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Abstract—In combinatorial optimization, and partic- algorithm to compute the corresponding robust solutions
ularly in location problems, the most used robustness for the 1-median problem on a tree.
criteria rely either on maximal cost or on maximal regret. Our paper is organized as follows. In section 2, we
However, it is well known that these criteria are too define thel-median problenand review the main works
conservative. In this paper, we present a new IrObUStr‘eSSon robustness for this problem. In section 3, we introduce

approach, called lexicographic a-robustness which com- . . . .
pensates for the drawbacks of the criteria based on the a relation callech-leximax and use it to define a set of

worst case. We apply this notion to the 1-median location fOPUSt solutions. We also present a general algorithm
problem under uncertainty and we give a polynomial which Computes this robust set when the set of solutions

algorithm to determine robust solutions in the case of a is finite and apply it to thevertex 1-median problem

tree graph. In section 4, we apply our robustness approach tdlthe
Index Terms— Robustness, 1-median location problem, median problenon a tree for which we present a specific
minmax cost/regret, scenario-based uncertainty. algorithm that finds the robust points of the tree. In a final

section, we summarize the important points of this work
and suggest some perspectives.
I. INTRODUCTION
OBUSTNESS analysis looks for solutions in a con- Il. LITTERATURE REVIEW
text where the imprecise, uncertain and generally

badly known parameters of a problem make inappr -'\_'ﬁ,two_rk Iogatl?n proliltehmsdare an;nefd at Iotcz_;\tlng nEW
priate the search of optimal solutions [19] [23]. Unlik actiiies in order to meet the demand of a certain number

deterministic or stochastic approaches which are aim%customers_ _[_8]' Demand and travel between demand
and facilities are assumed to occur only on a graph

at determining the best solution for a certain instanc?éteS )
of values (or scenario), robust approaches try to fil%z (V; E) composed ofasdl = {v;,i=1,...,n} of
a solution or a set of solutions that is acceptable fgrnodes (or vertlces_) and anEtOfm edges. Thg length
any considered scenario. In combinatorial optimizatiocH each edgev;, v;), i.e. the distance between sitgand

and particularly in location problems, the most usedlc % 1S denotedc;;. We assume that demands occur

robustness criteria rely either on the maximal cost 8ﬁly at th_e nodes of t_he network and that they can be
Q aracterized by a weight vecttr = (w1, wa, ..., wy)

on the maximal regret [14]: a robust solution is on h is th iaht iated with for i —
that minimizes the maximal cost or regret among affnerew; Is the weight associated wi nodg: for ¢ =

scenarios. Nevertheless, grasping the notion of robu t-‘_l_'r']’n‘b | Lmedi blei | heab
ness through only one measure (the maximal cost or € abso ute 1-median pro ens to _ocate t eab-
lute mediarof a graphG, that is the point of7 which

regret) is questionable, since this often leads to favdP

only the worst case scenario. Furthermore, no tolerarmt'f'imizeS the total weighted distance to all nodes of the
is considered in this measure graph. Apoint of the graph corresponds either to a node

These two drawbacks of the criteria founded on tHE. tp any point on an edge. Let us denale,b) the
pimum distance between two pointsand b of G.

worst case suggest considering alternative robustng% 1-medi blem is f lated as foll .
criteria. In the case of deterministic public IocatiorT € 1-median problem IS formulated as 1ollows -

problems, Ogryczak departs from considering only the n

worst case by introducing the notion #xicographic %igC(x) = sz‘d(l’?avz‘) 1)
minimax[16]. In this paper, we use and extend this idea =1

in order to define a new robustness approach when fhee Hakimi property stipulates that an absolute median
set of scenarios is finite and propose a polynomial tinef a graph is always at a vertex of the graph [12].



2 ORP3 MEETING, VALENCIA. SEPTEMBER 6-10, 2005

The absolute 1-median problem is then equivalent to tig, [14] and [22]). Theminmax 1-median probleris

vertex 1-median problemwhich can be written as : defined as follows:
i min max C®(x) (5)
; — i i 2 zeG  seS
min C(v) ;:1 w;id(v, v;) (2) € €

and theminmax regret 1-median problehas the follow-

Consequently, given all distancégv;, v;), the problem INg expression :
can be solved in linear tllme by enumerating and evaluhlin max R*(z) = min max (C*(z) — C*(«**)) (6)
ating then possible solutions. G  sel zeG  seS

