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Sequential Halving applied to Trees

Tristan Cazenave

Abstract—Monte Carlo Tree Search (MCTS) is state of the art for multiple games and problems. The base algorithm
currently used for Monte Carlo Tree Search is UCT. We propose an alternative Monte Carlo Tree Search algorithm:
Sequential Halving applied to Trees (SHOT). It has multiple advantages over UCT: it spends less time in the tree, it uses
less memory, it is parameter free, at equal time settings it beats UCT for a complex combinatorial game and it can be
efficiently parallelized.

Index Terms—Monte Carlo Tree Search, Sequential Halving, SHOT, UCT, Nogo.
U

1 INTRODUCTION SHOT does the opposite of usual pruning heuris-
tics for MCTS. Progressive widening [8] and pro-
ressive unpruning [5] start with only the most
mising moves and then extend the number of
oves under consideration at a node when the
mber of playouts increase. On the contrary SHOT

Monte Carlo Tree Search [7] has been very su
cessful in a number of games and single ag
problems [3], [4] such as Go [7], General Gam
Playing [9], [12] and Morpion Solitaire [13]. The
standard Monte Carlo Tree Search algorithm is U <tarts with all the possible moves and gradually

[11]. It uses the UCB bandit formula [2]. Altemat'vedecreases the number of moves under consideration.

algorithms have _been d_esigned for bandits. . FQHOT does not use domain dependent knowledge
example Sequential Halving [10] allocates multipl prune the moves

playouts to each move. It runs a few rounds ANl syoTis parameter free as is Nested Monte Carlo

It'IIIS glve\;lv N advancte tr:je r;usmber Otf ;l)lsy:)gts g‘,earch (NMCS) [4]. However SHOT develops a tree
Wil use. VVe propose to adapt sequential Halving 10,5 the root and performs simple playouts outside

Monte Carlo Tree Search and to name the resultigg this tree whereas NMCS does search all along

algorlthm_ SHOT. . e game with nested playouts, also searching near
There is a number of reasons why SHOT is wor e end of the game

considering: SHOT can be applied to single-player, two-player
« SHOT spends less time in the tree than UCTand multi-player games. In this paper it is applied
« SHOT uses less memory than UCT. to a two-player game.
« At equal time settings SHOT beats UCT for a The second section is about Sequential Halving,
typical combinatorial game. the third section deals with SHOT, the fourth section
« It can be parallelized efficiently. details experiments, the last section concludes.

« There is no need to tune a parameter.

SHOT differs significantly from the tradi-
tional UCT-like model of MCTS, as it does not2 SEQUENTIAL HALVING
execute the usual selection-expansion-simulatiopequential Halving [10] is an algorithm that is based
backpropagation loop. Instead it allocates a budg®t sequential elimination of moves. The algorithm
of playouts to each move, this is why it spends lepsoceeds in rounds. In each round the remaining
time in the tree and can be parallelized efficientlynoves are sampled uniformly. The number of play-
outs is fixed at the start of the algorithm. Parts of
e T. Cazenave is at LAMSADE, UnivegsiParis-Dauphine, 75016 the budget OT playouts are a”OC_ated independently
Paris, France. to moves during the few sequential rounds. A round
email: cazenave@lamsade.dauphine.fr consists of playing a fixed number of playouts for
each remaining move. After each round the number
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of moves under consideration is divided by twd10]. The paper on Sequential Halving also ad-
Only the best half of the moves with the largestresses the fixed confidence setting in which the
empirical averages are kept for the next roundumber of arm pulls is not fixed but the error

When there is only one move left, the algorithrprobability is fixed.

stops and sends back the move. Sequential Halving is given in algorithm 1.

The number of playouts allocated to a move
in each round is given by the following formula:
h o gogz((;)zcslgiegleMovesmL where budget is the total
number of playouts that the algorithm will us§,
is the set of remaining moves apdssible M oves
is the set of all possible moves.

