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Abstract— In combinatorial optimization, and partic-
ularly in location problems, the most used robustness
criteria rely either on maximal cost or on maximal regret.
However, it is well known that these criteria are too
conservative. In this paper, we present a new robustness
approach, called lexicographic α-robustness, which com-
pensates for the drawbacks of the criteria based on the
worst case. We apply this notion to the 1-median location
problem under uncertainty and we give a polynomial
algorithm to determine robust solutions in the case of a
tree graph.

Index Terms— Robustness, 1-median location problem,
minmax cost/regret, scenario-based uncertainty.

I. I NTRODUCTION

ROBUSTNESS analysis looks for solutions in a con-
text where the imprecise, uncertain and generally

badly known parameters of a problem make inappro-
priate the search of optimal solutions [19] [23]. Unlike
deterministic or stochastic approaches which are aimed
at determining the best solution for a certain instance
of values (or scenario), robust approaches try to find
a solution or a set of solutions that is acceptable for
any considered scenario. In combinatorial optimization
and particularly in location problems, the most used
robustness criteria rely either on the maximal cost or
on the maximal regret [14]: a robust solution is one
that minimizes the maximal cost or regret among all
scenarios. Nevertheless, grasping the notion of robust-
ness through only one measure (the maximal cost or
regret) is questionable, since this often leads to favor
only the worst case scenario. Furthermore, no tolerance
is considered in this measure.

These two drawbacks of the criteria founded on the
worst case suggest considering alternative robustness
criteria. In the case of deterministic public location
problems, Ogryczak departs from considering only the
worst case by introducing the notion oflexicographic
minimax[16]. In this paper, we use and extend this idea
in order to define a new robustness approach when the
set of scenarios is finite and propose a polynomial time

algorithm to compute the corresponding robust solutions
for the 1-median problem on a tree.

Our paper is organized as follows. In section 2, we
define the1-median problemand review the main works
on robustness for this problem. In section 3, we introduce
a relation calledα-leximax, and use it to define a set of
robust solutions. We also present a general algorithm
which computes this robust set when the set of solutions
is finite and apply it to thevertex 1-median problem.
In section 4, we apply our robustness approach to the1-
median problemon a tree for which we present a specific
algorithm that finds the robust points of the tree. In a final
section, we summarize the important points of this work
and suggest some perspectives.

II. L ITTERATURE REVIEW

Network location problems are aimed at locating new
facilities in order to meet the demand of a certain number
of customers [8]. Demand and travel between demand
sites and facilities are assumed to occur only on a graph
G = (V, E) composed of a setV = {vi, i = 1, . . . , n} of
n nodes (or vertices) and a setE of m edges. The length
of each edge(vi, vj), i.e. the distance between sitevi and
site vj , is denotedcij . We assume that demands occur
only at the nodes of the network and that they can be
characterized by a weight vectorW = (w1, w2, . . . , wn)
wherewi is the weight associated with nodevi for i =
1, . . . , n.

The absolute 1-median problemis to locate theab-
solute medianof a graphG, that is the point ofG which
minimizes the total weighted distance to all nodes of the
graph. Apoint of the graph corresponds either to a node
or to any point on an edge. Let us denoted(a, b) the
minimum distance between two pointsa and b of G.
The 1-median problem is formulated as follows :

min
x∈G

C(x) =
n∑

i=1

wid(x, vi) (1)

The Hakimi property stipulates that an absolute median
of a graph is always at a vertex of the graph [12].
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The absolute 1-median problem is then equivalent to the
vertex 1-median problemwhich can be written as :

min
v∈V

C(v) =
n∑

i=1

wid(v, vi) (2)

Consequently, given all distancesd(vi, vj), the problem
can be solved in linear time by enumerating and evalu-
ating then possible solutions.

Deterministic approaches assume that the problem
parameters (node weights and edge lengths) are fixed
and well known. In practice, however, it often appears
difficult to determine in a reliable and irrevocable way
all the data of a given problem. The decision-maker is
often confronted with uncertainty that makes the deter-
ministic reasoning inappropriate. Uncertainty situations
are divided into two classes: if it exists a perfectly known
probability distribution on the set of the nature states,
we are in arisk situation. Otherwise, it is impossible
to allocate probabilities to the possible outcomes of a
decision and we say that we are in anuncertainty(or
true uncertainty) situation. The latter case arises, for
example, when the outcome of a decision may depend on
a simultaneous or subsequent decision of a competitor
whose objectives conflict with one’s own, or on future
external events of non-repeatable variety, for which the
estimation of probabilities is a dubious exercise [18].
Robustness analysis concerns uncertainty situations.

Let us assume that the node weights and the edge
lengths can take many different values and that there is
a (finite or infinite) setS of possible scenarios (possible
values of the parameters). For a given scenarios and
a point x of G, the cost function under scenarios is
defined as follows:

Cs(x) =
n∑

i=1

ws
i d

s(x, vi) (3)

where ws
i and ds(a, b) denote respectively the weight

of nodevi and the minimum distance between pointsa
and b under scenarios. The regret of solutionx (also
calledopportunity lossor absolute deviation[14]) is the
difference between the cost ofx under scenarios and
the cost of the best solution under the same scenario:

Rs(x) = Cs(x)− Cs(x∗s) (4)

where x∗s is the optimal solution of the 1-median
problem under scenarios.

