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Abstract :
Given a finite setof alternatives, the sorting(or assignment)problemconsistsin the assignmentof
eachalternative to oneof thepre-definedcategories.In thispaper, weareinterestedin multiplecriteria
sortingproblemsand,moreprecisely, in the existing methodELECTRETRI. This methodrequires
the elicitation of preferentialparameters(importancecoefficients,thresholds,profiles,...)in order to
constructthedecision-maker’s (DM) preferencemodel.

A directelicitationof theseparametersbeingsometimesdifficult, Mousseau& Slowinksi propo-
sedaninteractiveaggregation-disaggregationapproachthatinfer ELECTRETRI parametersindirectly
from holistic information,i.e.,assignmentexamples.In thisapproach,thedeterminationof ELECTRE
TRI parametersthatbestrestoretheassignmentexamplesis formulatedthroughanon-linearoptimiza-
tion program.Also in this direction,Mousseauet al. consideredthesubproblemof thedetermination
of the importancecoefficientsonly (thethresholdsandcategory limits beingfixed).This subproblem
leadsto solve a linearprogram(ratherthatnon-linearin theglobalinferencemodel).

We pursuethe idea of partial inferencemodel by consideringthe complementarysubproblem
which determinesthe category limits (the importancecoefficientsbeingfixed).With somesimplifi-
cation,it alsoleadsto solve a linear program.Togetherwith the resultof Mousseauet al., we have
a coupleof complementarymodelswhich canbe combinedin an interactive approachinferring the
parametersof anELECTRETRI modelfrom assignmentexamples.In eachinteraction,theDM can
revisehis/herassignmentexamples,to give additionalinformationandto choosewhichparametersto
fix beforetheoptimizationphaserestarts.

Keywords : Assignmentproblem,ELECTRETRI, Category limit elicitation,Inferenceprocedure.

1 Intr oduction

Accordingto (Roy, 1985),real world decisionproblemsusingmultiple criteria decisionaid can
beclassifiedin threebasicproblematics: choice,sortingandranking(seealso(BanaeCosta,1996)).
Thesortingproblematicconsistsin formulatingthedecisionproblemin termsof theassignmentof a
setof alternatives

���������
	��
��	�������	������
to oneof thepre-definedcategories � ��	 � ��	�������	 ��� 	 ����� � . The

assignmentof analternative
�

to theappropriatecategory relieson theintrinsic valueof
�
, andnot on

thecomparisonof
�

with otheralternatives.

In this paper, we areinterestedin themultiple criteriasortingproblematicand,moreprecisely, in
theELECTRETRI method(see(Yu, 1992),(Mousseauet al., 2000)and(Roy & Bouyssou,1993)).
The implementationof this methodrequiresthe determinationof several parameterssuchas : limit
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profilesbetweenconsecutive categories,importancecoefficientsof criteria,discriminationthresholds,
... The setof theseparameters(that we will call an ELECTRETRI model in this paper)is usedto
constructa preferencemodelthattheDecisionMaker (DM) acceptasa working hypothesis.In many
situations,it is difficult for theDM to determinethesevalues; a directevaluationof theseparameters
requiresanimportantcognitive effort.

To overcomethis difficulty, (Mousseau& Slowinski, 1998)proposedan indirect approachin or-
der to infer theseparametersfrom assignmentexamplesthrougha certainform of regressionon as-
signmentexamples.This approachcorrespondsto an aggregation-disaggregation methodology(see
(Jacquet-Lagrèze& Siskos,1982),(Jacquet-Lagrèze& Siskos,2001))to elicit preferencesby interac-
tion on holisticpreferences.

(Mousseau& Slowinski, 1998)proposea globalinferencemodelwhich infersall ELECTRETRI
parameterssimultaneouslystartingfrom assignmentexamples.In this approach,thedeterminationof
theparameters’valuesthatbestfit theassignmentexamplesresultsfrom theresolutionof anon-linear
mathematicalprogram.This optimizationprocedureis integratedin aninteractive tool thatenablethe
DM to reacton thesetof obtainedparametersandto get insightson his/herpreferences.In theconti-
nuationof this idea,(Mousseauet al., 2001)proposeda partial inferenceapproachconsistingin the
introductionof a subproblemthat inferstheimportancecoefficientsandthecuttinglevel only. In this
case,themathematicalprogramto besolvedbecomeslinear. (Dias& Mousseau,2002)considersthe
inferenceof vetorelatedparametersonly.

Our work alsoaccountfor theideaof inferring a subsetof ELECTRETRI parametersfrom assi-
gnmentexamples.We considertheproblemof determiningthedefinitionof categories(limit profiles
anddiscriminationthresholds),the importancecoefficientsbeingfixed.Subjectto somerestrictions,
thecorrespondingmathematicalprogramto besolvedis linear. Following (Mousseauetal., 2001)and
(Mousseau& Slowinski, 1998),we aim at enrichingthe approachesto determineparametersof an
ELECTRETRI model(seeFigure1).

ELECTRETRI Model

Inferredfrom examples Directelicitationby theDM

Partial inference Globalinference(Mousseau& Slowinski, 1998)

Infer weights(Mousseauet al., 2001) Infer category limitsInfer veto(Dias& Mousseau,2002)

FIG. 1 – Differentapproachesto determineELECTRETRI parameters

Figure1 revealsthefactthattheuseof our inferencemodelcanbeconsideredin abroaderscheme
whereall ELECTRETRI parametersareto beinferred.In suchasituation,thepartialinferencemodels

2



(the inferenceof importancecoefficients(Mousseauet al., 2001),inferenceof veto thresholds(Dias
& Mousseau,2002)andinferenceof category limits (this paper))canbeusediteratively. At eachite-
ration,theDM canrevisehis/herassignmentexamples,giveadditionalinformationandchoosewhich
parametersto fix beforetheoptimizationphaserestarts.

Thispaperpresentsanew inferenceprocedurethatdeterminethecategory limits from assignment
examples.Thisprocedureis validatedby numericalresultsobtainedin a laboratoryexperimentaiming
at testingtheoperationalusefulnessof thecategory limits’ inferenceprocedurein an interactive pro-
cess.Thepaperis organizedasfollows. In section2, we recallbriefly theELECTRETRI methodand
thegeneralapproachusedby the inferencetool. In thenext two sections,we presentthe two phases
of the category limit inferencemodel.In section5, we considersomevariationsof the modelwhen
moreinformationis availableor whena strongconsistency is required.Section6 is dedicatedto the
experimentaldesignandtheempiricalresults.A final sectiongroupsconclusions.

2 The inferenceprocedure

2.1 Brief presentationof the ELECTRE TRI method

We give herea very brief overview of theELECTRETRI methodanddefinesomenotationsthat
will be used.A completedescriptioncanbe found in (Roy & Bouyssou,1993).The corresponding
softwareis describedin (Mousseauet al., 2000)

ELECTRETRI is a multiple criteriasortingmethodusedto assignalternativesto predefinedor-
deredcategories.The assignmentof an alternative

�
resultsfrom the comparisonof

�
with the pro-

files defining the limits of the categories.Let
�

denotethe set of alternatives to be assignedand��������	���� �!�����
	��
��	������"�
#��
denotea subsetof alternatives that the DM intuitively assignsto a

category or a rangeof categories(
� �

containsthe assignmentexamplesgiven by the DM) and let$ �%�'&�	)(*	������,+-�
bethesetof indicesof thealternativesfrom

���
. Let . denotethesetof the indices

of thecriteria / ��	 / �0	�������	 /�1 (F=
�'&�	)(*	�������	324�

), 5�6 the importancecoefficient of thecriterion /
6 , 7 the
setof indicesof the profilesdefining 8:9 & categories(B=

�'&�	)(*	�������	 8 � ), ;=< beingthe upperlimit of
category �>< andthelower limit of category �>< � � , ? �@&�	)(*	�������	 8 . Eachprofile ;=< is characterizedby
its performances/
6'AB;=<'C andits thresholds8*6'AB;D<'C (preferencethresholds),ED6FAB;=<'C (indifferencethre-
sholds)and G
6'AB;=<'C (vetothresholds).In whatfollows, we will assume,without any lossof generality,
thatpreferencesincreasewith thevalueon eachcriterionandthat H 6
IKJ 5�6 �L& .