Figure 1 gives an example of Sequential Halving
applied to a position with four moves and a budget
of sixty-four playouts. At the beginning of the
algorithm, all four moves have zero wins and zero
playouts. Then the algorithm decides to try each
move eight times since there are four possible moves
and the bt_Jdget is smty-four{%J = 8). So 8/8
after the first round the four possible moves have
empirical averages of 2/8, 8/8, 6/8 and 7/8. The two
best moves (i.e. the moves that have the 8/8 and 7/8
empirical averages) are selected for the next round.
Then the algorithm allocate%mj = 16
playouts to each of these two remaining moves
for the second round. After the second round, the
resulting empirical averages are 18/24 and 20/24 so
the best move that has the 20/24 empirical average
is selected and as it is the only remaining move it
is returned as the best move by the algorithm.

Sequential Halving has interesting theoretical
properties. Instead of minimizing the regret as iRig. 1. Sequential Halving for four possible
UCB [2], Sequential Halving maximizes the probamoves and a budget of sixty-four playouts
bility of choosing the best arm having the maximal
expected reward. In [10], they prove a bound on the
probability to erroneously eliminate the best arm. L . _ _
n is the number of arms, the multiplicative gap frortlgorithm 1 Sequential Halving
the lower bound on the number of required arm pulls SequentialHalving {udget)
to reach a given probability is itog log n while S < [possibleMoves|
in previous algorithms the gap was Ing n. The  Wwhile [S| > 1 do
exact theorem is: for succeeding with probability —for each move m it do

8/8
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at leastl — 4, the algorithm needs a total of at play (m) o
mostT = O(H, x log(n) x log(“%™)) arm pulls. perform |S|XUomuposiibleMovesmJ playouts
Where H, = maz;zi(55) and A, = p; — p; and undo (M
p1 > ps > ... > p, are the expected rewards of the ~ end for S _ _
arms. S - §et of [%W moves inS with the largest
These results were established using previous €MPpirical average
end while

work on complexity measure [1].

Sequential Halving scales better than other algo-
rithms when the number of possible moves grows

return the move inS
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3 SEQUENTIAL HALVING APPLIED TO Algorithm 2 Sequential Halving applied to Trees
TREES SHOT (oard, budget, budgetU sed, playouts,
ins)
< possible moves
if board is terminathen

updateplayouts, wins and return

Sequential Halving is adapted when there is a fixedgj
budget. When we use Sequential Halving in com-
bination with tree search, we may come back to an
already visited node with an increased budget. Theend if

policy that SHOT uses in this case is to considerif budget — 1 then

the already allocated budget and the new budget as result « playout(board)

awhole. The overall budget is distributed as if it was updateplayouts, budgetU sed, wins and return
given at first. The information on the node such as i ’ '

the number of playouts and the number of wins for if |S| = 1 then

each move are stored in the transposition table entry.
This information is used to allocate the new budget
SO as not to give to a move more playouts than what :

it would have been given if the allocated budget and E&ﬂ?ﬁﬁ)ﬁom& budgetUsed andwins
the new budget were considered as a whole. So th d if

algorithm looks in the transposition table entry at { « entry in the transposition table

the number of playouts that have already been givenif t budgetNode < |S| then

to the move and gives it the difference between the w
new budget for the move and the number of playouts
already given.

u4—0,p<—0,w<+0
SHOT @lay(board, move), budget, u, p, w)

for movem in S with zero playoutslo
result < playout(play(board, m))

, , updateplayouts, budgetU sed, wins andt
An example of the behaviour of SHOT coming return if budget playouts have been played
back to a previously explored node is given in 4 for

figure 2. During the previous exploration of the 4 s

node the four possible moves have been explored,+ moves in S according to their mean

using Sequential Halving with a budget of sixty- , .

four playouts. It resulted in empirical averages of |, .o 5] > 1 do

2/8, 18/24, 6/8 and 20/24 for the four possible t.budgetNode+budget
b<—b+ma3:(17{ 4 4 QJJ

i i |S|x [log2 (|possibleMoves|

moves. Now, SHOT comes back to t-he node with a for movem in S by decreasing me
budget of one hundred and twenty-eight playouts. It :

