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min{Cx : Ax = b, x = 0}

e X ={xeR": Ax 2 b}
o Y ={CxeRP:xe X}

e xeXis if there is no x € X with Cx < CX
(Cx < CX)

e If X is (weakly) efficient then CX is
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min{Cx : Ax = b, x = 0}

e X={xeR": Ax 2 b}
o Y={CxeRP:xe X}

e X € X is (weakly) efficient if there is no x € X with Cx < Cx
(Cx < CR)
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min{Cx : Ax = b, x = 0}

e X={xeR": Ax 2 b}
o Y={CxeRP:xe X}

e X € X is (weakly) efficient if there is no x € X with Cx < Cx
(Cx < CR)

o If X is (weakly) efficient then CX is (weakly) non-dominated
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% € X is (weakly) efficient if and only if there exists (A >0) A > 0
such that X is an optimal solution of

min{\"x : Ax = b,x > 0}.

P(A)
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Dual of weighted sum problem:

max{u"b: uTAS AT C} D()\)
Theorem

X € X is (weakly) efficient if and only if there exists (A > 0) A >0
and u with uT A< X7 C such that

(uTA=XTCO)x =0.
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Dual of weighted sum problem:

max{uTb:uTASATC}

D(\)

% € X is (weakly) efficient if and only if there exists (A >0) A > 0
and u with uT A < AT C such that

(wTA=XTC)x =0.
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e D()) is feasible for all A > 0 if min{c"x : x € X} is bounded
for all ¢ € cone (C), the cone generated by the rows of C.

o Let g :=min{c] :i=1,...,p}. D()) is feasible for all
A =0 ifmin{c"x: Ax = b,x = 0} is bounded.

e D(N\) is feasible for all X > 0 if ¢,j = 0 for all k, ;.
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e D()) is feasible for all A > 0 if min{c"x : x € X} is bounded
for all ¢ € cone (C), the cone generated by the rows of C.

o Let & :=min{c):i=1,...,p}. D() is feasible for all
A >0 ifmin{e"x : Ax = b,x = 0} is bounded.

e D(N) is feasible for all X > 0 if c,j = 0 for all k, ;.
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e D()) is feasible for all A > 0 if min{c"x : x € X} is bounded
for all ¢ € cone (C), the cone generated by the rows of C.

o Let & :=min{c):i=1,...,p}. D() is feasible for all
A >0 ifmin{e"x : Ax = b,x = 0} is bounded.

@ D(X) is feasible for all X > 0 if ¢, 2 0 for all k, j.
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o Assume uj feasible for D()\) for all A € A C R2
@ Define Q(\) =

{:ufaj=q(\)}
e A C A is maximal with respect to Q()\) if for some A € A
Q(A) = Q(X) forall A€ A
Q(A) # Q()) for all X e A\ A
° Q(/\) = Q() for some A € A

fu/\forall)\E/A\
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o Assume uj feasible for D()\) for all A € A C R2
e Define Q(\) =

Ut ula=g(N)}

e A C Ais maximal with respect to Q(\) if for some A € A
o Q(E\) = Q()\) forall A e /:\

e Q(A) # Q(XN) forall A e A\ A

° Q(/\) - Q(/\) for some \ € A
°

UA(

/\):u/\forall)\e/\



o Assume uj feasible for D()) for all A € A C R
@ Define Q(\) ={j: u/—-(aj =¢i(\)}

o A C A is maximal with respect to Q()) if for some A € A
o QN)=Q(\) forall AeA
o Q(R) # Q(\) forall A e A\ A

e O(A) := Q(X) for some A € A
°

Uf\(

/\):u;\foraII/\Ef\
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o Assume uj feasible for D()) for all A € A C R
@ Define Q(\) ={j: u/—-(aj =¢i(\)}

o A C A is maximal with respect to Q()) if for some A € A
o Q) =Q(\) forall xeA

o Q(A) # Q(\) forall xe A\ A
o Q(A) := Q(}) for some A € A
ui(A) = ug for all A € A
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o Assume uj feasible for D()) for all A € A C R
@ Define Q(\) ={j: u/—-(aj =¢i(\)}

o A C A is maximal with respect to Q()) if for some A € A
o QN)=Q(\) forall AeA
o Q(R) # Q(\) forall A e A\ A
e Q(A) := Q(}) for some A € A
o ui(\) = uj forall A e A
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Restricted primal for A:

min{e’y : Ax+y = b,x; =0 for i & Q(A),x,y = o}
o If optimal value is 0 then optimal solution X is optimal for
P(X) forall A € A

