DENIS BOUYSSOU AND JEAN-CLAUDE VANSNICK

NONCOMPENSATORY AND GENERALIZED
NONCOMPENSATORY PREFERENCE STRUCTURES

1. INTRODUCTION

The aim of this paper is to provide a general study of noncompensatory
preference structures. These structures have not been studied very much
yet, the attention of most decision theorists being almost exclusively
devoted to structures allowing some kind of utility representation. They
nevertheless appear frequently in practice both as heuristic approaches to
analyse multidimensional evaluations (e.g. disjunctive and lexicographic
models, see MacCrimmon, 1973) and as easy to implement methods to
perform an aggregation of several attributes for decision-aid (ELECTRE
methods, see Roy, 1968, 1971; Roy and Bertier, 1972).

The paper is organized as follows. We present our notations in
Section 2. In Section 3 we recall some definitions and propositions about
noncompensatory preference structures and introduce the notion of
concordance preference structure. In Section 4 we propose a generali-
zation of these notions introducing the idea of discordance. Section 5
provides a brief description of how such preference structures can be used
for decision-aid.

2. NOTATIONS AND PRELIMINARY DEFINITIONS

Throughout the paper we will note:

Ry the set of strictly positive real numbers,

IN={0; 1, 2, ...}, No=N X\ {0],

Q={1, 2, ..., n) with neN and n>2,

P(Q) the set of all subsets of Q,

S the set of all pairs of disjoint subsets of Q,

S={(A, B) | A, BeE P(Q) and AnB=0],

Xy, X5, ..., X, n nonempty sets which can be interpreted as n sets of
levels defining n attributes in a multi-attribute decision problem,
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X=X7_; X; the Cartesian product of these sets,
(i, (7)); ) the element of X (¥, Y2, -.ey Yie 1, Xjy Vi 1s +oes )
> an asymmetric binary relation on X which can be interpreted as a
(strict) preference relation.
(X, >) will be called a Preference Structure (P.S.).

We will classically note ~ the binary relation on X defined by x ~yiff
not (x > y) and not (y > x) and >* the binary relation on X such that x =y
iff not (y > x).

DEFINITION 2.1. For all i € Q we define a binary relation > ;on X; by
X;p > yi Mff (g, (@)j20) > O, (@)); ;) for all 0) e €EX5- 0 X
From > ; we define ~; and }=, as above.

The asymmetry of > obviously implies the asymmetry of each > ;. The
definition of >; does not imply any notion of preferential independence
since we have x; >, y; only if (x;, @)= > O, (a;);+;) for all vectors
(@)~

DEFINITION 2.2. An attribute X is essential iff x; >; y; for some x;,
yieX;.

We will assume hereafter that all attributes are essential which will
prove unrestrictive for our purposes.

DEFINITION 2.3. For each ordered pair (x, y)eX? we will note
Px, y)=[ieQ|x; >; y].

Thus P(x, y) denotes the set of attributes for which there is a partial
preference for x on y. The asymmetry of each > ; implies that
P(x, y)nP(y, x)=0 for all x, yex.

DEFINITION 2.4. We will note > and = the binary relations on P(Q)
defined respectively by 4> B iff (P(x, ¥), P(y, x))=(A, B) for some x,
y€X such that x > y and 4=B iff AnB=6 and not (A B) and not
(B> A).

It is clear that 4[> B implies (A4, B) € S and that the following lemma
holds for all 4, Be P(Q).

LEMMA. 2.1. A=B& AnB=0 and [Vx, yeX: (P(x, y), P(y, x))=
(A, B)=x~y].
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DEFINITION 2.5. We will note » the binary relation on P(Q) defined
by: A>Biff AnB=#0and [Vx, ye X: (P(x, y), P(y, X)) =(A4, B)=x>)].

Contrary to [>, » is asymmetric when all attributes are essential.
According to Definition 2.5. > can be interpreted as a ‘“more important
than’’ relation on P(Q2).

DEFINITION 2.6. A P.S. (X, >) has the properties:

— P, super additivity iff [(AuC)N(BuD)=0, AD>B and CDD]
=2AuCP>BUD,

— P, decisivity iff [(4, B)e S and (4, B)# (@, #)]=not (4 =RB),

— Pj attribute acyclicity iff > has no cycles,

— P, attribute transitivity iff [AD> B, B> C and AnC=0]=AD C,

— Ps double essentiality iff V ie Q, x; >; y; and y; > z, for some x;, y;,
Z,‘EX,'.

3. NONCOMPENSATORY PREFERENCE STRUCTURES (NPS)

In this section we first recall some definitions and propositions about the
notion of noncompensatory preference structures introduced indepen-
dently by Fishburn (1974, 1975 and 1976) and Plott et al. (1975). Two
special important cases of NPS are analysed: the classical lexicographic
preferences and the new concept of concordance preference structures.

