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Abstract When rational but myopic agents negotiate over the exchange of indivisible re-
sources, any restriction to the negotiation protocol or to the preference structure of the agents
may reduce the complexity of the process, but also prevent the system from converging to a
socially optimal allocation in the general case. This paper reviews some recent theoretical
results addressing this issue. More precisely, It analyses how the confinement to simple deals
and to some restricted classes of utility functions can enable agents to move to an optimal
allocation, while reducing the overall computational complexity. The case of complex deals
is also studied, and both restrictions on utility functions and specially designed protocols are
proposed which drastically reduce the computational complexity of the resource allocation
process.

1 Introduction

A multiagent system may be thought of as an artificial society of autonomous software agents.
Negotiation over the distribution of resources (or tasks) amongst the agents inhabiting such a
society is an important area of research in artificial intelligence and computer science (Chavez
et al. (1997); Kraus (2001); Rosenschein and Zlotkin (1994a); Sandholm (1999)). A number
of variants of this problem have been studied in the literature. Here we consider the case of
an artificial society of agents where, to begin with, each agent holds a bundle of discrete (i.e.
non-divisible) resources to which it assigns a certain utility. Agents may then negotiate with
each other in order to agree on the redistribution of some of these resources to benefit either
themselves or the agent society they inhabit.

Rather than being concerned with specific strategies for negotiation (as in Kraus (2001);
Rosenschein and Zlotkin (1994a)) or concrete communication protocols to enable negotiation in
a multiagent system (see Smith (1980)), we analyse how the redistribution of resources by means
of negotiation affects the well-being of the agent society as a whole. To this end, we make use of
formal tools for measuring social welfare developed in welfare economics and social choice the-
ory (Arrow et al. (2002); Moulin (1988a)). In multiagent systems research, the concept of social
welfare is usually given a utilitarian interpretation,i.e. whatever increases the average welfare
of the agents inhabiting a society is taken to be beneficial for society as well. Of course, other
notions such as egalitarian social welfare (Sen (1970)), Lorenz optimality (Moulin (1988a)), or
envy-freeness (Brams and Taylor (1996)) may be usefully exploited when designing multiagent
systems.
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Recently, much work has focused on analysing the conditions under which the optimal social
welfare could be reached. In this paper we enumerate the main theoretical results related to this
issue, and raise some opened questions. The remainder of this paper is organised as follows. The
next section introduces the basic negotiation framework for resource reallocation we are going
to consider. Then, convergence results are shown in the setting in which only a single resource
is allowed to be exchanged at each time step. This restriction is then raised, deals exchanging at
mostk resources at a time are studied. Finally, a further restriction on utility functions is shown
to make the process even more tractable.

2 Resource Allocation by Negotiation

In this section, we introduce the framework ofresource allocation by negotiationput forward
in Endriss et al. (2003a) and recall some of the results presented there.

2.1 The Negotiation Framework

An instance of our negotiation framework consists of a finite set of (at least two)agentsA and
a finite set of non-divisibleresourcesR. A resourceallocation A is a partitioning of the set
R amongst the agents inA. For instance, given an allocationA with A(i) = {r3, r7}, agenti
would own resourcesr3 andr7. Given a particular allocation of resources, agents may agree on
a (multilateral)deal to exchange some of the resources they currently hold. In general, a single
deal may involve any number of resources and any number of agents. It transforms an allocation
of resourcesA into a new allocationA′; that is, we can define a deal as a pairδ = (A,A′) of
allocations (withA 6= A′).

A deal may be coupled with a number of monetary side payments to compensate some of
the agents involved for an otherwise disadvantageous deal. Rather than specifying for each
pair of agents how much the former is supposed to pay to the latter, we simply say how much
money each and every agent either pays out or receives. This can be modelled using apayment
functionp mapping agents inA to real numbers. Such a function has to satisfy the side constraint∑

i∈A p(i) = 0, i.e. the overall amount of money in the system remains constant. Ifp(i) > 0,
then agenti paysthe amount ofp(i), while p(i) < 0 means that itreceivesthe amount of−p(i).

2.2 Individual Rationality and Social Welfare

To measure their individual welfare, every agenti ∈ A is equipped with autility function ui

mapping sets of resources (subsets ofR) to real numbers. We abbreviateui(A) = ui(A(i)) for
the utility value assigned by agenti to the set of resources it holds for allocationA.

