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ABSTRACT

In order to dissipate the confusion created by the nction of
“measurability”. many authors have argued that. in gererai,
a2 von Neumann-Mcrgenstern utility function aces not measure
preference differerces between outcomes since it is only ba-
sec on simple iottery comparisons. Neverthe'ess the rela-
tionsrips petweer a vor Neumann-Mgrgenstern utility funcrion
anc a function measuring preference differences nave rarely
beer studied from a thecretical point of view. The aim of
this paper is %¢ provide a simple necessary ang sufficient
consition. relating even chance ‘otteries and preference
agifrerences. for tre two functions to coincide. The dis-
cussion of the accectability and reasonabieness of this ea-
s*ly interpretabie condition couid shed a new light on this
guestior through avoiding the problem. encountered in most
empirical studies, of the dependence of the shape of the
functions on the assessment method used.

This paper pursues previous work on this topic by M,

n

Allais and R. Sarin.

1. INTRODUCTION AND BACKGROUND

In order to dissipate the confusion created by the notion of
"measurability”. many authors (e.g. ruce and Raiffa (1957}
or Fishburn (197€;; have argued that, in genera:. a von Neu-
Manr-Morgenstern (vh-M! utility function does not measure
preference differences between outcomes since it is only ba-
sed on simple lottery comparisons. The purpcse of this note
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is to study the relationships between these two concepts from
a theoretical point of view.

This problem dates back at least to Allais (1953). In
his classical attack against utility theory, he argued that
if a vN-M utility function exists, it must be identical to
his "cardinal utility function". Allais (1979) gives rather
a compiex proof of this assertion using an apparently very
restrictive axiom of "cardinal isovariation", a result of
"amazing strength" in the words of Machina (1981)}. More re-
cently. Allais (1985; aliegedly proved that. in a}} cases,
these twc functions. wher they exist. must be identical,

In scite of the urcertain operational status of trne very
notion ot preference cifference, there seems tc be a growing
interest ir this problen Oyer and Sarir {1882) ang KrZyez-
tofowicz (1983) argue that a vN-M utility function cartures
DCLr strengtin of prefererze and risk attitude, leading tg the
de‘initicn of 3 “relative risk attitude”. Beil (1951} ex-
ciicitly 1ncludes strengtn of preference among the components
cf risk attituge. Uyer anc Sarin (1979) and Baror et al.
(1984} nave :nvestigated the link betweer various furctigna’
decompositions of utility furctions and functions measuring
prefererce differences.

Tre approach taker here ig similar to that of Sarin

19825, Using Savage's state of the world framework. he gi-
ves conditions that imp'y the existence of probabilities and
a utility function répresenting both preferences and prefe-
rence differences between acts angd discusses at targe the
trecretical and practical interest of this probiem. Within
a different framework we cbttain simpler and more easily in-
terpretatie conditions.

Suppcse X is a2 nenemply set of outcomes. Expectec
utility is concerned with the problem of representing a pre-
ference relation R on a seét of mixtures defined on the ba-
sis of X. For simplicity. we wiil use throughout the paper
the set Pq(X) of all simple probability measures on X.

pix} bpeing the probability assigned to x e X by p e P (X},
The desired numerica!l representation U : PX(X) R is s
that for all p, g e Ps(x) and ali a e (0. 1)

pRa iff uU(p) > Ulg} and (1)
a

Ula o + (1 - a) q) = Ulp) + (1 - a) U(q). {(2)

Ny

where a p + (1 - g} Q is the probability measure assigning
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the probability a p(x) + (1 - a) g(x) to each x e X.
On the basis of U defined on PS(X) it is possible

to define a real-valued function u on X such that for
alt p, qc¢ PS(X)

p Rq iff T op(x) ulx) > T a(x) u(x)

xeX xeX

by letting u(x) = U(px) where P, is a probability mea-
sure such that px(x) = 1.

Conditions for the existence of u can be fourd ir
Fisnburn {197C). Given the richness of the structure of
CS(X> they imply that u or ¥ (or alternative'y & o~

°S4X)) defines ar interva! sca‘e. 1.e. is defined up tc e

positive affine transformatior.