@ Otherwise improve dual solution
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Restricted primal for A:

min{e’y : Ax+y = b,x; =0 for i & Q(A),x,y = o}
o If optimal value is 0 then optimal solution X is optimal for
P(X) forall A € A

@ Otherwise improve dual solution
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Restricted dual for A:

max{uTb:w'a; <0 forjc QA),w < e}

o Ww(A) optimal solution

@ If there isno j ¢ Q(/A\A) such that w(A) > 0 then P())
infeasible for all A € A, i.e. MOLP infeasible

@ Otherwise

20) = min { 5(\) — (1) "3

j w(A)T a;

 w(h)Ta; > o}

e A* C A maximal with repect to ¢ if the same for all A € A*
and different for all other A: Ep+(A)

o up(\) = ui(\) + En- (N)W(A) o



Restricted dual for A:

max{uTb:w'a; <0 forjc QA),w < e}

w(A) optimal solution

]

o If there is no j ¢ Q(/A\A) such that w(A) > 0 then P())
infeasible for all A € A, i.e. MOLP infeasible
Otherwise

o i GOV = @O Ty
2(\) = .{ R0Ta - w(A)Ta; 0}

N* C A maximal with repect to ¢ if the same for all A € A
and different for all other A: ép+(\)

o up(\) = ui(N) + En- (N)W(A) o
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Restricted dual for A:

max{uTb:w'a; <0 forjc QA),w < e}
o Ww(A) optimal solution

o If there is no j ¢ Q(/A\A) such that w(A) > 0 then P())
infeasible for all A € A, i.e. MOLP infeasible
@ Otherwise

EN) = mjin {

() = (i) "3

.W(/‘\)Taj>o}
«40)>» «Fr «=» « =) = Q>
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Restricted dual for A:

max{uTb:w'a; <0 forjc QA),w < e}

o Ww(A) optimal solution

o If thereisno j ¢ Q(f\A) such that w(A) > 0 then P()\)
infeasible for all A € A, i.e. MOLP infeasible

@ Otherwise

£(\) = min G(A) — (uz(\) "

= : w(A)Ta; >0
J W(A)T a; N2

o A* C A\ maximal with repect to ¢ if the same for all A € A*
and different for all other A: £p+(A)
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Restricted dual for A:

max{uTb:w'a; <0 forjc QA),w < e}

o Ww(A) optimal solution
o If there is no j ¢ Q(A) such that w(A) > 0 then P()\)
infeasible for all A € A, i.e. MOLP infeasible

@ Otherwise

E(N) = mjin CJ(A)W(EA\L;/A;_(:))TQJ - w(A)Ta; >0

o A* C A\ maximal with repect to ¢ if the same for all A € A*
and different for all other A: £p+(A)

o upn-(A) = uz(N) + En-(N)W(A)
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Algorithm
@ Dual feasible uj for all X € A, partition {A; : i € I} of A.
@ Foric by find Q(A;), up (N) = uz, £L=LU{(A;, uz, ()}
© While £ # 0, choose (A, u;(\)) € £ and solve RP(A).

o If optimal value is 0: An optimal solution of P(\) for all A € A
is found. L := L\ {(A, uz(N))}.
o Otherwise solve DRP(A) and let w(A) be an optimal solution.

o If there is no j & Q(/A\A) such that w(A)Ta; > 0: P(\) is
infeasible for all A\ € A and MOLP is infeasible.

o Otherwise compute the partition {\] : | € I"} of N where
each N[ is maximal. For each | € I" compute éx+(X) and
update upx(A). Compute Q(A[') and set
L=LU{(A,ur; ()} Set £= L\ {(A, uz(V)}-
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min
s.t

(_Xla _XQ,—X3)
X1+ X2+ x3+ 51
x1+3x%+x3+ 5
3X1 + 4X2 + S3
X1,X2,X3, 51,52
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AO
Q(A%) = {5,6}

