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Abstract :
Given a finite setof alternatves, the sorting (or assignmentproblemconsistsin the assignmenbf
eachalternatve to oneof the pre-definectateyories.In this paperwe areinterestedn multiple criteria
sorting problemsand, more precisely in the existing methodELECTRE TRI. This methodrequires
the elicitation of preferentialparametergimportancecoeficients, thresholdsprofiles,...)in orderto
constructthe decision-ma&r's (DM) preferencenodel.

A directelicitation of theseparameterdeingsometimedifficult, Mousseaw Slowinksi propo-
sedaninteractie aggrgation-disaggmgationapproacthatinfer ELECTRETRI parametergdirectly
from holisticinformation,i.e.,assignmenéxamplesin thisapproachthedeterminatiorof ELECTRE
TRI parameterthatbestrestoregheassignmengxampleds formulatedthrougha non-linearoptimiza-
tion program.Also in this direction,Mousseatet al. consideredhe subproblenof the determination
of theimportancecoeficientsonly (the thresholdsandcatayory limits beingfixed). This subproblem
leadsto solve alinearprogram(ratherthatnon-linearin the globalinferencemodel).

We pursuethe idea of partial inferencemodel by consideringthe complementarysubproblem
which determineghe category limits (the importancecoeficients beingfixed). With somesimplifi-
cation, it alsoleadsto solwve a linear program.Togetherwith the resultof Mousseatet al., we have
a coupleof complementarynodelswhich canbe combinedin an interactve approachnferring the
parameter®f an ELECTRETRI modelfrom assignmenexamples.In eachinteraction,the DM can
revise his/herassignmenéxamplesto give additionalinformationandto choosewxhich parameterso
fix beforethe optimizationphaserestarts.

Keywords : Assignmenproblem,ELECTRETRI, Catagory limit elicitation, Inferenceprocedure.

1 Intr oduction

Accordingto (Roy, 1985),real world decisionproblemsusing multiple criteriadecisionaid can
be classifiedin threebasicproblematics choice,sortingandranking(seealso(Banae Costa,1996)).
The sortingproblematicconsistan formulatingthe decisionproblemin termsof the assignmenof a
setof alternatves A = {a1, as, ...,an } to oneof the pre-definectatgyoriesC', Cs, ..., Cp, Cp11. The
assignmenof analternatve a to the appropriatecateyory relieson theintrinsic valueof a, andnot on
thecomparisorof ¢ with otheralternatves.

In this papey we areinterestedn the multiple criteriasortingproblematicand,moreprecisely in
the ELECTRETRI method(see(Yu, 1992),(Mousseatet al., 2000)and (Roy & Bouyssou,1993)).
The implementatiorof this methodrequiresthe determinationof several parametersuchas: limit



profilesbetweerconsecutie catayories,importancecoeficientsof criteria,discriminationthresholds,
... The setof theseparametergthat we will call an ELECTRETRI modelin this paper)is usedto
constructa preferencenodelthatthe DecisionMaker (DM) acceptasaworking hypothesisin mary
situationsit is difficult for the DM to determinghesevalues a directevaluationof theseparameters
requiresanimportantcognitive effort.

To overcomethis difficulty, (Mousseaw& Slowinski, 1998)proposedanindirectapproachn or-
derto infer theseparametergrom assignmenexamplesthrougha certainform of regressionon as-
signmentexamples.This approachcorrespondso an aggr@ation-disaggigation methodology(see
(Jacquet-Lagréz& Siskos,1982),(Jacquet-Lagrez& Siskos,2001))to elicit preferencedy interac-
tion on holistic preferences.

(Mousseal& Slowinski, 1998)proposea globalinferencemodelwhich infersall ELECTRETRI
parametersimultaneouslstartingfrom assignmenexamples.n this approachthe determinatiorof
theparametersvaluesthatbestfit theassignmenexamplesresultsfrom theresolutionof anon-linear
mathematicaprogram.This optimizationprocedurds integratedin aninteractie tool thatenablethe
DM to reacton the setof obtainedparameterandto getinsightson his/herpreferencedn the conti-
nuationof this idea,(Mousseatet al., 2001) proposeda partial inferenceapproachconsistingin the
introductionof a subproblenthatinfersthe importancecoeficientsandthe cuttinglevel only. In this
casethe mathematicaprogramto be solved becomedinear (Dias & Mousseau2002)considerghe
inferenceof vetorelatedparametersnly.

Our work alsoaccountfor theideaof inferring a subseibf ELECTRETRI parameterérom assi-
gnmentexamples We considerthe problemof determiningthe definition of cateyories(limit profiles
anddiscriminationthresholds)the importancecoeficients beingfixed. Subjectto somerestrictions,
thecorrespondingnathematicaprogramto besolvedis linear Following (Mousseawetal., 2001)and
(Mousseau& Slowinski, 1998),we aim at enrichingthe approacheso determineparameter®f an
ELECTRETRI model(seeFigurel).

ELECTRETRI Model|
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[ Inferredfrom example | Directelicitationby the DM |

[ Partial inference] | Globalinference(Mousseaw& Slowinski, 1998)|

N

Infer weights(Mousseatetal., 2001)| | Infer veto (Dias & Mousseau2002)| | Infercategorylimits|

FIG. 1 - Differentapproacheto determineELECTRETRI parameters

Figurel revealsthefactthattheuseof ourinferencemodelcanbeconsideredn abroaderscheme
whereall ELECTRETRI parameterareto beinferred.In suchasituation thepartialinferencemodels



(the inferenceof importancecoeficients (Mousseatet al., 2001),inferenceof veto thresholdqDias
& Mousseau2002)andinferenceof category limits (this paper))canbe usediteratively. At eachite-
ration,the DM canrevise his/herassignmenéxamplesgive additionalinformationandchoosewhich
parameterso fix beforethe optimizationphaserestarts.

This papemresents& new inferenceprocedurdhatdetermineghe category limits from assignment
examplesThis procedures validatedby numericalresultsobtainedn alaboratoryexperimentaiming
at testingthe operationalusefulnes®f the cateyory limits’ inferenceprocedurdan aninteractve pro-
cess.Thepaperis organizedasfollows. In section2, we recall briefly the ELECTRETRI methodand
the generalapproachusedby theinferencetool. In the next two sectionswe presentthe two phases
of the catgyory limit inferencemodel.In section5, we considersomevariationsof the modelwhen
moreinformationis available or whena strongconsisteng is required.Section6 is dedicatedo the
experimentaldesignandthe empiricalresults A final sectiongroupsconclusions.