Throughout the paper we use capital letters to dencte
funztions on PS(X) and lower case ietters for functions or
e

The nction of prefererce gifferences is based upor the
existence of a binary relatior R%2 on X x X allowing tec
comgare "differences” betweer ocutcomes. We wiil be interes-
tec n a numerical representaticn v : X -~ R such that tor

4~

atl o x., y, z2.weX

(x., y1 R% (z. w) iff wvix) - vy} > vz} - viw}.
We call such a function v a ivalue) function measuring pre-
terence differences. Conditions for the existence of such a

tunction can be found in Scott and Suppes (1958}, Debreu
{1960) and Krantz et al. (1971}, It is weli-krown that un-
less the structure of X is sufficiently ricr. v does not
provide an interval scale of measurement. Aczcrcing to our
corventions., we note V a function measuring preference

differences on PS(X).

In order to expiore the relationships between u and
we oegwn 1n section 2 with the study of the rather theo-
wr

ne afimad an D (XY x P (X} 1.e.

A
v hich R is defined on S\n; x Pglhi, 1.8

etical case

when it is supposed that it is possible to compare preference
differences, not only between outcomes. but alsoc between mix-
tures - so that we compare U and V. Section 3 studies the

case in which R 1is defined on PS(X) and R°® on X x X

- so that we compare u and v. In section 4 we discuss
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the implications of our results and their relations to pre-
vious empirical studies.

Throughout the paper [ and P (resp. [° and poy
will respectively denote the symmetric and asymmetric part
of R (resp. R9). When needed we use the notation p a q
instead of a o + (] - g g to denote a mixture.

2. PREFERENCE DIFFERENCES ON MIXTURES

Whern ®° is definea on Ps(x; % Ps{X). fairly simpgie condr-

tiors ensure that U

affine transformatior.
We rave the following

Thecrer ; - (et

= U be a real-valuez Tunction or PSiX) satisfying (1:

= W PR 1
ar¢ V  are igenti i

G 8 positiy

o
*

ar u

[l
i )

ars (Z.. ang
- v Ze a real-valued functior on QS(X) satisfying tne

Lonction
For a! o. a. s, t ¢ FUX) o dp. gy R (s t) iff wip; -
V(G » Vis) - v{%). {3}
Then there are a, b+ KR with a> 0 such that
Vet = a U(p) + b for all p ¢ ps(’}
iff fer all p. g ¢ Ps(x‘
Al © o R g 1iff (p. q) R® (a. q)

, ] N | i

A2 (s 50+5q) 1°(30+5a, al
Prec® © Necessity is obvious. Given the well-known unicity
result for functions satrsfying (1) and (2), all we have to
prove tc establish sufficiency 1s that V satisfies (1) anc

>,

{2). The fact that V satisfies (1) is obvious from A.1 anc
(3). It remains to prove that V is linear. Le< .z first

observe that A.2 and (3) imply that, for all o, o = & (X).
.1 . )
Vip > qQ; = % Vip) + % V(a) and that repeated appiications

of tnis last result show that. for all p, qe P (X} and all

n s!
positive integers m, n such that 0 <m/2° < 1. we have

Vioim/2"a) = (m/2") v(p) + (1 - (m2™)) V(q).
Suppose that

D
that p I pa g
a Vip) + (1 - o

q. It toliows from the existence of y
qQ for all a e (0, 1). Hence V(p o q) =
} V(a).

I
I
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Suppose now that V(p a Q) > a V(p) + (1 - a) V(a) for
some o € (0, 1) and for some p, g e PS(X) such that

p P g. Given that p P q, we know from the existence of U
that p P p a g P q and thus Vip) > V(p o q) > V(g). Hen-
ce there exists a K ¢ (0, 1) such that K > « and

Vb o q) = K V{p)+ (1 - K) V(g). From the properties of ra-
tional numbers we know that there exist positive integers

nO
m® and n? such that K > m°/2" > o. We thus have

QO nO > . O'n:> 1 Qe / nO B
p(m®/2° )q P pagq so that Vip(m°,2 iG) = (m°/2 )} vig: +
- ."C . - -
1= mO2 yi Via) > Vip a gl = K V(D) + 11 - Kt Vta). 8.z
. - .n®
this 9s impossinle since Vip: » Vig: arg K > mo,27
the case Vip a G) < a V{g} + (1 - ai V(g) 1s provec
similarty
Q.e.C.
Thegrer says that 1f prefererce differences. expressec

re relatec to preferences ir a consistert way
'C 1€ there exist real-valuez functicns L ana
respective’y satisfying (1!-{2} ans (3}. then. given A,
every *unctio® measuring preference differences must be <
near. s¢ that such a Tunctior pecomes measurable.
We strongly emphasize that A.i and A.2 cannot be weake-
nec supposirg that Vv on DS(X) is defined up to a positive

N
EY
T mIXTtures, a
-

nrough A.1 a
v

[ oV

L
£
i

a‘fire transformation. While A.1 aiore impiies that U and
V are relatez by a strictly increasing monotonic transfor-

mation, the fu'll torce of A.2 (combined with the richress of
the structure of PS(X)) is needed to ensure that U and V
provide the same interval scale on P {(X).
s

Therefore we are bound to reject the conclusions o¢
theorem III of Allais (1985) which states that U ang s
always provide the same scale on PS(X) when V defire:z a»
interval scale and A.1 holds This is because the fact that
U and V botr define an interval scale do not impiy that
there js a function h such that a U + b = h{a' V + b')
for all a, a', b, b' e R with a, a' >0 : h obviously

depends on a, a', b, o'.