Furtheron, we use
�NM �>< to denotethat thealternative

�
is assignedto thecategory �>< , when

necessary,
�OMQPSR �>< is usedto highlight thefactthattheassignmentis statedby theDM.

ELECTRETRI buildsafuzzyoutrankingrelationSwhosemeaningis “at leastasgoodas”.Prefe-
rencesrestrictedto thesignificanceaxisof eachcriterionaredefinedthroughpseudo-criteria(see(Roy
& Vincke, 1984) for detailson this doublethresholdspreferencerepresentation).Besidethe intra-
criterion preferentialinformation,representedby the indifferenceandpreferencethresholds,E 6 AB;=<'C
and 8*6FAB;=<
C , theconstructionof S alsomakesuseof two typesof inter-criterion preferentialinforma-
tion :

– the setof weight-importancecoefficients (
� 5�6 	UTQV . � ) is usedin the concordancetestwhen

computingthe relative importanceof the coalitionsof criteria being in favor of the assertion
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��W ;D< (and ;=< W-� ) ;
– the set of veto thresholds(

� G
6'AB;=<
C 	UT�V . 	 ? V 7 � ) is usedin the discordancetest; G
6'AB;=<'C
representsthe smallestdifference/
6'AB;=<
CYXZ/�6
A � C incompatiblewith the assertion

�[W ;=< (and;=< W-� ).
As theassignmentof alternativesto categoriesdoesnot resultdirectly from therelationS, anex-

ploitation phaseis necessary; it requiresthe relationS to be “defuzzyfied” usinga so-called\ -cut :
the assertion

��W ;D< ( ;=< W-� respectively) is consideredto be valid if the credibility index of the fuzzy
outrankingrelationis greaterthana “cutting level” \ suchthat \ V A^] �`_*	
&=a . This \ -cutdeterminesthe
preferencesituationbetween

�
and ;=< .

Two assignmentprocedures(optimisticandpessimistic)areavailable,their role beingto analyze
the way in which an alternative

�
comparesto the profilesso asto determinethe category to which�

shouldbeassigned.Theresultof thesetwo assignmentproceduresdifferswhenthealternative
�

is
incomparablewith at leastoneprofile ;=< .
2.2 Schemeof the generalinferenceprocedure

Thegeneralschemeof theinferenceprocedure(seeFigure2) is to find anELECTRETRI model
ascompatibleaspossiblewith the assignmentexamples(

� �
) given by the DM. The compatibility

betweenthe ELECTRETRI modeland the assignmentexamplesis understoodasan ability of the
ELECTRETRI methodusingthis modelto reassignthealternativesfrom

���
in thesameway asthe

DM did.
Start

Choose A*

Assign alternatives
from A* to the categories

Optimize to
obtain a model

Model accepted ?

Stop

assignment
examples

nono

yes

Fix value or interval
of variation for one or

several parameters

Revise

Additional information on
some model parameters ?

no

yes

FIG. 2 – Generalschemeof theinferenceprocedure

In order to minimize the differencesbetweenthe assignmentsmadeby ELECTRETRI andthe
assignmentsmadeby theDM, anoptimizationprocedureis used.TheDM cantuneup themodelin
thecourseof aninteractive procedure.He/shemayeitherrevisetheassignmentexamplesor fix values
(or intervalsof variation)for somemodelparameters.TheDM maymodify (

� �
) aswell asintroduce

somemoreconstraintsconcerningtheprofiles.
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Whenthemodelis not perfectlycompatiblewith theassignmentexamples,theprocedureshould
beableto detectall “hardcases”,i.e.,thealternativesfor whichtheassignmentcomputedby themodel
stronglydiffers from theDM’s assignment.TheDM could thenbeasked to reconsiderhis/herjudg-
ment.This generalschemeis applicablefor theglobal inference((Mousseau& Slowinski, 1998))as
well aspartial inferenceprocedures((Mousseauet al., 2001)andthis paper).For morediscussionon
theprocedureandits interest,see(Mousseau& Slowinski, 1998)and(Mousseauetal., 2001).

Almost all disaggregationprocedures(includingours)aregroundedon mathematicalprogramsin
which variousobjective functionscanbe consideredasequallyacceptableto infer the valuesof the
preferenceparameters.Moreover, theremight bemultiple optimalsolutionsto theprogram.It is pos-
sible to dealwith suchdifficulty by performing(near)post-optimalanalysis.This enablesto identify
severalsolutionsto bepresentedto thedecisionmaker, ratherthanpresentingasinglesolution.

In our work, we proposeto dealwith this issuein a slightly differentandcomplementaryway.
We considerthe inferenceprocedureas a tool to be integratedin an interactive processin which
the decisionmaker shouldreactto the outputof the inferenceprocedureby statingsomeadditional
constraintson the parametervalues,modifying the assignmentexamples,... In suchan interactive
process,thedecisionmaker will get insightson the possiblevaluesfor the preferenceparametersin
relationwith theassignmentexamplesthemodelshouldrestitute.

2.3 Formulation of the problem

In whatfollows,we will confineouranalysisto thecasewerethepessimisticassignmentprocedureis
usedandno vetophenomenonoccurs( G
6'AB;=<'C �cbZ	ed�TfV . 	ed ? V 7 ). As theimportancecoefficients
arefixed,the inferredparametersarethecategory limits (i.e. the limit profiles: /
6'AB;=<'C aswell asthe
thresholdsE)6FAB;=<'C and8�6FAB;=<'C 	UTgV . 	 ? V 7 ) andthecuttinglevel \ .

It is difficult to infer theELECTRETRI category limits directly, therefore,thecomputationis de-
composedin two phases:

– Phase1 : partial concordanceindices h36'A �i	 ;D<'C , h36
AB;D< 	�� C , TZV . , ? V 7 aredeterminedby
meansof a linearprogram.

– Phase2 : / 6 AB;=<'C 	 8 6 AB;D<*C 	 E 6 AB;=<
C 	ed�TjV . 	ed ? V 7 	 will thenbe reconstructedfrom the indices
computedin phase1.

3 Phase1 : determination of partial concordanceindices

3.1 Notations and hypothesis

In the ELECTRE TRI method,the constructionof the outrankingrelation
W

is basedon the
aggregation-disaggregation paradigmwhichismaterializedby thepartialconcordanceindices,h36'A �*k'	 ;=<
C ,h36
AB;D< 	��*k C , T V . , 5 V $ 	 ? V 7 , andthenby theglobal concordanceindices lmA �
k*	 ;=<'C , lmAB;=< 	��*k C ,5 V $ 	 ? V 7 . We recall that the hypothesisof no veto is assumedin our approach.The following
observationsarestraightforwardfrom ELECTRETRI :

lmA �
k
	 ;=<'C � h0A �*k'	 ;=<'C � H 6�I�J 5�6
h36'A �*k'	 ;=<'ClmAB;=< 	��
k C � h0AB;=< 	��
k C � H 6�I�J 5�6
h36'AB;=< 	��*k C n d 5 V $ 	ed ? V 7 (1)
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h36'A �*k'	 ;=<
C 	 h36
AB;D< 	��*k C V�o ] 	
&=ap	ed�TqV . 	ed 5 V $ 	ed ? V 7 (2)

When /
6 is aquasi-criterion(i.e. 8*6 � E)6 ), (2) becomes

h36'A �*k'	 ;=<'C 	 h36*AB;D< 	��*k C Vr� ] 	
&K�F	ed�TqV . 	ed 5 V $ 	ed ? V 7 (3)

/
6'A �*k C>sQ/
6'A �*t Cmuwv h36'A �*k
	 ;D<'Cyxzh{6
A �
tU	 ;=<'Ch 6 AB;=< 	��*k Cy|zh 6 AB;=< 	��
t C/
6'A �*k C � /
6'A �*t Cmuwv h36'A �*k
	 ;D<'C � h{6
A �
tU	 ;=<'Ch 6 AB;=< 	��*k C � h 6 AB;=< 	��
t C
},~~�~~� d[T�V . 	ed 5 	���V $ 	ed ? V 7 (4)

h36
A �
k
	 ;=< � � C>x�h36'A �*k'	 ;=<'Ch 6 AB;D< 	��*k C>x�h 6 AB;=< � � 	��*k C n d�T�V . 	ed 5 V $ 	 ? �L&�	)(*	�������	 8�X & (5)

h0A �
k
	 ;=< � � C � H 6
IKJ 5�6�h{6
A �
k
	 ;=< � � C>x H 6
IKJ 5�6�h36'A �*k'	 ;=<'C � h0A �*k'	 ;=<'Ch0AB;D< 	��*k C � H 6
IKJ 5 6 h 6 AB;=< 	��
k C>xZH 6
IKJ 5 6 h 6 AB;=< � � 	��
k C � h0AB;=< � � 	��*k C n d 5 V $ 	 ? �L&�	)(*	�������	 8�X &
(6)