Deterministic approaches assume that the problemp the literature on minmax (regret) 1-median prob-
parameters (node weights and edge lengths) are fixggh, the authors distinguish many models according to
and well known. In practice, however, it often appeagfe graph structure (tree, network), the location sites
difficult to determine in a reliable and irrevocable WaYOn nodes or on edges) as well as the nature of the
all the data of a given problem. The decision-maker & enario set. Indeed, uncertainty on a parameter may
often confronted with uncertainty that makes the detaje modelled either as a discrete set of scenarios, or as
ministic reasoning inappropriate. Uncertainty situationg interval data. Figure 1 summarizes the main results
are divided into two classes: if it exists a perfectly knowjith regard to the minmax regret 1-median problem
prObablIlty distribution on the set of the nature Stateén a tree, the uncertainty being on We|ghts (assumed
we are in arisk situation OtherWise, it is impOSSible to be positive)_ When We|ghts can be negative and are
to allocate probabilities to the possible outcomes of r@presented by uncertainty intervals, Burkard and Dollani
decision and we say that we are in ancertainty(or give an algorithm inO(n2) for the problem on a tree
true uncertainty situation The latter case arises, for[6] As for the minmax regret 1-median problem on a
example, when the outcome of a decision may depend @heral network (with uncertainty on weights), Averbakh
a simultaneous or subsequent decision of a competif{d Berman present in [4] two approachesCifnm?)
whose objectives conflict with one’s own, or on futurgme and O(mn2logn) time for the absolute problem
eXtema| events Of n0n-repeatab|e Variety, for Wh|Ch tm%cation anywhere on the graph), the vertex problem
estimation of probabilities is a dubious exercise [18H1aving an order of complexity 0O (n3). When edge
Robustness analysis concerns uncertainty situations. |engths are uncertain, Chen and Lin [7] show that, in

Let us assume that the node weights and the edgie case of a tree graph and interval data, the problem
lengths can take many different values and that therecign be reduced to the deterministic problem under the
a (finite or infinite) setS of possible scenarios (possiblgscenario with maximal lengths. On the other hand, on

values of the parameters). For a given scenariand g general network, the problem with uncertain lengths
a pointz of G, the cost function under scenariois pecomes NP-hard [2].

defined as follows: It is generally admitted that minmax cost and min-
n max regret criteria are too conservative since they are
C¥(z) = wads(:c,vi) (3) based only on the worst case. Besides, the worst case
i=1 performance is often reached for a scenario with a small

where w® and d*(a,b) denote respectively the weight”ke”hOOd of occurrence, especially when uncertainty is
of nodezl;i and the }ninimum distance between points repres_ented by intervals. To remedy the conservatism of
and b under scenarie. The regret of solution: (also the minmax regret model for the-medianproblem 6

calledopportunity lossor absolute deviatiofil4]) is the IS the number of fa_lcmtles t(.) locate), Daskin ?t al 9]
difference between the cost of under scenaria and introduce a new variant of this problem calledreliable

the cost of the best solution under the same scenarig? M'N'Max re_grelproblem. In. .th'S T"Ode" the deC|§|on—
maker associates a probability with each scenario. The

R*(z) = C*(z) — C°(z**) (4) model then selects a subset of scenarios whose collective
probability of occurrence is at least some user-specified
where z*° is the optimal solution of the 1-medianvaluea (0 < o < 1) which is calledreliability level.
problem under scenaria The model identifies the solution that minimizes the
To determine the robust solutions for the 1-mediamaximum regret with respect to the chosen subset of
problem, authors often attempted to optimize the worstenarios. An appropriate choice of guarantees that
case performance of the system by minimizing thbe solution is not based on a scenario with a very small
maximal cost or the maximal regret (see [2], [4], [5S]likelihood of occurrence.
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Fig. 1. Minmax regret 1-median problem on a tree with uncertainty on node weights

In a recent work, Snyder and Daskin [21] present thebust (e.gp-robustness). In the following, we define a
stochastic p-robust P-median problem (p-SPMP)is new robustness approach which belongs to the second
the number of facilities to locate). They use a measufi@mily of approaches.
called p-robustnesavhich was first introduced by Kou-
velis et al in [13]. This measure imposes a constraini|. D EFINITION OF A NEW ROBUSTNESS APPROACH
dictating that the cost under each scenario must be WithinLet us suppose that, for a given problem, one (or

(100 + )% of the optimal cost for that scenario, Wher%everal) of the parameters cannot be determined in a

p 2 0is an external parameter (completely independe&%rtam and definite way and that there is a finite sef
of P the number of facilities). Moreover, the author

. " ) - Scenarios. LeX denote the set of feasible solutions and
assign a probability to each scenario. Thus, they buil &he number of scenarios. Since the reasoning and the
new robustness measure consisting in determining

