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1 Introduction

We consider a finite set of alternatives A = {ay,as,...,a,} evaluated on a
family of n criteria F' = {g1,92,...,9,}. Let N = {1,2,...,n}. To each
criterion g; € F is assigned a positive weight w;. It is supposed wlog that
the weights are normalized so that ), w; = 1.

Let X; = {gi(a) : a € A} be the set of evaluations of the alternatives on
the ith criterion. It is supposed that a semi-order P; (i.e., an asymmetric,
Ferrers and semitransitive binary relation) is defined on X;. We denote by
I; the symmetric complement of P;. Let S; = P, U I;. The relations P; (resp.
I;) models strict preference (resp. indifference) on the ith criterion.

In order to model discordance, we introduce a second semiorder V; on Xj.
It is supposed that V; C P; and that there is a weak order compatible with
both P, and V; (i.e., there is a weak order 7; on X; such that [a 7Z; 5 and
B P; v implies « P; 7] and [« Z; § and § P; v implies § P; 3], with similar
relations holding with V; instead of P;).

2 Concordance

We first consider the case in which the relations V; are all empty, i.e., the
outranking relation is only based on concordance.

We suppose that the family of criteria is used to build a bipolar concor-
dance relation on the set of alternatives. This leads to build three binary
relations on A:
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e TS indicating that the assertion “a is at least as good as b” is true,
e [S indicating that the assertion “a is at least as good as b” is false,
e US indicating that the assertion “a is at least as good as b” is unknown,

(T is for “true”, F' for “false”, and U for “unknown”).
Let a,b € A. We use the following notation:

ab {wi if gi((l) S; 9i<b>7

0  otherwise,

.ab W; if gz(a) Il gl(b),
0  otherwise,

~Jw; if gi(a) P gi(b),
b = 0  otherwise,

n n

n

.ab § -ab ab __ E ab ab __ E ab

(3 = Z,L- s P = pz s S = Si .
i=1

=1 i=1

We obviously have, for all a,b € A,

st = pi* + i,
i+l + it = w,
W; — S?b - p?aa
s+ syt = pi + 20+ pit > w,
Sab + Sba Z 1’
s =1.
Let A € [0.5, 1] be the concordance threshold.
We define the three relations, letting, for all a,b € A,
aTSb < s> )\,
aFSbh < s <1-), (1)
alUSbh <= 1-X<s® <
It is clear that the three relations TS, US and FS must be pairwise disjoint.
Observe that, since s** = 1, the relation TS is always reflexive. Hence, both

US and FS are irreflexive. Let {a,b} be a pair of distinct alternatives. We
have one and only one of the 9 possibilities:



aTS band b TS a,

aTS band b US a,
aTS band b FS a,
aUSband 0TS a,
a US b and b US a,
a US b and b FS a,
e a FSband b 1S a,
e a FSbandbUS a,
e a FSbandb FS a.

Because we know that s + s*® > 1, the following three possibilities are
excluded:

e aUSbandb FS a,
e a FSband b US a,

e a FSbandb FES a.

Indeed, e.g., @ US b and b FS a imply s < X and s** < 1 — ), so that
5% 4 s < 1. a contradiction.
Hence we have only 6 possibilities for each pair of distinct alternatives:

aTSband b TS a,
aTS band bUS a,
aTS band b FS a,
aUSband bTS a,
a US b and b US a,
a FS band bTS a.

Our main result in this section is as follows.

Proposition 1

Let A be a finite set. Let F', U and T be three binary relations on A that
are pairwise disjoint and such that T is reflexive. Suppose that these three
relations are such that (2) is satisfied. It is possible to find a family of criteria
(together with semiorders P;) and a concordance threshold such that applying
equation (1) to this family of criteria with this threshold will lead to TS =T,
US = U and FS = F. Furthermore, on each criterion of this family, it is
possible to take S; to be a weak order.
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Proor

Let M = m(m — 1)/2 be the number of pairs of distinct alternatives in A.
For each of these M pairs of distinct alternatives, we introduce four criteria
defined as follows *

1. If a TS b and b TS a. We introduce four criteria on which S; is a weak
order that are such that, abusing notation in an obvious way:

(a) [a,bzyz,
(b) [a,b]zyz,
(c) zyz[a,bl,
(d) zyz(a,b],

xyzla,

2Yx

where for instance the criterion such that [a, bjxyz means that we have
a and b indifferent on this criterion and are both strictly preferred to
all other alternatives, these ones being ordered in an arbitrary way.
Similarly, [a, b]zyx means that we have a and b indifferent on this crite-
rion and are both strictly preferred to all other alternatives, these ones
being ordered in a way that is the opposite of the one chosen for the
first criterion.