TheELECTRETRI pessimisticassignmentruleproceedsasfollows :

a) compare
�

successively to ;D� , for � =8 ,8 -1, ..., 0,
b) ;D< beingthefirst profilesuchthat

�[W ;=< ,
assign

�
to category �>< � � (

��M �>< � � ).
Hence,thepessimisticassignmentruleassignsthealternative

�
k
to thecategory �><�� (

�*k�M �><�� ) iff

v h0A �
k
	 ;=<���� � C�|�\h0A �
k
	 ;=< � C>s�\ (7)

3.2 Resultsjustifying the inferencemodel

Definition 3.1. For each criterion / 6 	UTfV . andeach profile ;D< 	 ? V 7 , thefunction � 6 <[A���C is called
thecategory limit characterizationfunction.

� 6 <�A���C � �
~~~~~� ~~~~~�
] if ��xQ/
6'AB;=<'C�X:8�6'AB;=<'C� ���p�����p�
� ��� �����p�
�� �����p�
�^���������p��� if /�6
AB;=<'C X�8*6'AB;=<'C�sz�NsQ/
6FAB;=<
C XjE)6'AB;D<'C&

if /�6
AB;=<'C XjE)6FAB;=<
C�xz�¡xQ/
6'AB;=<'C¢9£E)6'AB;D<'C�p����� � � ��� ����� � �B� �� ����� � �^��������� � � if /�6
AB;=<'C¤9£E)6FAB;=<
C�sz�¡sQ/
6'AB;=<'C¢9¡8*6'AB;D<'C] otherwise

(8)

It is obviousfrom thedefinition3.1that:� 6 <[A �
k C ��¥�¦¨§©� h 6 A �
k
	 ;=<'C 	 h 6 AB;=< 	��*k C � 1 (9)

This functionplaysa centralrole in our approach.As illustratedin Figure3, it representsa fuzzy
membershipof therelation A �
k�ª 6
;=<'C . It alsorepresentsall thepartialconcordanceindicesthatcanbe
usedto reconstructthecategory limits. All proofsaregivenin Appendix.

1Formally, we shouldwrite « � �K¬�­ � ¬�®��=¯B¯ insteadof « � �K¬�®��=¯ .
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+

+

]
&� 6 <�A �*k C

/�6
A �
k C/
6'AB;=<'C

E 6 AB;D<'C E 6 AB;D<'C

8*6
AB;=<'C 8*6FAB;=<'C
FIG. 3 – Partial concordanceindicesandcategory limits characterizedby °F±e²*³¨´0µ
¶

Proposition 3.1. Thecategory limit characterizationfunction � 6 <�A �*k C is symmetricalthroughthever-
tical line � � /�6
AB;=<'C (symmetrycondition)

To ensurethe consistency of the categories,we baseon the condition“No alternative shouldbe
indifferentto morethanoneprofiles”(see(Mousseauetal., 2000)and(Yu,1992)).Wehave to express
this conditionby constraintsconcerningpartial concordanceindicesin orderto introduceit into our
program.Wehave thefollowing results:

Proposition 3.2. WhenusingtheELECTRETRI pessimisticprocedure, if
�
k�M �>< � then:

(i) -
d ?�|Z? k
	D·-�
kKª ;=<

(ii) -
d ?�sZ? k X &�	 ;=< W-�*k u¸;=< ª
�
k

i.e., Theindifferencebetween
�
k

and ;=< appears only for ?�x�? k X & when ;D< WS�
k takesplace.

Proposition 3.3. If ¹[?�º s.t.
· ;D<�» W-�*k then

d ?¼x½?�º 	D· ;=< W-�*k
Proposition 3.4. Conditions(i) and(ii) areequivalentusingthepessimisticassignmentprocedure :
(i) Noalternativein

���
is indifferent to more thanoneprofiles.

(ii)
d¾�*k¿V¡� � 	��*k�M �>< � then

· ;=< � � � WS�
k
Remark : Thisconditionensuresonly theconsistency in theset

� �
, not in

�
. It is weaker thanthe

following condition: / 6 AB;D< � � Cy|Q/ 6 AB;D<*C¤9¡8 6 AB;=<'C¢9¡8 6 AB;=< � � C (10)

which is too strong(sufficient but not necessary)to ensurethe consistency in
�

. Furthermore,this
conditionis impossibleto expressusingthepartialconcordanceindices.

3.3 Variables of the problem

In ELECTRE TRI pessimisticassignmentprocedure,an alternative
�
k

is assignedto category �><
(
�*kÀM �>< ) iff h0A �
k
	 ;=<�� � CÁ|�\ and h�A �*k
	 ;D<'CÂs�\ . To ensuretheconsistency of theprofiles,we need

thecondition h0AB;=<���� � 	��*k C�sÃ\ . Let ussupposethat theDM hasassignedthealternative
�
k:V£���

to
category �>< � (

�*k�M PSR �>< � C . Let usdefinetheslackvariables� kF	3ÄFk and Å k unrestrictedin signsuch
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that h0A �*k
	 ;=< � � � C�X � k©� \ 	 h0A �
k*	 ;=< � C¤9 ÄFk�� \ and h0AB;=< � � � 	��
k C¢9£Å k�� \ .
Theseslackvariablesareusedonly asan aid to constructthe objective function. Then,we can

eliminatethemeasilyby using Æ �Ç¥�¦È§�É � IKÊ¤Ë � � k
	3ÄFkF	 Å k
� . Sothey arenot introducedexplicitly in the
program.Therefore,theoptimizationproblemwill includethefollowing variables(

(K2�+ 8O9 ( ) :h{6
A �
k
	 ;=<'C 	 h36
AB;=< 	��*k C 	ed�TgV . 	ed 5 V $ 	ed ? V 7 partialconcordanceindices(
(K2�+ 8 )\ cuttinglevel (1)Æ (1)

For technicalreasons(see3.6),weintroducetwo fictitiousalternativesin
� �

:
� �

(idealalternative)
and
� � (anti-ideal)definedasfollows� �©Ì d[TOV . 	 /
6*A � � C>s ¥g¦È§�É � IKÊ¤Ë � /�6
A �
k C �� � Ì d�T�V . 	 /�6*A � � C�Í ¥�ÎKÏ�É � IKÊ¤Ë � /�6
A �
k C � n d�T�V . 	ed ? V 7 (11)�*�

is obviously assignedto thebestcategory ( ����� � ) andan
� � to theworstcategory ( � � ). These

two alternativesensurethatthereis alwaysatransitionbetween] and
&

in thesetof thepartialconcor-
danceindiceswithin eachcriterion.Indeed,from thedefinitionof

� �
and
� � , it is obviousthat:h36'A � � 	 ;=<'C � ] and h36'AB;=< 	�� � C �Ð&h 6 A � � 	 ;=<'C �L& and h 6 AB;=< 	�� � C � ] n d�TOV . 	ed ? V 7 (12)

3.4 Accuracy criterion

If thevaluesof theslackvariables� k
	3ÄFk and Å k areall positive, thenELECTRETRI pessimisticassi-
gnmentprocedurewill assignalternative

�*k
to the“correct” categoryandtheconsistency of categories

is respected.If, however, � k or
ÄFk

is negative, theELECTRETRI pessimisticassignmentprocedure
will assignalternative

�*k
to a “wrong” category. If Å k is negative, theconsistency of categoriesis not

respected.The lower the minimum of thesevalues,the lessadaptedis the ELECTRETRI modelto
give an accountof the assignmentof

�
k
madeby the DM. Moreover, if � k'	3ÄFk and Å k areall posi-