To determine the robust solutions for the 1-median
problem, authors often attempted to optimize the worst
case performance of the system by minimizing the
maximal cost or the maximal regret (see [2], [4], [5],

[7], [14] and [22]). Theminmax 1-median problemis
defined as follows:

min
x∈G

max
s∈S

Cs(x) (5)

and theminmax regret 1-median problemhas the follow-
ing expression :

min
x∈G

max
s∈S

Rs(x) = min
x∈G

max
s∈S

(Cs(x)− Cs(x∗s)) (6)

In the literature on minmax (regret) 1-median prob-
lem, the authors distinguish many models according to
the graph structure (tree, network), the location sites
(on nodes or on edges) as well as the nature of the
scenario set. Indeed, uncertainty on a parameter may
be modelled either as a discrete set of scenarios, or as
an interval data. Figure 1 summarizes the main results
with regard to the minmax regret 1-median problem
on a tree, the uncertainty being on weights (assumed
to be positive). When weights can be negative and are
represented by uncertainty intervals, Burkard and Dollani
give an algorithm inO(n2) for the problem on a tree
[6]. As for the minmax regret 1-median problem on a
general network (with uncertainty on weights), Averbakh
and Berman present in [4] two approaches inO(nm4)
time andO(mn2 log n) time for the absolute problem
(location anywhere on the graph), the vertex problem
having an order of complexity ofO(n3). When edge
lengths are uncertain, Chen and Lin [7] show that, in
the case of a tree graph and interval data, the problem
can be reduced to the deterministic problem under the
scenario with maximal lengths. On the other hand, on
a general network, the problem with uncertain lengths
becomes NP-hard [2].

It is generally admitted that minmax cost and min-
max regret criteria are too conservative since they are
based only on the worst case. Besides, the worst case
performance is often reached for a scenario with a small
likelihood of occurrence, especially when uncertainty is
represented by intervals. To remedy the conservatism of
the minmax regret model for thep-medianproblem (p
is the number of facilities to locate), Daskin et al [9]
introduce a new variant of this problem calledα-reliable
p-minimax regretproblem. In this model, the decision-
maker associates a probability with each scenario. The
model then selects a subset of scenarios whose collective
probability of occurrence is at least some user-specified
value α (0 ≤ α ≤ 1) which is calledreliability level.
The model identifies the solution that minimizes the
maximum regret with respect to the chosen subset of
scenarios. An appropriate choice ofα guarantees that
the solution is not based on a scenario with a very small
likelihood of occurrence.
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Fig. 1. Minmax regret 1-median problem on a tree with uncertainty on node weights

In a recent work, Snyder and Daskin [21] present the
stochastic p-robust P-median problem (p-SPMP)(P is
the number of facilities to locate). They use a measure
called p-robustnesswhich was first introduced by Kou-
velis et al in [13]. This measure imposes a constraint
dictating that the cost under each scenario must be within
(100 + p)% of the optimal cost for that scenario, where
p ≥ 0 is an external parameter (completely independent
of P the number of facilities). Moreover, the authors
assign a probability to each scenario. Thus, they build a
new robustness measure consisting in determining the
p-robust solutions which minimize the expected-cost.
Snyder and Daskin prove thatp-SPMP is NP-hard and
discuss a mechanism for detecting infeasibility since
p-robust solutions may not exist (especially for small
values ofp).

The main drawback of these last two approaches
is that they require to express a probability for each
scenario.

According to this review, we can distinguish two
families of approaches to find robust solutions for a
given problem. The first family looks for solutions
which optimize a certain objective function (e.g. minmax
approaches) whereas the second one imposes conditions
that solutions must satisfy in order to be considered as

robust (e.g.p-robustness). In the following, we define a
new robustness approach which belongs to the second
family of approaches.

III. D EFINITION OF A NEW ROBUSTNESS APPROACH

Let us suppose that, for a given problem, one (or
several) of the parameters cannot be determined in a
certain and definite way and that there is a finite setS of
scenarios. LetX denote the set of feasible solutions and
q the number of scenarios. Since the reasoning and the
results are valid for costs as for regrets, we use in what
follows the term “cost” and the notationC indifferently
for cost and regret. A robust solution according to the
maximal cost criterion is a solution that verifies:

min
x∈X

max
s∈S

Cs(x) (7)

In the next subsections, we introduce a new preference
relation that we callα-leximaxand use it to define a set
of robust solutions.

A. Theα-leximax relation

Let x be a solution ofX. We associate tox a cost
vector denoted byC(x) = (Cs1

(x), . . . , Csq

(x)) where
Csj

(x) is the cost of solutionx under scenariosj ,
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1 ≤ j ≤ q. By ordering the coordinates ofC(x) in a non-
increasing order, we get a vector̂C(x) called disutiliy
vector [15]. We haveĈ1(x) ≥ Ĉ2(x) ≥ . . . ≥ Ĉq(x).
Thus,Ĉj(x) is the jth largest cost ofx.