, A2\1\\3
Q(AY) ={1,5,6} Q(A?) = {2,5,6} Q(A%) = {3,5,6}
zpr = (5,0,0) 28 = (0,0,5)
I\II/AS\AG
(A% ={1,2,6} Q(As) = {2,3,6} Q(A®) = {2,4,6}
zpo = (2,3,0) zp6 = (0,3,0)
A\w
Q(A7) ={1,2,3} (%) = {1,2,4} QM%) = {1,2,5}
zar = (8/3,2,1/3) zps = (11/5,12/5,0 Zao = (4,1,0
«40)>» «Fr «=» « = = QR




Let the MOLP be nondegenerate. Then Algorithm 3.1 is finite and
each A € A\.

at termination the output gives an optimal solution of P()\) for
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Task: Find Intensity (Fluence) Map
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Many different (LP, NLP, MIP) models (Shao, 2005)

Given: a beam directions, dose deposition matrix A € R™*"
with aj; dose delivered to voxel j at unit intensity of bixel /

Wanted: x = (x;j:i=1,..., n) intensity profiles for all beams
such that dose d = Ax satisfies the treatment goals

Goal 1: Destroy the tumour, physician prescribes lower and
upper bound /+ and vt for dose in tumour

Goal 2: Avoid damage to healthy tissue, physician prescribes

upper bounds u¢ for critical organs and up for other normal
tissue

«0>» «F>» «E>» «E>» = Q>



e Many different (LP, NLP, MIP) models (Shao, 2005)

@ Given: a beam directions, dose deposition matrix A € R™*"
with aj; dose delivered to voxel j at unit intensity of bixel
e Wanted: x = (xj:i=1

such that dose d = Ax satisfies the treatment goals

..... n) intensity profiles for all beams

@ Goal 1: Destroy the tumour, physician prescribes lower and
upper bound /+ and vt for dose in tumour

@ Goal 2: Avoid damage to healthy tissue, physician prescribes

upper bounds u¢ for critical organs and up for other normal
tissue
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Modelling Intensity Optimization

e Many different (LP, NLP, MIP) models (Shao, 2005)

@ Given: a beam directions, dose deposition matrix A € R™*"
with aj; dose delivered to voxel j at unit intensity of bixel i

e Wanted: x = (x; : i = 1,...,n) intensity profiles for all beams
such that dose d = Ax satisfies the treatment goals
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e Many different (LP, NLP, MIP) models (Shao, 2005)

@ Given: a beam directions, dose deposition matrix A € R™*"
with aj; dose delivered to voxel j at unit intensity of bixel i

e Wanted: x = (x; : i = 1,...,n) intensity profiles for all beams
such that dose d = Ax satisfies the treatment goals

@ Goal 1: Destroy the tumour, physician prescribes lower and
upper bound /+ and ut for dose in tumour

@ Goal 2: Avoid damage to healthy tissue, physician prescribes
upper bounds u¢ for critical organs and up for other normal
tissue
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e Multiobjcetive version of elastic LP model of (Holder, 2003)

o Always feasible if «, 3, are not too smallI
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@ Multiobjcetive version of elastic LP model of (Holder, 2003)

o Always feasible if «, 3,7 are not too small
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min{Cx : Ax 2 b,x e R"}

e X ={xe€R": Ax 2 b} is compact
o V={CxeRP:xec X}

«O» «F»r» «=)>» o
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min{Cx : Ax 2 b,x e R"}

e X ={xe€R": Ax 2 b} is compact
e YV={CxeRP:xe X}
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e (Benson, 1998): Solve MOLP in objective space

o V= (y+R2)n(y -R2)
e dim )Y =pand V) = Iy

Pi(y) min{z: Ax =2 b,Cx — ez £ y}

Di(y) max{b"u—y"™w:ATu—C"w=0,e"w=1,u,w =0}
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e (Benson, 1998): Solve MOLP in objective space
o) = (y-i—Rg) N (y’ —Rg)
e dim )Y =pand V) = Iy

Pi(y) min{z: Ax =2 b,Cx — ez £ y}

Di(y) max{b"u—y"™w:ATu—C"w=0,e"w=1u,w =0}
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e (Benson, 1998): Solve MOLP in objective space
o) = (y-i—]Rg) N (y’ —Rg)
e dim ) =pand Yy =In