An agent may or may not find a particular deal acceptable. In this paper, we assume that
agents arerational in the sense of never accepting a deal that would not improve their personal
welfare (see Sandholm (1998) for a justification of this approach). For deals with money, this
“myopic” notion of individual rationality (IR) may be formalised as follows:

Definition 2.1 (Individual rationality). A deal δ = (A,A′) with money is rational iff there
exists a payment functionp such thatui(A′) − ui(A) > p(i) for all i ∈ A, except possibly
p(i) = 0 for agentsi with A(i) = A′(i).
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The notion of rationality (IR) provides alocal criterion that ensures that negotiation is benefi-
cial for all individual participants. For aglobal perspective, welfare economics (see e.g. Moulin
(1988b)) provides tools to analyse how the reallocation of resources affects the well-being of a
society of agents as a whole. Here we are going to be particularly interested in maximisingsocial
welfare:

Definition 2.2 (Social welfare). The social welfaresw(A) of an allocation of resourcesA is
defined as follows:

sw(A) =
∑
i∈A

ui(A)

We should stress that this is theutilitarian view of social welfare; other notions of social
welfare have been developed as well (see Moulin (1988b); Sen (1970)) and may be usefully
exploited in the context of multiagent systems (Endriss et al. (2003b)).

Before we move on to discuss previous results for this framework, we should stress that, while
the most widely studied mechanisms for the reallocation of resources in multiagent systems are
auctions, our scenario of resource allocation by negotiation isnot an auction. Auctions are
centralised mechanisms to help agents agree on a price at which an item (or a set of items) is to
be sold (Kersten et al. (2000)). In our work, on the other hand, we are not concerned with this
aspect of negotiation, but only with the patterns of resource exchanges that agents actually carry
out in a truly distributed manner.

2.3 Convergence Results

We recall in this section a fondamental lemma, as well as the main convergence result of the
framework (Endriss et al. (2003a)), which is essentially equivalent to a result on sufficient con-
tract types for optimal task allocations by Sandholm (1998).

The following lemma makes explicit the connection between the local decisions of agents
and the global behaviour of the system.

Lemma 2.3 (Individual rationality and social welfare). A deal δ = (A,A′) is rational iff
sw(A) < sw(A′).

Theorem 2.4 (Maximising social welfare).Any sequence of rational deals with money will
eventually result in an allocation of resources with maximal social welfare.

This means that (1) there can be no infinite sequence of deals all of which are rational, and
(2) once no more rational deals are possible the agent society must have reached an allocation
that has maximal social welfare. The crucial aspect of Theorem 2.4 is thatanysequence of deals
satisfying the rationality condition will cause the system to converge to an optimal allocation.
That is, whatever deals are agreed on in the early stages of the negotiation, the system will never
get stuck in a local optimum and finding an optimal allocation remains an option throughout.

A drawback of the general frameworks, to which Theorem 2.4 applies, is that these results
only hold if deals involving any number of resources and agents are admissible (Endriss et al.
(2003a); Sandholm (1998)). In some cases this problem can be alleviated by putting suitable
restrictions on the utility functions agents may use to model their preferences.
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3 One-resource-at-a-time negotiation

While Theorem 2.4 shows that, it is always possible to negotiate an allocation of resources that
is optimal from a social point of view, deals involving any number of agents and resources may
be required to do so (Sandholm (1998); Endriss et al. (2003a)). We now introduce a restriction
called one-resource-at-a-time deals (or 1-deals).

Definition 3.1 (1-deals).A 1-deal is a dealδ = (A,A′) resulting in the displacement of exactly
one resource.

This basic type of deal, implemented in most systems realising a kind ofContract Netpro-
tocol (Smith (1980)), is certainlynot sufficient for negotiation between agents that are not only
rational but also myopic.

This has first been shown by Sandholm (1998) and is best explained by means of an example.
LetA = {1, 2, 3} andR = {r1, r2, r3}. Suppose the utility functions of these agents are defined
as follows (over singleton sets):

u1({r1}) = 5 u1({r2}) = 1 u1({r3}) = 0
u2({r1}) = 0 u2({r2}) = 5 u2({r3}) = 1
u3({r1}) = 1 u3({r2}) = 0 u3({r3}) = 5

Furthermore, for any bundleR not listed above, supposeui(R) = 0 for all i ∈ A. Let A
with A(1) = {r2}, A(2) = {r3} andA(3) = {r1} be the initial allocation,i.e. sw(A) = 3.
The optimal allocation would beA′ with A′(1) = {r1}, A′(2) = {r2} andA′(3) = {r3},
which yields a social welfare of15. All other allocations have lower social welfare thanA′.
Hence, starting fromA, the dealδ = (A,A′) would be the only deal increasing social welfare.
By Lemma 2.3,δ would also be the only rational deal. This deal, however, involves all three
resources and affects all three agents. In particular,δ is not a 1-deal. Hence, if we choose
to restrict ourselves torational deals, then 1-deals are not sufficient to negotiate allocations of
resources with maximal social welfare.

