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;#<=; k�X7V�O�K®\^MtêYV�Z[KNX <><?<><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< @

;#<=;#<=; b!UBA�W/êYV�ZDC�äR\PW/äRäFE^ä�VHGYçÒW/äfO�ãYåJIAO�V�Z[ä <?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< @
;#<=;#< ëLK7å�ã/êYZDM-êYZ`V�ã/ä!\PW/äRäFE^ä�VHGYçÒW/äfO�ãYåJIAO�V�Z[ä <?<><?<><?<><?<?<><?<><?<><?<?<><?<>< N
;#<=;#< O J:O�KNUPQPGYçÒW/ä	êYQQINä�ä�Z[æ7MtW/äfWYXRIAQ=S4KNO�Z`VFTPç#Z[æ7MtW�O�ãYåJIAO�V�Z[W <><?<><?<><?<?<><?<>< U

;#< ëWVXE®å�KNVFTYG/ä�W/äf\PW�çÒK®\PãYQ`Z[äZIAV�Z[KNX <?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><[; ë
;#< ë <=; moK®\PW/äR\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX <><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><[; ë
;#< ë < ë d�KNå�KNQ[K\S�Z[W/ä!êYQQINä�ä�Z[æ7MtW/ä <?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><[; ì

;#< O d�KNQ[ãYOZIAXtê/W]IAMB^_\Pã_C`IAZ`Q`QQIAXtê/W/ä <?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><[;�a
;#< OB<=;cb I�V�KNQ[ãYOZIAXtê/WdIAMB^_åJIAXPXtW/ä <?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><[;�@
;#< OB< ë b S IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX <?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><[;%N
;#< OB< Ofb S IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNXgIAçÒãYQ`Z[KNO�ã/W <><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ë O

;#< ì JLK�ä�Z`V�Z[KNXPXtWYçÒWYX7V&\PW�XtKNV�O�W�V�OZI�h#IAZ`Q <?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ë N
ikj ���8.0l&1 iYm

ë <=; k�X7V�O�K®\^MtêYV�Z[KNX <><?<><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><nO è
ë < ë j	KNV�Z[KNXtäfåPO�ãYQ`Z`ç#Z`XJIAZ`O�W/ä <><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><nO è

ë < ë <=;po OZIAå9TtW/ä <><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><nO è
ë < ë < ëLK3E^ä�VHGYçÒW/äR\PW�V�OZIAXtä�Z`V�Z[KNXtä <?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><nO ë

ë < O c+KNç#å�K�äZIAX7V�ä!\PW&UJINä�W�\�S MPX×äFE^ä�VHGYçÒW&O�ãYåJIAO�V�Z <><?<><?<><?<?<><?<><?<><?<?<><?<><nO#a
ë < OB<=;cb Z[WYXtä!\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX <?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><nO#a
ë < OB< ë J:O�K®ê/W/ä�ä�WYMPO�ä <?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><nO é

ë < ìqK3E^ä�VHGYçÒW/äfO�ãYåJIAO�V�Z[ä <?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ì7è
ë < ì <=; e�^Pã/êYMPV�Z[KNXtä <?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ì ;
ë < ì < ë n(V�KNç#Z[êYZ`V�ã <?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ì O
ë < ì < O J:O�KNåPO�Z[ãYV�ã�\�S ã/æ7MPZ`V�ã <?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ì�ì
ë < ì < ì a&ãYçÒKNX <?<><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ì�ì

ë < a n!MPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX <?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ì N
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ë < aB<=; c+KNO�O�W/êYV�Z[KNX <?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ì N
ë < aB< ë c+KNX3h4WYOFS4WYXtê/W <?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ì7é
ë < aB< O c�Q��NV�MPO�W <><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><na è

ë < @ moW/ä�MPO�W/äR\PW�ê/KNç#åPQ[W_^^Z`V�ã <?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><na ë
ë < N c+KNXtêYQ`Mtä�Z[KNX <?<><?<><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><na ì

��� ���J6 53��7B�%$&��� 7Y -�����Z,���7���$ l $&,�7Y����1 :��
OB<=; k�X7V�O�K®\^MtêYV�Z[KNX <><?<><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><na é
OB< ë b!O�\PKNXPXJIAXtê/WYçÒWYX7V&\PW/äR\PãYåPQQINê/WYçÒWYX7V�ä&\PW/äfO�KNU�KNV�ä <><?<><?<?<><?<><?<><?<?<><?<><n@ è

OB< ë <=;cb W/ä T3E®å�KNVFTYG/ä�W/ä!\^M_çÒK®\9GYQ[W <><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><n@B;
OB< ë < ë n!Q=S4KNO�Z`VFTPçÒW�\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7V&XtKNXRIAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V <><?<><?<?<><?<><n@#O

OB< O J:O�WYM9h4W�\PW�ê/KNO�O�W/êYV�Z[KNX <><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><n@ ì
OB< ì b!O�\PKNXPXJIAXtê/WYçÒWYX7V>IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V <><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><n@ N

OB< ì <=;cb W/ä T3E®å�KNVFTYG/ä�W/ä!\^M_çÒK®\9GYQ[W <><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><n@ N
OB< ì < ë n!Q=S4KNO�Z`VFTPçÒW�\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7V?IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V <><?<><?<><?<?<><?<><n@ é
OB< ì < O k�\Pã/W�\PW�QQI�åPO�WYM9h4W <><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><n@#U

OB< a J:O�WYM9h4W C�KNO�çÒWYQ`Q[W <><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< N\O
OB< aB<=; K®ãYç IAX7V�Z[æ7MtW�åPO�KNUJIAUPZ`Q`Z[ä�V�W <?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< N\O
OB< aB< ë��:VZIAV�ä!ä�VZIAUPQ[W/ä <><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< N\@
OB< aB< O a�S MPX×ãYVZIAVfZ`XPZ`V�ZQIAQ���MPX×ãYVZIAVRä�VZIAUPQ[W <?<><?<><?<><?<?<><?<><?<><?<?<><?<>< N é

OB< @ c+KNXtêYQ`Mtä�Z[KNX <?<><?<><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< N\U
 � �� -��7�!J1 7Y -�����Z,���7���$ l $&,�7Y��� "�'

ì <=; k�X7V�O�K®\^MtêYV�Z[KNX <><?<><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< é�ë
ì < ë i!KNMPVZI�S4W?IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V&\YIAXtäfQ[W/äRäFE^ä�VHGYçÒW/äR\PW�O�KNU�KNV�äfçÒKNUPZ`Q[W/ä <><?<?<><?<>< é O

ì < ë <=;cb W�çÒK®\9GYQ[W <?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< é O
ì < ë < ë n!Q=S4KNO�Z`VFTPçÒW <?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< é @

ì < O J:O�WYM9h4W�\PW�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX <?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< é N
ì < ì c+KNXtêYQ`Mtä�Z[KNX <?<><?<><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><nU ë

: � ���$# �"10/210��� �81&% 7Y -��13,4�87Y�", l&1 68���'��l&.0/21 �)(=79�*�8��1 ! �� $+-��7Y��� m'�
aB<=; k�X7V�O�K®\^MtêYV�Z[KNX <><?<><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><nU ì
aB< ë c+KNXtä�V�O�MtêYV�Z[KNXo\�S MPX IAO�UPO�W�ê/KNM9h®OZIAX7V <><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><nU#a

aB< ë <=;cb W/ä T3E®å�KNVFTYG/ä�W/ä!\^M_çÒK®\9GYQ[W <><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><nU#a
aB< ë < ë n!Q=S4KNO�Z`VFTPçÒW�Z`XPZ`V�ZQIAQ <><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><nU N

aB< O c+KNXBMtXtWYçÒWYX7V	\PW C`IAMPV�W/äR\YIAXtäRQQI�ê/KNXtä�V�O�MtêYV�Z[KNXo\�S MPXRIAO�UPO�W�ê/KNM9h®OZIAX7V <?<?<><?<><nU#U
aB< OB<=; a&W/ä�êYO�Z`åPV�Z[KNXÄZ`XBC�KNO�çÒWYQ`Q[W <><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ; è�è
aB< OB< ë n!Q=S4KNO�Z`VFTPçÒW <?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ; èAì

aB< ì J:O�WYM9h4W�\PW�QQI�ç I-,[V�O�Z[ä�W�\�S MPXtW C`IAMPV�W�MPXPZ[æ7MtW <?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ; è a
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aB< a J:O�WYM9h4W�\PW�ê/KNO�O�W/êYV�Z[KNX×åJIAO�V�Z[WYQ`Q[W <><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ; ë ;
aB< @ J:O�WYM9h4W�\PW�QTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX <><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ; ë�ë

aB< @B<=; a	Z[ä�åJIAO�Z`V�Z[KNX×\PW/ä C`IAMtä�ä�W/äfZ[\PWYX7V�Z`V�ã/ä <?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ; ë O
aB< @B< ë m IAZ`X7V�Z[WYXo\�S MPXtW�O�W/æ7M��YV�W�KNMÄê/KNM9h4WYO�V�MPO�W�\PW�QTS IAO�UPO�W <><?<><?<><?<?<><?<>< ; ë a
aB< @B< O c+KNM9h4WYO�V�MPO�W�\PW