Pi(y) min{z: Ax =2 b,Cx — ez £ y}

Di(y) max{b"u—y"w:ATu—C"w=0,e"w=1,uw =0}
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e (Benson, 1998): Solve MOLP in objective space
o) = (y-i—Rg) N (y’ —Rg)
e dim ) =pand Yy =In

P1(y) min{z : Ax 2 b, Cx — ez < y}
Di(y) max{b"u—y"w:ATu—-C"w=0,e"w=1uw2=0}
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Algorithm (Benson’s Algorithm)

Init:

It k1:

It k2:

It k3:

It k4:
It k5:

Compute p € int )’

Construct p-dimensional simplex S° > )’
Store vertex set vert(S°)

Set k =0 and go to It k1

If vert(SK) c Y’ go to It k5: )’ = Sk
Otherwise choose y* € vert(S¥)\ )/

Find 0 < ay < 1 such that a,y* + (1 — a,)p € bd )’
Set g* = axy* + (1 — ax)p

Set Skt =Skn{y e RP: (wk,y) = (b, u¥)}
(ux", wk") is optimal solution to Dy(q¥)

Find vert(S¥*1), set k = k + 1 and go to It k1
Yne = Vpe = {y € vert(S¥) . y < y'}

Matthias Ehrgott MOLP Extensions
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@ Initial cover and
Interior point

o First cut

@ Second cut

@ Third cut

@ Fourth cut
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e If d(y*, g¥) < e do not construct hyperplane
o Keep y¥ € O and g* € T for outer and inner approximation

Algorithm (Approximation Algorithm)

It k1:

It k3:

It kb5:

If vert(S¥) c ' U O go to It k5

Otherwise choose any y* € vert(S¥)\ (O U )")

If d(y*,q*) < € add y* to O, add g* to T, go to It k1
Otherwise Skt1 = SkN {y e RP : (wk,y) > (b, uk)}
(ukT, vva) is optimal solution to D(q*)

Vo(SK) = vert(SK), Vi(SK) = (vert(SK)\ O)UT

V' = conv(V;(SK)), V'° = conv(V,(SK))

DA



e If d(y*, g¥) < e do not construct hyperplane
e Keep y*¥ € O and g € T for outer and inner approximation

It k1:

It k3:

It kb5:

If vert(S¥) c ' U O go to It k5

Otherwise choose any y* € vert(S¥)\ (O U )")

If d(y*,q*) < € add y* to O, add g* to T, go to It k1
Otherwise SKt1 = Skn {y e RP : (wk,y) > (b, uk)}
(ukT, Vl/kT) is optimal solution to D(q*)

Vo(SK) = vert(SK), Vi(SK) = (vert(SK)\ O)UT

V' = conv(V;(SK)), V'° = conv(V,(SK))
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Approximating the Nondominated Set (Shao and Ehrgott,
2007a)

e If d(y*, q*) < € do not construct hyperplane
o Keep y¥ € O and g* € T for outer and inner approximation

Algorithm (Approximation Algorithm)

It k1:  If vert(SX) Cc V' UO go to It k5
Otherwise choose any y* € vert(S¥)\ (O U)")

It k3:  Ifd(y*,q¥) < e add y* to O, add g* to T, go to It k1
Otherwise SKT1 = Sk N {y e RP : (wk y) = (b, uk)}

(ukT, WkT) is optimal solution to D(q*)

It k5: Vo(SK) = vert(SK), Vi(S¥) = (vert(S¥)\ O)u T
V' = con(Vi(SK)), V' = conv(V,(SK))

Matthias Ehrgott MOLP Extensions



o

o

e=20

Two cuts as before
d(y!, q') = 1.366,
d(y?,q%) = 1.973
Vo(8?) = {(13.1),
(0,1),(0,-3),(6,-
9),(13,-9)}
Vi(8?) = {(13.1),
(0,1),(1.316,-
2.632),(7.114 -
7.371),(13,-9)}

define inner and outer
approximation

«0>» «F>» «E» «E>»




e ec=20

@ Two cuts as before
e d(y!,q') = 1.366,
d(y?, q%) = 1.973

® Points in V; (Sk )

® Points in Vo (SF)
-16

@ Points in Vo (S¥) and V;(S¥)
«0O0)>» «F»r «Z» « > Q>
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ee=20
@ Two cuts as before