Of course, for some particular negotiation problems, rational 1-dealswill be sufficient. The
difficulty lies in recognising the problems where this is so. Closely related to this issue, Dunne
et al. (2005) have shown that, given two allocationsA andA′ with sw(A) < sw(A′), the problem
of checking whether it is possible to reachA′ from A by means of a sequence of rational 1-deals
is NP-hard, as long as the utilities are represented in a compact way.

The structural complexity of deals required to be able to guarantee socially optimal outcomes
partly stems from the generality of the framework. In particular, so far we have made no as-
sumptions on the structure of utility functions used by the agents to model their preferences. By
introducing restrictions on the class of admissible utility functions, it may be possible to ensure
convergence to an allocation with maximal social welfare by means of simpler deals. In the
rest of the section, we will be interested in characterising more precisely those classes of utility
functions that permit 1-deal negotiation.

Definition 3.2 (1-deal negotiation).A classC of utility functions is said to permits 1-deal ne-
gotiation iff any sequence of rational 1-deals will eventually result in an allocation of resources
with maximal social welfare whenever all utility functions{u1, . . . , un} are drawn fromC.
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Under this perspective, a relevant result is due to Endriss et al. (2003a), who show that
rational 1-deals are sufficient to guarantee outcomes with maximal social welfare in case all
agents useadditiveutility functions.1 We are going to prove a slight generalisation of this result
in the next section.

3.1 Modular functions are sufficient

We are now going to define the class ofmodular utility functions. This is an important
(see e.g. Rosenschein and Zlotkin (1994b)), albeit simple, class of functions that can be used in
negotiation domains where there are no synergies (neither complementaries nor substitutables)
between different resources.

Definition 3.3 (Modular utility). A utility function u is modular iff the following holds for all
bundlesR1, R2 ⊆ R:

u(R1 ∪R2) = u(R1) + u(R2)− u(R1 ∩R2) (3.1)

The class of modular functions includes the aforementioned additive functions. This may be
seen as follows. LetR be any non-empty bundle of resources and letr ∈ R. Then equation (3.1)
implies u(R) = u(R \ {r}) + [u({r}) − u({ })]. If we apply this step recursively for every
resource inR, then we end up with the following equation:

u(R) = u({ }) +
∑
r∈R

[u({r})− u({ })] (3.2)

That is, in caseu({ }) = 0, the utility assigned to a set will be the sum of utilities assigned to its
members (i.e.u will be additive). Clearly, equation (3.2) also implies equation (3.1),i.e. the two
characterisations of the class of modular utility functions are equivalent.

It turns out that in domains where all utility functions are modular, it is always possible to
reach a socially optimal allocation by means of a sequence of rational deals involving only a
single resource each. This result, shown in (Chevaleyre et al. (2005b)), is a slight generalisation
of a result proved by Endriss et al. (2003a), and both proof are close from each other.

Theorem 3.4 (Negotiation in modular domains).The classM of modular utility functions
permits 1-deal negotiation.

Proof. By Lemma 2.3, any rational deal results in a strict increase in social welfare. Together
with the fact that the number of distinct allocations is finite, this ensures that there can be no
infinite sequence of rational deals (termination). It therefore suffices to show that for any allo-
cation that does not have maximal social welfare there still exists a rational 1-deal that would be
applicable.