Sults are valid for costs as for regrets, we use in what

p-robust solutiong which minimize the e>(F)(a(:teo''COSIIOIIows the term “cost” and the notatiofi indifferently
Snyder and Daskin prove thatSPMP is NP-hard and for cost and regret. A robust solution according to the

discuss a mephamsm for detfectlng |nfga5|b|||ty S'mi‘ﬁaximal cost criterion is a solution that verifies:
p-robust solutions may not exist (especially for smal

values ofp). min max C*(x) (7)

. exX €S
The main drawback of these last two approachesI h b ’ . ’ introd ;
is that they require to express a probability for each n the next subsections, we introduce a new preference

scenario. relation that we calb-leximaxand use it to define a set

, . . T of robust solutions.
According to this review, we can distinguish two

families of approaches to find robust solutions for a . _

given problem. The first family looks for solutions®: Thea-leximax relation

which optimize a certain objective function (e.g. minmax Let x be a solution ofX. We associate ta: a cost
approaches) whereas the second one imposes conditicestor denoted by (z) = (C*'(z),...,C% (z)) where
that solutions must satisfy in order to be considered @¢’(z) is the cost of solutionz under scenarios/,



4 ORP3 MEETING, VALENCIA. SEPTEMBER 6-10, 2005

1 < j < q. By ordering the coordinates 6f(z) inanon- = andy are said to be indifferent in the sense of the
increasing order, we get a vectéir(a;) called disutiliy «-leximaxrelation.
vector [15]. We haveCl(z) > C2%(z) > ... > Ci(x).
Thus,(jj(:z) is the j** largest cost oft. The a-leximaxrelation is a lexicographic aggregation
of semiorders. It is known that, forx # 0, such an
Definition 1: Let z andy be two solutions ofX, O(x) aggregation is not a semiorder [17] (far = 0, the
and C’(y) the associated disutility vectors. Theximax relation resulted from the aggregation is none other
relation, denoted by ..., is defined as follows [11]: than the weak ordedeximay. Actually, neither its
X X asymmetric part-  nor its symmetric part-; = are
ey & Fke{l,....q}:CMz) <C*(y)  transitive, which may lead to preference cycles.
and Vj<k—1, CI(z)=Cl(y)
Example 1:C(z) = (3,3,2),C(y) = (5,0,0),C(z) =
x is said to be (strictly) preferred tg in the sense of (4 3 0) anda = 1.
the leximaxrelation. We haver ¢ y andy =2z butz =% .

Ao\ Ak
Ty & VRELL... g}, CF(x) = CF(y) Despite its failure to comply with some properties,

z andy are said to be equivalent in the sense of tH@e a-leximax preference relation remains suitable for
leximaxrelation the determination of robust solutions since it takes into
account several measures (costs under different scenar-

In other words, comparing two cost vectors in th'@s), offers some tolerance (indifference threshold) and

sense of théeximaxrelation is equivalent to comparingtakes int(_) accoun_t, a_lt least initially, the solutions given
the first distinct coordinates of the disutility vectorsby the minmax criteria (cost/regret).
Remark that reordering cost vector implies that we
implicitly assume that the vector obtained by the peB. Lexicographica-robust solutions
mutation of the cost vector coordinates is equivalent toWe want to determine the set of robust solutions by
the original cost vector (théeximaxrelation is said to relying on the a-leximax relation. As noticed at the
be anonymoud16]). This is justified by the fact that, end of section II, there are two families of robustness
in a situation of true uncertainty, none of the scenari@gproaches: the first family looks for solutions given
can be distinguished. Theximaxrelation is complete, by optimizing a chosen criterion and the second one
reflexive and transitive. Therefore, it isveeak order  imposes some robustness properties that solutions must

The previous definition of theleximax relation satisfy. Letz* be an ideal solution (most of the time
requires a perfect equality between the disutility vectdittitious) such that:
coordinates of two solutions in order to consider them My AL A2 -
equivalent. Nevertheless, in practice, it may exist a C(z%) = (C(27),C%(x3),...,CUxy))  (8)
tolerance threshold under which the decision-mak@hereC = (C1,C2,...,C9) is the disutility vector and
either cannot perceive the_ dlfference between WO = argmingcx C*(z) for all k € {1,...,¢}. Let us
elements, or refuse to give his opinion on the preferenggnsider the following set:
for one of them [20]. Taking an indifference threshold
o into account leads to the following definition: Ala) = {z € X :not(z" »j, )}

= {zveX:z~j, 2"} 9)