Arbre
<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ;�OB;

aB< N c+KNXtêYQ`Mtä�Z[KNX <?<><?<><?<?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<><?<><?<?<><?<>< ;�O#a
� ���"!3l  ",%$&��� ' � �
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 � � � ��� q�x v�q@vT���_u���q�x v�
 � ��q��!q8�Tr�y�u�� � y¼q�~�v¼x¼x v ��� q 	 ��� ��� �@~�v�q#q8�@� ��� y � s���q�q � �
x`w#r'x`w � }Yy��������Tr�y&u�� � y¼q�~�v¼x¼x v ��� q 	 � v �
	 v��8v 	�� q 	 w � q ��� ��u � ~�~ ��� w � y�s_��qYyzv¼~�s�� � ��� ~�v¼x¼x v�wN� 	
	 ��~�v¼x¼x v�wN� 	 q����Yy�
 � v�woq8��q �8v¼x¼x[��q��	q/w �7vTs@��wN��u �7vT���&q8��q_u � x ��� vT��q��&q ��� x`w � 
4w�
7���&q/w�r'� ��	�� u/yzv ���
v �
	�� qYyz�@vT�@x¼x[���:q8��q���q/uYx`w��N��q���q8��q�~��@��u�� � wNv¼����q������ � �

�@� � �@�����������
b W/ä�Z`Xtä�W/êYV�W/ä�ä�K®êYZQIAMB^Ôê/KNç#çÒW�Q[W/ä?C�KNMPO�ç#Z[ä�åPO�ã/ä�WYX7V�WYX7V4IAM XPZ=h4W�IAMIê/KNQ`Q[W/êYV�ZDC!\PW/ä�ê�IAåJINêYZ`V�ã/ä

ä�MPå�ãYO�Z[WYMPO�W/ä � QQIÞä�KNç#çÒW]\PW/ä_ê�IAåJINêYZ`V�ã/ä�Z`Xt\^Z=h®Z[\^MtWYQ`Q[W/ä < c+WYV�V�W]å�WYO C�KNO�ç IAXtê/W W/ä�V�Q[WoO�ã/ä�MPQ`VZIAV
\PW/äRZ`X7V�WYOZINêYV�Z[KNXtä�\^Z`O�W/êYV�W/ä	KNMÄZ`Xt\^Z`O�W/êYV�W/ä&WYX7V�O�W�Q[W/äRZ`Xt\^Z=h®Z[\^Mtä < e:XoW ��WYV�!tQ[W/ä C�KNMPO�ç#Z[ä!\^Z[ä�å�K�ä�WYX7V
\�S MPXtW 	 Z`X7V�WYQ`Q`Z=S4WYXtê/W_ê/KNQ`Q[W/êYV�Z=h4W � !:æ7MJIAXt\ÞWYQ`Q[W/ä�ä�KNX7V��ÄQQIÄO�W/êHTtWYO�êHTtW_\PW�XtKNMPO�O�Z`V�MPO�W_KNMIæ7M�S WYQ`Q[W/ä
ê/KNç�UJIAV�V�WYX7VfMPX�åPO�ã/\YIAV�WYMPO < c TJINêYMPXtW&\YIAXtä�QQI�ê/KNQ[KNXPZ[W	W ��W/êYV�MtW	\PW/ä INêYV�Z[KNXtä+V�OHG/ä+ä�Z`ç#åPQ[W/ä�!7ç IAZ[ä
O�ãYMPXPZ[W/ä�!tWYQ`Q[W/äRä�KNX7V!ê�IAåJIAUPQ[W/ä!\PW�êHTtK�ä�W/äfU�W�IAMtê/KNMPå×åPQ`MtäRê/KNç#åPQ[W_^PW/ä�!Pê/KNç#çÒW�\Pã/ê/KNM9h®O�Z`ORQ[W�êHTtW_e
ç#Z`XÄQ[W&åPQ`Mtä!ê/KNMPO�V!WYX7V�O�W�QQI]C�KNMPO�ç#Z`Q`ZPGYO�W�WYVRMPXtW�ä�KNMPO�ê/W�\PW�XtKNMPO�O�Z`V�MPO�W <