We are going to use the alternative characterisation of modular utility functions given by
equation (3.2). For any allocationA, let fA be the function mapping each resourcer to the

1A utility function is additive iff the utility assigned to a set of resources is always the sum of utilities
assigned to its members.
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agenti that holdsr in situationA. Then, for modular domains, the formula for social welfare
(see Definition 2.2) can be rewritten as follows:

sw(A) =
∑
i∈A

ui({ }) +
∑
r∈R

u′fA(r)({r})

with u′i(R) = ui(R) − ui({ }). Now assume we have reached an allocation of resourcesA
that does not have maximal social welfare,i.e. there exists another allocationA′ with sw(A) <
sw(A′). Considering the above definition of social welfare and observing that

∑
i∈A ui({ }) is

a constant that is independent of the current allocation, this implies that at least one resourcer
must satisfy the inequationu′fA(r)({r}) < u′fA′ (r)

({r}), i.e. the agent owningr in allocationA

values that resource less than the agent owning it in allocationA′. But then the 1-deal consisting
of passingr from agentfA(r) to agentfA′(r) would already increase social welfare and thereby
be rational.

Like Theorem 2.4, the above establishes an important convergence result towards a global opti-
mum by means of decentralised negotiation between self-interested agents. In addition, provided
all utility functions are modular, convergence can be guaranteed by means of a much simpler ne-
gotiation protocol, which only needs to cater for agreements on 1-deals (rather than multilateral
deals over sets of resources).

3.2 Modular functions are not necessary

In the previous section we have introduced a class of utility functions (namely modular func-
tions) such that ensuring that all utilities belong to it issufficientfor rational 1-deals to converge
to an allocation with maximal social welfare. A natural question to ask would then be whether
modularity is also anecessarycondition.

As shown in (Chevaleyre et al. (2005b)), it turns out that this is not the case. We demonstrate
this by means of the following example. SupposeR = {r1, r2} and there are two agents with
utility functionsu1 andu2:

u1({ }) = 90 u2({ }) = 90
u1({r1}) = 93 u2({r1}) = 90
u1({r2}) = 95 u2({r2}) = 90
u1({r1, r2}) = 98 u2({r1, r2}) = 50

While u1 is a modular function,u2 is not. The optimal allocation is the allocation where agent 1
owns both items. Furthermore, as may easily be checked, any1-deal that involves moving a
single resource from agent 2 to agent 1 is rational. Hence, rational1-deals are sufficient to move
to the optimal allocation for this scenario, despiteu2 not being modular.

In fact, it is possible to show that there can be no class of utility functions that would be both
sufficient and necessary in this sense. It suffices to produce two concrete utility functionsu1 and
u2 such that(i) both of them would guarantee convergence if all agents were using them, and
(ii) there is a scenario where some agents are usingu1 and othersu2 and convergence is not
guaranteed. This is so, because assuming that a necessary and sufficient class exists,(i) would
imply that bothu1 andu2 belong to that class, while(ii) would entail the contrary. We give two
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such functions for the case of two agents and two resources (the argument is easily augmented
to the general case):

u1({ }) = 0 u2({ }) = 0
u1({r1}) = 1 u2({r1}) = 5
u1({r2}) = 2 u2({r2}) = 5
u1({r1, r2}) = 3 u2({r1, r2}) = 5

The functionu1 is modular,i.e.all agents using that function is a sufficient condition for guaran-
teed convergence to an optimal allocation by means of rational 1-deals (Theorem 2.4). Clearly,
convergence is also guaranteed if all agents are usingu2. However, if the first agent usesu1

and the secondu2, then the allocationA with A(1) = {r1} andA(2) = {r2} is not socially
optimal and the only deal increasing social welfare (and thereby, the only rational deal) would
be to swap the two resources simultaneously. Hence, no condition on utility functions that is
sufficient to guarantee convergence to an optimal allocation by means of rational 1-deals alone
is also a necessary condition for this to be the case.

Our argument for the inexistence of any such necessary and sufficient condition has directly
exploited the fact that we were looking for asinglecondition to be met by the utility functions of
all agents. The problem could be circumvented by looking for suitable conditions on negotiation
problems as a whole, where different utility functions may belong to different classes. Clearly,
such a conditiondoesexist. However, the aforementioned result of Dunne et al. (2005) on
the NP-hardness of checking whether there exists a path of rational 1-deals between two given
allocations immediately suggests that verifying whether a given negotiation problem meets any
such condition would be highly intractable.

3.3 The modular class is maximal

We are now going to show the main result of this section, namely the surprising fact that the
class of modular utility functions is not only sufficient for 1-deal negotiation but alsomaximal
in the sense that no class of utility functions strictly including the modular functions would
still be sufficient for 1-deal negotiation. The significance of this result which was also shown
by Chevaleyre et al. (2005b) can only be fully appreciated when considered together with the
“negative” result on necessary and sufficient conditions discussed in the previous section.