2 Theinferenceprocedure

2.1 Brief presentationof the ELECTRE TRI method

We give herea very brief overview of the ELECTRETRI methodanddefinesomenotationsthat
will be used.A completedescriptioncanbe foundin (Roy & Bouyssou,1993). The corresponding
softwareis describedn (Mousseatetal., 2000)

ELECTRETRI is a multiple criteriasortingmethodusedto assignalternatvesto predefinedor-
deredcatayories.The assignmenbf an alternatve o resultsfrom the comparisorof a with the pro-
files defining the limits of the catayories.Let A denotethe set of alternatves to be assignedand
A* C A, A* = {a1,a9,...ay} denotea subsetof alternatves thatthe DM intuitively assignsto a
catayory or a rangeof cateyories(A* containsthe assignmentxamplesgiven by the DM) and let
K = {1,2,...n} bethesetof indicesof thealternatvesfrom A*. Let F' denotethe setof theindices
of thecriteriagy, g2, ..., gm (F={1,2,...,m}), k; theimportancecoeficient of the criteriong;, B the
setof indicesof the profilesdefiningp + 1 cateories(B={1, 2, ...,p}), by beingthe upperlimit of
catgory C}, andthelower limit of catggory C11, h = 1,2, ..., p. Eachprofile by, is characterizedby
its performanceg; (b,) andits thresholdsp;(by,) (preferencethresholds)g;(by) (indifferencethre-
sholds)andw;(by) (vetothresholds)In whatfollows, we will assumewithout ary lossof generality
thatpreferenceincreasewith thevalueon eachcriterionandthat} ;. x k; = 1.

Furtheron, we usea — C}, to denotethatthe alternatve a is assignedo the cateyory Cj, when
necessarys —pas Cy, is usedto highlightthefactthatthe assignmenis statedby the DM.

ELECTRETRI builds afuzzy outrankingrelationSwhosemeanings “at leastasgoodas”. Prefe-
rencegestrictedo thesignificanceaxisof eachcriterionaredefinedthroughpseudo-criterigsee(Roy
& Vincke, 1984)for detailson this doublethresholdspreferencerepresentation)Besidethe intra-
criterion preferentialinformation, representedby the indifferenceand preferencethresholdsg; (b)
andp;(by), the constructionof S alsomakesuseof two typesof inter-criterion preferentialinforma-
tion:

— the setof weight-importancecoeficients ({£;,j € F}) is usedin the concordanceéestwhen
computingthe relative importanceof the coalitionsof criteria beingin favor of the assertion



aSby, (andb,Sa) ;

— the setof veto thresholds({v;(b,),j € F,h € B}) is usedin the discordanceest; v;(by)
representshe smallestdifferenceg;(bs,) — g;(a) incompatiblewith the assertiona.Sb;, (and
tha).

As the assignmenbf alternatvesto categoriesdoesnot resultdirectly from therelationS, an ex-
ploitation phaseis necessaryit requiresthe relation S to be “defuzzyfied” usinga so-calledA-cut :
the assertiom.Sby, (by,Sa respectiely) is consideredo be valid if the credibility index of the fuzzy
outrankingrelationis greaterthana “cutting level” A suchthat\ € (0.5, 1]. This A-cutdetermineghe
preferencesituationbetweeru andby,.

Two assignmenproceduregoptimistic and pessimisticlare available, their role beingto analyze
the way in which an alternatve a comparego the profilesso asto determinethe cateyory to which
a shouldbe assignedTheresultof thesetwo assignmenprocedureslifferswhenthe alternatve a is
incomparablevith atleastoneprofile by,.

2.2 Schemeof the generalinferenceprocedure

The generalschemeof theinferenceprocedurgseeFigure?) is to find an ELECTRETRI model
as compatibleas possiblewith the assignmentexamples(A*) given by the DM. The compatibility
betweenthe ELECTRE TRI modeland the assignmenexamplesis understoodas an ability of the
ELECTRETRI methodusingthis modelto reassigrthe alternatvesfrom A* in the sameway asthe

DM did.
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FIG. 2 — Generakchemeof theinferenceprocedure

In orderto minimize the differencesbetweenthe assignmentsnadeby ELECTRE TRI andthe
assignmentsnadeby the DM, anoptimizationprocedurds used.The DM cantuneup the modelin
thecourseof aninteractve procedureHe/shemay eitherrevisethe assignmengxamplesor fix values
(or intenals of variation)for somemodelparametersThe DM maymodify (A*) aswell asintroduce
somemoreconstraintsoncerningheprofiles.



Whenthe modelis not perfectlycompatiblewith the assignmenexamplesthe procedureshould
beableto detectall “hard cases”j.e.,thealternatvesfor whichtheassignmentomputedyy themodel
stronglydiffers from the DM’s assignmentThe DM could thenbe asled to reconsidehis/herjudg-
ment. This generalschemds applicablefor the globalinference((Moussealwt Slowinski, 1998))as
well aspartialinferenceprocedureg(Mousseatet al., 2001)andthis paper).For morediscussioron
the procedureandits interest,see(Mousseaw& Slowinski, 1998)and(Mousseatetal., 2001).

Almost all disaggrgationproceduregincludingours)aregroundedon mathematicaprogramsn
which variousobjective functionscanbe consideredas equally acceptabldo infer the valuesof the
preferencgparameteravioreover, theremight be multiple optimal solutionsto the program.lt is pos-
sibleto dealwith suchdifficulty by performing(near)post-optimanalysis.This enablego identify
severalsolutionsto be presentedo the decisionmaker, ratherthanpresentinga singlesolution.

In our work, we proposeto dealwith this issuein a slightly differentand complementaryvay.
We considerthe inferenceprocedureas a tool to be integratedin an interactve processin which
the decisionmaler shouldreactto the outputof the inferenceprocedureby statingsomeadditional
constraintson the parametewalues,modifying the assignmenexamples,... In suchan interactve
processthe decisionmaler will getinsightson the possiblevaluesfor the preferencgparametersn
relationwith the assignmenéxampleshe modelshouldrestitute.

2.3 Formulation of the problem

In whatfollows, we will confineour analysisto the casewerethe pessimistiassignmenprocedurds
usedandno vetophenomenoiccurs(v;(by) = oo0,Vj € F,Yh € B). As theimportancecoeficients
arefixed, the inferredparametersirethe cateory limits (i.e. thelimit profiles: g;(bs,) aswell asthe
thresholdsy;(b,) andp;(by),j € F, h € B) andthecuttinglevel .