2. If a TS b and b US a. We introduce four criteria on which .S; is a weak
order that are such that

(a) abryz,
(b) abxyz,
(c)
(d)

zyzab,

zyxba.

3. If aTS b and b FS a. We introduce four criteria on which S; is a weak

order that are such that

) abryz,

b)

(c) zyxab,
(d)

(a
(b) abxyz,

zyxab.

4. If a US b and b US a. We introduce four criteria on which S; is a weak
order that are such that

! The case [a US b and b TS a] is clearly symmetric to case 2; similarly, the case [a FS b
and b TS a] is symmetric to case 3.



axyzb,
b

(a)

(b)

(c) bryza,
)

azyxb,
(d) bzyzxa.

We give an equal weight to all of the 4M criteria. Let {a,b} be any pair of
distinct alternatives. On all the 4M — 4 criteria that are not linked to that
pair, there are 2M — 2 criteria such that a P; b and 2M — 2 criteria such that
b P a. Let k= (2M —2)/4M. Tt is easy to see that:

1. If a TS b and b TS a, we have
5% =k +4/4M, s =k +4/4M.

2. If a TS b and b US a, we have

5% =k +3/4M, s" =k +1/4M.

3. If aTS b and b FS a, we have
s = k4 4/4M, s = k.

4. If a US b and b US a, we have
5% =k +2/4M, s =k +2/4M.

Take the threshold A = k+5/8M = 1/2+1/8M, so that 1 =\ = k+1/8M =
1/2 —1/8M. Observe that we have 0.5 < X < 1, as required.
We have in each of the above cases,

k44/4AM > X\ =k +5/8M,
k+3/4M > A=k +5/8M and 1 — A=k +1/8M <k +1/4M < X\ =k +5/8M,
k+4/AM >AX=k+5/8M and k <1—X=k+1/8M,
1= A=k+1/8M <k+2/4AM < X=k+5/8M.

Hence, we have the desired result. O

Remark 2
The construction used above is not unique (e.g., there are clearly several
possible values for A in the above construction). It is unlikely to be minimal. e



3 Outranking

We now introduce discordance into the picture. The definition of the three
relations is modified as follows.
We define the three outranking relations, letting, for all a,b € A,

aTSb < [s">Xand {i € N:gi(b)V; gi(a)} = 2],
aFSb < s <1—X\ or{ic N:g(b)V;gla)} # 2], (3)
aUSbh <= 1-A<s®<Xand {i € N: gV gla)} = 2]
The three relations TS, US and FS must be pairwise disjoint. Since s =1,
the relation TS is always reflexive. Hence, both US and FS are irreflexive.

Let {a, b} be a pair of distinct alternatives. We have one and only one of
the 9 possibilities:

aTS band bTS a,

a TS band b US a,

aTS band b FS a,

aUSband bTS a,

a US b and b US a,

a US b and b FS a,

a FSband 0TS a,
e a FSbandbUS a,
e a FSbandb FS a.

This time, it is not difficult to see that any of these 9 possibilities may occur.
Our main result in this section is as follows.

Proposition 3

Let A be a finite set. Let F', U and T be three binary relations on A that are
pairwise disjoint and such that T is reflexive. It is possible to find a family
of criteria (together with semiorders P; and V; such that V; C P; and there
is weak order compatible with both P, and V;) and a concordance threshold
such that applying equation (3) to this family of criteria with this threshold
will lead to TS =T, US = U and FS = F. Furthermore, on each criterion
of this family, it is possible to have S; to be a weak order.



PROOF

We use the same construction as in the above proof. For all the cases ex-
amined above, we take V; = @. There are only two more cases to consider
(the case [a FS b and b US a is clearly symmetric to the case [a US b and
b FS a]). We deal with them introducing veto effects on top of case 4 in the
above proof.

1. If ¢ US b and b F'S a. We introduce four criteria on which .S; is a weak
order that are such that

(a) azyzb and a V; b,
(b) azyxb,
(c) bryza,
(d) bzyxa.
2. If a FS b and b FS a. We introduce four criteria on which S; is a weak
order that are such that

a) aryzb and a V; b,

(a)
(b) azyzb,
)

¢) bxyza and b'V; a,

(

(d) bzyza.
In any of these new cases, S; is a weak order. The relation V; is always
a semiorder that is included in P; and compatible with the weak order S;.

Using the same reasoning as above, taking the threshold A = k + 5/8M =
1/2 4+ 1/8M gives the desired result. O
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