Before stating the main result, we prove the following auxiliary lemma:

Lemma 3.5 (Alternative characterisation of modularity). A utility functionu is modular iff
the following holds for allR ⊆ R and all r1, r2 ∈ R with r1, r2 6∈ R andr1 6= r2:

u(R∪{r1, r2}) = u(R∪{r1})+u(R∪{r2})−u(R) (3.3)

Proof. To show this, let us recall elementary facts about submodular functions. A functionv :
R → R is submodular iff∀R1, R2 ⊆ R, v(R1) + v(R2) ≥ v(R1 ∪ R2) + v(R1 ∩ R2). It is
also known thatv is submodular iffv(R ∪ {r1}) + v(R ∪ {r2}) ≥ v(R ∪ {r1, r2})− v(R) for
anyR ⊆ R, r1, r2 ∈ R\R, with r1 6= r2 (Nemhauser and Wolsey, 1988, p.662). Because a
functionu is modular iff bothu and−u are submodular, the lemma holds.
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We are now in a position to show a theorem on the maximality of the class of modular utility
functions with respect to rational negotiation over one resource at a time:

Theorem 3.6 (Maximality). LetM be the class of modular utility functions. Then for any class
of utility functionsF such thatM⊂ F , F does not permit 1-deal negotiation.

The proof, which can be found in Chevaleyre et al. (2005b), is constructive. It consists in
showing that for any non-modular utility functionu1 onm resources, it is possible to construct a
modular utility functionu2 (with ui ≡ 0 for all other agentsi) and an initial allocation such that
no optimal allocation can be reached by means of 1-deals. This implies thatM∪ {u1} does not
permit 1-deals.

Why is this result significant? As argued earlier, while the full abstract negotiation framework
introduced at the beginning of this paper would be difficult to implement, designing a system that
only allows for pairs of agents to agree on deals over one resource at a time is entirely feasible. As
we would like to be able to guarantee socially optimal outcomes in as many cases as possible, also
for such a restricted negotiation system, we would like to be able to identify the largest possible
class of utility functions for which such a guarantee can be given. However, our discussion in
Section 3.2 has shown that there can be no class of utility functions thatexactlycharacterises
the class of negotiation problems for which negotiating socially optimal allocations by means of
rational 1-deals is always possible. Still, thereare classes of utility functions that permit 1-deal
negotiation. As shown by Theorem 3.4, the class of modular functions is such a class and it is a
very natural class to consider. An obvious question to ask is therefore whether this class can be
enlarged in any way without losing the desired convergence property.

Theorem 3.6 settles this question by giving a negative answer: For any agent with a non-
modular utility function there exist modular utility functions (for the other agents) and an initial
allocation such that rational 1-deals alone do not suffice to negotiate an allocation of resources
with maximal social welfare. There may well be further such classes (that are both sufficient and
maximal), but the class of modular functions is likely to be the one that is the most natural and
the most useful for modelling agent preferences in practice.

4 Many resources-at-a-time negotiation

We will now study under which conditions reaching the optimal allocation can be guaranteed,
when at mostk resources are exchanged at a time. As discussed after theorem 2.4, at worst,
reaching the optimal allocation requires deals involving all resources ofR. Thus, we again need
to restrain utility functions to reach the optimal allocation.

In this section, we present the class ofadditivelyk-separableutility functions, introduced in
(Chevaleyre et al. (2005a)), which are useful in domains where the full set of resourcesR can be
partitioned into several preferentially independent bundles of at mostk items each. We discuss
some of the properties of this class of utility functions and show that agents with additivelyk-
separable utility functions can always negotiate an allocation with maximal social welfare even
if every single deal is required to be rational with side payments and may involve at mostk
resources.

Definition 4.1 (Additive k-separability). Let P = 〈R1, . . . , Rq〉 be a partition ofR. A utility
functionu is called additivelyk-separable wrt.P iff (i) |Rj | ≤ k for all j ∈ {1..q} and(ii) the
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following holds for allR ⊆ R:

u(R) = u({ }) +
q∑

j=1

[u(R ∩Rj)− u({ })] (4.1)

We are going to refer to the elementsRj in the partition astopics. In essence, the definition
says that a domain isk-separable iff each topic consists of at mostk resources and there are no
synergies between items belonging to distinct topics. Observe how equation (4.1) simplifies for
u({ }) = 0, which is a reasonable assumption in most domains.