� 7#"- %$ ��1R�81 l&72�"�� "���\$Q�% "��1'& K7MPåPå�K�ä�KNXtäRæ7M�S MPXtW�ê/KNQ[KNXPZ[W�\PW C�KNMPO�ç#Z[äRX�S IAZ`VXIAMtêYMPXtW�Z`XBC�KNO e
ç IAV�Z[KNX]ä�MPORQTS WYç#åPQQINê/WYçÒWYX7V�\PW�XtKNMPO�O�Z`V�MPO�W�\YIAXtä!ä�KNXoWYX3h®Z`O�KNXPXtWYçÒWYX7V <+b W/ä C�KNMPO�ç#Z[ä	êHTtWYO�êHTtWYX7V
V�KNMPV#\�S IAU�KNO�\IQQIÄXtKNMPO�O�Z`V�MPO�W_WYXIç IAO�êHTJIAX7V IAM TJINäZIAO�\(! \PW C`I�)/KNXEä�Z`ç#Z`QQIAZ`O�W��×MPXtW�ã/æ7MPZ`å�W�\PW
äZIAM9h4WYV�WYMPO�ä T7MPç IAZ`XtäROZIAV�Z[ä�äZIAX7VRMPXtW+*8KNXtW�å�KNMPO(O�WYV�O�KNM9h4WYO!MPX_\^Z[ä�åJIAO�M < c+WYå�WYXt\YIAX7V�!t\PWYMB^�åPO�K�e
UPQPGYçÒW/ähQ[W/ä�WYç#å �/êHTtWYX7V+\�S IAåPåPQ`Z[æ7MtWYO+\^Z`O�W/êYV�WYçÒWYX7V+QQI&V�W/êHTPXPZ[æ7MtW!\PW/ä 	 ã/æ7MPZ`å�W/äh\PWRä�W/ê/KNMPO�ä � < d�KNMPV
\�S IAU�KNO�\(!'ê/KNç#çÒWYX7V&MPXtW?C�KNMPO�ç#Z,!-MPXtW>C�KNZ[ä!QQI#XtKNMPO�O�Z`V�MPO�W�\Pã/ê/KNM9h4WYO�V�W-!'O�WYV�O�KNM9h4W_eTV e�WYQ`Q[W�QQI#O�KNMPV�W
\^M�XPZ[\/.(e:Xtä�MPZ`V�W-!¢ç �YçÒW�ä�Z7QQI C�KNMPO�ç#Z®O�WYV�O�KNM9h4W�Q[W�êHTtWYç#Z`X#\^M�XPZ[\(!¢ê/KNç#çÒWYX7V å�WYMPV e�WYQ`Q[W�Z`XBC�KNO�çÒWYO
Q[W/äXIAMPV�O�W/ä C�KNMPO�ç#Z[äR\PW�QTS WYç#åPQQINê/WYçÒWYX7V&\PW�QQI�XtKNMPO�O�Z`V�MPO�W%.
� 1]6�l  ", ! �� "�%� !�0"10/�$ �1& b W/ä�O�ãYå�KNXtä�W/ä�O�ã/ä�Z[\PWYX7V \YIAXtäLMPX�MtäZI�S4W�Z`X7V�WYQ`Q`Z=S4WYX7V:\PW/äLå9TtãYO�KNçÒKNXtW/ä
2 MPXtW 	 K®\PWYMPO:êHTPZ`ç#Z[æ7MtW � æ7MtW+Q[W/ä8C�KNMPO�ç#Z[ä MPV�Z`Q`Z[ä�WYX7Vhå�KNMPO:ê/KNç#ç�MPXPZ[æ7MtWYO I�h4W/ê(Q[WYMPO�ä:ê/KNX9S4ãYXYGYO�W/ä 3 <
JLKNMPO(O�ã/ä�KNMt\^O�W	Q[W!åPO�KNUPQPGYçÒW&\PW	QQI�Q[K®ê�IAQ`Z[äZIAV�Z[KNX�\^M�XPZ[\(!7Q[W/ä C�KNMPO�ç#Z[ä+QQIAZ[ä�ä�WYX7V(\PWYO�O�ZPGYO�W&WYQ`Q[W/ä+MPXtW
V�OZINê/W_\PW�å9TtãYO�KNçÒKNXtW/äÒæ7MJIAXt\EWYQ`Q[W/ä#O�W/êHTtWYO�êHTtWYX7V�\PW�QQI×XtKNMPO�O�Z`V�MPO�W 2 ê/KNç#çÒW_Q[W�JLWYV�Z`V�JLKNMtê/WYV
ä�WYç IAX7V�\PW/ä�ê�IAZ`Q`Q[KNMB^]UPQQIAXtê/ä�\YIAXtä�Q[W/ä	U�KNZ[ä&å�KNMPO&O�WYV�O�KNM9h4WYO�Q[W�êHTtWYç#Z`X \PW�QQI�ç IAZ[ä�KNX43 < n!Z`Xtä�Z,!
æ7MJIAXt\ÒMPXtW C�KNMPO�ç#Z'V�O�KNM9h4W!\PWRQQI�XtKNMPO�O�Z`V�MPO�W-!®WYQ`Q[W!å�WYMPV�ä�MPZ=h®O�W!äZI&åPO�KNåPO�W!V�OZINê/W	\PWRå9TtãYO�KNçÒKNXtW/ä
A Mtä�æ7M�S IAM�XPZ[\ < K7MPO+Q[W	êHTtWYç#Z`X_\^M�O�WYV�KNMPO�!7QQI>C�KNMPO�ç#Z'O�ã/ä�KNMPV+Q[W!\PWYMB^^ZPGYçÒW	åPO�KNUPQPGYçÒW-!^WYX�O�W/\PãYå�K�e
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äZIAX7V	\PW/ä!å9TtãYO�KNçÒKNXtW/ä�!'êYO�ã�IAX7V>IAZ`Xtä�Z�MPXtW�åPZ[ä�V�W]I�h4W/ê�MPXtW�K®\PWYMPO!åPQ`Mtä C�KNO�V�W < p!MJIAXt\×Q[W/ä IAMPV�O�W/ä
C�KNMPO�ç#Z[ä&V�KNç�U�WYX7V�ä�MPO&MPXtW�V�WYQ`Q[W�V�OZINê/W�\PW�å9TtãYO�KNçÒKNXtW/ä�!�WYQ`Q[W/ä?IAUJIAXt\PKNXPXtWYX7V�Q[WYMPO�ä&O�W/êHTtWYO�êHTtW/ä�!
WYV�ä�W(çÒWYV�V�WYX7V ��ä�MPZ=h®O�W(QQI&åPZ[ä�V�W-!3I%A�KNMPVZIAX7V�MPXtWRê/KNMtêHTtW!ä�MPåPåPQ[ãYçÒWYX7VZIAZ`O�W	\PWfå9TtãYO�KNçÒKNXtW/ä < c+WYV�V�W
çÒãYVFTtK®\PW�å�WYO�çÒWYV	ã S3IAQ[WYçÒWYX7V�\�S IAV�V�WYZ`Xt\^O�W�MPXoKNUBA�W/êYV�ZDC:Z`XJIAV�V�WYXt\^MgIAMo\PãYåJIAO�V��tV�O�KNM9h4WYO!Q[W�åPQ`Mtä
ê/KNMPO�V+êHTtWYç#Z`X�æ7MPZtç4GYXtW���QQI&XtKNMPO�O�Z`V�MPO�W < e:X�W ��WYV�!4Q[WRêHTtWYç#Z`X�Q[WfåPQ`Mtä+ê/KNMPO�V+W/ä�VhåJIAO�ê/KNMPO�M I�h4W/ê
MPXtW CzO�ã/æ7MtWYXtê/W	åPQ`Mtä�OZIAåPZ[\PW	åJIAO+Q[W/ä C�KNMPO�ç#Z[ä(æ7MPZ-QTS IAO�å�WYX7V�WYX7V < n!M CzMPO(WYV ��çÒW/ä�MPO�W-!®QQI�æ7MJIAX7V�Z`V�ã
\PW�å9TtãYO�KNçÒKNXtW/ä	ä�MPORQQI�åPZ[ä�V�W&QQI�åPQ`Mtä!ê/KNMPO�V�W?h#I�\PKNXtê�ä�W&O�WYXBC�KNO�ê/WYO <Jb W/ä IAMPV�O�W/ä C�KNMPO�ç#Z[äRåPO�ã_C�ã_e
OZIAX7VRä�MPZ=h®O�W	QQI�V�OZINê/W&QQI�åPQ`MtäfK®\PKNOZIAX7V�W-!PWYQ`Q[W/äfWYç#åPO�MPX7V�WYO�KNX7V!Q[W	åPQ`Mtäfê/KNMPO�VRêHTtWYç#Z`X !Pê/KNXBC�KNO�VZIAX7V
IAZ`Xtä�Z�Q[W�åPO�ã/ê/WYåPV�W�� 	�� x � ���/w � y�rPwAqfrt� � q8�@� ��x � ����� ��u/yzv ���_w�y�y��@v �
	 �����+v¼x �/w � y�q8� � x[�@~�� � y�rt� � q8�@�
��w��Aw � u��@����� � ��qYyhwNv � q@v � � � � ��u�� 	 � w��Aw � u��@��� 
 � � ��� w�y�y��@v � y ��� 
 � � ��� 	
����� x[�&q8��q ����� ��u/yzv ��q	q/w � q
~��@~���q/w � q�w�rt�@��u�� � � v¼� � 2�	 WYO�U�WYO�! ;�U#U#a 3 <
� 1 ��
B�������87Y�",dl&13,d���� "13,-& m �YçÒWfåJIAO-A�KNMPO�ä�\PW S�OZIAXt\4h4WYX7V�!7Q[W/ä C�KNMPO�ç#Z[ä+\PKNZ=h4WYX7V+OZIAçÒWYXtWYO
\PW�QQI�XtKNMPO�O�Z`V�MPO�W�å�KNMPO&QQI�ê/KNQ[KNXPZ[W < JLKNMPO�VZIAX7V�!�Q[KNO�ä�\PW�V�WYQ`Q[W/ä A�KNMPO�Xtã/W/ä�!'Z`Q:ä�W�å�WYMPV C�KNO�V&æ7M�S MPXtW
UPOZIAXtêHTtW2IAO�OZINêHTtã/W h®Z[WYXPXtW×ç IAQ[WYXtê/KNX7V�O�WYMtä�WYçÒWYX7Voê/KNMPå�WYO�Q[WoêHTtWYç#Z`X h4WYO�ä�QQI XtKNMPO�O�Z`V�MPO�W < b I
V
�NêHTtW�\PW/ä C�KNMPO�ç#Z[äRXtW�\PW h#IAX7V!åJINäRê/KNXPXJI-,[V�O�W�O�WYQ��NêHTtW-!-WYQ`Q[W/äRê/KNX7V�KNMPO�XtWYX7V	QTS KNUtä�VZINêYQ[W-!-ê/WYO�VZIAZ`XtW/ä
åJINä�äZIAX7VRåJIAORQQI]S3IAMtêHTtW�WYV!\�S IAMPV�O�W/äRåJIAOfQQI#\^O�KNZ`V�W <

� �� ����� "��,4l&1 6�l  ", ! �� "�%� !�0"10/�$ �1& b I 	 O�W/ê/KNXPXtW_^^Z[KNX � ��QTS IAMPV�O�W�åJIAO�V�Z[W�\PW&QQI�V�OZINê/W�ä�W C`IAZ`V
\PKNXtê IAQ[ã�IAV�KNZ`O�WYçÒWYX7V�åJIAO:QQIXS3IAMtêHTtWRKNM�åJIAO:QQI	\^O�KNZ`V�W-!�ê/KNXt\^MPZ[äZIAX7V IAZ`Xtä�Z'�	\PWYMB^�åPZ[ä�V�W/ä å�K�ä�ä�Z`UPQ[W/ä
h4WYO�äfQQI�XtKNMPO�O�Z`V�MPO�W < j	ã�IAXPçÒKNZ`Xtä�!^Q[W/ä C�KNMPO�ç#Z[äRWYç#åPO�MPX7VZIAX7V!Q[W�\PãYV�KNMPORQ[W	åPQ`MtäRê/KNMPO�VfO�ã�IAQ`Z[ä�WYO�KNX7V
åPQ`Mtä&\�S IAQ`Q[WYO�ä eTO�WYV�KNMPO�ä�æ7MtW�ê/WYQ`Q[W/ä&WYç#åPO�MPX7VZIAX7V�QQI�\^Z`O�W/êYV�Z[KNX KNåPå�K�ä�ã/W < n!M CzMPO&WYV �ÒçÒW/ä�MPO�W-!-Q[W/ä
C�KNMPO�ç#Z[ä�O�WYXBC�KNO�ê/WYO�KNX7V�QQI�åPZ[ä�V�W#QQI�åPQ`Mtä�ê/KNMPO�V�WÒWYV�QTS IAMPV�O�W�\^Z[ä�åJIAOZI-,[V�OZI < a&WÒê/WYV�V�W#ç IAXPZPGYO�W-!�Q[W/ä
C�KNMPO�ç#Z[ä!WYç#åPO�MPX7V�WYX7V	V�KNM\A�KNMPO�äfQ[W�åPQ`MtäRê/KNMPO�V!êHTtWYç#Z`X <