tive, then
�*k

is assignedconsistentlywith theDM’s statement,andtheconsistency is respectedfor all\�Ñ V�o \�X ¥�¦È§©�
ÄFk'	 Å k
�F	 \Ò9Ó� k
a .
Let us considernow the set of alternatives

� � �Ô�����
	��*��	�������	��
k*	�������	��
#¾�
and supposethat the

DM hasassignedthe alternative
�*k

to the category �><�� , d¾�*kcVÕ��� . The ELECTRE TRI model
will be consistentwith the DM’s assignmentsiff � k |Ö] 	3ÄFk |Ö] and Å k |Ö] , d¾�*k V×� � . Consis-
tently with the precedingargument,an accuracy criterion to be maximizedcanbe definedas: Æ �¥g¦È§[É � IKÊ¤Ë � � k
	3ÄFk'	 Å kF� .
3.5 Optimization problem to be solved

In orderto avoid strict inequalities,weintroduceanarbitrarysmallpositiveconstantØ . Fromtheresults
providedin sections3.1and3.2,we obtainthefollowing constraints:

Boundsof variables] �`_ xZ\¼x &]Ox�h36'A �*k'	 ;=<'C>x &�	ed�T�V . 	ed 5 V $ 	 ? V 7
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]Ox�h 6 AB;=< 	��*k C>x &�	ed�T�V . 	ed 5 V $ 	 ? V 7
Otherconstraints¥�ÎKÏ�� h{6
A �
k
	 ;=<'C 	 h36
A � < 	 ; k C ���Ð&�	ed�T�V . 	ed 5 V $ 	 ? V 7 (

2�+ 8 )h36'A �*k'	 ;=<'C�x�h36
A �
tU	 ;D<'C if /�6
A �
k C�sQ/
6'A �*t Ch36'A �*k'	 ;=<'C � h36
A �
tU	 ;D<'C if /�6
A �
k C � /
6'A �*t C n d�T�V . 	ed 5 	��-V $ 	 ? V 7 (
2 A + X & C¨8 )h36'AB;=< 	��*k C�|�h36
AB;D< 	��*t C if /�6
A �
k C�sQ/
6'A �*t Ch36'AB;=< 	��*k C � h36
AB;D< 	��*t C if /�6
A �
k C � /
6'A �*t C n d�T�V . 	ed 5 	��-V $ 	 ? V 7 (
2 A + X & C¨8 )h 6 A �
k
	 ;=< � � C�x�h 6 A �*k
	 ;D<'C 	ed[T�V . 	ed 5 V $ 	 ? �Ð&�	)(*	�������	 8:X & (
2�+ AÙ8gX & C )h{6
AB;=< 	��
k C>x�h36'AB;=< � � 	��*k C 	ed[T�V . 	ed 5 V $ 	 ? �Ð&�	)(*	�������	 8:X & (
2�+ AÙ8gX & C )Æjx H 6
IKJ 5�6�h36'A �*k'	 ;=< � � � C�XÓ\ 	ed 5 V $ (
+ X & )Æ:9QÚYxZ\OX H 6�I�J 5 6 h 6 A �*k
	 ;D< � C 	ed 5 V $ (
+

)Æ:9QÚYxZ\OX H 6�I�J 5�6
h36'AB;=<��
� � 	��
k C 	ed 5 V $ (
+ X ( )

Theseconstraintssuffer from two limitations:
– they do not take into accountthesymmetriccondition(seeproposition3.1),
– condition

¥�ÎKÏ�� h36'A �*k'	 ;=<'C 	 h36*A � < 	 ; k C ���L& is non-linear.

Here,(see(Naux,1996)),by observingthatmostof thevaluesof h36FA �
k*	 ;=<'C 	 h36'AB;=< 	��*k C are0 or 1, we
acceptthe hypothesisof integrity to obtaina roughpreliminarysolutionof the problem.Underthis
hypothesis,wereplaceh36'A �*k
	 ;D<*C 	 h{6
AB;=< 	��
k C V�o ] 	
&=a by h36
A �
k
	 ;=<'C 	 h{6*AB;=< 	��
k C Vr� ] 	
&K� . Theconstraint2¼� � � h 6 A �
k
	 ;=<
C 	 h 6 AB;=< 	��
k C ���c& becomesh 6 A �*k
	 ;D<'C¤9�h 6 AB;=< 	��*k C�| & . Thishypothesishelpsto over-
comethesetwo limitations as the programturns out to be a linear one and the verification of the
condition of symmetriccan be postponedto the next phasewhich determinesthe profiles and the
thresholds.As aconsequence,theoptimizationproblem Û � to besolvedis thefollowing :

¥�ÎKÏ Æ �
(13)

s.t. Æ x Ü6�I�J 5�6
h36
A �
k
	 ;=<���� � C�X£\ 	ed 5 V $ (14)

Æq9QÚÔx \OXQÜ6�I�J 5�6
h36'A �*k
	 ;D<���C 	ed 5 V $ (15)

Æq9QÚÔx \OX Ü6�I�J 5�6
h36'AB;=< � � � 	��
k C 	ed 5 V $ (16)& x h 6 A �*k'	 ;=<'C¢9£h 6 AB;=< 	��*k C 	ed�T�V . 	ed 5 V $ 	 ? V 7 (17)h36'A �*k'	 ;=< � � CÝx h36'A �*k'	 ;=<'C 	ed�TgV . 	ed 5 V $ 	 ? �L&�	)(*	�������	 8�X & (18)h 6 AB;=< � � 	��*k CÝ| h 6 AB;=< 	��
k C 	ed�TgV . 	ed 5 V $ 	 ? �L&�	)(*	�������	 8�X & (19)h36'A �*k
	 ;D<'CÝx h36'A �*tB	 ;=<'C 	ed�TfV . 	ed 5 	��-V $ 	 ? V 7 	 if /�6
A �
k C>sQ/
6FA �*t C (20)h36'A �*k
	 ;D<'C � h36'A �*tB	 ;=<'C 	ed�TfV . 	ed 5 	��-V $ 	 ? V 7 	 if /�6
A �
k C � /
6FA �*t C (21)h36'AB;=< 	��*k CÝ| h36'AB;=< 	��
t C 	ed�TfV . 	ed 5 	��-V $ 	 ? V 7 	 if /�6
A �
k C>sQ/
6FA �*t C (22)h36'AB;=< 	��*k C � h36'AB;=< 	��
t C 	ed�TfV . 	ed 5 	��-V $ 	 ? V 7 	 if /�6
A �
k C � /
6FA �*t C (23)] �`_ x \�x & (24)h36'A �*k
	 ;D<'C V � ] 	
&K�F	ed�TqV . 	ed 5 V $ 	 ? V 7 (25)h 6 AB;=< 	��*k C V � ] 	
&K�F	ed�TqV . 	ed 5 V $ 	 ? V 7 (26)
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Theprogramobtainedis anMIP (MixedIntegerProgram)whichcontains
(K2�+ 8Á9 ( variablesandÞ + 9qß 2 8�9 ( constraints.As wementionedpreviously, theslackvariables� kF	3ÄFk
	 Å k canbeeliminated

from theproblemformulationsincethey aredefinedby theconstraints(14), (15)and(16).

3.6 Refinementof the result

We introducedthe integrity hypothesisto simplify theproblem.It is importantto checkwhether
it is possibleto improve the resultby relaxingthe integrity conditionfor somevalues h36
A �
k
	 ;=<'C orh36
AB;D< 	��*k C .

We solve the sameproblem,except the integrity condition h36'A �*k'	 ;=<'C 	 h36*AB;D< 	��*k C VL� ] 	
&K� is re-
placedby the initial condition h36FA �*k*	 ;D<'C 	 h36
AB;D< 	��
k C VÇo ] 	
&=a for valuesto relax,othervaluesbecome
constants(alreadydeterminedby theprogram A^Û & C ). It is quitenaturalto considerthepointsto relax
in theneighborhoodof the transitionbetween] and

&
. For eachcriterion /
6 andeachprofile ;=< , we

definethefollowing values:

�
~~~~~~� ~~~~~~�
Å � 6 < ��¥gÎKÏÂ� /
6'A �*k�à �
káV�����	 h36
A �
k*	 ;=<'C � ] �Å � 6 < ��¥gÎKÏÂ� /
6'A �*k�à �
káV�� � 	 /
6'A �*k C�s�Å � 6 < � or X b if thesetis emptyÅ�â 6 < ��¥g¦È§Â� /�6*A �
k[à �*k�V����K	 h36'A �*k'	 ;=<'C �Ð&K�ã � 6 < ��¥g¦È§©� /�6
A �
k[à �*káV¼� � 	 h36'AB;=< 	��*k C � ] �Å � 6 < ��¥gÎKÏÂ� / 6 A �*k�à �
káV�� � 	 h 6 AB;D< 	��
k C �L&K�Å�â 6 < ��¥g¦È§Â� /�6*A �
k[à �*k�V����K	 /
6'A �*k C�Í ã � 6 < � or 9 b if thesetis empty.