It is difficult to infer the ELECTRETRI cateyory limits directly, therefore the computatioris de-
composedn two phases

— Phasel : partial concordanceéndicesc;(a, by), ¢j(by,a), j € F, h € B aredeterminedoy
meansof alinearprogram.

— Phase? : g;(by),p;(bn),q;(bn),Vi € F,Yh € B, will thenbe reconstructedrom the indices
computedn phasel.

3 Phasel : determination of partial concordanceindices

3.1 Notationsand hypothesis

In the ELECTRE TRI method,the constructionof the outrankingrelation S is basedon the
aggreation-disaggregatiparadigmwhichis materializedy thepartialconcordancendicesc; (ax, bp,),
cj(bn,a), j € F, k € K,h € B, andthenby the global concordancéndiceso (ay, by), o (bn, ak),

k € K,h € B. We recallthatthe hypothesiof no vetois assumedn our approachThe following
obsenrationsarestraightforvard from ELECTRETRI :

o(ak,bp) = clak,br) = > jcp kjcj(ak, bn)

Vk € K,Vh € B 1
o(bn, ar) = c(bp,ak) = > cp kjcj(bn, ax) } @



cj(ak,bh),cj(bh,ak) € [0, 1],Vj € F,Vk e K,Yhe B (2)

Wheng; is aquasi-criterion(i.e. p; = g¢;), (2) becomes

cj(ak,bh),cj(bh,ak) c {0, 1},Vj € F,Yke K,Yhe B (3)
' Cj(ak,bh) < c]-(al,bh)
g](ak) < g](al) = { c](bh,ak) > Cj(bh,al) _
Vj € F\Vk,l € K,Yh € B 4
g (ak:) _ g'(al) = Cj(ak,bh) = Cj(al,bh)
I I cj(bn, ax) = c;j(bn,ar)
Cj(akabh-l—l) < Cj(ak,bh) }V'
eEFVke K,h=1,2,...,p—1 5
by ar) < c(brsrsar) S 77 v ©)

cag, bh+1) = X jer kjci(ar, bat1) < 3 ep kjcj(ak, br) = c(ak, bn) _
ns ) = X ser ki (b i) < D ere ey (bnars ax) = clbisr, ) Jok € Kn =12 1
(6)
The ELECTRETRI pessimistiassignmentule proceedsasfollows :
a) comparez successely to b;, for i=p,p-1, ..., 0,
b) by, beingthefirst profile suchthataSby,
assigna to catgory Cp 41 (@ — Chy1).

Hence the pessimistiassignmentule assigndhealternatve a;, to thecateyory Cy,, (ar — Cy,) iff

{ C(akabhk—l) >\

C(ak,bhk) <A (7)

3.2 Resultsjustifying the inferencemodel

Definition 3.1. For ead criterion g;, j € F' andead profile by, h € B, thefunctiong;,(z) is called
the catagory limit characterizationfunction.

0 if z < g;j(bn) — p;j(bn)
T—g;(b i (b :
Tf(%b%‘) it 9;(bn) = p;j(bn) <z < gj(bn) — q; (bn)
Pin(d) =41 it gj(bn) — q;(bn) < = < g;(bn) + ¢;(bn) (8)
% it g;(bn) + 4;(bn) <z < g;j(bn) +p;(bn)

0 otherwise

It is obviousfrom thedefinition3.1that:

¢;n(ar) = min{c;(a,bn), c;(bp, ar)}* (9)

This functionplaysa centralrole in our approachAs illustratedin Figure3, it represents fuzzy
membershimf therelation(ay ;). It alsorepresentsil the partial concordancéndicesthatcanbe
usedto reconstructhecatayory limits. All proofsaregivenin Appendix.

'Formally, we shouldwrite ¢ (g, (ax)) insteadof ¢;»(ax)-
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FIG. 3 — Partial concordancéndicesandcategory limits characterizedby ¢, (ax)

Proposition 3.1. Thecategory limit characterizationfunctiong;, (ax) is symmetricathroughthever
tical line z = g;(by) (Symmetrycondition)

To ensurethe consisteng of the catgyories,we baseon the condition“No alternatve shouldbe
indifferentto morethanoneprofiles” (see(Mousseawetal., 2000)and(Yu, 1992)).We have to express
this conditionby constraintsconcerningpartial concordanceéndicesin orderto introduceit into our
program.We have thefollowing results:

Proposition 3.2. Whenusingthe ELECTRETRI pessimistigrocedueg, if a;, — Cj, then:

(I) -VYh > hk, ﬂakah

(II) -Vh < hy — 1,bp,Sa, = bplay

i.e., Theindifferencebetweenu;, andb, appeas onlyfor h < hy — 1 whenby, Sa;, takesplace

Proposition 3.3. If 3hg S.t.=bp,Say then Vh < hg, —bySay

Proposition 3.4. Conditions(i) and(ii) are equivalentusingthe pessimistiassignmenprocedue :
(i) Noalternativein A* is indifferentto more than oneprofiles.
(ii) Vay € A*,ak — Chk then _'bhk_QSClk

Remark : Thisconditionensure®nly theconsisteng in thesetA*, notin A. It is wealer thanthe

following condition:
9i(bnt1) > g;(bn) + p;(bn) + pj(bat1) (10)

which is too strong(sufficient but not necessary)o ensurethe consisteng in A. Furthermorethis
conditionis impossibleto expressusingthe partialconcordancéndices.

3.3 Variables of the problem

In ELECTRE TRI pessimisticassignmenprocedurean alternatve ay, is assignedo catgory Cj,
(ax — Cp) iff c(ag,bp—1) > X andc(ag, bp) < A. To ensurethe consisteng of the profiles,we need
the conditionc(by, —2,ax) < A. Let ussupposehatthe DM hasassignedhe alternatve a;, € A* to
catgory Cp, (ar —pwm Cp, ). Letusdefinetheslackvariablesry, y, andz;, unrestrictedn signsuch



thatc(ak, bn,—1) — Tk = A, c(ak, b, ) + yr = A ande(bp, -2, ax) + 2k = .