Definition 1: Let x andy be two solutions ofX, Ĉ(x)
and Ĉ(y) the associated disutility vectors. Theleximax
relation, denoted by%lex, is defined as follows [11]:

x Âlex y ⇔ ∃k ∈ {1, . . . , q} : Ĉk(x) < Ĉk(y)

and ∀j ≤ k − 1, Ĉj(x) = Ĉj(y)

x is said to be (strictly) preferred toy in the sense of
the leximaxrelation.

x ∼lex y ⇔ ∀k ∈ {1, . . . , q}, Ĉk(x) = Ĉk(y)

x and y are said to be equivalent in the sense of the
leximaxrelation.

In other words, comparing two cost vectors in the
sense of theleximaxrelation is equivalent to comparing
the first distinct coordinates of the disutility vectors.
Remark that reordering cost vector implies that we
implicitly assume that the vector obtained by the per-
mutation of the cost vector coordinates is equivalent to
the original cost vector (theleximax relation is said to
be anonymous[16]). This is justified by the fact that,
in a situation of true uncertainty, none of the scenarios
can be distinguished. Theleximax relation is complete,
reflexive and transitive. Therefore, it is aweak order.

The previous definition of theleximax relation
requires a perfect equality between the disutility vector
coordinates of two solutions in order to consider them
equivalent. Nevertheless, in practice, it may exist a
tolerance threshold under which the decision-maker
either cannot perceive the difference between two
elements, or refuse to give his opinion on the preference
for one of them [20]. Taking an indifference threshold
α into account leads to the following definition:

Definition 2: Let x and y be two solutions ofX,
Ĉ(x) andĈ(y) the associated disutility vectors, andα a
positive real value. Theα-leximax relation, denoted by
%α

lex, is defined as follows :

x Âα
lex y ⇔ ∃k ∈ {1, . . . , q} : Ĉk(x) < Ĉk(y)− α

and ∀j ≤ k − 1, |Ĉj(y)− Ĉj(x)| ≤ α

x is said to be (strictly) preferred toy in the sense of
the α-leximaxrelation.

x ∼α
lex y ⇔ ∀k ∈ {1, . . . , q}, |Ĉk(y)− Ĉk(x)| ≤ α

x and y are said to be indifferent in the sense of the
α-leximaxrelation.

The α-leximaxrelation is a lexicographic aggregation
of semiorders. It is known that, forα 6= 0, such an
aggregation is not a semiorder [17] (forα = 0, the
relation resulted from the aggregation is none other
than the weak orderleximax). Actually, neither its
asymmetric partÂα

lex nor its symmetric part∼α
lex are

transitive, which may lead to preference cycles.

Example 1:Ĉ(x) = (3, 3, 2), Ĉ(y) = (5, 0, 0), Ĉ(z) =
(4, 3, 0) and α = 1.
We havex Âα

lex y and y Âα
lex z but z Âα

lex x.

Despite its failure to comply with some properties,
the α-leximax preference relation remains suitable for
the determination of robust solutions since it takes into
account several measures (costs under different scenar-
ios), offers some tolerance (indifference threshold) and
takes into account, at least initially, the solutions given
by the minmax criteria (cost/regret).

B. Lexicographicα-robust solutions

We want to determine the set of robust solutions by
relying on the α-leximax relation. As noticed at the
end of section II, there are two families of robustness
approaches: the first family looks for solutions given
by optimizing a chosen criterion and the second one
imposes some robustness properties that solutions must
satisfy. Letx∗ be an ideal solution (most of the time
fictitious) such that:

Ĉ(x∗) = (Ĉ1(x∗1), Ĉ
2(x∗2), . . . , Ĉ

q(x∗q)) (8)

whereĈ = (Ĉ1, Ĉ2, . . . , Ĉq) is the disutility vector and
x∗k = arg minx∈X Ĉk(x) for all k ∈ {1, . . . , q}. Let us
consider the following set:

A(α) = {x ∈ X : not(x∗ Âα
lex x)}

= {x ∈ X : x ∼α
lex x∗} (9)

where the second equality results from the fact that%α
lex

is complete and that we cannot havex Âα
lex x∗ by

definition of x∗.
Using the definition ofα-leximax relation, the set

A(α) can also be written as follows:

A(α) = {x ∈ X : ∀k ≤ q, Ĉk(x)−Ĉk(x∗k) ≤ α} (10)

Any solution of A(α) performs well with regard to
the disutility vector sinceA(α) is the set of solutions
whose thekth largest cost is close to the minimum for all
k ≤ q. If we consider this last condition as a robustness
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property, then we can considerA(α) as a set of robust
solutions that we will call set oflexicographicα-robust
solutions.

It is obvious that for small values ofα, this set can
be empty. The minimum value ofα that guarantees the
existence of lexicographicα-robust solutions is:

αmin = min
x∈X

max
1≤k≤q

(Ĉk(x)− Ĉk(x∗k)) (11)

Moreover, the set of lexicographicα-robust solutions is
stable with regard to parameterα, that is if α′ ≤ α then
A(α′) ⊆ A(α).

We present, in appendix I, a simple algorithm named
α-LEXROB, for the determination of lexicographicα-
robust solutions in the case of a finite set of solutions.
Algorithm α-LEXROBis based on an iterative procedure
which determines, in each iterationk ∈ {1, . . . , q}, the
subset:

Ak(α) = {x ∈ Ak−1(α) : Ĉk(x)− Ĉk(x∗k) ≤ α} (12)

The algorithm requiresO(|X|q) elementary opera-
tions where|X| is the number of elements ofX and
q the number of scenarios.