, if t.playouts[m] < b then
considers the overall budget as the sum of the budget

: : bl < b — t.playouts|m)]
previously spent at the node and of the budget still . - . ,

if at root and|S| = 2 andm is the first

to be spent. The overall budgetGg + 128 = 192. move in Sthen
It then calculates the budget to be allocated to

each move in the first round using the formula ?1 lé_ojg;[if:;;d%gggfsed i U
[ -budgetNode thudget J where t.budgetNode is the Ly

|S|x [log2(|possibleMoves|)| . . end if
budget already spent at the node during previous b1 + min(bl, budget — budgetUsed)

calls (64), budget is the budget to spend during the w0 p0,w0

current call (128), and S is the set of remaining SHOT’ (zjlay(l;oard m), bl, u, p, w)
moves which is the set of all possible moves since updateplayouts bizdgez’st’ed’w%ns and+
it is the first round. So each possible move is end if ’ ’
aIIocated{%J = 24 playouts. However each break if budgetUsed > budget

move has already used some playouts the last times o for

the node has been visited. So SHOT only gives ¢ . gort [51] pest moves in S

each move the difference between the number of \ eay it hudgetlsed > budget

allocated playouts and the already used playouts. ltenq \while -

gives sixteen playouts to the first move that has 2/8updatet.budgetNode

and to the third move that has 6/8, and no playout to
the other two moves that already have used twenty-

return first move ofS
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four playouts. After this first round we have the fouamount of time.
moves that each have 24 playouts and empirical

averages of 16/24, 18/24, 21/24 and 20/24. The
best two moves are selected for the second rounc
This time they are allocatepzfﬁlj%J = 48 more.
playouts using the same formula as for the first
round. After the playouts have been played it results
in empirical averages of 58/72 and 60/72. The bes

move is selected and the algorithm sends it back.

Due to the multiple visits of a node it happens
that the budget allocated to a node is not completely
used. In this case it is saved and reallocated to the
best move at the root during the last round. It helps
verifying the best move really has a better empirical
average than the second best move. However othe
reallocation strategies can be thought of.

In order to avoid waste of memory, a new node is
inserted in the transposition table only if it contains
two playouts or more. It means that SHOT will
create much less nodes than the number of playouts
it will play. A memory saving strategy that consists
of creating a node only when it has a given number
of playouts can also be used for UCT so as to save
memory [6].

In order to avoid spending too much time sorting
the moves, moves are sorted only if the overall

budget is greater than the number of possible movesy. 2. SHOT for four possible moves, a bud-
When this is not the case only moves that have zgjgt of one hundred twenty-eight playouts and

playouts are tried. _ ~a node where sixty-four playouts have already
SHOT is given in algorithm 2. The variablepeen played.

budget is the maximum number of playouts allowed

in the function,budgetUsed is set to zero at each

call of the function and counts the number of

playouts really played in the function. Similarly

playouts and wins count the number of playouts4 EXPERIMENTAL RESULTS

and the number of wins. They are initialized t&HOT and UCT have been implemented for Nogo

zero at each call of the function (the variables [6]. The resulting program is named Noname. Nogo

p andw are set to zero and passed by referencé.a misere version of the game of Go. The first

t.budget Node is the number of playouts alreadyplayer to capture a string has lost. Suicide is for-

used at the node during previous caliss the total bidden. The playouts are completely random.

budget that each move if should use including A transposition table keeps nodes in memory. For

the previous rounds and the current roubidis the each index of the transposition table there is a list

number of playouts that are allocated to a mowd entries.

m in S for the current round giveh, the playouts For all of the experiments 500 games are played,

already allocated to the move in previous roundS0 with white and 250 with black.

and the budget left for the node. The machine used for the experiments has an Intel
SHOT allocates possibly large numbers of play-83 Ghz CPU, 4 GB of RAM and runs on Linux.