Theseslackvariablesare usedonly asan aid to constructthe objective function. Then,we can
eliminatethemeasilyby using = ming, ¢ a={zx, yx, 2 } . Sothey arenotintroducedexplicitly in the
program.Thereforethe optimizationproblemwill includethefollowing variables2mmnp + 2) :

cj(ak,bn),c;(by,ar),Vj € F,Vk € K,Vh € B partialconcordancéndices(2mnp)
A cuttinglevel (1)
B 1)

For technicakreasongsee3.6),weintroducetwo fictitious alternatvesin A* : o* (idealalternatve)
anda, (anti-ideal)definedasfollows

ay :Vj € F, gj (a*) < minakeA* {gj (a'k)}

i ; Vj € F,Yh€ B 11
a :VjEF,gj(a)>maXakeA*{9j(ak)}} g -

a* is obviously assignedo the bestcatgory (Cy+1) andana, to theworstcateyory (C). These
two alternatvesensurehatthereis alwaysatransitionbetweer) and1 in thesetof the partialconcor
danceindiceswithin eachcriterion.Indeed from thedefinitionof ¢* andas,, it is obviousthat:

Cj(a*,bh) =0 and Cj(bh,a,*) =

1 .
Cj(a*abh) =1 and Cj(bh,a*) 0 }V] € F,Yhe B (12)

3.4 Accuracy criterion

If thevaluesof theslackvariableszy, iy, andz; areall positve,thenELECTRETRI pessimistiassi-
gnmentprocedurewill assignalternatve a;, to the“correct” catggory andthe consisteng of catejories
is respectedlf, howvever, x;, or y; is negative, the ELECTRETRI pessimisticassignmenprocedure
will assignalternatve ay, to a“wrong” cateyory. If z; is negative, the consisteng of cateyoriesis not
respectedThe lower the minimum of thesevalues,the lessadapteds the ELECTRE TRI modelto
give an accountof the assignmenbf a; madeby the DM. Moreover, if zy, v, andz; areall posi-
tive, thenay, is assigneatonsistentlywith the DM’ s statementandthe consisteng is respectedor all
A € [A — min {yg, 2k}, A + 2]

Let us considernow the setof alternatves A* = {a1, a9, ..., ax, ..., an} andsupposethat the
DM hasassignedhe alternatve a;, to the catgory Cy,,, Va, € A*. The ELECTRE TRI model
will be consistentwith the DM’s assignmentdf z; > 0,y > 0 andz, > 0, Vap € A*. Consis-
tently with the precedingargument,an accurag criterionto be maximizedcanbe definedas: g =
ming, e A+ {Tk, Yk, 2k }-

3.5 Optimization problemto be solved

In orderto avoid strictinequalitieswe introduceanarbitrarysmallpositve constant. Fromtheresults
providedin sections3.1and3.2,we obtainthefollowing constraints

Boundsof variables
0.5<)A<1
0< cj(ak,bh) <LVjeFVke K,heB



0 <cj(bp,ar) <1,YVje FVke K,h € B
Otherconstraints

max {cj(ak,bp),cj(an, bi)} =1,Vj € F,Vk € K,h € B (mmnp)
cjlag,bp) < cjlag, by) it gjlar) < gj(ar) } ,
. Vje F,Vk,le K,he B -1
cjlar, b) = cjlar,bp) if gjlar) = gjlar) § 7 (m{n = 1)p)
¢j(bn,ax) > ¢j(bn, ar) if gjlar) < gjlar) } ,
: Vi e FVklecK,heB 1
¢;(bn, ax) = ¢j(bn,ar) if gjlar) = gj(ar) [ (min =1)p)
cj(ak:abh-i-l) < cj(ak:a bh)av.] € F7 Vk € Ka h = 1725 D — 1 (mn(p - 1))
cj(bp,ar) < cj(bpt1,ax),Vj € FVke K,h=1,2,...,p—1 (mn(p —1))
ﬁ < ZjeF ijj(ak,bhk_l) — A,Vk e K (n — 1)
ﬁ"‘ﬁg/\_Zjeijcj(akabhk)aVkGK ('n')
B+e< )\—ZjeijCj(bhk_g,ak),Vk e K (n—2)

Theseconstraintsufier from two limitations:
— they do nottake into accounthe symmetriccondition(seeproposition3.1),
— conditionmax {c;(ag, by), cj(an, br)} = 1 is non-linear

Here,(see(Naux, 1996)),by observingthatmostof the valuesof c;(ax, by), ¢; (b, ax) are0 or 1, we

acceptthe hypothesisof integrity to obtaina roughpreliminary solution of the problem.Underthis

hypothesisye replacec;(ag, by), ¢j(bn, ax) € [0,1] by ¢;(ak, br), ¢ (by,ar) € {0,1}. Theconstraint
maz{c;(ag,by),c;(bn,ar)} = 1 becomes;(ak, by) + c;(by, ax) > 1. This hypothesiselpsto over

comethesetwo limitations as the programturns out to be a linear one and the verification of the
condition of symmetriccan be postponedo the next phasewhich determineshe profiles andthe
thresholdsAs a consequencéhe optimizationproblemP; to besolvedis thefollowing :

max 3 . (13)
s.t. B < Y kjci(ag,bn—1) — A\, Vk € K (14)
JEF

Bte < A= kjcjla,bn,),Vk € K (15)

JEF
Bte < A= kjcj(bn—2,ax),Yk € K (16)

jEF
1 < Cj(ak,bh)+0j(bh,ak),VjEF,VkEK,hEB a7
cj(ak,bh+1) < cj(ak,bh),Vj €eFVke K,h=1,2,...,p—1 (18)
Cj(bh+1>ak) > Cj(bh,ak),Vj e FVke K,h=1,2,....,p—1 (29)
cilag,bp) < c¢jla;,by),Vj e F,Vk,l € K,h € B, if gjlar) < gj(ar) (20)
cjlak,br) = cjlai,bp),Vj € F,Vk,l € K,h € B, if gj(ax) = gj(ar) (21)
cj(bp,ar) > cj(bp,a;),Vj € F,Vk,l € K,h € B, if g;j(ar) < gj(ar) (22)
cj(bn,ar) = cj(bp,a),Vj € F,Vk,l € K,h € B, if gj(ax) = gj(ar) (23)
0.5 < A<1 (24)
Cj(ak,bh) € {0,1},Vj e FF'Vke K,heB (25)
cj(bn,ar) € {0,1},Vj € FYke K,he B (26)



Theprogramobtaineds anMIP (Mix edInteger Programwhich contain®2mnyp + 2 variablesand
4n+ 3mp+2 constraintsAs we mentionedbreviously, theslackvariablesey, yx, 2, canbeeliminated
from the problemformulationsincethey aredefinedby the constraintg14), (15) and(16).