C. Example

Let us consider the vertex 1-median problem. We
have X = V and |X| = n where V is the set of all
nodes of the graph andn the number of nodes. For this
problem, algorithmα-LEXROBis polynomial (O(nq)).
We consider the complete graph of figure 2.

Fig. 2. A complete graph with four vertices

All edges are 1 unit long whereas node weights can
take two possible values depending on the scenario (see
table I). The cost of each vertex is computed according
to equation (3). We look for lexicographicα-robust
solutions among verticesa, b, c andd.

According to the maximal cost criterion, the robust
solution isb since it has the minimum cost in the worst
case. It is clear that this solution is not so robust since
it does not perform well under all scenarios. Indeed, its
cost under scenariosS1 andS2 is rather high.

We give hereafter the lexicographicα-robust solutions
for different values ofα.

TABLE I

Weights and costs of nodes under scenariosS1 and S2

weights costs dis. vect.

vertex S1 S2 S1 S2 Ĉ1 Ĉ2

a 14 3 14 30 30 14

b 3 8 25 25 25 25

c 1 17 27 16 27 16

d 10 5 18 28 28 18

• α = 1 ⇒ A(1) = ∅.
• α = 2 ⇒ A(2) = {c}.
• α = 3 ⇒ A(3) = {c}.

IV. L EXICOGRAPHICα-ROBUST1-MEDIAN PROBLEM

ON A TREE

We consider the 1-median problem on a tree in the
case of uncertainty on node weights. Kouvelis and Yu
[14] consider the minmax cost and the minmax regret
versions of this problem using scenario-based weights.
They present anO(nq) algorithm to determine the min-
max (regret) 1-median of the tree, wheren is the number
of nodes andq the number of scenarios.

Instead of finding a unique robust 1-median on the
tree, we want to determine the lexicographicα-robust
set A(α), if it is not empty, in order to definerobust
segmentsof the tree. Since the feasible solution set is
infinite, algorithmα-LEXROBcannot be applied. After
reminding the principle of Kouvelis and Yu’s algorithm,
we present a specific polynomial algorithm for thelex-
icographic α-robust 1-medianproblem on a tree. We
recall that the notationC and the word “cost” refer
indifferently to cost or to regret.

A. Principle of Kouvelis and Yu’s algorithm

Let T be a tree. The removal of any edge(vi, vj)
of T partitions the tree into two connected components
made up of node subsetsVi andVj . For each pointx on
edge (vi, vj) of length cij , we denote byy the distance
between nodevi and x (0 ≤ y ≤ cij). The minimum
maximal cost is defined as :

min
0≤y≤cij

(vi,vj)∈T

max
s∈S

Cs
ij(y) (13)

whereCs
ij(y) is the cost under scenarios of the point of

(vi, vj) at a distancey from nodevi. For the 1-median
problem on a tree, the costCs

ij(y) can be written as:

Cs
ij(y) = λs

ij + µs
ijy (14)
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with :
µs

ij =
∑

vk∈Vi
ws

k −
∑

vk∈Vj
ws

k,
λs

ij =
∑

vk∈Vi
ws

kd(vi, vk) +
∑

vk∈Vj
ws

k(d(vj , vk) + cij)
if C represents the cost and
λs

ij =
∑

vk∈Vi
ws

kd(vi, vk)+
∑

vk∈Vj
ws

k(d(vj , vk)+cij)−
Cs(x∗s) if C represents the regret,Cs(x∗s) being the
minimum cost under scenarios.

In their approach, Kouvelis and Yu determine, for a
given edge(vi, vj), the solutiony∗ij which minimizes the
maximal cost on the edge. They describe a procedure that
computesy∗ij by solving:

Cij(y∗ij) = min
0≤y≤cij

max
s∈S

Cs
ij(y) (15)

After applying this procedure to all edges of the tree,
they use a linear time algorithm to find the minmax
(regret) 1-median by determining, among all pointsy∗ij
found, one with a minimum maximal cost (regret).

B. Determination of the robust segments of the tree

1) Principle and notations:

We want to find the robust segments of a treeT ,
that is the set of lexicographicα-robust solutions when
X = T . We present here an algorithm which determines
acceptable intervals that are reduced at each iteration and
finally gives robust intervals.

For a given edge(vi, vj) of length cij and a point
x ∈ (vi, vj) , Ĉk

ij(x) represents thekth largest cost ofx
on interval[0, cij ], 1 ≤ k ≤ q. It is obvious that, unlike
Cs

ij(.), costsĈk
ij(.) are not linear functions on[0, cij ].

We define the following subsets fork ∈ {1, . . . , q}
and (vi, vj) ∈ E:

Ik
ij(α) = {y ∈ [0, cij ] : Ĉk

ij(y)− Ĉk(x∗k) ≤ α} (16)

where x∗k = arg minx∈X Ĉk(x). SubsetsIk
ij(α) are

calledacceptable intervals of orderk.
Let Ak

ij(α) be the acceptable subsets defined as follows:

A1
ij(α) = I1

ij(α) and

Ak
ij(α) = Ak−1

ij (α) ∩ Ik
ij(α) for k ≥ 2 (17)

Then, the acceptable subsetAk(α), k ≥ 1, defined in
equation (12) can be written as :

Ak(α) =
⋃

(vi,vj)∈E

Ak
ij(α) (18)

Therefore, in order to determine the set of
lexicographicα-robust solutions, we use the following
algorithm.