Definition 2: Let = and y be two solutions ofX,
C(z) andC(y) the associated disutility vectors, anda
positive real value. Thex--leximaxrelation, denoted by
~ ., is defined as follows :

where the second equality results from the fact that
is complete and that we cannot hawe >~ z* by
definition of z*.

vlex: Using the definition ofa-leximax relation, the set
-2y o Jke{l,...,q:CFa)<CFy) —a A(«) can also be written as follows:
and Vj<k—1, |C/(y) — P (z)] <« Ale) ={z e X :Vk < q, C*(z)—C*(z}) < a} (10)

x is said to be (strictly) preferred tg in the sense of Any solution of A(«) performs well with regard to
the a-leximaxrelation. the disutility vector sinced(«) is the set of solutions

R R whose the:*" largest cost is close to the minimum for all
xRy e Yee{l,....q}, |C¥(y) — C¥(z)| <a k< q.If we consider this last condition as a robustness
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TABLE |

property, then we can considel(«) as a set of robust Weights and costs of nodes under scenasiosand S

solutions that we will call set oiexicographica-robust

solut-ions . . ’ H weightsH costs H dis. vect.H
It is obvious that for small values af, this set can ——
be empty. The minimum value ef that guarantees the vertex|| 81 | Sz || 81| S || €| C®
existence of lexicographia-robust solutions is: a 14| 3 ||14 |30 30| 14
Qmin = Min max (C’k(x) — C’k(xZ)) (11) b 8]25)25]) 25 25
zeX 1sk<q c 1]17| 27|16 27| 16
Moreover, the set of lexicographie-robust solutions is d 10! 5 Il 18] 28 28 | 18

stable with regard to parameter that is if o/ < « then
A(d)) C A(a).

We present, in appendix |, a simple algorithm named, ., _ = A1) =
a-LEXROB for the determination of lexicographie- ca=2= A@2) ={
robust solutions in the case of a finite set of solutions. | _ 3 _, A@3) = {
Algorithm a-LEXROBIs based on an iterative procedure
which determines, in each iteratidne {1,...,q}, the
subset:

AM(a) = {z € A N(a) : CM(x) — C¥(2}) < 0} (12) We consider the 1-median problem on a tree in the
The algorithm require@(’X‘q) elementary opera- case of uncertainty on node weights. Kouvelis and Yu
tions where|X| is the number of elements of and [14] consider the minmax cost and the minmax regret
g the number of scenarios. versions of this problem using scenario-based weights.
They present aW(ng) algorithm to determine the min-
max (regret) 1-median of the tree, wherés the number
_ . of nodes and; the number of scenarios.
Let us consider the vertex 1-median problem. We |nstead of finding a unique robust 1-median on the

have X = V and|X| = n whereV is the set of all {ee we want to determine the lexicographieobust
nodes of the graph and the number of nodes. For th'ssetA(a), if it is not empty, in order to defineobust

problem, algorithma-LEXROBIs polynomial O(ng)).  segmentsf the tree. Since the feasible solution set is
We consider the complete graph of figure 2. infinite, algorithma-LEXROBcannot be applied. After
reminding the principle of Kouvelis and Yu’s algorithm,
we present a specific polynomial algorithm for tes-
icographic a-robust 1-medianproblem on a tree. We
recall that the notationC and the word “cost” refer
indifferently to cost or to regret.

IV. LEXICOGRAPHICa-ROBUST1-MEDIAN PROBLEM
ON A TREE

C. Example

A. Principle of Kouvelis and Yu’s algorithm

Fig. 2. A complete graph with four vertices Let T be a tree. The removal of any edge;, v;)
of T' partitions the tree into two connected components
All edges are 1 unit long whereas node weights canade up of node subseks andV;. For each point: on
take two possible values depending on the scenario (gggje ¢;,v;) of length¢;;, we denote byy the distance
table I). The cost of each vertex is computed accordibgtween node; andz (0 < y < ¢;;). The minimum
to equation (3). We look for lexicographia-robust maximal cost is defined as :
solutions among vertices, b, ¢ andd.

