun)

o Efficient solutions Xg
There is no x with f(x) < f(%)
f (%) is nondominated
Yn = f(Xg)
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@ Properly efficient solutions X,
e X is efficient

e There is M > 0 such that for
each k and x with

fi(x) < fi(X) there is | with
f1(x) < fi(x) and

f(X) is properly nondominated
Yp/\/ = f(XpE)
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@ Properly efficient solutions X,

o X is efficient

o There is M > 0 such that for

each k and x with
fk(X) < fk(f() there is
fi(x) < fi(x) and

fk()’?) — fk(X) <
fi(x) = fi(%) =

/| with

M

f(X) is properly nondominated

YpN = f(XpE)




e Yy # 0 if for some y° € Y the
section (yo — Rz) NY #0is
compact

e Xg # () if X is compact and f is
(R>-semi-)continuous
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e Yy # 0 if for some y° € Y the

section (y° — Rz) NY #0is
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(R>-semi-)continuous

a
u]
v
a
v
N o
i
v
it
it o

DA



Y

XoE
Yon

Xe

N 1N
=

{()/1-)/2) Ly =




Xpe © X
Yon € Yn

o {(yl')/2)2y2:i




Xoe & Xe & Xue
YPN g YN g YWN

Y= {0 =i <0}




Xpe € Xg € Xue
YpN CYnC VY
It is possible that

Yn =Y but Yoy =10

Y = {(yl.yg) Dy = y%.yl < O}




XpE C Xe C Xy
Yon © Y € Yo
It is possible that
Yy =Y but YpN:(z)

Y = {(Yl,}’2):y2 _ %,yl ) 0}




) yli = min{yk Cy c Y}
Nadir point y’V

("] )/;i\/:mm{ykye

f
Anti-ideal point y*/

° )//i =max{yc:y € Y}
Utopia pOint yU
u_ I
o yU=y!




o yli = min{yk Cy c Y}
Nadir point yV

Anti-ideal point yA/

o)//i:max{yk:y6 v)
Utopia pOint yU

Uu_ oI
o yU =yl




o yli = min{yk Cy c Y}
Nadir point yV

Anti-ideal point yAI

° y,i: max{yk:ye Y}




o yli = min{yk Cy c Y}
Nadir point yV

Anti-ideal point yAI

° y,i =max{y,:y € Y}
Utopia point y

u_,I
.yk _yk_Ek




@ Xg is non-empty
oyl £ yN
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Convert multiobjective problem to (parameterized) single objective
problem and solve repeatedly with different parameter values

Desirable properties of scalarizations

e Correctness: Optimal solutions are (weakly, properly) efficient
found

e Completeness: All (weakly, properly) efficient solutions can be
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Convert multiobjective problem to (parameterized) single objective
problem and solve repeatedly with different parameter values

Desirable properties of scalarizations
e Correctness: Optimal solutions are (weakly, properly) efficient

e Completeness: All (weakly, properly) efficient solutions can be
found

Matthias Ehrgott MOO Introduction



o Aggregate objectives

@ Convert objectives to constraints

@ Minimize distance to reference (ideal) point
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Let A>0

min {Z Aefi(x) : x € X} o
k=1

o E E
g T T g T g - - i 9 )
«O>» «F»r «=>» .




Let A>0

min {Z Aefi(x) : x € X} o
k=1

o
- N
u}
. o
a
v
- o
Tl
v
i
i ]

Q>



Let A>0

min {Z Aefi(x) : x € X} o
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Let A>0

min {Z Aefi(x) : x € X} o
k=1

o E E
1 T 5 T st T 5 5w
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Let X be an optimal solution of (1).
Q /fX >0 then X € XyE.

@ /f\ >0 and X is unique then x € Xg.
@ If A >0 then X € X,

@ By contradiction

@ By contradiction

© Construct M so that larger tradeoff would contradict
optimality of X

it D
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Q /fX >0 then X € XyE.

@ If\ >0 and X is unique then X € Xg.
@ If A >0 then X € X,
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Theorem

Let X be an optimal solution of (1).
Q /f\>0 then x € X,E.
Q@ /f X >0 and X is unique then X € Xg.
© /fA>0 then X € X,e.

Proof.
© By contradiction
© By contradiction

© Construct M so that larger tradeoff would contradict
optimality of X
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Theorem (Geoffrion 1968)
Let X and f be such that Y = f(X) is convex.

Q@ I/f X € Xye then there is A > 0 such that X is an optimal
solution to (1).

Proof.
Q Apply separation theorem to (Y +RZ — y) and —R2
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Theorem (Geoffrion 1968)
Let X and f be such that Y = f(X) is convex.

Q@ I/f X € Xye then there is A > 0 such that X is an optimal
solution to (1).

@ If X € X, then there is A > 0 such that X is an optimal
solution to (1).