(27)

With theinsertionof theidealalternative
� �

andtheanti-idealalternative
� � , theexistenceof thevaluesÅ � 6 < 	 Å�â 6 < 	 ã � 6 < 	 ã � 6 < is ensured(seeFigure4).

+

+

]
&h36'A �*k'	 ;=<'C 	 h36*AB;D< 	��*k C

/�6
A �
k Cäå æç
èé +

+ +Å � 6 < Å � 6 <

Å�â 6 < ã � 6 <

ã � 6 < ã â 6 <h36
AB;D< 	��*k C h36'A �*k
	 ;D<'C
FIG. 4 – Valuesaroundthetransitionbetweenê and ë

ThevaluesÅ � 6 < and
ã � 6 < areto berelaxedaccordingto thefollowing rules:

- if Å � 6 <ÒÍ×X b and Å�â 6 <Òs ã � 6 < then Å � 6 < will berelaxed.
- if
ã â 6 <ÀsZ9 b and Å�â 6 <Òs ã � 6 < then

ã � 6 < will berelaxed.
This choiceensuresthe symmetriccondition and is rathertechnicallycomplicated,see(Ngo The,
1998)for moredetails.

The indices h{6
A �
k
	 ;=<
C 	 h36'AB;=< 	��*k C correspondingto relaxed values Å � 6 < and
ã � 6 < arevariablesto

determineof thenew program,andwill bedenotedas h�Å 6 < 	 h ã 6 < . Othervaluesfor h36'A �*k
	 ;D<'C 	 h36*AB;=< 	��
k C
becomeconstants(0 or 1) determinedin thepreviousprogram.However, this refinementfails to show
any improvementin theexperimentsrealized.
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4 Phase2 : determination of category limits fr om partial concordance
indices

Onceall partialconcordanceindicesh36'A �*k'	 ;=<'C and h36'AB;=< 	��*k C aredetermined,soare � k'	3ÄFk
	 Å k aswell
as Æ . All valuesof /
6'AB;=<'C 	 8*6
AB;=<
C 	 E)6FAB;=<
C satisfyingthefollowing conditionscanbeaccepted.

h{6
A �
k
	 ;=<'C � ]áuì/�6
AB;D<'C X¼8*6'AB;=<'C�|Q/
6'A �*k C (D1)h{6
A �
k
	 ;=<'C �L& uì/�6
AB;D<'C X�E)6FAB;=<
C�xQ/
6'A �*k C (D2)

Otherwise,h36
A �
k
	 ;=<'C � �p��� É ��� ��� �
���p���B���p�����p�
�� ����� � �^���í����� � � (D3)h{6
AB;=< 	��
k C � ]áuì/�6
AB;D<'C¤9N8*6'AB;=<'C�xQ/
6'A �*k C (D4)h{6
AB;=< 	��
k C �L& uì/�6
AB;D<'C¤9QE)6FAB;=<
C�|Q/
6'A �*k C (D5)

Otherwise,h36
AB;D< 	��*k C � �p����� � � ��� ����� � �B���p��� É � �� ����� � �^���í����� � � (D6)/ 6 AB;D< � � Cy|Q/ 6 AB;=<'C (D7)8*6FAB;=<
C�|�E)6'AB;D<*C (D8)E)6FAB;=<
C�|�] (D9).

Under the integrity hypothesis,the conditions(D3) and (D6) arenot considered,thereexists a
certaindegreeof freedomin the determinationof /
6'AB;=<'C 	 8*6'AB;=<'C 	 E)6
AB;=<'C . To determinethesevalues,
intuitively, we consideranidealsolutionasonethathavesthefollowing two characteristics:
- theprofilecharacterizationfunction � 6 <�A �
k C hasareasonableform whichdependsontheratio

�í����� � �� ����� � � .
- for eachcriterion /�6 , theprofiles /�6
AB;D<'C 	 ? V $ arewell “distributed” alongthescale.

Thesetwo characteristicscanbeusedasa guidelinefor anmulti-objective optimizationprogram,
or least,anoptimizationprogramwith anobjective functionwhich aggregatesthesetwo characteris-
tics. In this paper, we proposea directcomputationof thesevaluesin which we try to position /
6'AB;=<'C
ascloseaspossibleto thecenterof the“plateau”of theprofile characterizationfunction � 6 <�Aí/
6'A �*k C3C ,
andthenestablish8 6 AB;=<'C thelargestpossible.Finally, E 6 AB;=<'C will befixed“approximatively” to

� ����� � �� .

It is obvious that the determinationof thesevaluesalsoconcernsthe transitionsbetween] and&
of the the partial concordanceindices.Therefore,we will make useof the values Å � 6 < 	 ã � 6 < 	 � �&�	)(*	 ß 	UTNV . 	 ? V 7 definedin (27).For each

T�V . , we proceedby decreasingorderof thecatego-
ries( ? � 8 	 8gX &�	������ ) assumingthat / 6 AB; ��� � C � 9 b .

Algorithm 4.1.
For
TÒ�c&����,2

do
For ? � 8 ���È& do/�6
AB;=<'C ��¥�¦È§©��î¨ï � � ��ð ï � �� 	 /�6*AB;=< � � C �8 6 AB;=<'C ��¥g¦È§©� ã � 6 <�Xr/ 6 AB;=<'C 	 / 6 AB;=<'C XjÅ � 6 < �E)6FAB;=<
C ��¥gÎKÏ©� � ����� � �� 	 ã � 6 <�Xr/
6'AB;=<'C 	 /
6
AB;=<'C�X�Å�â 6 < �
Let us now prove that the conditions(D1)-(D9) are satisfied.To simplify the notation,we useh 6 A^Å � 6 < 	 ;D<'C insteadof h 6 A �*k'	 ;=<'C where/ 6 A �
k C � Å � 6 < .

Proposition 4.1.
d�TF	 ? it holds

(i) Å�â 6 <ÒÍ�Å � 6 <ÒÍ½Å � 6 <
(ii)
ã â 6 <ÀÍ ã � 6 <ÒÍ ã � 6 <

(iii)
ã � 6 <Ò|½Å � 6 <

11



(iv)
ã � 6 <Ò|½Å�â 6 <

(v)
· ¹ �
k such that /
6'A �*k C is in theintervalslimitedby Å � 6 < 	 Å � 6 < 	 Å�â 6 < or

ã � 6 < 	 ã � 6 < 	 ã â 6 < .
(vi) - Å
ñ 6 <ÒxzÅ ñ 6 ��< � � � 	 ã ñ 6 <Àx ã ñ 6 ��< � � � 	3ò��L&�	)(*	 ß
Proposition 4.2.

d ? V 7 	 Å � 6 <áx î^ó � � ��ð ï � �� s î¨ï � � ��ðeô � �� x ã � 6 <
All theconditions(D1)-(D9) canbeverifiedeasilyfrom propositions

Þ �È&
and
Þ �`(

.

5 How to dealwith additional information

In thecourseof theinteractive process,theDM maywantto addinformationconcerningthecate-
gory limits (which cantake theform of upperand/orlower boundsfor /�6
AB;=<'C 	 E)6'AB;=<'C 	 8*6
AB;D<'C ) aswell
asthenatureof thecriteria.While suchinformationcanbetaken into accountdirectly in thesecond
phase,it is notthecasewith thefirst phaseas/
6'AB;=<'C 	 8*6'AB;=<'C 	 E)6
AB;=<'C donotinterveneexplicitly (through
variables).Wewill discusshereafterhow to integratetheseconstraintsin thefirst phase.

5.1 Constraints on the profilesand the thresholds

In orderto integrateconstraintson theprofilesandthethresholdsin thefirst phase,we construct
rulesgeneratingconstraintson h 6 A �*k
	 ;D<'C 	 h 6 AB;=< 	��
k C from givenconstraintson / 6 AB;D<'C 	 8 6 AB;=<'C 	 E 6 AB;=<'C .
Theserulesareresumedin theproposition5.1.