Algorithm α-LEXROB(1MT)

Begin
A0(α) ← X;
A0

ij(α) ← [0, cij ] for all (vi, vj) ∈ E;
k ← 1;
while (k ≤ q andAk−1(α) 6= ∅) do

Computex∗k;
for all (vi, vj) ∈ E do

DetermineIk
ij(α);

DetermineAk
ij(α) ← Ak−1

ij (α) ∩ Ik
ij(α);

DetermineAk(α) ← ⋃
(vi,vj)∈E

Ak
ij(α);

k ← k + 1;
End.

If for a given k ≤ q, Ak(α) = ∅, then it is obvious
that A(α) = ∅.

In the following, we detail the procedures required
by the algorithm.

2) Determination ofx∗k:

We begin by determining, for each edge(vi, vj), the
point y

∗(k)
ij which minimizes the cost̂Ck

ij on (vi, vj).
The point x∗k corresponds to the pointy∗(k)

ij with the
minimum cost Ĉk. For k > 1, functions Ĉk

ij(.) are
piecewise linear but not convex unlike functionsĈ1

ij(.).
As a result, it is not possible to use the Kouvelis and Yu’s
procedure since it is based on the convexity ofĈ1

ij(.).
We propose another approach consisting in determining,
for each interval[0, cij ], all points corresponding to a
breakpoint of functionĈk

ij(.). Indeed, if it is different

from 0 and cij , y
∗(k)
ij is bound to be one of the points

where the function slope changes (see figure 3). We call
these pointszh(k)

ij , 1 ≤ h ≤ hk
ij , wherehk

ij is the number

of breakpoints of function̂Ck
ij on [0, cij ]. Pointsz1(k)

ij and

z
hk

ij(k)

ij correspond respectively to0 andcij .

We present, in appendix II, a procedure (Find(y∗(k)
ij ))

giving for an edge(vi, vj) all pointsz
h(k)
ij , 1 ≤ h ≤ hk

ij ,

as well as the pointy∗(k)
ij whose costĈk

ij is minimum.

The main idea of procedureFind(y∗(k)
ij ) is to

determine the scenariossh(k)
ij , h ∈ {1, . . . , hk

ij}, which
give the kth largest cost functionĈk

ij on the interval
[0, cij ]. At each iteration, the procedure determines,
at the current breakpointzh(k)

ij , the line that must be
chosen from those (two or more) available (see figure
3) as well as the adjacent breakpoint.
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Fig. 3. Illustration of procedureFind(y∗(k)
ij ) whenk = 2 andq = 4

Lemma 1:The complexity of procedureFind(y∗(k)
ij ) is

O(q7/3 log q)

Proof: see appendix III.

Lemma 2:Finding x∗k requires O(nq7/3 log q) ele-
mentary operations.

Proof: Lemma 2 follows directly from lemma 1 and
from the following relation:

x∗k = arg min
x∈X

Ĉk(x) = arg min
(vi,vj)∈E

Ĉk
ij(y

∗(k)
ij ) (19)

We remind that a tree hasn− 1 edges. ¤

3) Determination of acceptable intervalsIk
ij(α):

Unlike acceptable intervals of order 1, subsets
Ik
ij(α), 2 ≤ k ≤ q, are not necessarily connected because

of the non convexity of functionŝCk
ij(.). Nevertheless,

for the sake of convenience, we will continue to call
themacceptable intervals. Let us notice that the nature of
these intervals depends on parameterα. A subsetIk

ij(α)
can be represented by a unique interval for a given value
of α, and change into the union of several intervals for
a different value of this parameter.

If it is not empty, the acceptable intervalIk
ij(α) can

be represented by the union ofpk
ij elementary intervals

as follows:

Ik
ij(α) = [y1(k)

ij , y
2(k)
ij ] ∪ . . . ∪ [y

2pk
ij−1(k)

ij , y
2pk

ij(k)

ij ] (20)

with 0 ≤ y
1(k)
ij ≤ . . . ≤ y

2pk
ij(k)

ij ≤ cij andpk
ij ∈ IN∗.

Let us denote byEk
ij the set of points corresponding to

the bounds ofIk
ij(α):

Ek
ij = {y1(k)

ij , y
2(k)
ij , . . . , y

2pk
ij−1(k)

ij , y
2pk

ij(k)

ij } (21)

Remark that fork = 1, E1
ij = {y1

ij , y
2
ij} andp1

ij = 1.

Remind thatzh(k)
ij , 1 ≤ h ≤ hk

ij , are the breakpoints

of Ĉk
ij on [0, cij ] determined by procedureFind(y∗(k)

ij ).
It is obvious that for a givenh ∈ {1, . . . , hk

ij − 1},
if we have z

h(k)
ij 6∈ Ik

ij(α) and z
h+1(k)
ij 6∈ Ik

ij(α) (that

is Ĉk
ij(z

h(k)
ij ) > Ĉk

ij(x
∗
k) + α and Ĉk

ij(z
h+1(k)
ij ) >

Ĉk
ij(x

∗
k) + α), then [zh(k)

ij , z
h+1(k)
ij ] ∩ Ik

ij(α) = ∅.