3. PREFERENCE ON MIXTURES
AND PREFERENCE DIFFERENCES ON QUTCOMES

In the previous section we admitted the possibility of com-
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paring preference differences between mixtures which is su-
rely not realistic in many situations. In this section we
only suppose that R°® 1is defined on X x X. This complii-
cates the situation because the simplicity of the conditions

used in theorem 1 was mainly due to the richness of the struc-
ture of DS(X).

In orger to obtain similar conditions, we introduce the
owing structural condition on X

£..11
T i

Q1

C.1 © For each p e P (xj. p I p for some «x

We tre~ nave

Theorer 2 : Suppose that u is a vN-™ uytility func-
tion. v 15 a3 turctior measuring prefererce arfferences or
* and .1 ncigs Tnen there are a. b ¢ F with a > §
sulh that u{xj = a vix}) + b for all x ¢ X if for al’
y. 2 b

3

Proof : Necessity 1s obvious. 7o establish sufficiercy.
suppose A .3 anc A.4 hold. We define a binary relation R°°©
on P_{Kj x Pgik? Dby (p, g} R®® {r. t} iff (x. y} R®
{z. w] for some x, y. 2z, we X such that P, [ o. py I a,
op_ I r anc p I t.

bd w

We have p R iff (p. a} R°° (g. a}. To prove it
suppcse that p K it Tollows from our structural assum-
ption and the existence of a vN-M utility function that
p. R P, for some x, y ¢ X such that p, I p and p I c.

v X

o .0

X

- J
Therefore the conclusion follows from A.3 and the defin-z-c-
of R°°. [f (p. g) R°° (g, a) then there are x, y £ X
such that o I o . alop,. (x. ) R® {y. y} and the conclu-

y
sion follows from A.3.

1
We now prove that for all p, g ¢ PS(X). (p. % p+ = aq)

aSIT=

[ee (% p + % q. a). Our structural assumption imply the
[4 [
existence of x, y, z € X such that P, 1o, oy I a and
DZ I (% Do+ % G). The existence of u mplies that pz I
(% p_+ % p ) and from A.4 we have {x, z) I° (z, y) so
< XK 2y
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that (p, % p + % q) [°° (% p + % g. g) by detinition. The
proot will thus be complete, using theorem 1 if we show the

existence of real-valued functions U and V on P _(X)

s
respectively satisfying (1)-(2) and (3). The existence of
U follows from that of u. For all p e P _(X) we define a

tunction V as V{p} = vix) if P, I p. The fact that V

is well-defined (i.e. that vi{x} viy) for all x. y e X

such that P, i o and Dy I p} straightforwardly Tolilows

from A.3 ancd the existence of u
Tne proc? that V measures prefererce differences or
PS(X) is easy and left to reader CED.

A.3 arc A.4 are the courterparts of A1 and 4.2 in tnis
ccntext. Cond tiorn A.4 was proposec by Koy (1i98%:. Tre
structura’ concd tion we used ir the previous thecrem s very
strong. [t is nevertheiess satisfied ir the important case
where X is a c:iosea interva! of the rea!-lire on which s
agefined a continuous vN-M utiiity functior,

In a similar context, it is possible to envisage cdiffe-
rent congiticns relating lottering and preference differen-

ces. Beil {1981} mentions a condition which impiies that if

x 1s tne certainty equivalent of some lottery and if a same
"amount” 1n terms of v is added to all ocutcomes of the lot-

tery, ther x plus this "amount" is the certainty equiva-
tent of the “increased" lottery. According to Beli, tris
conditior imciles that v is relatec tc u eitner py ar
affine or an exponential transformation. This condition s
very similar to the "cardin i

(1979). .