1213
b

e d(y!,q') = 1.366,
d(y?,q%) = 1.973

e V,(8%) = {(13.1),
(0.1),(0,-3).(6.-
9).(13-9)}

° V;(8%) = {(13.1),
(0,1),(1.316,-
2.632),(7.114,-
7.371),(13,-9)}

@ define inner and outer
approximation

Matthias Ehrgott

-16

U1

Points in V; (Sk )

® Points in Vo, (SF)

@ Points in Vo, (SF) and Vi(sk)
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Q [Vo(8K)| = [Vi(sK)
@ V;(SK) c bd(Y)
Q Foryce VO(SK) it holds y ¢ bd()') if and only if y ¢ V,-(SK)

Q If you € Vo(SK) there exists y;, € Vi(SK) with d(yov, yiv) < €
and vice versa

(5] y,’(}+R§§y;\,+Rg§y;\?+Rg

«O> «F>» «=)r» «=)» =



If yo € V7 there exists y; €

e XxeXis

x < (<)Cx —e.
e CXxis

wn Such that d(yo,yi) < e.

Theorem

Let € = ce, where e = (1

..... 1) € RP. Then Y}
-nondominated points for ).

«0>» «F>» «E>» «E>» = Q>

if there is no x € X with

is a set of weakly



If yo € Vion there exists y; € Vi such that d(yo, yi) < e

@ X € X is (weakly) e-efficient if there is no x € X’ with
Cx < (<)Cx —e.
e CXis

Let € = ce, where e = (1

e-nondominated points for ).

«O0)>» «Fr «=» « > = Q>



If yo € Yio there exists y; € Vi such that d(yo,yi) < €

@ X € X is (weakly) e-efficient if there is no x € X’ with
Cx < (<)Cx —e.

e CXx is (weakly) e-nondominated

Let € = ce, wheree = (1,...,
e-nondominated points for )'.

1) € RP. Then Y} is a set of weakly

«O0)>» «Fr «=» « > = Q>



If yo € Yio there exists y; € Vi such that d(yo,yi) < €

@ X € X is (weakly) e-efficient if there is no x € X’ with
Cx < (<)Cx —e.

e CXx is (weakly) e-nondominated

Let ¢ = ce, where e = (1,...,1) € RP. Then Y} is a set of weakly
e-nondominated points for )'.

«40)>» «Fr «=» « =) = Q>
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@ Primal MOLP:

min{Cx : x € R", Ax 2 b}
o K:=RyeP={yeRP:y1 ==y, 1=0,y, 20}
°

max c{D(u, ) : (u, ) € R™xRP (u,\) = 0,ATu=CT )\ e\ =1}
D(u, ) := (M, .y Ap—1, b7 )T

< 0 lhy O
= C(X)+RE

o 5t o) (4)
o D:=DU) - K

«0>» «Fr «E» < > Q>

(]



@ Primal MOLP:

min{Cx : x € R", Ax 2 b}
o Ki=RyeP={yeRP:y1 = =y, 1=0,y, 20}
o

max c{D(u, ) : (u,A) € R"XRP, (u,\) = 0,ATu=CT )\, e"\=1}
D(u, ) := (M, .y Ap—1, b7 )T

< 0 Iy O
= C(&X) +TP<’£

v o) (X)
o D:=DWU)—K

«0>» «Fr «E» < > Q>

(]



@ Primal MOLP:

min{Cx : x € R", Ax 2 b}
o K:=RyeP={y eRP: y =yp-1=0,y, 20}
@ Dual MOLP:

maxc{D(u,\) : (u,A) € R"xRP, (1,A) 2 0,ATu=CTA eTA=1}

0
= C(X) +R?

Ip—l 0 u
bT 0 0 A
=DU) - K

«0O0)>» «F»r «Z» « > Q>

D(u,A) == (A1, Apo1, bTu)T = (

(]



@ Primal MOLP:

min{Cx : x € R", Ax 2 b}
o K:=RyeP ={y cRP: y
o Dual MOLP

——M:1==0Ln;20}

max c{D(u, \) : (u, ) € R"xRP, (u,\) = 0,ATu=CTA\eTA=1}
D(u,A) == (A1 oy Ap_1, bTu) T = ( 0 Jp
o P:=C(X)+RE2