outs in parallel to the possible moves. It can there-Table 1 gives the results of UCT with various

fore be efficiently parallelized since it decompose®nstants against SHOT with the same number of

in independent parts that each take a significgolyouts as UCT. For each board size and for all

&)
E—®
&

oy

E—®
&—®

\
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Constant| 9x9 | Constant] 9x9 | 19 x 19 Playouts| SHOT UCT SHOT UCT
01[412% 0.001| 282 % | 63.8% 9%x9 | 9%x9|19%x19 | 19x 19
0.2 | 50.0 % 0.002 | 33.8 % | 60.6 % 1,000 vs 500] 74.2% | 73.4% | 90.2 % | 86.4 %
0.3 | 50.6 % 0.004 | 33.0 % | 65.4 % 2,000 vs 1,000 72.6 % | 76.4% | 91.8 % | 88.6 %
0.4 | 50.8 % 0.008 | 32.6 % | 59.0 % 4,000 vs 2,000 76.6 % | 73.4 % | 92.4% | 91.6 %
0.5 | 46.8 % 0.016 | 37.0 % | 64.2 % 8,000 vs 4,000] 76.4 % | 80.4 % | 93.4 % | 90.4 %
0.6 | 39.6 % 0.032| 36.6 % | 66.6 % 16,000 vs 8,000 74.6 % | 78.0 % | 96.2% | 87.0%
0.7 | 37.8% 0.064 | 37.6 % | 63.8 % 32,000 vs 16,000 72.4 % | 79.4% | 94.8% | 86.6 %
08| 332% 0.128 | 46.8 % | 62.4 %
0.9|280%| 0.256| 46.6 % | 50.0 % TABLE 4
1.0 | 202 % 0.512 | 440 % | 184 % Scalability of SHOT versus scalability of UCT

TABLE 1 for Nogo.

Tuning the UCT constant against SHOT with
the same number of playouts as UCT.

Playouts SHOT| SHOT vs UCT | SHOT vs UCT

9%9 19 % 19

1,000 75.6 % 83.8 %

Playouts|  SHOT ucT SHOT ucT 10,000 75.8 % 90.0 %

9x9 9x9 | 19x19 | 19x 19 100,000 66.8 % 100.0 %

100 | 0.001146] 0.001317| 0.004307| 0.005735 TABLE 5
1,000 | 0.008680| 0.016917| 0.042465| 0.061266 : o
10,000 | 0.083612| 0.206828| 0.405664| 0.733465 SHOT versus UCT with same thinking times.
100,000 | 0.846335| 2.313721| 3.975163| 8.114172
500,000 | 3.670690| 13.502008| 17.725956

TABLE 2

Times of SHOT versus time of UCT for Nogo. playouts. SHOT uses less memory than UCT since

it does not create a node for each playout. Table
3 gives the number of nodes used by SHOT for
different number of playouts and different sizes.
the remaining experiments the constants that gavelable 4 gives the percentage of wins for SHOT
the best results are used: 0.4 fox 9 and 0.032 for and UCT when they play against themselves with
19 x 19. twice the number of playouts. Both SHOT and UCT
Table 2 gives the times used by UCT and SHogcale well with more playouts.
to perform a given number of playouts starting from Table 5 gives the percentage of wins for SHOT
an empty board. We can see that even for very Igver UCT. The number of playouts of SHOT is
numbers of playouts SHOT takes less time thbed and UCT takes at each move the same amount
UCT. When we reach 10,000 playouts SHOT tak& time as SHOT took at the previous move. We
half the time of UCT, and approximately three timegan see that SHOT outperforms UCT at equal time
less time for 500,000 playouts. There is no time f&ettings.
19x 19 UCT and 500,000 playouts because it took a
large time due to the use of a lot of memory. UCE D scussioN

uses the same number of nodes as the number of o ) _
In [6] a modification of the UCT algorithm consist-