Proposition 5.1. Wehavethefollowinggenerating ruleswhich hold
d�TgV . 	ed 5 	�� V $ 	ed ? V 7 .

Original constraints Rulesgeneratingconstraints Rule#; 6 <ÀxQ/�6
AB;=<'C if /
6'A �*k C�xZ; 6 < then h36'AB;=< 	��*k C �L& R1/
6'AB;=<'C>x½7 6 < if /
6'A �*k C�|½7 6 < then h36'A �*k
	 ;D<*C �L& R2E 6 <Àx�E 6 AB;D<'C if
à / 6 A �*t C�Xr/ 6 A �*k C à s ( E 6 < then h 6 A �*k'	 ;=<'C¤9£h 6 AB;D< 	��*t C�| & R3ED6FAB;=<'C>xZõ 6 < if /
6'A �*t C�X4/
6'A �*k CyÍ ( õ 6 < then h36'A �*k'	 ;=<
C¤9Qh{6
AB;=< 	��
t C�x & R48�6FAB;=<'C>x�Û 6 < if /
6'A �*t C�X4/
6'A �*k CyÍ ( Û 6 < then h36
A �
k
	 ;=<'C¢9£h36FAB;=< 	��*t C>x & R58 6 <Àxr8*6'AB;D<'C if /
6'A �*t C�X4/
6'A �*k Cys ( 8 6 < then h36'A �*k'	 ;=<
C¤9£h36
AB;D< 	��*t C>| & R6; 6 <ÀxQ/ 6 AB;=<'C>x�7 6 < / 6 A �*k C>x½; 6 <©XjÛ 6 <�uöh 6 A �*k'	 ;=<'C � ] R7.1E 6 <Àx�E)6'AB;D<'CyxZõ 6 < /
6'A �*k C>|�7 6 <©XjE 6 <¿uöh36'A �*k
	 ;D<*C �L& R7.28 6 <Àxr8*6'AB;D<'Cyx�Û 6 < /
6'A �*k C>x½; 6 <Y9£E 6 <¿uöh36'AB;=< 	��*k C �L& R7.3/
6'A �*k C>|�7 6 <Y9£Û 6 <�uöh36'AB;=< 	��
k C � ] R7.4

Whenever we have anadditionalconstraint,we addthecorrespondinggeneratedconstraintsinto
theprogram.However, it shouldbenoticedthatthegeneratedconstraintsarenotequivalent(necessary
but not sufficient) to theoriginal constraintsaswe canseein thedemonstration.
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5.2 Constraints on the nature of criteria

TheDM maywantto build amodelin whichthenatureof thecriteriais specified,i.e., lessgeneral
thanthepseudo-criterionconsideredin our general.This informationleadsto somemoreconstraints
to addinto theprogram.

– Quasi-criterion 8 � E
Wehave h36'A �*k'	 ;=<'C 	 h36*A � < 	 ; k C Vr� ] 	
&K� , i.e.,wedon’t have to introducetheintegrity hypothesis
asit is alreadysatisfied.

– Pre-criterion E � ]
In this case,wecanintroducetheseconstraintsinto theprogramÛ & :h36'A �*k'	 ;=<'C¢9£h36
AB;D< 	��*k C �L&�	ed�TgV . 	ed ? V 7 	ed 5 	���V $
This is aspecialcaseof E 6 <Àx�E 6 AB;=<'C>xZõ 6 < whereE 6 < � õ 6 < � ] .

– True-criterion 8 � E � ]
Thesameaswith pre-criterionandquasi-criterion,i.e. :
- thereis no needof theintegrity hypothesis
- theconstraintsh 6 A �
k
	 ;=<'C 9½h 6 AB;=< 	��*k C �Ö&�	ed�T¡V . 	ed ? V 7 	ed 5 	��yV $ will be insertedinto
theprogram.

5.3 How to geta strongconsistency

If we want to alwaysensuretheconsistency of thecategoriesin
�

, independentlyof theset
�©�

,
we mustbaseon thefollowing condition(see(Mousseauetal., 2000)and(Yu, 1992)):/ 6 AB;=< � � C>|z/ 6 AB;D<'C÷9�8 6 AB;=<'C¤9¡8 6 AB;=< � � C 	ed�T�V . 	 ? V 7
Thisconditionis indeedasufficientconditionto ensuretheconsistency in

�
(but notnecessary).To in-

troducethisconditioninto theprogramÛ & , wehaveto representit by meansof thepartialconcordance
indices.As we know, in thereconstructionof a continuousfunction( h36
A�� 	 ;=<
C for example,here � is
concretizedby /
6'A �*k C ) from a setof discretepoints( h36'A �*k'	 ;=<
C ), a lossof informationis unavoidable.
In our case,we do not have anequivalenceconditionbut only eithera necessarycondition(statedin
proposition5.2.(i) ) or asufficient condition(proposition5.2.(ii) ).

For each
TgV . , considerapermutationl*6'AB5�C 	 5 V $ suchthat /
6'A �*ø �
� k � C>xz/�6FA �*ø ��� k � � � C .

Proposition 5.2. it holds:
(i) if / 6 AB;D< � � Cy|Q/ 6 AB;D<*C¤9¡8 6 AB;=<
C¤9¡8 6 AB;=< � � C then

¥�¦¨§©� h 6 AB;=< 	��
k C 	 h 6 A �*k'	 ;=< � � C ��� ] .
(i) if

¥�¦È§Â� h36
AB;=< 	�� ø � k � C 	 h36'A � ø � k � � � 	 ;=< � � C ��� ] then /�6
AB;D< � � Cy|½?'6
AB;D<'C¤9N8*6'AB;=<'C¤9¡8*6
AB;=< � � C
To ensurethe consistency of categoriesin

�
despitethe set

� �
given, we have to introducethe

constraintsgivenby proposition5.2.(ii) into theprogramÛ & .
6 Empirical validation of the inferenceprocedure

Theexperimentalissuesin whichweareinterestedarethefollowing :
– Are theassignmentsof alternativesfrom

� �
morestablewhenusingtheresultsof theprogram

thanwhenconsideringtheprofilesgivenby theDM ? Thetermstableis usedasunsensitive of
theassignmentsto changesof theprofiles.In otherwords,is thetool ableto increasethestability
of assignmentsof alternativesin aset

� �
?
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– Theresultsdependontheinformationgivenasinput,i.e.,ontheset
� �

of assignmentexamples.
How largeshould

�©�
bein orderto derive theprofilesin a reliablemanner?

– In practicaldecisionsituations,realDMs do not alwaysprovide reliableinformation.The tool
shouldbeableto highlight theassignmentexamplesthatarecontradictoryor not representable
throughthe ELECTRETRI preferencemodel.Therefore,a questionto considerconcernsthe
reliability of theoptimizationprocedureto identify inconsistenciesin theDM’s judgments?

It shouldbehighlightedthat theempiricalwork presentedis basedon a singledatasetandshould
beextended(varying thenumberof criteria,of categories,...). Suchextendedempiricalwork hardly
fits in this paperandshouldbeconsideredasanotherpaper.

6.1 Experimental Design

In thisexperiment,weconsideronly theprogramÛ & withoutadditionalconditions,andtheconstruc-
tion of theprofiles.This experimentis a laboratorywork, i.e., it takesits materialin a pastrealworld
casestudyto performa posterioricomputationin orderto testtheoperationalvalidity of theoptimi-
zationmodelproposed.The dataconsideredaretaken from (Mousseauet al., 2001)which, in turn,
comesfrom therealworld applicationdescribedin (Yu, 1992).

This applicationconsidersthe problemof assigninga set
�

of 100 alternatives to threeordered
categories � ��	 � � and � â on thebasisof sevencriteria(preferenceson all criteriaaredecreasingwith
theevaluations,i.e., thelower thebetter).

As no interactionwith theDM is possible,we considertheassignmentof ELECTRETRI pessi-
mistic procedure(with the parametersgiven in (Yu, 1992))asassignmentexamplesexpressedby a
“fictitious” DM. Concerningthe importancecoefficients,we take the meanvalueof the coefficients
inferredfor thegroupof

� 6 ù�ú
(theonewith thelargestsize)whicharein theresultsof theprocedureof

inferenceof importancecoefficientspresentedin (Mousseauetal., 2001).