3.6 Refinementof the result

We introducedthe integrity hypothesido simplify the problem.lIt is importantto checkwhether
it is possibleto improve the resultby relaxingthe integrity conditionfor somevaluesc;(ay, by) or

cj(bn, ax).

We solve the sameproblem,exceptthe integrity conditionc;(ag, by), ¢j(bn, ax) € {0,1} is re-
placedby theinitial conditionc;(ax, by), ¢j(bn,ar) € [0, 1] for valuesto relax, othervaluesbecome
constantgalreadydeterminedby the program(P1)). It is quite naturalto considerthe pointsto relax
in the neighborhooabf the transitionbetweer and1. For eachcriterion g; andeachprofile by, we
definethefollowing values:

(295 = max {g;(ax|ay € A%, cj(ag,by) = 0}
Z1jh = MaX {gj(ak|ak € A*, gj(ak) < Zgjh} or — oo if thesetis empty
) #sin = min{g;(aklag € A%, ¢;(ag, by) =1} 27)
i, = mi ; A* ci(b =0}
tojn, = min {g;(ax|ar, € A*, c;j(bn,ax)
z1j, = max {gj(aglay € A*,c;(bp,ax) =1}
| 235 = min{g;(ax|ar € A%, gj(ar) > to;n} Or + oo if thesetis empty

With theinsertionof theidealalternatve ¢* andtheanti-idealalternatve a.., theexistenceof thevalues
Z9jhs Z3jhs t1jhs, t2jn 1S €NSUredseeFigure4).

cj(ak, bn), cj(bp, ax) z3jh tijn

1

. o—l . ' g;(ax)
Z1jh 22jh toin  t3jn !

cjlag, by)

— Cj(bp, ar)

FI1G. 4 — Valuesaroundthetransitionbetweerd and1

Thevaluesz,;;, andty;;, areto berelaxedaccordingto thefollowing rules:
- if Z1jp > —O0 andzgjh < tljh thenZth will berelaxed.
- if t3jn < +00 andzgjh < t1jn thentgjh will berelaxed.
This choice ensureghe symmetriccondition and is rathertechnically complicated,see(Ngo The,
1998)for moredetails.

Theindicesc;(ag, by), c;(bn, ar) correspondingo relaxed valuesz,j, andty;;, arevariablesto
determineof thenew programandwill bedenotedascz;y, ct;p,. Othervaluesfor c;(ag, by), c; (bn, ax)
becomeconstantg0 or 1) determinedn the previous program.However, this refinemenfails to shav
ary improvementin the experimentgealized.
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4 Phase?2 : determination of categorylimits from partial concordance
indices

Onceall partialconcordancéndicesc;(a, by) andc; (by, ar) aredeterminedsoarexy, yx, 2, aswell
asf. All valuesof g;(bs), p;(by), q;(by) satisfyingthefollowing conditionscanbe accepted.

Cj(ak,bh) =0= gj
cj(ak,bh) =1= gj
Otherwisec;(ax, by,
Cj(bh,ak) =0= gj
cj(bh,ak) =1= gj

) p](bh) > g](ak (D1)

(bn )

(bs) — ;(bn) < g;(ax) (D2)
) = ) 03
(b
(b
)

h) +p](bh) < QJ( k) (D4)
r) + q;j(br) > gj(ak) (D5)

Otherwise;(by, ax) = ("Zfﬁ,%(sz) (bff)(ak) (D6)
9 (bag1) > gj(bn) (D7)
p;j(bn) > q;j(br) (D8)
q;(bn) >0 (D9).

Under the integrity hypothesisthe conditions(D3) and (D6) are not consideredthereexists a
certaindegreeof freedomin the determinationof g;(by),p;(bn), ¢j(by). To determinethesevalues,
intuitively, we consideranideal solutionasonethathavesthefollowing two characteristics
- theprofile characterizatiofunctiong;p, (ax) hasareasonablérm whichdepend®ntheratio 4 g’)hg
- for eachcriteriong;, theprofilesg;(by), h € K arewell “distributed” alongthe scale.

Thesetwo characteristiceanbe usedasa guidelinefor an multi-objective optimizationprogram,
or least,an optimizationprogramwith an objective function which aggregatesthesetwo characteris-
tics. In this paper we proposea directcomputatiorof thesevaluesin which we try to positiong; (by,)
ascloseaspossibleto the centerof the “plateau” of the profile characterizatiofunction¢;, (g;(ax)),

andthenestablishp;(by,) thelargestpossible Finally, ¢;(b,) will befixed“approximatiely” to Qfg’—h)

It is obvious that the determinationof thesevaluesalso concernghe transitionsbetween) and
1 of the the partial concordancendices. Therefore,we will male useof the valuesz;;p, tijn,7 =
1,2,3,j7 € F,h € B definedin (27). For each;j € F, we proceedoby decreasingrderof the catgo-
ries(h = p,p — 1,...) assuminghatg;(by+1) = +oo.

Algorithm 4.1.
For j = 1..m do
Forh =p..1do
9(bn) = min {2572 g5 (b 10)}
p;(bn) = min {ta;n — g;(bn), g;(bn) — z2jn}
q;(bp) = max {@, t1jn — gj(bn), 95 (br) — 2z3jn}

Let us now prove that the conditions(D1)-(D9) are satisfied.To simplify the notation,we use
Cj (Ztha bh) insteadof Cj (ak, bh) Wheregj ((J,k) = Z2jh-

Proposition4.1. Vj, h it holds
() z3jn > 2250 > 21jn

(ii) t3jn > tojn > tijn

(iii) t1jn 2 22jh

11



(V) tajn > z3jn
(V) —day, sudh thatgj(ak) is in theintervalslimited byzljh, Z25hy #35n OF tljha tgjh, t3jh-

Vi) - 2rjn < Zrj(hr1)s trjn < by, T = 1,2,3

Proposition4.2. Vh € B, zpj < t””zm < tzﬂ'h;% < tojn

All theconditions(D1)-(D9) canbe verified easilyfrom propositionst.1 and4.2.

5 How to dealwith additional information

In the courseof theinteractve processthe DM maywantto addinformationconcerninghe cate-
gory limits (which cantake the form of upperand/orlower boundsfor g;(by), g;(br), p;(by)) aswell
asthe natureof the criteria. While suchinformationcanbe taken into accountdirectly in the second
phaseit is notthecasewith thefirst phaseasg; (bs), pj (br), ¢; (by) donotinterveneexplicitly (through
variables) We will discusshereaftethow to integratetheseconstraintsn thefirst phase.