What happens when we choose extreme values for the parameterk? Firstly, if we setk = 1
(in which case there is just a single possible partition ofR) and if we assumeu({ }) = 0, then
the class of additivelyk-separable utility functions reduces to the class ofadditive functions.
Secondly, only by choosingk = |R| and a “partition” consisting of just a single topic can we
ensure thatanyutility function isk-separable.

The “normal form” of representing utility functions, which involves listing all bundles of
resources with non-zero utility, can be problematic as there may be up to2|R| such bundles in
the worst case. Utility functions that arek-separable often permit a more compact representation
than would be possible with the general notation used thus far, particularly for small values ofk.

Letu be a utility function that is additivelyk-separable with respect to a partition〈R1, . . . , Rq〉.
Now define alocal utility function uj : 2Rj → R for each topicRj as follows: uj(R) =
u(R ∩ Rj) − u({ }) for all R ⊆ R. Furthermore, definec = u({ }). Thenu can be written as
follows:

u(R) = c +
q∑

j=1

uj(R) for all R ⊆ R

The maximal number of non-zero values to be specified is now1+
∑q

j=1(2
|Rj |−1) ≤ q·2k rather

than2|R|. Furthermore, specifying an additivelyk-separable utility function using this notation
with local topic utilities will require the specification ofat mostas many non-zero values as in
the normal form in the worst case (and considerably fewer in most cases).

4.1 Convergence Result

We call adomainadditively k-separable iff the utility functions of all agents are additivelyk-
separable with respect to thesamepartition ofR.

Theorem 4.2 (Additive k-separability). In additivelyk-separable domains, any sequence of
rational k-deals with side payments will eventually result in an allocation with maximal social
welfare.

The proof, which can be found in Chevaleyre et al. (2005a), uses the same trick as the proof
of theorem 3.4 of the present paper.

What are the crucial properties of additivelyk-separable domains that bring about the conver-
gence result of Theorem 4.2? Firstly, inseparabledomains, the marginal utility gains associated
with the resources belonging to different topics are entirely independent. Therefore, we could
choose to alway negotiate over the resources belonging to one topic at a time. Secondly, because
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of the cardinality restriction ofat mostk resources per topic,k-deals are sufficient for this kind
of negotiation. Finally, the fact that, inadditivelyk-separable domains, overall utility is defined
as the sum of local topic utilities means that an allocation that maximises social welfare with
respect to every individual topic will also maximise social welfare at the global level.

5 Tractable negotiation with k-deals

It has been shown the previous section that withk-separable domains,k-deals were sufficient to
garantee us to reach the optimal social welfare. However, finding individually rational k-deals is
intractable even with reasonable values ofk, because of the high number of possible k-deals. In
this section, we introduce a further restriction of k-separable utilities. This restriction, denoted “
k-additive tree-structured utilities”, is a natural restriction for many application, which will allow
us to reduce drastically the search space without loosing the convergence properties.

5.1 k-additive utilities

The succinctness of the k-separable representation of agent preferences can be further im-
proved by exploiting other structural properties of the utility functions. For instance, if synergies
between different resources are restricted to bundles of at mostk items (but thesek items need
not all belong to the same topic, as fork-separable functions), then the so-calledk-additive form
which specifies for each bundleR the marginal utility of owning all resources inR can often
result in a more efficient representation (Grabisch (1997)). A utility function is calledk-additive
iff the utility assigned to a bundleR can be represented as the sum of basic utilities to subsetsR
with cardinality≤ k. More formally, ak-additive utility function can be written as follows:

ui(R) =
∑

T⊆R, |T |≤k

αT
i × IR(T ) with IR(T ) =

{
1 if T ⊆ R
0 otherwise

That is, the utility function of agenti is characterised by the coefficientsαT
i for bundles of

resourcesT ⊆ R with at mostk elements. Agenti enjoys an increase in utility ofαT
i when

it owns all the items inT together, i.e. αi
T represents the synergetic value of this bundle. An

example for a2-additive utility function would beui(R) = 3 × IR({r1}) − 2 × IR({r2, r3}).
For the sake of simplicity, we are going to omit the indicator functionIR as well as the explicit
mentioning of the bundle variableR when defining concretek-additive utility functions. Using
this simplified notation, the above function becomesui = 3.r1 − 2.r2.r3. In this equation,r1

andr2.r3 are calledterms.