 13, ! ��l&���8$&13, �81 % �� "�\/�$&, 7Y �� ��53,�137Y �� �)(=�J����$ �"7B��10 "��,-& b W/ä C�KNMPO�ç#Z[ä�W_^^å�ãYO�Z`çÒWYX7V�WYX7V
IAZ`Xtä�Z�\YIAXtä�QQI�XJIAV�MPO�WÒQ[W�å9TtãYXtKNç4GYXtW�\PWÒê/KNX3h4WYOFS4WYXtê/W�æ7M�S KNXÔO�WYV�O�KNM9h4W�ê/KNç#çÒWÒåPO�KNåPO�Z[ãYV�ã�\PW/ä
IAQ=S4KNO�Z`VFTPçÒW/ä IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä�å�KNMPO:Q[W/ähäFE^ä�VHGYçÒW/ä O�ãYåJIAO�V�Z[ä�WYX#Z`XBC�KNO�ç IAV�Z[æ7MtW 2 V�WYQtæ7MtW(Q[W(O�ã/ä�W�IAM
k�X7V�WYO�XtWYV�åJIAO�W_^PWYç#åPQ[W 3 < a>IAXtä�\PW#V�WYQ[ä�äFE^ä�VHGYçÒW/ä�!�XtKNMtä�X�S I�h4KNXtä�åJINä�\PW/ä>C�KNMPO�ç#Z[ä�ä�KNO�VZIAX7V�\PW
Q[WYMPO&XPZ[\ �ÒQQI�O�W/êHTtWYO�êHTtWÒ\PW�QQI�XtKNMPO�O�Z`V�MPO�W-!�ç IAZ[ä&åJIAO�W_^PWYç#åPQ[W�\PW/ä	çÒW/ä�äZI�S4W/ä	V�OZIAXtä�Z`VZIAX7V�\�S MPX
W_^^å�ã/\^Z`V�WYMPO ��MPX�\PW/ä�V�Z`XJIAVZIAZ`O�W <9b W/ä+OHG S�Q[W/ä+O�ã S�Z[ä�äZIAX7V(Q[W&ê/KNç#å�KNO�V�WYçÒWYX7VR\PW/ä C�KNMPO�ç#Z[ä(ä�KNX7V IAQ[KNO�ä
V�OZIAXtä�å�K�äZIAUPQ[W/ä IAMB^ åPO�K®ê/W/ä�ä�WYMPO�äÄä�Z`V�Mtã/äÄWYX êHTJINêYMPX�\PW/ä_X��&Mt\Pä×\�S MPX O�ã/ä�W�IAM Z`XBC�KNO�ç IAV�Z[æ7MtW-!
WYV�ê/KNXt\^MPZ[ä�WYX7V&� MPX IAQ=S4KNO�Z`VFTPçÒW2IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7VÄ\PWoO�KNMPVZI�S4W]\PW/ä�çÒW/ä�äZI�S4W/ä < e:X W ��WYV�!+MPX
çÒW/ä�äZI�S4W#å�WYMPV �YV�O�W h®M ê/KNç#çÒWÒMPXtW C�KNMPO�ç#Z h®Z`O�V�MtWYQ`Q[WÒV�OZIAXtä�Z`VZIAX7V�ä�MPO�Q[W#O�ã/ä�W�IAM WYV�ç IAO�æ7MJIAX7V
Q[W/äRX��&Mt\Pä&WYç#åPO�MPX7V�ã/ä < i!ã S�MPQ`ZPGYO�WYçÒWYX7V�!'MPXÄX��&Mt\ h#I�O�W/æ7MtãYO�Z`O	\PW�ä�W/ä h4KNZ[ä�Z`Xtä!Q[WYMPO�ä!\^Z[ä�VZIAXtê/W/ä
åPO�ã/ä�MPçÒã/W/äRIAM \PW/ä�V�Z`XJIAVZIAZ`O�W 2 \PW C`I�)/KNX ä�Z`ç#Z`QQIAZ`O�W �I\PW/ä C�KNMPO�ç#Z[ä h®Z`O�V�MtWYQ`Q[W/ä×æ7MPZ�åJIAO�V�Z`OZIAZ[WYX7V
êHTJINêYMPXtW	\YIAXtähQ[WYMPO�åPO�KNåPO�W!\^Z`O�W/êYV�Z[KNX�å�KNMPOhO�W/êYMtWYZ`Q`Q`Z`O(\PWfQTS Z`XBC�KNO�ç IAV�Z[KNX43 < JLKNMPO(ê/W C`IAZ`O�W-!4êHTJINêYMPX
\PW�ä�W/ä?h4KNZ[ä�Z`Xtädh#I�Q`MPZ+MPXÞWYX3h4K�E4WYO�MPX çÒW/ä�äZI�S4W�ê/KNç#å�KNO�VZIAX7V�ê/WYV�V�W�Z`XBC�KNO�ç IAV�Z[KNX <8b KNO�ä�æ7MtWÒQ[W/ä
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çÒW/ä�äZI�S4W/ä+WYX3h4K�E4ã/ä(åJIAO(ä�W/ä h4KNZ[ä�Z`Xtä 2 QTS Z`XBC�KNO�ç IAV�Z[KNX�O�W/êYMtWYZ`Q`Q`Z[W	åJIAO+Q[W/ä C�KNMPO�ç#Z[ä h®Z`O�V�MtWYQ`Q[W/ä IAMPåPOHG/ä
\PW/ä>h4KNZ[ä�Z`Xtä 3 IAO�O�Z=h4WYX7V�ä�MPO&Q[W�X��&Mt\(!�ê�S W/ä�V�Q[W�çÒW/ä�äZI�S4W#ê/KNç#å�KNO�VZIAX7V�QQI�\^Z[ä�VZIAXtê/W#åPO�ã/ä�MPçÒã/W IAM
\PW/ä�V�Z`XJIAVZIAZ`O�WÄQQI åPQ`Mtä�ê/KNMPO�V�W×æ7MPZRW/ä�VÒO�WYV�WYX7MtW 2 Q[W_ç IAO�æ7MJI�S4W×WYX å9TtãYO�KNçÒKNXtW h®Z`O�V�MtWYQ`Q[W×ãYVZIAX7V
\�S IAMPVZIAX7V(åPQ`Mtä�Z`X7V�WYXtä�W	æ7MtWfQ[W	êHTtWYç#Z`X�åJIAO�ê/KNMPO�M�W/ä�V+ê/KNMPO�V 3 < e:X�åPO�K®ê/ã/\YIAX7V IAZ`Xtä�Z,!4Q[WRç IAO�æ7MJI�S4W
\PWÄêHTJINæ7MtWÄX��&Mt\ h#I]ä�WÄä�VZIAUPZ`Q`Z[ä�WYO�ä�MPO#QQI h#IAQ[WYMPO�\^M åPQ`MtäÒê/KNMPO�V�êHTtWYç#Z`X å�KNMPO IAV�V�WYZ`Xt\^O�WÄQ[W
\PW/ä�V�Z`XJIAVZIAZ`O�W < JLKNMPOfMPX�çÒW/ä�äZI�S4W&êHTtWYO�êHTJIAX7V��]IAV�V�WYZ`Xt\^O�W&MPX�\PW/ä�V�Z`XJIAVZIAZ`O�W�\PKNXPXtã-!®MPXtW&ä�V�OZIAV�ã S�Z[W
ä�Z`ç#åPQ[W#ê/KNXtä�Z[ä�V�W IAQ[KNO�ä ��åJIAO�ê/KNMPO�Z`O�Q[W�O�ã/ä�W�IAM \YIAXtä�QQI�\^Z`O�W/êYV�Z[KNXÔZ`Xt\^Z[æ7Mtã/W�åJIAO�Q[W/ä&ç IAO�æ7MJI�S4W/ä
Q[W/ä�åPQ`Mtä�Z`X7V�WYXtä�W/ä�!®W_^YINêYV�WYçÒWYX7Vfê/KNç#çÒW!Q[W/ä C�KNMPO�ç#Z[ä+ä�MPZ=h#IAX7V+QQI�åPZ[ä�V�W	\PWRåPQ`Mtä C�KNO�V�W 	 K®\PWYMPO � < e:X
ê�INäR\PW�åJIAXPXtW�\�S MPXÄQ`Z[WYX 2 ê/KNç#çÒW�MPXtW�UPOZIAXtêHTtW?h4WYXJIAX7VRZ`X7V�WYO�O�KNç#åPO�W�QQI�åPZ[ä�V�W�\PW/ä C�KNMPO�ç#Z[ä 3 !tWYV
WYX C�KNXtêYV�Z[KNX�\PWfQTS KNO�\^O�WR\PWfO�ã/ê/WYåPV�Z[KNX�\PW/ä:Z`XBC�KNO�ç IAV�Z[KNXtä�\PW/ä h4KNZ[ä�Z`Xtä�!NQ[W/ä:çÒW/ä�äZI�S4W/ähå�WYM9h4WYX7V �YV�O�W
INêHTtWYç#Z`Xtã/ä+MPX�V�WYç#åtä h®ZQI�\PW/ä+êHTtWYç#Z`Xtä(\PãYV�KNMPO�Xtã/ä 2 ê/KNç#çÒW!Q[W/ä C�KNMPO�ç#Z[ä+WYç#åPO�MPX7VZIAX7VfQ[W!\PãYV�KNMPO
Q[W�åPQ`Mtä	Q[KNX9S�3 !-ç IAZ[ä	Z`Q[ä MtXPZ`O�KNX7V�V�KNM\A�KNMPO�ä	åJIAO �YV�O�W INêHTtWYç#Z`Xtã/ä h®ZQIÒQ[W�åPQ`Mtä&ê/KNMPO�V�êHTtWYç#Z`X h4WYO�ä
Q[W�\PW/ä�V�Z`XJIAVZIAZ`O�W 2 ê/KNç#çÒW�Q[W/ä C�KNMPO�ç#Z[ä 	 O�W/ê/KNXPXtW/êYVZIAX7V � Q[W/äR\PWYMB^�åJIAO�V�Z[W/äR\�S MPXtW&ç �YçÒW&V�OZINê/W&åJIAO
Q[W�êHTtWYç#Z`XÄQ[W�åPQ`MtäRê/KNMPO�V 3 <