ing of creating a node in memory if it has been sim-

Playouts| 9x9 | 19 x 19 ulated at least five times is shown to reduce memory
100 1 1 consumption by a factor four while increasing the
1,000| 62 ar winning rate to 77 % for Nogo. In comparison, the
10,000| 363 449 : ,
100000| 3,803| 2,319 SHOT algorithm reduces the memory consumption
500,000 17,239| 9,262 by a factor twenty-five for9 x 9 Nogo (see table
TABLE 3 3) while increasing the winning rate to 66.8 %. For
Number of nodes used by SHOT. 19 x 19 Nogo, the memory consumption is reduced

by a factor forty while increasing the winning rate
to 100.0 %. It is also possible to add slow node
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creation to SHOT reducing even more itS memory] Tristan Cazenave.

consumption.

We have used a transposition table both in i

UCT and in the SHOT algorithms. So both algo-
rithms deal in fact with Directed Acyclic Graphs

Nested monte-carlo search.
Boutilier, editor,IJCAI, pages 456-461, 2009.
Guillaume M. J.-B. Chaslot, Mark H. M. Winands, H. Jaap
van den Herik, Jos W. H. M. Uiterwijk, and Bruno Bouzy.
Progressive strategies for monte-carlo tree seakdw Math-
ematics and Natural Computatipd(3):343-357, 2008.

In Craig

. . . .. [6] Cheng-Wei Chou, Olivier Teytaud, and Shi-Jim Yen. Revisiting
and they both have inconsistent child visit counts. Monte-Carlo tree search on a normal form game: Nogo. In

It is possible that SHOT will work better for Applications of Evolutionary Computatiprvolume 6624 of
games that are Monte Carlo perfect, i.e. increasing Lecture Notes in Computer Sciengeages 73-82. Springer

. . . Berlin Heidelberg, 2011.
numbers of playOUtS give mcreasmgly accurate rﬁT Rémi Coulom. Efficient selectivity and backup operators in

sults, than for games that are Monte Carlo resistant, Monte-Carlo tree search. omputers and Gamepages 72—
i.e. increasing numbers of playouts can actually give 83, 2006.

Rémi Coulom. Computing elo ratings of move patterns in the
worse results. UCT can handle such cases as the {%egame of go.ICGA Journal 30(4):198-208, 2007.

boundary grows to outweigh the inaccurate playo} Himar Finnsson and Yngvi Bjrsson. Simulation-based ap-
estimates and revise the estimated value of moves proach to general game playing. AMAI, pages 259-264, 2008.

P 0] Zohar Karnin, Tomer Koren, and Oren Somekh. Almost optimal
near the root. SHOT eliminates moves from th[é exploration in multi-armed bandits. IAroceedings of the 30th

search so this revision of previous move estimates nternational Conference on Machine Learnjngages 1238—
does not occur, hence it is possible that SHOT will 1246, 2013.

; ; ] Levente Kocsis and Csaba Szep®sv Bandit based Monte-
fail to handle games that are Monte Carlo reS|sta[r]1% Carlo planning. Inl17th European Conference on Machine
where UCT can.

Learning (ECML'06) volume 4212 ofLNCS pages 282-293.
Springer, 2006.

[12] Jean Mehat and Tristan Cazenave. Combining uct and nested
monte carlo search for single-player general game playing.

6 CONCLUSION
, : . , IEEE Trans. C . Intellig. and Al in Game(4):271-277,
In conclusion, SHOT is a viable alternative to UCT. 510 fans. Comput. Intellg. and Al in Game(4)

It is parameter free. It scales well since the results] Christopher D. Rosin. Nested rollout policy adaptation for
are better forl9 x 19 Nogo than for9 x 9 Nogo and monte carlo tree search. IGCAI, pages 649-654, 2011.
that increased number of playouts increase the level
of play. It uses less memory than standard UCT and
beats standard UCT at Nogo for equal time settings.
Future works include parallelization on a multi-
core machine and on a cluster, applying it to other
games and problems and adapting the various im-
provements of Monte Carlo Tree Search to SHOT.
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