According to the maximal cost criterion, the robust Ogrrylig;j max i) (13)
solution isb since it has the minimum cost in the worst (vi,v;)€T

case. It is clear that this solution is not so robust Si”%erecﬁ(y) is the cost under scenarioof the point of
it does not perform well under all scenarios. Indeed, iE%‘ v;) éjt a distance; from nodew;. For the 1-median
. . . 1y Vg 1*
cost under scenario$; and S is rather high. ___ problem on a tree, the co6t’;(y) can be written as:
We give hereafter the lexicographierobust solutions J

for different values ofx. Cii(y) = Xjj + 1y (14)
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with : Algorithm a-LEXROB(1MT)

ij = kae‘/i wlsﬁ - kaGV_} wlsc' .
A5 = 2vev; Wpd(vis vk) + 32, ey, wi(d(vj, vk) + i) Begin

if C represents the cost and A%a) — X;
)‘fj = kaEVi wzd(vi,vk)—i-zvkevj wi(d(vj,vk)—i—cij)— A%(a) — [O,Cij] for all (vi,vj) € F,
C*(x*®) if C represents the regref/*(z**) being the  k « 1;
minimum cost under scenario while (k < q and A¥~!(a) # @) do
In their approach, Kouvelis and Yu determine, for a  Computex;;
given edge(v;, v;), the solutiony;; which minimizes the for all (v;,v;) € £ do
maximal cost on the edge. They describe a procedure that Determine]fj(a);
computesy;; by solving: DetermineAf; (a) «— AL () NIk ();
ina Ak k()
Cii(yi;) = O%I;igncwr?eag Cii(y) (15) DetermineA™(«) — (v,;,ULjJ)GEAij(a)’
k—Fk+1;

After applying this procedure to all edges of the tregq
they use a linear time algorithm to find the minmax

(regret) 1-median by determining, among all poipfs If for a given k < ¢, A*(a) = @, then it is obvious
found, one with a minimum maximal cost (regret). that A(a) = @. o

In the following, we detail the procedures required
B. Determination of the robust segments of the tree by the algorithm.

1) Principle and notations: 2) Determination ofr}:

We want to find the robust segments of a tfBe  We begin by determining, for each edge, v;), the
that is the set of lexicographie-robust solutions when point y;.(k) which minimizes the cosij on (vs,vj).

X =T. We present here an algorithm which determingg,g point x% corresponds to the poimj.(k) with the
acceptable intervals that are reduced at each iteration ‘mﬂimum costC*. Fork > 1 functioris CE () are
: : (-

finally gives robust intervals. . o . J
inaty give ust! A V‘ - . piecewise linear but not convex unlike functloﬁ%(.).

For a given edggwv;,v;) of length ¢;; and a point o . . ,
v € (vs,v;) ) CF () repre]sents thet" Ia?gest cost of, A @ result, it is not possible to use the Kouvelis and Yu's

15 V7)1 1 . . .oA

on interval [O,clijj], 1 < k < gq. It is obvious that, unlike procedure since it is based on the_cqnvgxﬂy(l}j(.)._ .
C5.(.), costsCE (.) are not linear functions oft), 1] We propose another approach consisting in determining,

i(/\/e’define %e following subsets fdr € {1 T '} for each interval(0, ¢;;], all points corresponding to a

g ed breakpoint of functioanj(.). Indeed, if it is different

and (vi,vj) S OR .
. ) from 0 and ¢;;, y;; " is bound to be one of the points
IF(a) ={y €[0,c;5] : Cfi(y) — C*(a}) < a} (16) where the fun(ct)ion slope changes (see figure 3). We calll
. intg "% k. ki
where z; = argmingcx C*(z). SubsetsIf(a) are these pom'Fs:ij 1= h SAZU’ whereh;; 'S_ thelrgkl;mber

Let Afj(a) be the acceptable subsets defined as foIIowg%Z}fj (%) correspond respectively andc;;.

Al(a) = I.(a)and .\(Ve present, in appendix I, a pro}lc(islut%ir(d(y;gik)g)
Aigj(a) _ Aqu(a) mlikj(a) for k>2 (17) 9Ving for an edggv;, v;) all pointsz;;™, 1 < h < A7,

~ aswell as the poinyfj(k) whose cosC¥ is minimum.
Then, the acceptable subsﬂﬁ(a),k > 1, defined in

equation (12) can be written as : The main idea of procedureFlnd(yij ) is to

determine the scenarioﬁ}(k), h € {1,...,h}, which
AMa) = U Al(@) (18) give the k" largest cost functiorﬁfj on the interval
(viyv;)eE [0,c;;]. At each iteration, the procedure determines,
Therefore, in order to determine the set ot the current breakpoirﬁfj(k), the line that must be

lexicographica-robust solutions, we use the followingchosen from those (two or more) available (see figure
algorithm. 3) as well as the adjacent breakpoint.
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Remark that fork = 1, E}; = {y,;,v;;} andp;; = 1.
Remind thatzh.(k) 1< h < hj;, are the breakpoints

of ij on [0, ¢;;] determlned by procedur‘émd(yz (k))