0 u
bT 0 0 A
=DU) - K
O «Fr <= «Er = DAQX
~ Matthias Ehrgott  MOLP Extensions



@ Primal MOLP:

min{Cx : x € R", Ax 2 b}
o K:=RyeP ={y cRP: y
o Dual MOLP

——M:1==0Ln;20}

max c{D(u, ) : (1, \) € R"xRP, (u,\) = 0,ATu=CTA e\ =1}
TN — 0 Jp1

D(u,A) := (A1,..., Ap—1, b" 1)

o P:=C(X)+RE2

e D:=D(U)

0 u
bT 0 0 A
_]C_
«O> «Fr «Zr «EHr» E 9QACE
~ MatthiasEhrgott  MOLP Extensions






p—1 p—1
Py, v) =D yivi+Yp (1 -> v,-) — v
i=1

i=1

For x € X and (u,\) € U :

N(W) = =Yoo Yp-1—Yp *1)7—
H(v) := {yERp:A(v)Ty:vp}
H*(y) = {VERP:/\*(y)TV:fyp}



i=1

p—1 p—1
Py, v) == yivi+p (1 -3 v,-) —Vp
i=1

For x € X and (u,\) €U : o(Cx,D(u,\)) = A\ Px —bTu

«0>» «Fr «E» <

it
it
N)
¥l
i)



p—1 p—1
Py, v) =D yivi+Yp (1 -3 v,-) — v
i=1 i=1

For x € X and (u,\) €U : o(Cx,D(u,\)) = A\ Px —bTu

p—1 T
Av) = (vl, ey Vpo1,1— Z v,-)

i=1

M) = A=Y Yo1—Yp—1)T
H(v) = {y ERP:AV)Ty = vp}
H'(y) = {vGR”:A*(y)Tv=—yp}
<O «Fr <= «E2r» = 9AC
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For 7* C RP define W(F*) := |, e H(v) NP
Theorem (Heyde and Léhne (2006))

WV s an inclusion reversing one-to-one map between the set of all
proper K-maximal faces of D and the set of all proper weakly
nondominated faces of P and the inverse map is given by

VI(F) = () H*(y)nD.
YEF

Moreover, for every proper K-maximal face F* of D it holds

dimF* +dmV(F*)=p—1

Matthias Ehrgott MOLP Extensions
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A Dual Algorithm (Ehrgott et al., 2007)

P(v) min {A(v)7Cx : x € R",Ax = b}
Do(v) max{bTu:ueR™uz=0,ATu=CTA(v)}

Algorithm

Init:
It k1 :

It k2 :
It k3 :
It k4 :
It k5 :

For d € int D find optimal solution x° of P5(d)

Set S = {veRP:A(v) 2 0,p(Cx% v) =0}, k:=1
If vert(Sk—1) C D stop

otherwise choose s* € vert(Sk—1)\ D

Find o with vk := a¥sk 4+ (1 — ak)d € maxx D
Compute an optimal solution x* of Py(v¥)

Set Sk := Sk 1N {v e RP: p(Cxk, v) = 0}

Set k := k+1 and go to It k1

Matthias Ehrgott MOLP Extensions




@ Initial cover and
interior point

@ First cut

@ Second cut

@ Third cut

@ Fourth cut

V2

a
it



®

®
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Initial cover and
interior point
First cut
Second cut
Third cut

Fourth cut
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Initial cover and
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First cut

Second cut
Third cut
Fourth cut

®

®
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@ Initial cover and
interior point

@ First cut

@ Second cut

@ Third cut

@ Fourth cut

V2




@ Initial cover and
interior point

@ First cut

@ Second cut

@ Third cut

o Fourth cut

V2




@ Let S C RP be a polyhdron with § =S — K and
proje-1(S) = {t € R £ 20,377 1 < 1}

@ D(S)={y e RP:¢(y,v) 20, for all v € vert(S)}
Proposition

@ D(S) = D(S) +R?

@ Theorem 6 holds for D =S and P = D(S)
Q If St C 8° then D(S') D D(S?)

«0>» «Fr «E» < QR



@ Let S C RP be a polyhdron with § =S — K and
proje-1(S) = {t € R £ 20,377 1 < 1}

e D(S)={y e RP:p(y,v) 20, forall v € vert(S)}

@ D(S) =D(S) +RE
@ Theorem 6 holds for D =S and P = D(

)

Q@ If St C 8° then D(S') D D(S?)