� ����13!#�%$ %>�812l&7�� 0".3,�1'& b S KNUBA�W/êYV�ZDC(\PW�ê/WYV�V�W�VFTYG/ä�W�W/ä�V	åPO�ã/êYZ[ä�ãYçÒWYX7V�QTS ãYV�Mt\PW�\�S IAQ=S4KNO�Z`VFTPçÒW/ä
O�ãYåJIAO�V�Z[äLV�KNQ[ãYOZIAX7Vh\PW/ä�åJIAXPXtW/ä \^Z`V�W/äLV�OZIAXtä�Z`V�KNZ`O�W/ä < j	K�ä�V�OZI�h#IAMB^�å�KNO�V�WYX7V \�S MPXtW+åJIAO�V ä�MPO�QTS Z`ç#å�KNO e
VZIAV�Z[KNXÒ\PW(QTS IAåPåPO�K®êHTtWXIAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�W 2 æ7MPZ^å�WYO�çÒWYVh\PW(O�W/ê/KNM9h®O�WYO:Q[W/ä8C�KNXtêYV�Z[KNXtä:\�S MPXÒäFE^ä�VHGYçÒW
��åJIAO�V�Z`OR\�S MPXÄãYVZIAVXIAO�UPZ`V�OZIAZ`O�W�Z[ä�ä�M�\�S MPXtW&åJIAXPXtW&V�OZIAXtä�Z`V�KNZ`O�W 3(\YIAXtä(MPXÄWYX3h®Z`O�KNXPXtWYçÒWYX7V!çÒKNUPZ`Q[W
ê/KNXtä�V�Z`V�Mtã�\PW�O�KNU�KNV�ä IAMPV�KNXtKNçÒW/ä#ê/KNç#ç�MPXPZ[æ7MJIAX7VÒåJIAO�Z`X7V�WYO�ç#Z`V�V�WYXtê/W < e:XIW ��WYV�!L\YIAXtä�MPXIV�WYQ
ê/KNX7V�W_^^V�W-!®Q[W!åPO�KNV�K®ê/KNQ[W	\PW	äFE®XtêHTPO�KNXPZ[äZIAV�Z[KNX_W/ä�V�åJIAO�V�Z[êYMPQ`ZPGYO�WYçÒWYX7V!\PãYQ`Z[ê�IAV ��ê/KNXtê/W h4KNZ`Of\9G/ä�Q[KNO�ä
æ7MtWRQ[W/ähO�KNU�KNV�ä+ä�KNX7V+ä�M\A�WYV�ä���\PW/ähåJIAXPXtW/ä�V�WYç#å�KNOZIAZ`O�W/ä < j	K�ähV�OZI�h#IAMB^Òå�KNO�V�WYX7V(\�S IAMPV�O�W!åJIAO�V+ä�MPO
QTS Z`X7V�ã S�OZIAV�Z[KNX_\PWfQQI&åPO�KNåPO�Z[ãYV�ã	\PWRê/KNXBMtXtWYçÒWYX7Vf\PW C`IAMPV�W/ä�\YIAXtä�MPX IAQ=S4KNO�Z`VFTPçÒW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V
\PW�ê/KNXtä�V�O�MtêYV�Z[KNX×\�S MPXRIAO�UPO�W�ê/KNM9h®OZIAX7V <

� �*!J7Y�8$&,�7B�%$&��� �81 l&7 � 0".3,�1'& b W/ä!\PWYMB^_åPO�WYç#Z[WYO�ä	êHTJIAåPZ`V�O�W/ä	ä�KNX7V!ê/KNXtäZINêYO�ã/ä
��QQI�åPO�ã/ä�WYX7VZI%e
V�Z[KNXÞ\PW/ä�äFE^ä�VHGYçÒW/ä�O�ãYåJIAO�V�Z[ä�! ��Q[WYMPO�çÒK®\PãYQ`Z[äZIAV�Z[KNX !LWYV]IAMB^ çÒãYVFTtK®\PW/ä�\PW�\PãYçÒKNXtä�V�OZIAV�Z[KNXI\PW/ä
IAQ=S4KNO�Z`VFTPçÒW/ä�MPV�Z`Q`Z[ä�ã/ä�\YIAXtä�ê/WÒê/KNX7V�W_^^V�W < a>IAXtä�Q[W#êHTJIAåPZ`V�O�W ; !�XtKNMtä�Z`X7V�O�K®\^MPZ[ä�KNXtä�Q[WÒ\PKNç IAZ`XtW
\PW/ä�äFE^ä�VHGYçÒW/ä�O�ãYåJIAO�V�Z[ä < j	KNMtä�OZIAåPå�WYQ[KNXtä#ê/WYO�VZIAZ`XtW/äÒ\PW�Q[WYMPO�ä�åPO�KNåPO�Z[ãYV�ã/ä#ê�IAOZINêYV�ãYO�Z[ä�V�Z[æ7MtW/ä�!:WYV
åPO�ã/ä�WYX7V�KNXtä#æ7MtWYQ[æ7MtW/ä�åPO�KNUPQPGYçÒW/ä�êYQQINä�ä�Z[æ7MtW/ä�O�WYåPO�ã/ä�WYX7VZIAV�ZDC�ä#\PW/ä�V�OZI�h#IAMB^ çÒWYXtã/ä�WYX IAQ=S4KNO�Z`VFTBe
ç#Z[æ7MtW�O�ãYåJIAO�V�Z[W < j	KNMtäRXtKNMtäRZ`X7V�ãYO�W/ä�ä�KNXtä	ã S3IAQ[WYçÒWYX7V?IAMB^Ä\^Z ��ãYO�WYX7V�W/ä!V�W/êHTPXPZ[æ7MtW/ä&\PW�V�KNQ[ãYOZIAXtê/W
IAMB^IåJIAXPXtW/ä�!hWYX çÒWYV�VZIAX7V�MPX INê/ê/WYX7V�åJIAO�V�Z[êYMPQ`Z[WYO�ä�MPO#QTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX�WYV�ä�W/äÒ\^Z ��ãYO�WYX7V�W/ä
h#IAO�ZQIAX7V�W/ä < b WÄêHTJIAåPZ`V�O�Woë]W/ä�VÒê/KNXtäZINêYO�ã&�]QQIoçÒK®\PãYQ`Z[äZIAV�Z[KNX \PW/äÒê/KNXtê/WYåPV�äÒåPO�ã/ä�WYX7V�ã/ä�\YIAXtäÒQ[W
êHTJIAåPZ`V�O�W�åPO�ã/ê/ã/\PWYX7V!WYV ��QQI�åPO�ã/ä�WYX7VZIAV�Z[KNX×\PW�æ7MtWYQ[æ7MtW/ä(XtKNV�Z[KNXtä C�KNXt\YIAçÒWYX7VZIAQ[W/ä!WYX_VFTtã/KNO�Z[W�\PW/ä
S�OZIAå9TtW/äfWYV+\YIAXtä+Q[W/ä(äFE^ä�VHGYçÒW/ä+\PW!V�OZIAXtä�Z`V�Z[KNXtä < j	KNMtä�Z`X7V�O�K®\^MPZ[ä�KNXtäf\PW/ä+KNMPV�Z`Q[ä C�KNO�çÒWYQ[ä+å�WYO�çÒWYV e
VZIAX7Vh\PW(\Pã/êYO�Z`O�W+Q[W(ê/KNç#å�KNO�V�WYçÒWYX7V�\�S MPX#äFE^ä�VHGYçÒW�O�ãYåJIAO�V�ZJIAM#ê/KNMPO�ä:\^M�V�WYç#åtä < j	KNMtä åPO�ã/ä�WYX7V�KNXtä
ã S3IAQ[WYçÒWYX7V	ê/WYO�VZIAZ`XtW/äfçÒW/ä�MPO�W/äf\PW�ê/KNç#åPQ[W_^^Z`V�ã&MPV�Z`Q`Z[ä�ã/W/äfå�KNMPORê/KNç#åJIAO�WYOfQ[W/ä IAQ=S4KNO�Z`VFTPçÒW/ä IAMPV�K�e
ä�VZIAUPZ`Q`Z[äZIAX7V�ä <3b W/ä+êHTJIAåPZ`V�O�W/ä O WYVhì�å�KNO�V�WYX7V+ä�MPOhQTS Z`ç#å�KNO�VZIAV�Z[KNX�\PWRQTS IAåPåPO�K®êHTtW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�W