Similarly, if z
h(k)
ij ∈ Ik

ij(α) and z
h+1(k)
ij ∈ Ik

ij(α), then

[zh(k)
ij , z

h+1(k)
ij ] ⊂ Ik

ij(α) (see figure 4). On the other
hand, if one of them belongs toIk

ij(α) and not the

other, then only a part of the interval[zh(k)
ij , z

h+1(k)
ij ] is

included inIk
ij(α). Therefore, we just have to enumerate

the pointszh(k)
ij in a non-decreasing order forh varying

from 1 tohk
ij in order to determine the parts of intervals

[zh(k)
ij , z

h+1(k)
ij ] which belong toIk

ij(α) and afterwards
deduce the setEk

ij .

Fig. 4. Illustration of procedureFind(Ik
ij) whenk = 2

A detailed procedure, Find(Ik
ij), is presented

in appendix II. Since we go over all points
z

h(k)
ij , 1 ≤ h ≤ hk

ij , the complexity of procedure
Find(Ik

ij) is O(hk
ij), so O(q4/3) (see proof of lemma 1

in appendix III).

Lemma 3:Given x∗k, finding the setIk(α) which is
the union ofIk

ij(α) overE requiresO(nq4/3) elementary
operations.

4) Determination of the acceptable subsetsAk
ij(α):

We haveA1
ij(α) = I1

ij(α). For k ≥ 2,

Ak
ij(α) = Ak−1

ij (α) ∩ Ik
ij(α) (22)

Ak
ij(α) is then the union ofrk

ij subintervals of[0, cij ]:

Ak
ij(α) = [a1(k)

ij , a
2(k)
ij ] ∪ . . . ∪ [a

2rk
ij−1(k)

ij , a
2rk

ij(k)

ij ] (23)
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with 0 ≤ a
1(k)
ij ≤ . . . ≤ a

2rk
ij(k)

ij ≤ cij andrk
ij ∈ IN∗.

Let us denote byBk
ij the set of points corresponding to

the bounds ofAk
ij(α):

Bk
ij = {a1(k)

ij , a
2(k)
ij , . . . , a

2rk
ij−1(k)

ij , a
2rk

ij(k)

ij } (24)

For k = 1, B1
ij = {a1

ij , a
2
ij} = {y1

ij , y
2
ij} andr1

ij = 1.
GivenBk−1

ij (bounds ofAk−1
ij (α)) andEk

ij (bounds of
Ik
ij(α)), thenBk

ij ⊂ (Bk−1
ij ∪Ek

ij). Consequently, to find
the bounds ofAk

ij(α), we have to look for them among
those ofAk−1

ij (α) and Ik
ij(α). The figure 5 shows how

to find the setBk
ij (see appendix II for the detailed

procedure).

Fig. 5. Illustration of procedureFind(Ak
ij) whenk = 2

Lemma 4:The complexity of procedureFind(Ak
ij) is

O(q3).

Proof: see appendix III.

5) Complexity of lexicographicα-robust segments of
the tree:

Theorem 1:Lexicographic α-robust 1-median on a
tree can be solved inO(nq4) time.

Proof: Theorem 1 follows immediately from lemmas
2, 3 and 4. Indeed, the largest number of elementary
operations needed is due to the determination of sets
Ak(α) for all k ≤ q. ¤

C. Example

Consider the treeT of figure 6 where values on
edges represent lengths. Uncertainty on node weights is
modelled by four scenarios as shown in table II (v∗s is
the median under scenarios, s ∈ {S1, S2, S3, S4}).

The minmax medianx∗ of the tree is the point of
(v1, v4) at a distance 2.5 from nodev1 and the minmax

Fig. 6. Example

TABLE II

Weight scenarios

weights S1 S2 S3 S4

v1 1 1 1 1

v2 1 10 1 1

v3 1 1 10 1

v4 1 1 1 1

v5 1 1 1 10

v6 1 1 1 1

v7 1 1 1 1

v∗s v1 v2 v3 v5

cost is 197. We present in figure 7 the cost functions on
edge (v1, v4) (Cj

14 denotes the cost function on interval
[0, 7] under scenarioj). The points which minimize costs
Ĉk, k = 1, . . . , 4, are x∗1 = x∗, x∗2 the point of edge
(v1, v3) at a distance 2.5 from nodev1, x∗3 = v3 and
x∗4 = v1. If we choose a thresholdα = 45, the first
iteration of algorithmα-LEXROB(1MT)gives the set:

A1(45) = {x ∈ T : Ĉ1(x)− 197 ≤ 45} (25)

represented by bold segments in figure 8.
After four iterations, we get the setA(45) of lexico-

graphicα-robust solutions of the tree.A(45) is repre-
sented by the union of three segments (v1, v

′
2), (v1, v

′
3)

and (v1, v
′
4) wherev′2 is the point of edge (v1, v2) at a

distance 1.78 from nodev1, v′3 the point of edge (v1, v3)
at a distance 1 from nodev1 and v′4 the point of edge
(v1, v4) at a distance 0.83 from nodev1 (see figure 9).
Remark thatx∗, the minmax robust solution, is outside
the lexicographicα-robust set. Indeed, it performs well
for the maximal cost function, but not well enough for
Ĉ2, Ĉ3 and Ĉ4, compared with nodev1 for example.