DEFINITION 3.1. A P.S. (X, >) is noncompensatory iff vV x, y, z, we X:
1) (P, »), PO, x))=(P(z, w), P(w, 2))]=(x > y=z2>w).
(2) [P(x, y)#9 and P(y, x)=0]=x > y.

The idea of noncompensation appears clearly in this definition since the
global preference of x on y only depends on the subsets of 2 on which
there is a partial preference of x on y and of y on x. This definition
corresponds to a ‘‘regular noncompensatory preference structure’’ in
Fishburn (1976). Condition (2) of Definition 3.1. could be omitted, but
from a practical point of view only regular structures are of interest.

It results immediately from Definition 3.1. that if (X, >) is a NPS
then the attributes are mutually preferentially independent (cf. Keeney
and Raiffa, 1976) (which can be shown to be implied by condition (1)
alone). We have:
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LEMMA 3.1. A P.S. (X, >) is a NPS iff:
(1) v A, BEP(Q), AD B=A>B.
Q) vAeP(Q) \ 0, A>0.
Proof. Left to the reader. E

Condition (1) of Lemma 3.1. obviously implies that for a NPSDis
asymmetric and that @=@.

Lexicographic preference structures are an important particular case of
NPS.

DEFINITION 3.2. A P.S. (X, >) is lexicographic iff there is a permu-
tation o on Q such that v x, ye X, x > y iff not (x; ~;y;) for some ieQ
and X, > o) Yo(i fOr the smallest i for which not (Xy4) ~ oty Yo)-

Fishburn (1976) Theorem 1, proves the following results:

THEOREM 3.1. If (X, >) is a NPS, then:
(a) P, and P3;= Py,
(b) P, and P, and Py (X, >)1s lexicographic,
(c) Ps and > is a weak order = (X, >) is lexicographic.

The notion of NPS also provides a new insight into the idea of
concordance which appears in a wide variety of multicriteria decision-aid
methods such as ELECTRE. We formalize here this notion using an idea
introduced by Vansnick (1986). For another approach to the idea of
concordance we refer to Huber (1974 and 1979).

DEFINITION 3.3. A P.S. (X, >)isaconcordance P.S. of type p (CPSp)
with p=1 a rational number, iff
3 f1, for -0» Jn€RS such that vV x, yeX

x>yeXicp w »JfiZP Lier ¢, 0 Ji

Figure 1 gives a graphical interpretation of this definition.
We have the following lemmas:

LEMMA 3.2. V p=1, a CPSp is a NPS verifying Ps.
Proof. Obvious (left to the reader). B



NONCOMPENSATORY PREFERENCE STRUCTURES 255

Ejef' o, x)f/

y »X

X~y
x>y
- EieP (x, )’)f;'
Fig. 1. Graphical interpretation of a CPSp (here p=1/tg 0).
LEMMA 3.3. A4 lexicographic NPS is a CPS].
Proof. Follows immediately from taking f,= 2" +1=9, [ ]

The following theorem gives necessary and sufficient conditions for the
existence of a CPSp. These conditions are very similar to those appearing
in representation theorems of comparative probabilities (see Scott, 1964;
Domotor and Stelzer, 1971, Fishburn, 1969; Krantz ef al., 1971, chap. 9;
Roberts, 1979, chap. 8). This is not surprising because the relation “more
important than’’ between attributes has strong connections with a ‘“more
probable than” relation between events. In this theorem, V x, YeX,
M(x, y) will denote the 1 x n matrix (a,, ay, ..., a,) wherevieQ, a,=1
iff x; >; ¥, and a;=0 otherwise.

THEOREM 3.2. 4 P.S. (X, >) is a CPSp iff:
(X, >) is a NPS and
(3.1) v m, ke Ng

Y MO, yP)4p Y MY, wi)#
i=1

O0</j<k



Proof. Theorem 3.2. can be stated:

N
Ja

aF= . |e[RS]"*! such that, vV x, ye X
Jn
x>=y=M(x, y)-F>p M(y, x)'F

x~y=M(x, y)-F<p M(y, x)-F
iff (3.1) and (3.2).

(a) Necessity

The necessity of (3.1) is obvious. Let m, ke N, xX? >=yP vie(l, ...

and w¥~zU v jeN such that 0<j<k.
By assumption, there is a Fe[RZ 1”1 such that

M@ED, yO)-F>p M(O?, xP)-Fv iell, ..., m)

p M(zZ9P, w)-F>MWY, zV-F v jeN such that 0<j<k.
After summation, we obtain:

(Y MO, O +p ¥ M, wO)F>

O<j<k

LY MO®, x0+ T Mwd, 20)-F

o0<j<k

which implies (3.2).

, m]

