5.1 Constraints on the profilesand the thresholds

In orderto integrateconstraintson the profilesandthe thresholdsn the first phasewe construct
rulesgeneratingconstrainton ¢; (ax, by), ¢; by, ax) from givenconstraintson g; (by,), p;(bn), g (bp)-
Theserulesareresumedn the proposition5.1.

Proposition5.1. We havethefollowing geneating ruleswhich holdV;j € F,Vk,l € K,Vh € B.

Original constraints | Rulesgeneratingonstraints Rule#
bjh < gj(bh) if gj(ak) < bjh thean(bh,ak) =1 R1
gj(bh) S th if gj(ak) 2 th thean(ak,bh) =1 R2
qjih < Qj(bh,) if \gj(al) — gj(ak)| < 2qjh thean(ak,bh) + Cj(bh,al) >1 R3
qj(bh) < Q]‘h if g; (al) — 9 (ak) > Qth thenc]-(ak, bh) + Cj(bh,al) <1 | R4
p;(br) < Py if gj(a) — gj(ax) > 2P;, thenc;(a, bp) + ¢j(bp,ar) <1 | RS
pjh < Py (bh) if gj( l) g; (ak) < 2p]h thencj (ak,bh) + Cj(bh, al) >1 R6
bjn < gj(bn) < Bjn | gj(ar) < bjn — Pjn = cj(ak, by) =0 R7.1
qjh < q; (bh) < th gj (ak) > B — qjh = Cj (ak,bh) =1 R7.2
Pjn < < p](bh) < P; g](ak) b; ik + qjn = cj(bh,ak) =1 R7.3
g;j (ak) > B Pjh = cj(bh,ak) =0 R7.4

Wheneer we have an additionalconstraintwe addthe correspondingyeneratedonstraintinto
theprogram However, it shouldbenoticedthatthegeneratedonstraint@arenotequivalent(necessary
but not sufficient) to the original constraintsaswe canseein the demonstration.
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5.2 Constraints on the nature of criteria

TheDM maywantto build amodelin whichthenatureof thecriteriais specifiedj.e.,lessgeneral
thanthe pseudo-criteriortonsideredn our general.This informationleadsto somemoreconstraints
to addinto theprogram.

— Quasi-criterion p = ¢

We have c;(ag, bp), ¢j(an, by) € {0,1}, i.e.,wedont have to introducetheintegrity hypothesis
asit is alreadysatisfied.

— Pre-criterion ¢ =0

In this casewe canintroducetheseconstraintsnto the programP1 :
cj(ak,bh) + cj(bh,ak) =1,VYj € F,Yh € B,Vk,l € K
Thisis aspecialcaseof g;, < g;j(bs) < Q;n Whereg;, = Q;n = 0.

— True-criterion p=¢g=10
Thesameaswith pre-criterionandquasi-criterionj.e. :
- thereis no needof theintegrity hypothesis
- the constraints:; (ak, by) + ¢j(bp,ax) = 1,V € F,Yh € B,Vk,l € K will beinsertedinto
theprogram.

5.3 How to geta strong consistency

If we wantto alwaysensurethe consisteng of the categoriesin A, independentlyof the set A*,
we mustbaseon thefollowing condition(see(Mousseatetal., 2000)and(Yu, 1992)):
95 (bn+1) > g;(bn) + pj(bn) +pj(bri1),Vj € F,h € B
This conditionis indeeda suficientconditionto ensurgheconsisteng in A (but notnecessary)loin-
troducethis conditioninto theprogramP1, we have to represenit by meansf thepartialconcordance
indices.As we know, in the reconstructiorof a continuousfunction (c;(z, by,) for example,herez is
concretizeddy g;(ay)) from asetof discretepoints(c;(ax, by)), alossof informationis unavoidable.
In our case we do not have an equivalenceconditionbut only eithera necessargondition (statedin
proposition5.2.(i) ) or asuflicient condition(proposition5.2.(ii) ).

Foreachj € F, considerapermutatiorv;(k), k € K suchthatg;(a,, ) < gj(ac;k+1))-

Proposition5.2. it holds:
(D) if gj(bat1) = gj(bn) + pj(bn) + pj(bni1) thenmin {c;(by, ax), ¢j(ak, bpy1)} = 0.
() if min{c;(bn, ask)); ¢j(@o(k+1)> brt1)} = 0 theng;(by11) > hj(br) + p;(br) + pj(brt1)

To ensurethe consisteng of catejoriesin A despitethe set A* given, we have to introducethe
constraintgyivenby proposition5.2.(ii) into the programP1.

6 Empirical validation of the inferenceprocedure

Theexperimentaissuesn which we areinterestedarethefollowing :

— Are theassignmentsf alternatvesfrom A* morestablewhenusingtheresultsof the program
thanwhenconsideringhe profilesgiven by the DM ? The term stableis usedasunsensitre of
theassignmentt change®f theprofiles.In otherwords,is thetool ableto increasehestability
of assignmentsf alternatvesin asetA* ?
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— Theresultsdependntheinformationgivenasinput,i.e.,onthesetA* of assignmengxamples.
How large shouldA* bein orderto derive the profilesin areliablemanner?

— In practicaldecisionsituationsreal DMs do not alwaysprovide reliableinformation. The tool
shouldbe ableto highlight the assignmenéxamplesthatarecontradictoryor not representable
throughthe ELECTRE TRI preferencenodel. Therefore,a questionto considerconcernghe
reliability of the optimizationprocedureo identify inconsistenciem the DM’ sjudgments

It shouldbe highlightedthatthe empiricalwork presenteds basedon a singledataseandshould

be extended(varying the numberof criteria, of cateories,...). Suchextendedempiricalwork hardly
fits in this paperandshouldbe consideredisanotherpaper

6.1 Experimental Design

In thisexperimentwe consideonly theprogramP1 withoutadditionalconditionsandtheconstruc-
tion of the profiles.This experimentis alaboratorywork, i.e., it takesits materialin a pastrealworld
casestudyto performa posterioricomputationin orderto testthe operationablalidity of the optimi-
zationmodelproposedThe dataconsideredaretaken from (Mousseatet al., 2001) which, in turn,
comesfrom therealworld applicationdescribedn (Yu, 1992).

This applicationconsiderghe problemof assigninga set A of 100 alternatvesto threeordered
catgyoriesC1, Co andCj3 onthe basisof sevencriteria(preferencesn all criteriaaredecreasingvith
theevaluationsj.e.,thelower the better).