The minimum value of parameterα which guaran-
tees the existence of lexicographicα-robust solutions
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Fig. 7. Cost functions on edge (v1, v4)

Fig. 8. SetA1(45)

is αmin = 35, that is α < 35 ⇒ A(α) = ∅ and
α ≥ 35 ⇒ A(α) 6= ∅.

Fig. 9. Minmax robust solution (x∗) and lexicographicα-robust
solutions of the tree forα = 45

V. CONCLUSION AND PERSPECTIVES

In this paper, we introduced a new robustness ap-
proach, calledlexicographicα-robustness, suitable for
the scenario-based uncertainty. Compared with minmax
criteria, this approach has three main advantages. First, it
takes into account several measures, that is to say costs.
Second, it offers some tolerance since it includes an
indifference thresholdα. Finally, it keeps the importance
of the largest cost. We presented a simple algorithm

for the determination of lexicographicα-robust solutions
when the set of solutions is finite. We also studied a
special problem in the case of an infinite set of solutions,
the 1-median location problem on a tree graph and we
presented a polynomial algorithm for this problem.

It is obvious that lexicographicα-robustness adds
some more complexity to minmax versions of a problem,
that is why it is reasonable to apply this approach only
to problems which remain polynomially solvable under
minmax criteria. In facility location context, theminmax
1-centerproblem on a tree ( [3], [6]) and theminmax
1-median problem on a general network ( [4]) are
shown to remain polynomially solvable in the case
of interval uncertainty on weights. We recall that the
1-centerproblem is to locate a facility on a graph such
that it minimizes the maximal distance between the
facility and different nodes. We consider the application
of lexicographicα-robustness to these problems to be
an avenue for future research.
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APPENDIX I

Algorithm α-LEXROB
Input: Ĉ(x) for all x ∈ X andα.
Output: A(α).
Begin

A0 ← X;
k ← 1;

while (k ≤ q andAk−1 6= ∅) do
x∗k ← arg min

x∈X
Ĉk(x);

Ak ← ∅;
for all x ∈ Ak−1 do

if Ĉk(x)− Ĉk(x∗k) ≤ α then Ak ← Ak ∪{x};
k ← k + 1;

A(α) ← Ak−1;
End.

The condition Ak−1 6= ∅ is used for stopping the
algorithm if Ak−1(α) is empty, since ifAk−1(α) = ∅
then for all l ≥ k, Al(α) = ∅.
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APPENDIX II

Procedure Find(y∗(k)
ij )

Input: λs
ij andµs

ij for all s ∈ S,

Output: y
∗(k)
ij , Ĉk

ij(y
∗(k)
ij ), hk

ij , z
h(k)
ij and s

h(k)
ij for h ∈

{1, . . . , hk
ij}.

Begin
z
1(k)
ij ← 0;

h ← 1;
repeat

1) Compute costŝC1
ij(z

h(k)
ij ) to Ĉk

ij(z
h(k)
ij );

2) Find set of scenariosSk(zh(k)
ij ) such that:

Sk(zh(k)
ij ) = {s ∈ S; λs

ij + µs
ijz

h(k)
ij = Ĉk

ij(z
h(k)
ij )};

3) Let d be the first index such that:
Ĉk−d

ij (zh(k)
ij ) 6= Ĉk

ij(z
h(k)
ij );

4) Let s
h(k)
ij be the scenario ofSk(zh(k)

ij ) with the
dth largest slope (slope =µs

ij);

5) Compute the intersection points of segment

{λs
h(k)
ij

ij + µ
s

h(k)
ij

ij z, z ∈]zh(k)
ij , cij ]} with all lines

corresponding to other scenarios;

6) The pointzh+1(k)
ij is the nearest intersection

point from z
h(k)
ij :

z
h+1(k)
ij ← min{cij ;

min
s∈S\{sh(k)

ij }
{zs = λ

s
h(k)
ij

ij −λs
ij

µs
ij−µ

s
h(k)
ij

ij

; zs ∈]zh(k)
ij , cij ]}};

7) h ← h + 1;

until z
h(k)
ij = cij ;

hk
ij ← h;

y
∗(k)
ij ← z

t(k)
ij wheret ← arg min

1≤h≤hk
ij

{Ĉk
ij(z

h(k)
ij )};

End.

Step 1 computes thek largest costs of the current
breakpoint z

h(k)
ij . Steps 2, 3 and 4 are used for

determining the line that must be chosen from those
(two or more) available in order to determine the
scenario which giveŝCk (see figure 3). Steps 5 and 6
are used to determine the adjacent breakpointz

h+1(k)
ij .

Procedure Find(Ik
ij)

Input: Ĉk(x∗k), α, Ĉk(y∗(k)
ij ), hk

ij , z
h(k)
ij , s

h(k)
ij and

Ĉk
ij(z

h(k)
ij ) for h ∈ {1, . . . , hk

ij}.
Output: Ek

ij , pk
ij .