It is obvious that for a giverh € {1 N U — 1},

if we have /" ¢ I%(a) and 2/ ¢ Ik (a) (that

is CF(z h('“)) > Ch(z}) + o and Ch (2 h“(k)) >

h(k h
Ck(z}) + a), then [zij( VP00 ) = o
Similarly, if z};(k) € If(e) and zf‘jﬂ(k) € If(), then

[ZZ(k),zZH(k)] C I’“( ) (see figure 4). On the other

%70 S 2@ 7% E-c, hand, if one of them belongs tdi’?( ) and not the
() hti(h)y ;
Fig. 3. lllustration of procedur&ind(y;\"’) whenk = 2 andq = 4 other, then only a part of the 'ntervﬁ ) Zij ] is

included inIk (). Therefore, we just have to enumerate
the pomtth(]k) in a non-decreasing order farvarying
Lemma 1: The complexity of procedur‘éind(y;.(k)) is from1to h’C in order to determine the parts of intervals
O(¢"?log q) [zZ(k),zZ“(k)] which belong to7f;(«) and afterwards

, deduce the seEf;.
Proof: see appendix IIl.

Lemma 2:Finding z; requires O(nq"/?logq) ele-
mentary operations.
Proof: Lemma 2 follows directly from lemma 1 and &
from the following relation: R N
(k) el 2

z} = argminC*(z) = argminCF, (y” ) (19)
zeX (viyvi)EE

We remind that a tree has— 1 edges. O

3) Determination of acceptable interval§;(a): o W =
Unlike acceptable intervals of order 1, subsetsg. 4. llustration of procedur&ind(I) whenk = 2
Ifj(a), 2 < k < q, are not necessarily connected because
of the non convexity of functioné{“j(.). Nevertheless, A detailed procedure, Find(Ifj), is presented
for the sake of convenience, we will continue to calh appendix Il. Since we go over all points
themacceptable intervald_et us notice that the nature sz h(k) 1 < h < h’f, the complexity of procedure
these intervals depends on parameteA subsetl, (a) Fmd(["f) is 0( ) so O(q4/3) (see proof of lemma 1
can be represented by a unique interval for a glven valmeappendm 1I).
of a, and change into the union of several intervals for
a different value of this parameter. Lemma 3:Given z}, finding the setZ*(a) which is
If it is not empty, the acceptable intervéf;(a) can  the union of% () over E requiresO (nq*/?) elementary
be represented by the union pff elementary intervals operations.
as follows:

k k 2pl,—1(k)  2pk;(k
I{;<a> = [yi; Lo o T ) 20)

4) Determination of the acceptable subsﬂﬁe(a)

We haveAl (a) = I} («). Fork > 2
Let us denote b)E’f- the set of points corresponding to Afj(a) = AL o) N I (a) (22)
the bounds Oﬂfj(o‘): Ak () is then the union of% subintervals of[O cij):

E _ g, 1K) 2(k) 2p5;—1(k)  2pf; (k) k (k) 2(k) 2rk —1(k) 2q~
B =Ly v Yy 0 @) Af(a) = (a7 e UL U gy ,a ] (23)
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with 0 < al® < ... <l "™ < ¢;; andrk; e IN*.
Let us denote b)ij the set of points corresponding to
the bounds ofd%;(a): s G
‘ 11
ij = {a}}k), a?j(k), ... ,a?;?j_l(k), ?ﬁj(k}} (24) /_\
Fork =1, Bl-lf- = {a}j,agj} = {yzlj,yfj} andr}j =1. A\ - V4 10 V3
Given B/, (bounds ofA}; " (a)) and Ef; (bounds of 9
Ik (), thenBE, c (B UEE). Consequently, to find 5
the bounds otﬁlfj(a), we have to look for them among G
those ofAfj‘l(a) and Ifj(a). The figure 5 shows how
to find the sethj (see appendix Il for the detailed
procedure). Fig. 6. Example
TABLE II
Weight scenarios
: 7 Bepe weights| S1 | S2 | S5 | S
: U1 1111
5 S vy 1[10)1]1
; v3 11101
: 0y 11]1]1
: U5 11| 1/10
g v6 1111
o a:‘“) Yu;(z) yuz'(z) y.,f@ ah;(‘l yog, (%4 1 1 1 1
3@ aaf@ a,'@ ’ vh H V1 ‘ Vo ‘ V3 ‘ Vs H

Fig. 5. lllustration of procedurEind(Afj) whenk = 2

cost is 197. We present in figure 7 the cost functions on
edge ¢1,v4) (CY, denotes the cost function on interval
[0, 7] under scenarig). The points which minimize costs
Ck k= 1,...,4, arex? = z*, z3 the point of edge
(vi,v3) at a distance 2.5 from node, =5 = vs and

xy = v1. If we choose a threshold = 45, the first
iteration of algorithma-LEXROB(1MT)gives the set:

Lemma 4:The complexity of procedurEind(Afj) is
O(q°).