Agent i enjoys an utility ofαT
i when owning resources of termT together(that is,αT

i rep-
resents the synergetic value of this resources held together). When then value of this term is
positive, resources are said to becomplementary, when it is negative, they aresubstituable.

In the field ofcombinatorial auctions, several other bidding languages have also been intro-
duced and studied (see Nisan (2000)). There are links with the representation discussed above.
The details are of these connections are currently under investigation.
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5.2 Tree-structured Domains

To formulate this new restriction on preferences, utilities are needed to be represented ink-
additive form. Thus, from now on, all utilities will be represented this way. LetR be the set of
resourcesr1...rm, andu1 . . . un a set of utility funtions.T will denote the set of terms explicitely
appearing in utility functionsu1 . . . un, andαi

t will denote the coefficient of termt in ui. Finally,
T l,T ≤l denote the set of terms inT consisting of respectively exactlyl resources and at mostl
resources.

5.3 Tree-Structured Utilities

Intuitively, tree-structured k-additive utilities are functions in which there are no overlapping
terms2.

Definition 5.1. A set of utility functionsu1...un is tree-structurediff utilities can be written in
k-additive form, and∀T1, T2 ∈ T , we have eitherT1 ⊂ T2 or T1 ⊃ T2 or T1 ∩ T2 = { }.

Notice that a set of utility functions is tree-structured iff the terms ofT can be represented
by a tree, in whichR is the root, and each term is a node. Branches of the tree represent the⊂
relation. The following example illustrates this representation.

It is easy to show that if a utility functionu is tree-structured with positive coefficients, then
it is super-additive. However, the converse is not true.

More importantly,k-additive tree-structured utilities are clearly k-separable as well. Thus, it
is garanteed that using IR k-deals with tree-structuredk-additive utilities, the negotiation process
will eventually converge towards optimal social welfare.

Example 5.2. Consider the three functionsu1 = r2 + 3.r5, u2 = 3.r1 + 10.r1.r2.r3.r4 +
8.r5 + 4.r6 andu3 = r6 − r4 + 8.r3r4. Clearly, they are 4-additive as well as tree-structured.
Here, the set of termsT = {{r1}, {r2}, {r4}, {r5}, {r6}, {r3, r4}, {r1, r2, r3, r4}} can also be
reprensented by the following tree:

R
/|\

/ | \
/ | \

{r5} {r6}{r1r2r3r4}
/ | \

/ | \
{r1} {r2}{r3r4}

|
{r4}

Because finding IRk-deals is in general intractable, we will search for other types of deals
less complex but insuring the same convergence properties.

Definition 5.3. Let T be a set of terms. AT -deal is a deal with side-payment involving an entire
term ofT from one or more sender(s) to asinglereceiver.

2for e.g. the following utility contains two overlapping terms:r1r2 + r2r3
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First, note that the number of possibleT -deals is low (n × |T |). Thus, the complexity of
finding IR T -deals is also very low compared to that ofk-deals. However, as illustrated by the
example below, simply allowing anyT -deals will not be sufficient to garantee us that the optimal
social welfare will always eventually be reached.

Example 5.4. Let u1 = 10.r1,u2 = 10.r2, andu3 = 11.r1r2, and let the initial allocation be the
allocation assigning all resources to agent3. Clearly, there are no IRT -deal reaching optimal
allocation.

5.4 Negotiation Protocol

Designing a centralized algorithm to share resources optimaly in this setting would be quite
easy. However, we wish to use a decentralized algorithm where all agents are individually ratio-
nal.

Thus, to allow agents to reach optimal social welfare, we need to design an ad hoc protocol.
In this protocol, to prevent agents from getting stuck in local minimas, a special agent (called
the Bank) will participate to the side-payments, by adding or taking money from the negotiating
agents, thus modifying their rationality. Of course, this protocol will be tractable (polynomial
time).

This protocol is calledOmniscientε-Altruistic Tree-Climbing Protocol, because the system
(the bank agent) actively mediates the negotiation process. More precisely, this protocol is called
Omniscientbecause the system needs to know precisely the utility functions of each agent,ε-
Altruistic because the system must be prepared to share its money with agents in order to reach
optimal social welfare, and that the amount of money it shares depends onε.

In the following, sw≤l denotes the social welfare computed overk-additive utilities from
which all terms of more thanl resources have been removed.

[h!] Omniscientε-Altruistic Tree-Climbing Protocol

Require: n agents with utilitiesu1...un identically tree-structured. A parameterε ∈ [0, 1]. Let
T the set of all terms.