Begin
if Ĉk

ij(y
∗(k)
ij ) > Ĉk(x∗k) + α then Ek

ij ← ∅;
else

Ek
ij ← ∅;

p ← 0;
if Ĉk

ij(z
1(k)
ij ) ≤ Ĉk(x∗k) + α then

Ek
ij ← Ek

ij ∪ {z1(k)
ij };

p ← p + 1;
if Ĉk

ij(z
hk

ij(k)

ij ) ≤ Ĉk(x∗k) + α then

Ek
ij ← Ek

ij ∪ {z
hk

ij(k)

ij };
p ← p + 1;

for h = 1 to hk
ij − 1 do

if Ĉk
ij(z

h(k)
ij ) > Ĉk(x∗k) + α then

if Ĉk
ij(z

h+1(k)
ij ) ≤ Ĉk(x∗k) + α then

y ← Ĉk(x∗k)+α−B
s

h(k)
ij

ij

A
s

h(k)
ij

ij

;

Ek
ij ← Ek

ij ∪ {y};
p ← p + 1;

else
if Ĉk

ij(z
h+1(k)
ij ) > Ĉk(x∗k) + α then

y ← Ĉk(x∗k)+α−B
s

h(k)
ij

ij

A
s

h(k)
ij

ij

;

Ek
ij ← Ek

ij ∪ {y};
p ← p + 1;

pk
ij ← p/2;

End.
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Procedure Find(Ak
ij)

Input: rk−1
ij , pk

ij , a
t(k−1)
ij for t ∈ {1, . . . , 2rk−1

ij } and

y
l(k)
ij for l ∈ {1, . . . , 2pk

ij}.
Output: Bk

ij , rk
ij .

Begin
Bk

ij ← ∅;
r ← 0;
for t = 1 to rk−1

ij do
for l = 1 to pk

ij do

if y
2l−1(k)
ij ≥ a

2t−1(k−1)
ij then

if y
2l−1(k)
ij ≤ a

2t(k−1)
ij then

Bk
ij ← Bk

ij ∪ {y2l−1(k)
ij };

r ← r + 1;
if y

2l(k)
ij ≤ a

2t(k−1)
ij then

Bk
ij ← Bk

ij ∪ {y2l(k)
ij };

r ← r + 1;
else

Bk
ij ← Bk

ij ∪ {a2t(k−1)
ij };

r ← r + 1;
else

if y
2l(k)
ij ≥ a

2t−1(k−1)
ij then

Bk
ij ← Bk

ij ∪ {a2t−1(k)
ij };

r ← r + 1;
if y

2l(k)
ij ≤ a

2t(k−1)
ij then

Bk
ij ← Bk

ij ∪ {y2l(k)
ij };

r ← r + 1;
else

Bk
ij ← Bk

ij ∪ {a2t(k−1)
ij };

r ← r + 1;
rk
ij ← r/2;

End.

APPENDIX III

Proof of lemma 1: For a given edge(vi, vj), a
given orderk (k ∈ {1, . . . , q}) and a given iterationh
(h ∈ {1, . . . , hk

ij}), step 1 requires a sorting in a set ofq

elements (Cs
ij(z

h(k)
ij ), s ∈ S), therefore it can be solved

in O(q log q) time. Steps 2, 5 and 6 can be solved in
O(q) time, whereas steps 3 and 4 have a complexity
of O(k). Consequently, for a given edge(vi, vj) and a
given orderk, procedureFind(y∗(k)

ij ) can be computed in
O((hk

ij − 1)q log q) sincek ≤ q andh ≤ hk
ij .

Moreover, based on Dey’s theorem ( [1], [10]), the
number of segments of̂Ck

ij is O(q(q−k)1/3). So we can
write O(hk

ij) = O(q(q−k)1/3) = O(q4/3) for all k ≤ q.

The point y
∗(k)
ij is the one of edge(vi, vj) with the

lowest costĈk
ij among allzh(k)

ij found by the procedure

Find(y∗(k)
ij ). Thus, it can be found inO(q7/3 log q) time.

¤

Proof of lemma 4:Given an edge(vi, vj) and an order
k, solving procedureFind(Ak

ij) requires O(rk−1
ij .pk

ij)
elementary operations.pk

ij is the number of subintervals
of [0, cij ] given by the intersection of a straight line
(D = Ĉk(x∗k) + α) with at mostq lines and possibly
the linesyij = 0 andyij = cij . Therefore,pk

ij ≤ q+2
2 .

On the other hand,Bk
ij ⊂ (Ek

ij ∪Bk−1
ij ) implies that:

rk
ij ≤ pk

ij+rk−1
ij ≤ q + 2

2
+rk−1

ij ≤ . . . ≤ (k−1)(
q + 2

2
)+r1

ij

As r1
ij = 1 andk ≤ q, we getrk

ij ≤ q( q+2
2 ) + 1, for all

k ∈ {1, . . . , q}.
Consequently,rk−1

ij .pk
ij ≤ (q( q+2

2 ) + 1). q+2
2 , so

O(rk−1
ij .pk

ij) = O(q3). ¤
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