Proof: see appendix lIl.

5) Complexity of lexicographie-robust segments of
the tree:
_ _ _ A'(45) ={z e T: CY(x) — 197 < 45}  (25)
Theorem 1:Lexicographic a-robust 1-median on a
tree can be solved i9(ng*) time. represented by bold segments in figure 8.
_ _ After four iterations, we get the set(45) of lexico-
Proof: Theorem 1 follows immediately from lemmasyraphic a-robust solutions of the treed(45) is repre-
2, 3 and 4. Indeed, the largest number of elementagynted by the union of three segments, (5), (v1,v})

AF(a) for all k < g. 0 distance 1.78 from noda, v} the point of edge:( , vs)
at a distance 1 from node; and v, the point of edge
C. Example (v1,v4) at a distance 0.83 from nodg (see figure 9).

Consider the treel’ of figure 6 where values onRemark that:*, the minmax robust solution, is outside
edges represent lengths. Uncertainty on node weightshie lexicographiax-robust set. Indeed, it performs well
modelled by four scenarios as shown in tabled} {s for the maximal cost function, but not well enough for
the median under scenarig s € {51, So, 53, S4}). C?,C3 and C*, compared with node; for example.

The minmax medianc* of the tree is the point of The minimum value of parameter which guaran-
(v1,v4) at a distance 2.5 from nodg and the minmax tees the existence of lexicographierobust solutions
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300 | -1 300

3
c14
c144
200 > 1200
I ns ]
| G —
100 1 1100
C. -

0 25 7

Fig. 7. Cost functions on edge;(, v4)

Fig. 8. SetA'(45)

iS amin = 35, that isa < 35 = A(a) = @ and
a>35= Ala) # @.

Fig. 9. Minmax robust solutionaf") and lexicographicx-robust
solutions of the tree fory = 45

V. CONCLUSION AND PERSPECTIVES

for the determination of lexicographierobust solutions
when the set of solutions is finite. We also studied a
special problem in the case of an infinite set of solutions,
the 1-median location problem on a tree graph and we
presented a polynomial algorithm for this problem.

It is obvious that lexicographiex-robustness adds
some more complexity to minmax versions of a problem,
that is why it is reasonable to apply this approach only
to problems which remain polynomially solvable under
minmax criteria. In facility location context, thminmax
1-centerproblem on a tree ( [3], [6]) and thminmax
1-median problem on a general network ( [4]) are
shown to remain polynomially solvable in the case
of interval uncertainty on weights. We recall that the
1-centerproblem is to locate a facility on a graph such
that it minimizes the maximal distance between the
facility and different nodes. We consider the application
of lexicographica-robustness to these problems to be
an avenue for future research.
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APPENDIX I

Algorithm a-LEXROB
Input: C(z) for all z € X anda.
Output:  A(«).
Begin
A" — X,
k+—1;
while (k < ¢ and A*~! £ &) do
x) « arg minC* (z);
zeX
AF — o
for all z € A¥~! do
if C*(z)—C*(z}) < a then AF — AFU{z};
k+—k+1;
A(a) « AL
End.

The condition A*~! # & is used for stopping the

In this paper, we introduced a new robustness agyorithm if A*~(«) is empty, since ifA*~!(a) = @
proach, calledexicographic a-robustnesssuitable for tnen for alll > &, Al(a) = @.
the scenario-based uncertainty. Compared with minmax
criteria, this approach has three main advantages. First, it
takes into account several measures, that is to say costs.
Second, it offers some tolerance since it includes an
indifference threshold. Finally, it keeps the importance
of the largest cost. We presented a simple algorithm



10

APPENDIX I

Procedure Fmd{l*(k )

Input: A andufj forall s € S,

Output: yzj( ), C’fj(y;‘j( N, hk, 2 i( and sh(k) for h €
{1,..., Zj}
Begin

2 =0,

h«—1;

repeat

1) Compute coste’); (=1*)) to €% (=1"));

2) Find set of scenario§*(z h(k)) such that:
Sk( >_{S€S’ 1]+Hz] ’Lj() Ck( ())}’