Proof.
Q Apply separation theorem to (Y +RZ — y) and —R2

@ Apply separation theorem to cl (cone(Y +R2 - y,)) i
—RZ to show that weights are positive

© If X and f are convex use properties of convex functions

Matthias Ehrgott MOO Introduction



Y

1N
N

1N
NI

Xse := {x € X : x is optimal solution to (1) for some A > 0}

Yon =

f(XsE) C Yy C c (f(XsE))

Assume that Y + REP s closed and convex. Then

= cl (Yp/\/)
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Y

1N
N

1N
NI

Xse == {x € X : x is optimal solution to (1) for some A > 0}
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Y

1N
N

1N
NI

Xse == {x € X : x is optimal solution to (1) for some A > 0}

Assume that Y + Rg is closed and convex. Then

YpN = f(XSE) g YN g CI (f(XSE)) = CI (YpN)
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Supported efficient solutions are efficient solutions with f(x) on
the convex hull of Y

...... conv(f(X)) + R conv(f(X)) + R




Let ¢ € RP

min f;(x)
s.t. fk(X)
gi(x)

A A

Ek k#/

0 j=1,..

.,m

()
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Let ¢ € RP = 5
o abi %
min f;(x) 5 55

st. fi(x) < e k#I (2 | : %% :
gj(X) é 0 jzl,...,m 3f1($)§37 S
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© If X is an optimal solution to (2) then X € XyE.

@ If X is an optimal solution to (2) and f(X) is unique then
X € XEg.

© X € Xg if and only if there is € € RP such that X is an optimal
solution to (2) for all | =1,...,p.
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© If X is an optimal solution to (2) then X € XyE.

@ If %X is an optimal solution to (2) and f(X) is unique then
X € Xg.

© X € Xg if and only if there is € € RP such that X is an optimal
solution to (2) for all | =1,...,p.
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The e-constraint Method

Theorem (Chankong and Haimes 1983)
@ If X is an optimal solution to (2) then X € Xyg.
@ If X is an optimal solution to (2) and f(X) is unique then
X e XE.
© X € Xg if and only if there is € € RP such that X is an optimal
solution to (2) for all | =1,...,p.
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The e-constraint Method

Theorem (Chankong and Haimes 1983)
@ If X is an optimal solution to (2) then X € Xyg.
@ If X is an optimal solution to (2) and f(X) is unique then
X e XE.
© X € Xg if and only if there is € € RP such that X is an optimal
solution to (2) for all | =1,...,p.

Proof.
By contradiction and using ; = fj(X)
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Let)\eRgandeeRP

minZ)\kfk(x) (3)
k=1

_S.t. fk(X)
gj(x)

A A
o
-
I
\.I—‘
3

X is efficient if and only if there are A > 0 and € such that X is an
optimal solution to (3).
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Let)\eRg and € € RP

P
min >\kfk X
k=1

s.t. fr(x €k
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Theorem (Guddat et al. 1985)

X is efficient if and only if there are A\ > 0 and e such that X is an
optimal solution to (3).
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Q@ If % is a unique optimal solution to (4) or if A > 0 then X is
efficient.

@ If X is an optimal solution to (5) and A\ > 0 then X is weakly
efficient.

© If X is a unique optimal solution to (5) and A > 0 then X is
efficient.
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Q@ If % is a unique optimal solution to (4) or if A > 0 then X is
efficient.

@ If X is an optimal solution to (5) and A > 0 then X is weakly
efficient.

© If X is a unique optimal solution to (5) and A > 0 then X is
efficient.
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Q@ If % is a unique optimal solution to (4) or if A > 0 then X is
efficient.

@ If X is an optimal solution to (5) and A > 0 then X is weakly
efficient.

@ If X is a unique optimal solution to (5) and X\ > 0 then X is
efficient.
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e For g =1 (4) is the weighted sum scalarization

o If y! is replaced by yY in (4) stronger results follow:

Solutions obtained are properly efficient, and Yy is contained
al. 1985)

in the closure of the set of all solutions obtained (Sawaragi et
e True

“degree of non-convexity”

value of g indicates
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@ For g =1 (4) is the weighted sum scalarization

o If y! is replaced by yY in (4) stronger results follow:
Solutions obtained are properly efficient, and Y}y is contained
in the closure of the set of all solutions obtained (Sawaragi et
al. 1985)
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@ For g =1 (4) is the weighted sum scalarization

o If y! is replaced by yY in (4) stronger results follow:
Solutions obtained are properly efficient, and Y}y is contained
in the closure of the set of all solutions obtained (Sawaragi et
al. 1985)

@ True without convexity assumption, value of g indicates
“degree of non-convexity”
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@ /4 norms can be replaced by more general distance functions
@ l|deal point can be replaced by a

and the
distance function by a ((strictly, strongly) increasing)

RP — R (Wierzbicki 1986)

min{sg(f(x)) : x € X}

p Mk — Y)Y+ b (v — ¥E)
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@ /4 norms can be replaced by more general distance functions

@ Ideal point can be replaced by a reference point and the

distance function by a ((strictly, strongly) increasing)
achievement function RP — R (Wierzbicki 1986)
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@ /g norms can be replaced by more general distance functions

@ Ideal point can be replaced by a reference point and the
distance function by a ((strictly, strongly) increasing)
achievement function RP — R (Wierzbicki 1986)

min{sg(f(x)) : x € X}
sr(y) = maxi=1,_p{ My — Y} + 0 20—y (v = ¥F)
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