As no interactionwith the DM is possible we considerthe assignmenbf ELECTRETRI pessi-
mistic procedurg(with the parametergivenin (Yu, 1992)) asassignmentxamplesexpressedy a
“fictitious” DM. Concerningthe importancecoeficients,we take the meanvalue of the coeficients
inferredfor thegroupof Ais (the onewith thelargestsize)which arein theresultsof the procedureof
inferenceof importancecoeficientspresentedn (Mousseatetal., 2001).

We randomlygenerate80 subsetf A, the cardinality of thesesubsetsbeingrespectiely 6, 12,
18,24,30,36,42,48 (10setsof eachsize)denotedy A{ thej“‘ subsebdf size:. Eachof thesesubsets
is conceved sothatthe alternatvesareassignediniformly onthethreecateyories.

Let us definethe stability of assignmentasthe variation of the cutting level A\ leaving the as-
signmentof alternatves unchangedThe ability to improve the “stability” of the assignmenbf the
alternatvesis obseredthroughthevalueg, (i) — 84(i) wherei € {6, ..., 48} is thesizeof thesubsets
A* chosenp,(i), Ba(i) arerespectiely the meanstability (for all subsetd?) of assignmentsesulting
from our procedureandthat computedfrom the initial modelgivenin (Yu, 1992) (representinghe
“fictitious” DM).

To determingheminimumrequiredsizeof A*, we computeErr1o, thepercentagef assignment
errorsresultingfrom the useof the obtainedprofileson thewholeset A.

To estimatehecapacityto identify theinconsistenciem theassertionsf theDM, weintentionally
introducein A* an“assignmentrror”. Let § the resultingstability of assignmen{usually < 0), an
inconsisteny is identifiedif the alternatve underconsideratioris foundin the setE of alternatves
which arethe mostdifficult to assign(E = {ax, min {xy, yx, 2zt } = 6} ). Wewill obsere 5(i) (mean
stability of the subsethaving sizei), n(i) (meancardinalitiesof £). For this questionwe consider48
subset¥! (i = {6, ...,48},5 = 1..6 , eachwith oneassignmenerrorof whichthetypeis ;.
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Typej | Initial Cat. | ErronousCat.
1 Cy Cy
2 Cy Cy
3 Cy Cs
4 Cs Co
5 Cy Cs
6 Cs C1

TAB. 1 —Typesof errorsintroduced

6.2 Results
6.2.1 Ability to improvethe stability of the assignment

Theresultsof thetestaresummarizedn Table2. Consideringheseresultswe canobsenre :

— Firstly, theresultsshav thatthe larger the setof assignmenexamples the lessstablethe assi-
gnmentsj.e.,themoresensitve aretheseassignmentto achangen profiles.Thisis evidentas
eachassignmenéxampleadds3 + 5mp constraintgo the program.

— Within this setof data,thereis a considerablémprovementof the stability of the assignments
whatever the sizeof the setof examples.

Sizeli [ Boli) | Bali) | Boli) — Bali)

6 0.2692| 0.0723| 0.1969

12 0.2288| 0.0059| 0.2229

18 0.2019| 0.0636| 0.1383

24 0.2019| 0.0616| 0.1403

30 0.1966| 0.0563| 0.1403

36 0.1966| 0.0611| 0.1355

42 0.2019]| 0.0298| 0.1721

48 0.1913] 0.0490| 0.1423
mean | 0.1611

TAB. 2 — Improvementof the stability of the solution

6.2.2 The amount of information necessary

We obsere now the meansof assignmentrrorsin A whendifferentsizesof A* are conside-
red.Theparameterso be inferred, g;(bs),p;(br), ¢;(by), (thereare 3mp parametersjlependon the
numberof criteria aswell asthe numberof categories.Consideringthe above results,it seemghat
2mp (28=2x7x2in this example)is a reasonabldalancefor the estimationof the numberof assign-
mentexamplego infer weightsin areliableway (seeFigure5). However, it is importantto noticethat,
in this example we have to accepta certaintoleranceof errors,approximatelyl.5%.

6.2.3 Ability to identify inconsistenciesn assignments

Theresultsof thetestaresummarizedn Table3. In all theteststhe“wrongly” assignedlternatve
is foundin thealternatvesbeingthe mostdifficult to assign(min{xx, yx, zx } = ). However, within
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Err100(z)

10 4

1 (size)
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6 12 18 24 .30 36 42 .48
FIG. 5 — Amountof informationnecessaryo infer category limits

this experimentthe modeldoesnot seemto be very efficientin identifying errorsasthe mostdifficult
examplesrepresena large proportionof A* ng)

1

Size:i | B(i) | n(z) | n(i)/i
6 0.10| 3.36 | 0.56
12 0.13| 7.68 | 0.64
18 0.04]| 6.30 | 0.35
24 0.03| 7.68 | 0.32
30 0.04| 13.80| 0.46
36 0.01| 12.96| 0.36
42 0.02| 11.34| 0.27
48 0.00| 25.92| 0.54

TAB. 3 —Identificationof “errors”

7 Conclusion

Thispaperpresentaninferenceproceduraimingatinferring thecateyory limits of theELECTRE
TRI methodon the basisof assignmenéxamples.This procedurés groundedon a mathematicapro-
grammingformulationandis validatedthrougha laboratoryexperiment.This inferenceprocedurés
intendedto be usedinteractiely in anaggregation-disaggregatioprocessMoreover, this procedure
complementgrevious resultson partial inferencemodels,namely the weight inferenceprocedure
(Mousseatet al., 2001) and veto inferenceprocedurg(Dias & Mousseau2002). Suchpartial infe-
renceproceduresan be usedin conjunction(e.g., fixing weightsand veto so asto infer catejory
limits, andthenfixing category limits andvetosoasto infer weights).