 ������������ "!#�%$&���

2 æ7MPZRå�WYO�çÒWYV�\PW_O�W/ê/KNM9h®O�WYO�Q[W/ä C�KNXtêYV�Z[KNXtä�\�S MPX äFE^ä�VHGYçÒW&�]åJIAO�V�Z`O�\�S MPX�ãYVZIAV IAO�UPZ`V�OZIAZ`O�WÄZ[ä�ä�M
\�S MPXtW#åJIAXPXtW#V�OZIAXtä�Z`V�KNZ`O�W 3�\YIAXtä�MPX WYX3h®Z`O�KNXPXtWYçÒWYX7V�çÒKNUPZ`Q[WÒê/KNXtä�V�Z`V�MtãÒ\PW#O�KNU�KNV�ädIAMPV�KNXtKNçÒW/ä
ê/KNç#ç�MPXPZ[æ7MJIAX7VhåJIAOLZ`X7V�WYO�ç#Z`V�V�WYXtê/W < a>IAXtä \PW�V�WYQ[ä äFE^ä�VHGYçÒW/ä�!¢\PWYMB^�V E®å�W/äL\�S IAQ=S4KNO�Z`VFTPçÒWf\PW+ê/KNç e
ç�MPXPZ[ê�IAV�Z[KNXtä�ä�KNX7V	Xtã/ê/W/ä�äZIAZ`O�W/ä �-QTS IAQ=S4KNO�Z`VFTPçÒW�\PW�äFE®XtêHTPO�KNXPZ[äZIAV�Z[KNX WYX7V�O�W�\PWYMB^×O�KNU�KNV�ä h4KNZ[ä�Z`Xtä
I%MtX]\�S ãYVZIAUPQ`Z`O&MPXtW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXÔå�KNZ`X7V e �%eTå�KNZ`X7V 2 V�WYç#å�KNOZIAZ`O�W 3 !�WYV	QTS IAQ=S4KNO�Z`VFTPçÒW#\PW�O�KNMPVZI�S4W
å�WYO�çÒWYV�VZIAX7V�QTS ã/êHTJIAX9S4W	\PWf\PKNXPXtã/W/ä�WYX7V�O�W!\PWYMB^#O�KNU�KNV�ä 2 ç �YçÒWRä8S Z`Q[ähä�KNX7V�\^Z[ä�VZIAX7V�ä 3 <3b WfåPO�WYç#Z[WYO
IAQ=S4KNO�Z`VFTPçÒW C`IAZ`VLQTS KNUBA�WYV \^M�êHTJIAåPZ`V�O�W O !A\YIAXtäLQ[W/æ7MtWYQ7XtKNMtäLMPV�Z`Q`Z[ä�KNXtäLQ[W/ä�O�ã/ä�W�IAMB^�\PW+JLWYV�O�ZPê/KNç#çÒW
KNMPV�Z`Q-å�KNMPOhåPO�KNM9h4WYO�QQI�ê/KNO�O�W/êYV�Z[KNX�\�S MPX IAQ=S4KNO�Z`VFTPçÒW!\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7VR\PW/ä�\PãYåPQQINê/WYçÒWYX7V�ä(\PW/ä
O�KNU�KNV�ä < j	KNMtä�\Pã/êYO�Z=h4KNXtäÄWYXtä�MPZ`V�W×QQI V�OZIAXtä C�KNO�ç IAV�Z[KNX \PW]ê/WYV IAQ=S4KNO�Z`VFTPçÒW WYX MPX IAQ=S4KNO�Z`VFTPçÒW
IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V <9b W&\PWYMB^^ZPGYçÒW>IAQ=S4KNO�Z`VFTPçÒW-!Pæ7MJIAX7V ��Q`MPZ,!3C`IAZ`V+QTS KNUBA�WYV(\^M_êHTJIAåPZ`V�O�W	ì < e:XBMtX !®Q[W
êHTJIAåPZ`V�O�W a å�KNO�V�W�ä�MPORQTS Z`X7V�ã S�OZIAV�Z[KNX]\PW�QQI�åPO�KNåPO�Z[ãYV�ã�\PW�ê/KNXBMtXtWYçÒWYX7V�\PW C`IAMPV�W/ä!\YIAXtä!MPXRIAQ=S4K�e
O�Z`VFTPçÒWXIAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�\PWfê/KNXtä�V�O�MtêYV�Z[KNX�\�S MPX IAO�UPO�Wfê/KNM9h®OZIAX7V < b I	åPO�Z`XtêYZ`åJIAQ[WRê�IAOZINêYV�ãYO�Z[ä�V�Z[æ7MtW
\PW�QTS IAQ=S4KNO�Z`VFTPçÒW#åPO�KNå�K�ä�ã�W/ä�V&æ7MtW�ä�WYMPQ[ä	Q[W�ä�Z`V�WdC`IAMPV�ZDC+WYV�ä�W/ä h4KNZ[ä�Z`Xtä�ä�KNX7V�ä�Mtä�ê/WYåPV�Z`UPQ[W/ä�\�S I�S�Z`O
å�KNMPORO�ãYVZIAUPQ`Z`ORMPX×ãYVZIAVRê/KNO�O�W/êYV	\^MÄäFE^ä�VHGYçÒW?IAåPOHG/äRMPXtW C`IAMPV�W <
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b W#\PKNç IAZ`XtW�\PW/ä�äFE^ä�VHGYçÒW/ä&O�ãYåJIAO�V�Z[ä�W/ä�V h#INä�V�W#WYVdINä�ä�W *�O�ã/ê/WYX7V < c+W/ä�äFE^ä�VHGYçÒW/ä&O�ãYå�KNXt\PWYX7V
�ÒQQI�\PWYç IAXt\PW�êYO�KNZ[ä�äZIAX7V�W#\PW�åPMPZ[ä�äZIAXtê/W�\PW�ê�IAQ[êYMPQ:WYV&\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX <-b W/ä?I�h#IAX7VZI�S4W/ä�\PW/ä
äFE^ä�VHGYçÒW/äfO�ãYåJIAO�V�Z[ä!Q[W/äRKNX7V!O�WYXt\^MtäRZ`Xt\^Z[ä�å�WYXtäZIAUPQ[W/ä <Yb I�O�ãYåJIAO�V�Z`V�Z[KNX]WYVfQQI#ê/K®KNå�ãYOZIAV�Z[KNXoä�KNX7VRQ[W/ä
\PWYMB^oåPO�Z`XtêYZ`åJIAMB^]ê/KNXtê/WYåPV�ä �ÒQQI�UJINä�W�\PW/ä&äFE^ä�VHGYçÒW/ä	O�ãYåJIAO�V�Z[ä <+b I�O�ãYåJIAO�V�Z`V�Z[KNXÔê/KNXtê/WYO�XtW4IAMtä�ä�Z
UPZ[WYX_Q[W	V�OZIAZ`V�WYçÒWYX7V	\PW/äf\PKNXPXtã/W/äRæ7MtW	Q[WYMPORä�V�K®ê��#I�S4W <9b I�ê/K®KNå�ãYOZIAV�Z[KNX !tæ7MJIAX7V ��WYQ`Q[W-!Pä�Z=S�XPZDM-W&Q[W
\^ZQIAQ[K\S�MtW�WYX7V�O�W�\PW/ä]IAåPåPQ`Z[ê�IAV�Z[KNXtä I�E3IAX7V�\PW/ä�O �NQ[W/ä�ê/KNç#åPQ[ãYçÒWYX7VZIAZ`O�W/ä�å�KNMPO�QQI_O�ã�IAQ`Z[äZIAV�Z[KNXÞ\PW/ä
V
�NêHTtW/ä <
ltKNO�çÒWYQ`Q[WYçÒWYX7V�!®MPX q@|AqYy�}@~��!��sTrPwN�Yyzv W/ä�V:MPX�WYXtä�WYç�UPQ[W!\�S WYX7V�Z`V�ã/ä IAMPV�KNXtKNçÒW/ä 2 q@vzy���q ! r'� � u���q�q8� � ��q
KNM r'� � u���q�q � q 3�Z`X7V�WYO�ê/KNXPXtW/êYV�ã/ä#åJIAO�\PW/ä�Q`Z[WYXtä�\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX 2 IAMtä�ä�Z IAåPå�WYQ[ã/ä u�w � w ��� KNM
��� 
Nv�qYyz����q 3 �

� ê/W/ä+WYX7V�Z`V�ã/äfä�KNX7V w � y ���
� ~���q �®WYQ`Q[W/ä(ä�KNX7V(ê�IAåJIAUPQ[W/äf\�S W ��W/êYV�MtWYOf\PW/ä+ê�IAQ[êYMPQ[ä+Z`Xt\PãYå�WYXt\YIAç e
çÒWYX7VRQ[W/äRMPXtW/äR\PW/äXIAMPV�O�W/ä��

� WYQ`Q[W/äRä�KNX7V v � y��@��u ����� ��u/y�s���q �^Z`Q�Q[WYMPORW/ä�Vfå�K�ä�ä�Z`UPQ[W�\�S ã/êHTJIAX9S4WYO	\PW/äRZ`XBC�KNO�ç IAV�Z[KNXtäRåJIAOfQTS Z`XBe
V�WYO�çÒã/\^ZQIAZ`O�W�\PW/äfQ`Z[WYXtä!\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX <

b W çÒK®\9GYQ[WÔ\�S Z`X7V�WYO�ê/KNXPXtW_^^Z[KNX¡\PW/äÄä�Z`V�W/äÄWYV×\PW/ä_Q`Z[WYXtä×\PW ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX�\Pã_MtXPZ`V×ê/WÔæ7M�S KNX
IAåPå�WYQ`Q[W�QQI y � r � x � 
NvT� \^MEäFE^ä�VHGYçÒW < c+WYV�V�W�V�KNå�KNQ[K\S�Z[W�å�WYMPV �YV�O�W�çÒK®\PãYQ`Z[ä�ã/W�åJIAO�MPX 
N��w�r �P� 	 �
u � ~�~ ��� v�u�w�yzv ��� < a>IAXtä�ê/W C�KNO�ç IAQ`Z[ä�çÒW-!�Q[W/ä�WYX7V�Z`V�ã/ä�\^MÞäFE^ä�VHGYçÒW�ä�KNX7V IAåPå�WYQ[ã/W/ä�Q[W/ä���� � 	 q WYV
KNX MPV�Z`Q`Z[ä�WÒ\PW/ä wN� �Yy���q å�KNMPO�O�WYåPO�ã/ä�WYX7V�WYO�Q[W/ä&Q`Z[WYXtä�\PW#ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXtä�WYX7V�O�WÒê/W/ä�WYX7V�Z`V�ã/ä < g!X
W_^PWYç#åPQ[W�\PW>S�OZIAå9TtW�\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX]\�S MPX×äFE^ä�VHGYçÒW&O�ãYåJIAO�V�Z�W/ä�VR\PKNXPXtã�ä�MPOfQQI]MYS�MPO�W ;#<=;#<
��������� �! #"%$�&('*),+.-0/1$�-0-321-3'54�67$�-98*:<;>=
85'*)�-

b W/äRäFE^ä�VHGYçÒW/ä(O�ãYåJIAO�V�Z[äRä�W�ä�KNX7VfO�ãYåJIAXt\^MtäR\YIAXtäfQ[W&çÒKNXt\PW�Z`XBC�KNO�ç IAV�Z[æ7MtW?I�h4W/ê�QTS I�h GYXtWYçÒWYX7V
\PW/äÒO�ã/ä�W�IAMB^ TJIAMPV e�\PãYUPZ`V�!+æ7M�S Z`Q[äÒä�KNZ`VÒQ[K®ê�IAMB^ 2 Z < W < !hk�X7V�OZIAXtWYV�!�e:VFTtWYO�XtWYV 3ÒKNM Q[KNX9S�MtWÄ\^Z[ä�VZIAXtê/W
2 Z < W < !�e�^^V�OZIAXtWYV�!�k�X7V�WYO�XtWYV 3 !-IAMB^Pæ7MtWYQ[ä&ä�KNX7V�ê/KNXPXtW/êYV�ã/ä&MPX]XtKNç�UPO�W]h#IAO�ZQIAUPQ[W�\�S KNO�\^Z`XJIAV�WYMPO�ä < k�Q[ä
åPO�ã/ä�WYX7V�WYX7V(ê/WYO�VZIAZ`XtW/ä+ê�IAOZINêYV�ãYO�Z[ä�V�Z[æ7MtW/ä+åPO�KNåPO�W/ä�!�Q[W/ä�\^Z[ä�V�Z`X9S�MJIAX7V(\PW/ä�äFE^ä�VHGYçÒW/ä�ê/WYX7V�OZIAQ`Z[ä�ã/ä�!7æ7MPZ
O�WYXt\PWYX7V!Q[WYMPORMPV�Z`Q`Z[äZIAV�Z[KNXÄåJIAO C�KNZ[äRåPO�ã_C�ãYOZIAUPQ[W-!9h4KNZ`O�W�Z`Xtê/KNX7V�KNMPO�XJIAUPQ[W �

� � (=53!�0"7Y� !J1 �)(P$ � % �J�\/27B�%$&���@? Q[W#U�W/ä�KNZ`XÔ\�S ã/êHTJIAX9S4WYO�\PW/ä�Z`XBC�KNO�ç IAV�Z[KNXtä�WYX7V�O�W�KNO�\^Z`XJI%e
V�WYMPO�ä!ä8S W/ä�VR\Pã h4WYQ[KNåPå�ã�\YIAXtäRQ[W/äXIAXPXtã/W/ä!ä�KNZD^YIAX7V�W-!�IAQ[KNO�äRæ7MtW�Q[W/äRMPXPZ=h4WYO�ä�Z`V�ã/ä!WYVRQ[W/äfåPO�Z`XBe
êYZ`åJIAQ[W/ä_WYX7V�O�WYåPO�Z[ä�W/ä h4WYXJIAZ[WYX7V×\PW]ä8S ã/æ7MPZ`å�WYO�\�S KNO�\^Z`XJIAV�WYMPO�ä×ê/WYX7V�OZIAMB^ < b IÞê/K®KNå�ãYOZIAV�Z[KNX
WYX7V�O�W]ê/W/ä�\^Z ��ãYO�WYX7V�W/ä�KNOFS3IAXPZ[äZIAV�Z[KNXtä I ãYV�ã C`INêYZ`Q`Z`V�ã/WoåJIAO�QTS ã/êHTJIAX9S4W \PWo\PKNXPXtã/W/ä�WYX7V�O�W
KNO�\^Z`XJIAV�WYMPO�ä�!Pê/W�æ7MPZ-I�WYXtê/KNMPOZI�S4ã&Q[W&\Pã h4WYQ[KNåPå�WYçÒWYX7V	\PW/ä(O�ã/ä�W�IAMB^�Q[KNX9S�MtW�\^Z[ä�VZIAXtê/W < n!MBe
A�KNMPO�\�S T7MPZ,!tê/W/äfO�ã/ä�W�IAMB^_ä�KNX7VfåJIAO�V�KNMPV!WYVfå�WYO�çÒWYV�V�WYX7V IAMB^�åJIAO�V�Z[êYMPQ`Z[WYO�ä!ê/KNç#çÒWdIAMB^�åPO�K�e
C�W/ä�ä�Z[KNXPXtWYQ[äR\�S ã/êHTJIAX9S4WYO	\PW/ä!\PKNXPXtã/W/ä!WYVR\PW�åJIAO�VZI�S4WYORQTS Z`XBC�KNO�ç IAV�Z[KNX <