«0O0)>» «F»r «Z» « Q>



@ Let S C RP be a polyhdron with § =S — K and
proje-1(S) = {t € R £ 20,377 1 < 1}

e D(S)={y e RP:p(y,v) 20, forall v € vert(S)}

@ D(S) =D(S) + R

@ Theorem 6 holds for D =S and P = D(S)
Q If St c 8% then D(S?) D D(S°)
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o If vert(SK) C D + eeP do not construct hyperplane

o If vp — f < e then v € D + €eP where f is optimum of D>(v)
e D° :=Sk"1 5 D is outer approximation of D

[+ )
is inner approximation of P
Theorem
Let ¢ = ee, then the nondominated set of P! is a set of

g-nondominated points of P.

«0O>» «Fr <

it
it
it
N)
¥l
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o If vert(SK) C D + eeP do not construct hyperplane

o If v, — f < e then v € D + €eP where f is optimum of Dy(v)

e D° :=Sk"1 5 D is outer approximation of D
(*]

is inner approximation of P

Let ¢ = ee, then the nondominated set of P! is a set of
e-nondominated points of P.

«O0)>» «F» «=)» 4«

> = 9DAC¢



o If vert(SK) C D + eeP do not construct hyperplane

o If v, — f < e then v € D + €eP where f is optimum of Dy(v)
e D° := Sk=1 5 D is outer approximation of D

is inner approximation of P

Let ¢ = ee, then the nondominated set of P! is a set of
e-nondominated points of P.

«O0)>» «F» «=)» 4« » Q>



o If vert(SK) C D + eeP do not construct hyperplane

o If v, — f < e then v € D + €eP where f is optimum of Dy(v)

e D°:=Sk"1 5 D is outer approximation of D
o

P .= D(D°) c D(D) =P

is inner approximation of P

«O0)>» «F» «=)» 4«

it
-
it



o If vert(SK) C D + eeP do not construct hyperplane

o If v, — f < e then v € D + €eP where f is optimum of Dy(v)

e D°:=Sk"1 5 D is outer approximation of D
o

P .= D(D°) c D(D) =P

is inner approximation of P

Let ¢ = ce, then the nondominated set of P’ is a set of
e-nondominated points of P.

«0)>» «Fr «=)» « =)



e c=3/20

@ Two cuts as before

e d(v!, bd') =1/8,
d(v2, bd?) =1/8

e D° =82

e P! =D(D°)

V2




e ¢=3/20

@ Two cuts as before

e d(vi, bd') =1/8,
d(v?,bd?) =1/8

e D° =52

e P =D(D°)

Y2 5
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The Test Cases

Acoustic Neuroma  Prostate Pancreatic Lesion
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The Test Cases

Acoustic Neuroma  Prostate Pancreatic Lesion
@ Dose calculation inexact

@ Inaccuracies during delivery

@ Planning to small fraction of a Gy acceptable

Matthias Ehrgott MOLP Extensions
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Case AN P PL
Tumour voxels 9 22 67
Critical organ voxels 47 89 91
Normal tissue voxels 999 1182 986
Bixels 594 821 1140
ur 87.55 90.64 90.64
Ir 82.45 8536 85.36
uc 60/45 60/45 60/45
uy 0.00 0.00 0.00
« 16.49 4268 17.07
I} 12.00 30.00 12.00
~y 87.55 100.64 90.64

Matthias Ehrgott MOLP Extensions



min
s.t.

(yTayC7yN)
Arx+ yTe
ATX

Acx —yce
ANX — yNne
yr

yc

yc

YN

X, YT, YN

IV IANA TV IA IANAIA TV

o2

IT
ur
uc
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€ Solving the dual Solving the primal
Time Vert. Cuts Time Vert. Cuts
AC 0.1 1.484 17 8 5.938 27 21
0.01 3.078 33 18 8.703 47 44
0 8.864 85 55 13.984 55 85
PR 0.1 4.422 39 19 14.781 56 42
0.01 18.454 157 78 64.954 296 184
0 792390 3280 3165 995.050 3165 3280
PL 0.1  58.263 85 44 164.360 152 90

0.01 401.934 582 298 1184.950 1097 586
0.005 734.784 1058 539 2147.530 1989 1041

Matthias Ehrgott MOLP Extensions
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e=0.01 e = 0.0005
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