Theproposednferenceprocedures suitablefor aDM to definecateyory limits of ELECTRETRI
methodproviding assignmenexamples Moreover, we believe thatsuchprocedurés helpful in order
to provide aformal framavork for the DM to learnaboutthe relationbetweerthe cateory limits and
his/herpreferencen a constructie learningprocess.
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Appendix : Proofs

Proof of proposition 3.2

a, — Ch, & [C(ak,bhk) < X and C(akabhk—l) > )

(I) c(ak, bhk) < A= ﬂakahk

= Vh > hg, c(ag, by) < C(ak,bhk) < A= —apShy

= VYh > hy, —aiplby,

(i) c(ak,bpy,—1) > A = axSbp, 1

= Vh < hy — 1, c(ag, by) > c(ag, bhk—l) >\ = apShy

= Vh < hg — 1,bSa;, = bplay n

Proof of proposition 3.3
ﬁbhOSak = C(bho, ak) <A
= Vh < ho,c(bh,ak) < C(bho,ak) < A= —bpSay n
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Proof of proposition 3.4

() = (i)

Let by, theprofile (uniqueif exist) s.t.ay by,

By 3.2,h > hy = —agIby, thereforea;Iby,, = h1 < hy — 1
By definition,aklbhl = akahl and bhlsak

If hy < hy — 1 thenc(bp,—1,ax) > c(bn,,ar) > A = bp, —1Sar = aplbp, 1, contradictoryto the

unicity of h;.

Thereforeh; = hy — 1. Ashy — 2 < hy — 1 = [-aglby, —o and aySby, —2] = —bp, —2Say.

(id) = (i)

ﬁbhk_QSak =Vh< h — 2, —bpSay,

Let hy theprofiles.t.axIby,. Then,hy > hy —2 and hy < hy, —1=h; =hp—1 |

Proof of proposition4.1

(,(ii) Obviousfrom definitions.

(III) By definition,cj(zgjh, bh) =0= Cj(bh, Zgjh) =1

= z9jp < t1j, = max {gj(ak)|ak € A*,Cj(bh,ak) = 1}.

(iv) Similarto (iii).

(v) Obviousfrom definition.

(vi) We demonstratenly for z,;5, the othercasesaresimilar.

By definition,0 = C]'(Zgjh, bh) > Cj (Zgjh, bh+1) = Cj (Zgjh, bh+1)
= 22jh < Z2j(h+1) — Max {gj(ak)|ak S A*, cj(ak, bh+1) = 0}.

Proof of proposition4.2

Fromproposition4.1,we have :
t1jh;—zjh < t2jh-|2-Z3jh < t2]h

z2jh <
And from the procedure g;(by) < 22 F22n

22jn < 23jh = gj(bh) < m

For thefirst category b,, we have g; (b(p4.1)) = +oo then

g (b ) t21p+22yp

tajp > t1jp = g](b ) > —IM&
Supposethattheiniqualltyg](b i) > t—”%i— holds: = h + 1.
g;(bn) = min {25220 g;(by4)}

tajnt225n ty; h+z2 R tij(h+1) T225(h+1) t1in+22;n
T > . andg](bh+1) 3 > =g

= gj(bp) > t—”%ﬂ Thereforetheinequalityholdsfor i = h.
By induction,theinequalityholdsfor Ym € B.
Proof of proposition5.1

- (R1) gj(ar) < bjn = gj(ar) < g;(bn) = ¢;(bn,ax) = 1.

- (R2) gj(ax) > Bjn = gjlax) > gj(br) = cj(ag, by) = 1.

=0

- (R3)[(cj(ak,bn) < 1) and (c;(bn,ar) < 1)] = [(gj(ax) < g;(br) — ¢;(br)) and

(gj(ar) > g;(bn) + q;j(bn))]
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= g;(ar) — gj(ar) > 2g;(bn) > 2q;p.

We have

lgi(ar) — gj(ak)|] < 2¢jn = not [cj(ag,by) < 1 and cj(bp,a;) < 1] = cjlag,by) +
cj(bh,al) 2 1.

— (R#)[(cj(ar,br) = 1) and (cj(bn, ar) = 1)] = [(g;(ar) > g;(bn) — ¢;(b)) and
(95(ar) < g;(bn) + ¢;(bn))]
= gjlar) — gj(ar) < 24;(bn) < 2Qn
We have
gi(a) — gj(ar) > 2Qjn = ot [(cj(ax,by) = 1) and (¢j(bn, @) = 1)] = ¢;(ax, bn) +
¢;(by,a;) <1 (underintegrity hypothesis).

— (R5)[(¢;(ak, bp) > 0) and (c;(bn,ar) > 0)] = [(g;(axr) > g;(bn) —p;(bs)) and
(gj(ar) < g;(bn) + p;j(bn))]
= gj(ar) — gj(ar) < 2p;(bp) < 2Pjp,
Sowe have
gj(al) — gj(ak) > 2Pjh = not [(cj(ak,bh) > 0) and (cj(bh,al) > O)] = cj(a;c,bh) +
cj(bh,al) S 1

— (R6) [(c;(ak, bp) = 0) and (c;(bn,ar) = 0)] = [(g;(ax) < g;(bn) —p;(bs)) and
(gj(ar) > g;(bn) + p;j(bn))]
= gj(a) — gj(ak) > 2p;(bn) > 2pjn
Sowe have
gj(@) — gjlax) < 2pjn = not [(cj(ar,b) = 0) and (c;(bn, @) = 0)] = cj(ag, by) +
¢;(bn,a;) > 1 (underintegrity hypothesis).

- (R7)
1/ gj(ar) < bjn — P < gj(bn) — pj(bn) = ¢j(ag,bp) =0
2/ gj(ar) > Bjn, — qjn > gj(bn) — qj(by) = cj(ag,by) =1
3/ gj(ar) < bjn + qjn < gj(bn) + q;(bn) = cj(bn,ax) =1
4/ gj(ar) > Bjn + Pjn > gj(bn) + pj(bn) = ¢;(bn,ar) =0 u

Proof of proposition 5.2

(0) ¢j(bn, ax) > 0 = gjax) < gj(bn) + pj(bn) < gj(bnt1) — pj(bat1) = ¢j(ak, bpt1) =0

(i) Let ag(xy thefirst alternatve suchthatc; (by, ay(+)) = 0 thenc; (b, ax-—1y) > 0, theexistence
of thesetwo alternatvesis ensuredy thetwo additionalfictious alternatvesa.., a*.

Replacek by £* — 1 in theconditionmin {c; (bs; @o(x)); ¢j (@o(k+1), bry1)} =0

we Obtaian(bh, aa(k*,l)) >0= Cj (aa(k*,bhﬂ) =0

We have

¢j(bhy @o(ry) = 0 = gj(ag@k)) > gj(bn) + p;(bn)

¢j(ao(kys bnt1) = 0= gj(ag+y < gj(bn+1) — pj(bn+1)

Therefore,

95 (bn) + pj(br) < gj(agr=)) < gj(bar1) — Pj(bny1) = gj(bny1) > gj(bn) +pj(bp) + pj(bpy1) W

19