1: All agents transmit to thebank agenttheir utility function.
2: l← 1.
3: repeat
4: Restrict allowed deals toT l-deals.
4: For eachT l-dealδ = (A,A′), let the associated side-payment be defined as follows:

For all then′ agents involved in the deal,
pi = ui(A′)− ui(A)− ε

n′

(
sw≤l(A′)− sw≤l(A)

)
For the system (the bank agent),pbank = −

∑
pi

5: Let agents do all their deals in a IR with side payments way.
6: if no more IR deal can be conductedthen
7: l← l + 1
8: end if
9: until l >| R |
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Note that in the Oε-ATCP protocol, thebank agentsometimes gives or receives money from
agents. The amount of money shared with other agents depends on the value of the parameterε.

If ε is close to one, then the bank agent in not garanteed to globally earn money. In that case,
the bank agent is said to bealtruistic, because negotiating agents will benefit from this by earning
a lot.

If ε is close to0, during each deal, the bank agent takes from other agents as much money
as possible. Thus, the negotiating agents will earn the minimum amount of money necessary to
reach the optimal allocation, and the bank agent will earn a lot more (not altruistic at all in that
case).

For the sake of fairness, this protocol could be extended in such a way that the money earned
by the bank agent would be equally redistributed at the end of the process. The following results
show that this protocol converges as well.

Theorem 5.5. With the Omniscientε-Altruistic Tree-Climbing protocol, the optimal social wel-
fare is eventually reached ifε ∈ [0, 1]. In addition, the bank agent will globally earn money
during the entire negotiation isε is sufficiently small.

The proof can be found in (Chevaleyre et al. (2005c)), as well as arguments showing that this
protocol is tractable (quadratic). However, a strong drawback of this protocol is the need for the
system to know the utilities of each agents. As is, this makes it quite unrealistic. This will be
discussed in opened questions.

6 Conclusion and Open Questions

This paper reviews some recent results concerning theoretical analysis of an abstract negotiation
framework. Its main results are a negative result for one-resource-at-a-time negotiation (maxi-
mality) and two positive results (convergence for separable domains, and tractable convergence
for tree structured utilities).

The negative result has a number of practical implications. From a designer perspective,
it means for instance that a negotiation platform designed for modular domains cannot accept
an agent not implementing a modular utility function without jeopardising the outcome of the
process. Note however that it doesnot imply that a system containing non modular agents would
never guarantee an optimal outcome.

The positive results, which can be viewed as a generalization of Theorem 2.4 show that
rational deals involving at mostk deals are sufficient for convergence to an optimal allocation
in case all utility functions areadditively separablewith respect to a common partition ofR
(i.e. synergies across different parts of the partition are not possible and overall utility is defined
as the sum of utilities for the different sets in the partition (Fishburn (1970))), and each set in
this partition has at mostk elements. In addition, it will also be tractable when utilities are
tree-structured.

There are many important opened questions yielded by these results.
• Maximality for k-deals . The maximality property is a strong negative result for 1-resource

at a time negotiation. Can this result be extended to k-resource at a time negotiation ? More
specifically, for a given partition, is the corresponding k-separable domain maximal, in the
same sense as in section 3 ? Our intuition is that it is not.
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• Negotiating without money. All the results presented here concern negotiation with side-
payments. What is money is not allowed ? A preliminary result has been shown for
negotiating with k resources at a time in Chevaleyre et al. (2005a), but could probably be
widely improved.
• Other social welfares. All the results shown here deal with the utilitarian social welfare.

Can similar results be derived for other measures, such as egalitarian social welfare, pareto
optimality, etc ?
• Complexity issues. In this paper, two compact representations of utility functions have

been used. How complex are usual algorithmic problems (e.g. finding optimum) using
these representations ?
• Nominal vs Cardinal preferences. In our setting, all preferences are represented with

cardinal utility functions. What if we choose to use ordinal preferences ? In this new
setting, side-payments would no longer be usable. What kind of result could we get ?
• Truthfull tractable negotiation . In the last section, the protocol which allows efficient

negotiation requires agents to reveal their preferences. As agents are selfish, they may lie
to increase their profit. Mechanism design theory studies how to build truthful protocols,
in which telling the truth becomes profitable for agents. An important opened question
would be how to make the preference revelation truthful (or approximately truthful), if
possible.
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