3) Let d be the flrst index such that:
G () # Ch (=),

4) Lets,; "*) be the scenario of* (2] ")y with the
ar Iargest slope (slope #;));

5) Compute the intersection points of segment
h(k) h( 2)
(N sy 2,2 €)™ ]} with all lines

correspondlng to other scenarios;

6) The pointzh“(k) is the nearest intersection

point from z J(k).
Z.H(k) — min{c¢;;;
)
min {2 = 22 el el
seS\{s!"} = ui,
7)h—h+1;
until z”(k) = Cij;
hk — h;
yij(k) ( ) wheret — arg min{C! ( (k))};
1<h<hk,

End.
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Procedure Find(};)

h(k)  h(k)

Input:  C*(z%), a, C’“(y”( "), bk, Zj o+ s and
Ak (k)

Ch (=1 )forhe{l - hEY.

Output. U, pz]

Begin

it CE(yi") > C*(a}) + o then Ef, — o;
else
E]? —
—0;
|f Ch(z (k)) < C*(x}) + a then

(k)y .
Ef — E5 U {z)] )},

pept L

it ¢k (zn™) < (jk( )+ a then
EY — EE U {2 ’“’};
p<—p+1

for h—ltohkj—ldo
it Ck ("M > Gk (a7) + o then
if C’k~(z?j+1( )) < C¥(x}) + a then

h(k)
C* (1) +a— B] .
yH%w,

Ek — Ek ¥ {y};
p—p+ 1
else
it C& (=1 ™) > CF(ap) + o then

h(k)
y — ol (xk)-ﬁ-;)c“)B_ ;
Ek — E’“ u {y};
p—p+ 1
Pi; < p/2
End.

Step 1 computes thé largest costs of the current

breakpoint zfj(k)

. Steps 2, 3 and 4 are used for

determining the line that must be chosen from those
(two or more) available in order to determine the
scenario which give€* (see figure 3). Steps 5 and 6

are used to determine the adjacent breakpq’ﬁf(k)
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Procedure Find@;)

Input: #2571, pk, a Zg Yfort € {1, .., 2rf7 1} and
1(k

yé Jforie {1 .,Qpij}.

Output: B”,

Begin
ij — &
r <« 0;

for t =1to s> do
for l—l'[Opkj do

if yoi ' > a1 then
if yfjl k) < ?j’?(’“l) then
T 1T+ 1,
if y?;(k) < a??(kfl) then
2(k)y.
szj - ij U {yz’j( )}.
rer+1;
else
Bk - Bk { 2t(k 1) }
T 1T+ 1
else
if i) > f’?*“’“*” then
G210
T 1+ 1,
if g < afj(k*” then
Bl — B U (™),
T 1T+ 1
else s
t(k—1)
ij — Bk { }
T T+ 1
Tfj —r/2;
End.
APPENDIXIII

Proof of lemma 1: For a given edge(v;,v;), a
given orderk (k € {1,...,q}) and a given iteratiorh
(he{l,...,

k i k
O((hg; — 1)qlogq) sincek < g andh < hy.

Moreover, based on Dey’s theorem ( [1], [10]), the
number of segments @, is O(q(¢—k)'/?). So we can

i kY 1/3\ _ 4/3
write O(hf;) = O(q(q—k)'/*) = O(¢*/®) for all k < q.

hk;}), step 1 requires a sorting in a setpf [g]
elements (ij(zfj(k)), s € S), therefore it can be solved

in O(qlogq) time. Steps 2, 5 and 6 can be solved iﬂ
O(q) time, whereas steps 3 and 4 have a complexity
of O(k). Consequently, for a given edde;,v;) and a
given orderk, procedure}:ind(y;(k)) can be computed in

11

The point y;‘j(k) is the one of edggv;,v;) with the
lowest cost@k among allzh(k) found by the procedure
Flnd(y ")y, Thus it can be found i®(¢"/? log ¢) time.

Proof of lemma 4: Given an edgév;, v;) and an order
k, solving procedureFlnd(A ) requires O( pw)
elementary operaﬂone’€ is the number of sublntervals
of [0,¢;;] given by the intersection of a straight line
(D = C’“(xk) + «a) with at mostq lines and possibly
the linesy;; = 0 andy;; = ¢;;. Therefore,pw < o2,

On the other handij C (B} U B implies that.

q+2

k: 1
<.
+ 2

s <plrit < < (k=1)(F)+ry;

Asrl =1andk < g, we getrt, < q(%52) + 1, for all

ke{l,....q}.

Consequently, ol < (g(T2) + 1).442, so

O(ry;tply) = O(q3)- O
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