We randomlygenerate80 subsetsof A, thecardinalityof thesesubsetsbeingrespectively 6, 12,
18,24,30,36,42,48(10setsof eachsize)denotedby

� 6 � the
T îÈ< subsetof size � . Eachof thesesubsets

is conceivedsothatthealternativesareassigneduniformly on thethreecategories.

Let us definethe stability of assignmentsas the variationof the cutting level \ leaving the as-
signmentsof alternativesunchanged.The ability to improve the “stability” of the assignmentof the
alternativesis observedthroughthevalue Æ º A��eC¤X¡Æ�û
A��eC where� V ��ü*	�������	 Þ'ý � is thesizeof thesubsets���

chosen.Æ�þ�A��eC 	 Æ�û�A��eC arerespectively themeanstability (for all subset
� 6 � ) of assignmentsresulting

from our procedureandthat computedfrom the initial modelgiven in (Yu, 1992)(representingthe
“fictitious” DM).

To determinetheminimumrequiredsizeof
� �

, wecomputeÿ ò�ò � º3º , thepercentageof assignment
errorsresultingfrom theuseof theobtainedprofileson thewholeset

�
.

Toestimatethecapacityto identify theinconsistenciesin theassertionsof theDM, weintentionally
introducein

� �
an “assignmenterror”. Let Æ the resultingstability of assignment(usually s%] ), an

inconsistency is identifiedif the alternative underconsiderationis found in the set ÿ of alternatives
whicharethemostdifficult to assign( ÿ �����
k
	�¥�¦È§©� � k'	3ÄFk
	 Å k'��� Æ � ). Wewill observe Æ>A��eC (mean
stabilityof thesubsetshaving size � ), + A��eC (meancardinalitiesof ÿ ). For thisquestion,weconsider48
subsetsÿ 6� ( � ����ü*	�������	 Þ'ý �F	UTq�L&����`ü , eachwith oneassignmenterrorof which thetypeis

T
.
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Type
T

Initial Cat. ErronousCat.& � � � �( � � � �ß � � � âÞ � â � �_ � � � âü � â � �
TAB. 1 – Typesof errorsintroduced

6.2 Results

6.2.1 Ability to impr ove the stability of the assignment

Theresultsof thetestaresummarizedin Table2. Consideringtheseresults,we canobserve :
– Firstly, the resultsshow that the larger thesetof assignmentexamples,the lessstabletheassi-

gnments,i.e., themoresensitive aretheseassignmentsto achangein profiles.This is evidentas
eachassignmentexampleaddsßÁ9 _K2 8 constraintsto theprogram.

– Within this setof data,thereis a considerableimprovementof thestability of theassignments
whatever thesizeof thesetof examples.

Size: � Æiþ�A��{C ÆiûFA��eC Æ�þ0A��eC-X Æ�û'A��eC
6 0.2692 0.0723 0.1969
12 0.2288 0.0059 0.2229
18 0.2019 0.0636 0.1383
24 0.2019 0.0616 0.1403
30 0.1966 0.0563 0.1403
36 0.1966 0.0611 0.1355
42 0.2019 0.0298 0.1721
48 0.1913 0.0490 0.1423

mean 0.1611

TAB. 2 – Improvementof thestability of thesolution

6.2.2 The amount of information necessary

We observe now the meansof assignmenterrorsin
�

when different sizesof
���

are conside-
red.Theparametersto be inferred, /
6'AB;=<'C 	 8*6
AB;=<'C 	 E)6'AB;=<'C , (thereare ß 2 8 parameters)dependon the
numberof criteria aswell asthe numberof categories.Consideringthe above results,it seemsthat(K2 8 (28=2x7x2in this example)is a reasonablebalancefor theestimationof thenumberof assign-
mentexamplesto infer weightsin areliableway(seeFigure5).However, it is importantto noticethat,
in thisexample,wehave to acceptacertaintoleranceof errors,approximately1.5%.

6.2.3 Ability to identify inconsistenciesin assignments

Theresultsof thetestaresummarizedin Table3. In all thetests,the“wrongly” assignedalternative
is foundin thealternativesbeingthemostdifficult to assign(

2 � +-� � k'	3ÄFk
	 Å k'�¿� Æ ). However, within
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FIG. 5 – Amountof informationnecessaryto infer category limits

thisexperiment,themodeldoesnot seemto bevery efficient in identifying errorsasthemostdifficult
examplesrepresenta largeproportionof

� � # � � �� .

Size: � Æ>A��eC + A��eC + A��eC����
6 0.10 3.36 0.56
12 0.13 7.68 0.64
18 0.04 6.30 0.35
24 0.03 7.68 0.32
30 0.04 13.80 0.46
36 0.01 12.96 0.36
42 0.02 11.34 0.27
48 0.00 25.92 0.54

TAB. 3 – Identificationof “errors”

7 Conclusion

Thispaperpresentsaninferenceprocedureaimingatinferringthecategorylimits of theELECTRE
TRI methodon thebasisof assignmentexamples.Thisprocedureis groundedon amathematicalpro-
grammingformulationandis validatedthrougha laboratoryexperiment.This inferenceprocedureis
intendedto beusedinteractively in anaggregation-disaggregation process.Moreover, this procedure
complementsprevious resultson partial inferencemodels,namelythe weight inferenceprocedure
(Mousseauet al., 2001)andveto inferenceprocedure(Dias & Mousseau,2002).Suchpartial infe-
renceprocedurescan be usedin conjunction(e.g., fixing weightsand veto so as to infer category
limits, andthenfixing category limits andvetosoasto infer weights).

Theproposedinferenceprocedureis suitablefor aDM to definecategory limits of ELECTRETRI
methodproviding assignmentexamples.Moreover, we believe thatsuchprocedureis helpful in order
to provide a formal framework for theDM to learnabouttherelationbetweenthecategory limits and
his/herpreferencein aconstructive learningprocess.
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Appendix : Proofs

Proof of proposition3.2�*k�M �><���� o h0A �
k
	 ;=<��KC�s�\ and h�A �*k*	 ;=<���� � C>|�\ a
(i) h0A �*k'	 ;=< � C>sZ\qu ·-�*k�W ;=< �u d ?�Í½? k'	 h0A �*k*	 ;D<'Cyx�h0A �
k
	 ;=<��KC�s�\qu ·-�
k�W ;=<u d ?�Í½? k'	D·S�
kKª ;=<
(ii) h0A �*k'	 ;=<���� � C�|Z\:u �*k�W ;=<���� �u d ?�x½? k X &�	 h0A �
k*	 ;=<'C>|�h0A �*k'	 ;=< � � � C�|Z\qu �*kKW ;=<u d ?�x½? k X &�	 ;=< W-�
k u¸;=< ª'�*k
Proof of proposition3.3· ;D< » W-�*k uöh0AB;D< » 	��*k C>sZ\u d ?�x½?�º 	 h0AB;D< 	��
k C>x�h0AB;=<
» 	��
k C>sZ\qu · ;=< W-�*k
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Proof of proposition3.4A��{CmuÝA��p�{C
Let ;=< ó theprofile (uniqueif exist) s.t.

�*kKª ;=< ó
By 3.2, ?�|½? k u ·-�*k�ª ;D< , therefore

�
k�ª ;=< ó u¸? � x½? k X &
By definition,

�*k�ª ;D< ó u �
k�W ;=< ó and ;=< ó W-�
k
If ? � sL? k X & then h0AB;D<���� � 	��*k C�|�h0AB;=< ó 	��
k C©|Ð\ruÝ;=<��
� � WS�
k u �*kKª ;=<��
� � , contradictoryto the
unicity of ? � .
Therefore,? � � ? k X & . As ? k X ( sZ? k X & u o"·-�*k�ª ;=< � � � and

�
k�W ;=< � � � a u · ;=< � � � WS�
k .A��U�eC u A��{C· ;D< � � � W-�*k u d ?�x½? k X (*	D· ;=< W-�
k
Let ? � theprofiles.t.