VT Yenuyarsad <o

"I“. - .y [ G, " L AN .
Puitiar 1o0VaT1alion axiom QoY AlTats

4. DISCUSSION

That some 1qea of strength of oreference interferes with ris-
:g gho1§es is n;rd]y disputablie. Our main result implies
rezcé geia X is an 1nterva! of the real iine, the prefe-
Conrin“n“cesz_:1§5¥1§}tetnat1yes of an individual havina
refanaoos ¥ATR Utility function ang a function ng

ily " i L oS outcomes, i.e. that he i ces-
EZ:QAY(lggéat1yely risk neutral” in the sense o?eD;:rn:;SS
}. if he is prepared to accept A.4 {or A.2 dépen—
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ding on the context). This amounts to negating any specific
element due to the introduction of risk in a choice situa-
tion and to reducing the concept of risk aversion to the
classical idea of “decreasing marginal utility" used in eco-
nomics. Intuitively, this seems hardly acceptable and may
fead us to conclude that A.2 and A.4 are overly restrictive
despite their rather 1innocuous formulation. In fact, many
authors (e.g. Fishburn (1970. p. 82)) have argued that they
S€eé no reason why lottery comparisons should coincide with
preference difference comparisons.

As discussed by Bell (1981}, it seems that many features
dc influence risky choices apart from strengtn of preference.
Amcrg them. we fee' tnat regret (Be'!l (1982} or Loomes anc
Sugzer (1982}). disapncintment (Bel!? (1985'). the existence
of a specific utitity {(or disutility} of gambiing. the mis-
berieption of prodan-lities {especially arounc certainty; anc
the avcidance of ryir are the most important ones. They ne-
vertneiess are all incompatibie with a strict interpretation
of the vN-M axioms. Therefore, in our view. the crucial as-
Sumption s more the existence of a vN-M utility functior
than 4.2 or A 4. e tonsider that if an individua! is ra-
tiora! enough to possess a vN-M utility function and a func-
tion measuring prefererce differences then he would alsoc e
prepared to accept A.2. at least as a normative guide (see
alsc the rationale given by Beil (1981) for the acceptance
of £4.2,. But this argument remains weak since there is no
wide'ly accepted orerational interpretation of the strengtn
of creference notior {see nowever Vansnick {1884) aznd
{19861 ;.

There has beer a iarge number of empirical studies ai-
ming at comparing wiiiity and function measuring preference
differences (see Fischer (1877). Sarin et al. (1980). Krzys-
ztofowicz (1983). McCorg and de Neufville (1983} and the
partial results of the famous 1952 experiment reported in
Allais (1979)). Tney all show that, for most ingividuals,
there is a iarge difference between the vN-M utiiity func-
ticrn and the functior measuring preference differences. as-
Sessed using one of the methods described in Fishburn (1967)
T ant that this difference cannot be reconciled since most
individual explicitely argue in favour of the existen
elements specific to the risky situation (see especially
Sarir et al. (19807 and McCord and de Neufville {1983)).
However the interpretation of these empirical resuits is not
ds easy as it might appear at first might. In fact, many

ead to the conclusion that the shape of

ce of

i

ret

t
1
i

emcirical studies
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the utility function is highly dependent upon the assessment
method used, that this dependence exhibits definite trends
and that the differences between two utility functions asses-
sed using different methods cannot be reconciled (see McCord
and de Neufville (1983). and the survey of Bouyssou (1984b)).
Allais uses this argument, which is strongly supported by the
results of his 1952 experiment, against the vN-M axioms, wi-
thout showing, however, that a similar phenomenon cannot oc-
cur for the assessment of his "cardinal utility function"
Though this has never Deer explicitely tested, we have no
-2ason to consider that such a phenomenon would be absent
from the assessment ot functions measuring preference ciffe-
rences. In fact McCorc anc de Neufville nave observec that
the differerces betweer utility anc functions measu~i~35 pre-
ference differences were 0f the same magnitude that T e ones
setween various utility functions assessed using g fferert
assessment technigues. Though the very careful! exper-me-~zal
study of Krzysztofowicz {19831 leads to the corciusigr that

utility and functwons measuring preference differences are
significantly gifferent, he rightiy notes that his results
mav we!l be dependent upor the assessments methods he used
far both functions.

Tk sugges noayv orimont
th s suggests a heavy experimen ger

ta
krow whether functions measuring Dre‘ererfe differences car
be assessed in a reliable way and, if this appears to be the
case. whether their predictive power to explain risky choic
'n presence of A.2 or A.4 is acceotable compared to that of a
U\.‘(\LV lUH'L

1 agenda 1n order to
i 1da 1N orge ro

taking into accour its oassibie ingetermi-

G
nacy due to 1ts epenﬂence upon assessment methods.
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