�
kKª ;=< ó . Then, ? � Í½? k X ( and ? � x½? k X & u¸? �>� ? k X &
Proof of proposition4.1
(i),(ii) Obviousfrom definitions.
(iii) By definition, h36'A^Å � 6 < 	 ;=<'C � ]�u h{6'AB;D< 	 Å � 6 <'C �L&u¸Å � 6 <Òx ã � 6 < ��¥�ÎKÏ©� /
6'A �*k C à �*kÀV�� � 	 h36
AB;D< 	��*k C �L&K� .
(iv) Similar to (iii).
(v) Obviousfrom definition.
(vi) Wedemonstrateonly for Å � 6 < , theothercasesaresimilar.
By definition, ] � h36FA^Å � 6 < 	 ;D<'C�|½h{6
A^Å � 6 < 	 ;=< � � CSuöh36'A^Å � 6 < 	 ;=< � � C � ]u¸Å � 6 <Òx�Å � 6 ��< � � � ��¥�ÎKÏ�� /
6'A �*k C à �*kÀV¼� � 	 h36'A �*k
	 ;D< � � C � ] � .
Proof of proposition4.2
Fromproposition4.1,we have :Å � 6 <Òx î^ó � � ��ð � �� s î¨ï � � ��ðeô � �� x ã � 6 <
And from theprocedure: /�6
AB;=<'C�x î¨ï � � ��ð ï � ��Å � 6 <Òs½Å�â 6 <�u /�6
AB;=<'C>s î¨ï � � ��ð ô � ��
For thefirst category ;e� , we have /
6'AB; � ��� � � C � 9 b then/
6'AB;e�'C � î ï ��� ��ð ï ���� .ã � 6 � Í ã � 6 � u / 6 AB; � C>Í î ó ��� ��ð ï ���� .

Supposethattheinequality /
6'AB; � C�Í î ó ��� ��ð ï ���� holds � � ?á9 & ./
6'AB;=<'C �Ç¥�¦È§Â� î ï � � ��ðeï � �� 	 /
6'AB;=< � � C �î ï � � ��ð{ï � �� Í î ó � � ��ðeï � �� and /�6
AB;D< � � CyÍ î ó ��	 ��
 ó
� ��ð ï ��	 ��
 ó
�� | î ó � � ��ð{ï � ��uì/�6
AB;D<'CyÍ î ó � � ��ðeï � �� . Therefore,theinequalityholdsfor � � ? .
By induction,theinequalityholdsfor

di2 V 7 .

Proof of proposition5.1

– (R1) /�6'A �
k C>x½; 6 <�uö/�6
A �
k C�xQ/
6'AB;=<'Cmuöh36
AB;D< 	��*k C �L& .
– (R2) /�6'A �
k C>|�7 6 <�uö/�6'A �
k C�|Q/
6'AB;=<'Cmuöh36
A �
k
	 ;=<'C �L& .
– (R3)

o A^h36'A �*k'	 ;=<'C>s & C and A^h36'AB;=< 	��*t C�s & C a u o Aí/�6
A �
k C>sQ/
6'AB;=<'C�X ED6'AB;=<'C3C andAí/�6
A �
t C�ÍQ/
6'AB;=<'C¢9£E)6'AB;D<'C3C a
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u / 6 A �*t C Xr/ 6 A �*k Cy| ( / 6 AB;=<'C>| ( E 6 < .
Wehaveà /�6
A �
t C>Xz/
6'A �*k C à s ( E 6 <ru not

o h36
A �
k*	 ;=<'Cfs & and h36'AB;=< 	��*t Cfs &=a u h36'A �*k
	 ;D<'C�9h36'AB;=< 	��
t C�| & .
– (R4)

o A^h36'A �*k'	 ;=<'C �L& C and A^h36'AB;=< 	��*t C �L& C a u o Aí/�6
A �
k C>ÍQ/
6'AB;=<'C�X ED6'AB;=<'C3C andAí/�6
A �
t C�sQ/
6'AB;=<'C¢9£E)6'AB;D<'C3C au / 6 A �*t C Xr/ 6 A �*k Cyx ( E 6 AB;=<'C>x ( õ 6 <
Wehave/�6
A �
t CmXÓ/
6'A �*k C�Í ( õ 6 <�u not

o A^h36*A �
k
	 ;=<'C � & C and A^h36*AB;=< 	��
t C �Õ& C a uwh36'A �*k'	 ;=<'C-9h36'AB;=< 	��
t C�x & (underintegrity hypothesis).

– (R5)
o A^h 6 A �*k'	 ;=<'C>Í�]'C and A^h 6 AB;=< 	��*t C�Í�]'C a u o Aí/ 6 A �
k C>ÍQ/ 6 AB;=<'C�X:8 6 AB;=<'C3C andAí/�6
A �
t C�sQ/
6'AB;=<'C¢9¡8*6'AB;D<'C3C au /
6'A �*t C Xr/
6'A �*k Cyx ( 8*6FAB;=<'C>x ( Û 6 <

Sowe have/�6
A �
t C�X�/
6'A �*k C¿Í ( Û 6 <�u not
o A^h36'A �*k'	 ;=<
C�ÍÃ]'C and A^h36
AB;=< 	��*t CáÍÐ]'C a uÔh36FA �
k*	 ;=<'C-9h36'AB;=< 	��
t C�x &

– (R6)
o A^h 6 A �*k'	 ;=<'C � ]'C and A^h 6 AB;=< 	��*t C � ]'C a u o Aí/ 6 A �
k C>sQ/ 6 AB;=<'C�X:8 6 AB;=<'C3C andAí/�6
A �
t C�ÍQ/
6'AB;=<'C¢9¡8*6'AB;D<'C3C au /
6'A �*t C Xr/
6'A �*k Cy| ( 8*6FAB;=<'C>| ( 8 6 <

Sowe have/�6
A �
t C�X�/
6'A �*k CÀs ( 8 6 <�u not
o A^h{6
A �
k*	 ;=<'C � ]'C and A^h36*AB;D< 	��*t C � ]'C a uÔh{6
A �
k
	 ;=<'CS9h 6 AB;=< 	��
t C�| & (underintegrity hypothesis).

– (R7)
1/ /�6FA �*k C�x½; 6 <�X Û 6 <ÒxQ/�6
AB;=<'C�X�8*6FAB;=<'Cmu¸h{6
A �
k
	 ;=<'C � ]
2/ /�6FA �*k C�|�7 6 <©XjE 6 <À|Q/
6'AB;=<'C�XjED6FAB;=<'Cmuöh36'A �*k'	 ;=<'C �Ð&
3/ /�6FA �*k C�x½; 6 <Á9ÓE 6 <ÀxQ/
6'AB;=<'C¢9£ED6FAB;=<'Cmuöh36'AB;=< 	��*k C �Ð&
4/ /�6FA �*k C�|�7 6 <Y9£Û 6 <Ò|Q/�6
AB;=<'C¢9¡8*6FAB;=<'Cmu¸h{6
AB;=< 	��
k C � ]

Proof of proposition5.2
(i) h36'AB;=< 	��*k C�Í½]áu /
6'A �*k C>sz/�6
AB;D<'C¤9N8*6'AB;=<'C�xQ/
6'AB;=< � � C X�8�6FAB;=< � � CSuöh36'A �*k'	 ;=< � � C � ]
(ii) Let

� ø � k � � thefirst alternative suchthat h36'AB;=< 	�� ø � k Ë � C � ] then h{6
AB;=< 	�� ø � k Ë � � � C�Í�] , theexistence
of thesetwo alternativesis ensuredby thetwo additionalfictiousalternatives

� � 	�� � .
Replace5 by 5 � X & in thecondition

¥g¦È§Â� h{6*AB;=< 	�� ø � k � C 	 h36*A � ø � k � � � 	 ;D< � � C ��� ]
we obtain h36'AB;=< 	�� ø � k Ë � � � C�Í�]Àuöh36'A � ø � k Ë 	 ;=< � � C � ]
Wehaveh36
AB;D< 	��*ø � k Ë � C � ]áu /
6'A �*ø � k Ë � C�|Q/
6'AB;=<'C¢9¡8�6FAB;=<'Ch36
A �
ø � k Ë � 	 ;D< � � C � ]�u /
6'A �*ø � k Ë � sQ/
6'AB;=< � � C�X�8�6FAB;=< � � C
Therefore,/ 6 AB;=<'C¢9N8 6 AB;=<'C>xQ/ 6 A � ø � k Ë � C>sQ/ 6 AB;=< � � C�X:8 6 AB;=< � � Cmu / 6 AB;=< � � C>|Q/ 6 AB;=<
C¤9¡8 6 AB;=<
C¤9¡8 6 AB;=< � � C
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