� � 1 6879�%��7�!J1��81���13,�,��� "��! 13,A?&UPZ[WYX�æ7MtW]Q[W ê/KCBPV×\PW/äÄKNO�\^Z`XJIAV�WYMPO�ä×Z`Xt\^Z=h®Z[\^MtWYQ[äRIAZ`V
ê/KNXtä�Z[\PãYOZIAUPQ[WYçÒWYX7V(UJIAZ[ä�ä�ã-!�Z`Q-X�S WYX�W/ä�V�åJINä�\PWfç �YçÒWRå�KNMPO�Q[W/ähå�ãYO�Z`å9TtãYO�Z[æ7MtW/ä 2 ê/KNç#çÒWRQ[W/ä
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������� ;#<=; � b W>S�OZIAå9TtWdINä�ä�K®êYZ[ã ��MPX×äFE^ä�VHGYçÒW�\^Z[ä�V�O�Z`UPMtã

Z`ç#åPO�Z`ç IAX7V�W/ä�!�Q[W/ä�ä�ê�IAXPXtWYO�ä�KNM WYXtê/KNO�WÒQ[W/ä�MPXPZ`V�ã/ä�\PWÒäZIAM9h4W S3IAO�\PW 3 <"b WÒ\Pã h4WYQ[KNåPå�WYçÒWYX7V
\PW/ä�O�ã/ä�W�IAMB^ Q[K®ê�IAMB^ I å�WYO�ç#Z[ä IAMB^�KNO�\^Z`XJIAV�WYMPO�ä�Q[W/ä�çÒKNZ`Xtä�ê/KCBPV�WYMB^�\�S INê/ê/ã/\PWYO � ê/W/ä
å�ãYO�Z`å9TtãYO�Z[æ7MtW/ä�åJIAO�VZI�S4ã/ä < c+WYV�V�WXIAåPåPO�K®êHTtW	\^Z`ç#Z`X7MtWRQ[W/ä�ê/KCBPV�ähåJIAO�OZIAåPå�KNO�V IAMB^ÒäFE^ä�VHGYçÒW/ä
ê/WYX7V�OZIAQ`Z[ä�ã/ä!WYV INê/êYO�K*,[VRQTS W_^^V�WYXtä�Z`UPZ`Q`Z`V�ã�åJIAOfQTS I%A�KNMPVRåPO�K\S�O�W/ä�ä�ZDCh\PW�ê/KNç#å�K�äZIAX7V�ä <

� � 7 #�7���$ l $Q��57?:MPX äFE^ä�VHGYçÒW#O�ãYåJIAO�V�Z,!�ê/KNXtä�V�Z`V�Mtã�\PW#åPQ`Mtä�Z[WYMPO�ä�ê/KNç#å�K�äZIAX7V�ä IAMPV�KNXtKNçÒW/ä�!
å�WYMPVfê/KNX7V�Z`X7MtWYO��>C�KNXtêYV�Z[KNXPXtWYORê/KNO�O�W/êYV�WYçÒWYX7V!WYX_ê�INäf\PW&\Pã_C`IAZ`Q`QQIAXtê/W&\�S MPXtW&åJIAO�V�Z[W&\PW&ê/W/ä
ê/KNç#å�K�äZIAX7V�ä < e:X_W ��WYV�!4QQI�åJIAO�V�Z[W	\^M�äFE^ä�VHGYçÒW	æ7MPZ'ê/KNX7V�Z`X7MtW � C�KNXtêYV�Z[KNXPXtWYOfê/KNO�O�W/êYV�WYçÒWYX7V
å�WYMPVRåPO�WYXt\^O�W�WYXoêHTJIAOFS4W�Q[W/äRV�OZI�h#IAMB^RINä�ä�Z=S�Xtã/ä IAMB^Äê/KNç#å�K�äZIAX7V�ä&\Pã_C`IAZ`Q`QQIAX7V�ä�!-KNMoWYXtê/KNO�W
O�ãYVZIAUPQ`Z`O+Q[W/ä+ê/KNç#å�K�äZIAX7V�ä+\Pã_C`IAZ`Q`QQIAX7V�ä(\YIAXtä�MPX�ãYVZIAV �&åJIAO�V�Z`O(\^Mtæ7MtWYQ-Q[W!ä�WYOFh®Z[ê/WRå�KNMPO�OZI�\PW
XtKNM9h4W�IAM �YV�O�W INä�ä�MPO�ã < e:X�OZIAZ[ä�KNX�\PW!QQI�O�W/\PKNXt\YIAXtê/W�\PW/ä�O�W/ä�ä�KNMPO�ê/W/ä�!7Q[W/ä+äFE^ä�VHGYçÒW/ä�O�ãYåJIAO e
V�Z[ä�K ��O�WYX7V�XJIAV�MPO�WYQ`Q[WYçÒWYX7V�MPX ê/WYO�VZIAZ`XÞ\PW S�O�ã�\PW#V�KNQ[ãYOZIAXtê/W IAMB^ C`IAMPV�W/ä�æ7MPZhQ[W/ä�O�WYXt\PWYX7V
å�KNV�WYX7V�Z[WYQ`Q[WYçÒWYX7V�åPQ`Mtä M�IAUPQ[W/ä�æ7MtW�Q[W/ä&äFE^ä�VHGYçÒW/ä�ê/WYX7V�OZIAQ`Z[ä�ã/ä <�b I�\^MPåPQ`Z[ê�IAV�Z[KNX \PW/ä&Z`XBC�KNO e
ç IAV�Z[KNXtäÒä�MPOÒ\^Z ��ãYO�WYX7V�ä�ä�Z`V�W/äÒW/ä�V�MPXtW_V�W/êHTPXPZ[æ7MtWÄ\PW�V�KNQ[ãYOZIAXtê/WRIAMB^�C`IAMPV�W/äÒæ7MPZfO�ã/\^MPZ`V
ê/KNXtä�Z[\PãYOZIAUPQ[WYçÒWYX7V�Q[W/ä&O�Z[ä�æ7MtW/ä�\PW�å�WYO�V�W < J�IAOdIAZ`Q`Q[WYMPO�ä�!�QTS W_^Pã/êYMPV�Z[KNX \�S MPXtW�ç �YçÒW4IAåPåPQ`ZDe
ê�IAV�Z[KNX]êYO�Z`V�Z[æ7MtW�ä�MPO!åPQ`Mtä�Z[WYMPO�ä	ä�Z`V�W/äRå�WYMPV!åJIAQ`Q`Z[WYO �#QQIÒ\Pã_C`IAZ`Q`QQIAXtê/W�\�S MPXoê/WYO�VZIAZ`XoXtKNç�UPO�W
\�S WYX7V�O�W�WYMB^ <

� � 13, 6 13�*% �J�\/27Y�"! 13, ?-Q[WXC`IAZ`V(\PW	\^Z[ä�å�K�ä�WYO(\PW	åPQ`Mtä�Z[WYMPO�ä(MPXPZ`V�ã/ä(\PW&ê�IAQ[êYMPQ�K ��O�W!QQI�å�K�ä�ä�ZDe
UPZ`Q`Z`V�ã(\PW(\^Z=h®Z[ä�WYOLMPXtW+V
�NêHTtW(WYX�åPQ`Mtä�Z[WYMPO�ä ä�KNMtä eTV
�NêHTtW/ähWYV \PW+Q[W/ä W_^Pã/êYMPV�WYO:ä�Z`ç�MPQ`VZIAXtãYçÒWYX7V <
n!Z`Xtä�Z,!�Q[W(V�WYç#åtä+\PWfê�IAQ[êYMPQ-å�WYMPV�\PW h4WYXPZ`O�Z`X3h4WYO�ä�WYçÒWYX7V+åPO�KNå�KNO�V�Z[KNXPXtWYQ+IAMB^#O�W/ä�ä�KNMPO�ê/W/ä�æ7MPZ
Q`MPZ�ä�KNX7VRê/KNXtäZINêYO�ã/W/ä <
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d�KNMPV�WYXIK ��OZIAX7V�\PW/ä�XtKNM9h4WYQ`Q[W/ä�å�K�ä�ä�Z`UPZ`Q`Z`V�ã/ä�\PW�\Pã h4WYQ[KNåPå�WYçÒWYX7V#\�S IAåPåPQ`Z[ê�IAV�Z[KNXtä�Z`XBC�KNO�ç I%e
V�Z[æ7MtW/ä�!¢Q[W/ä äFE^ä�VHGYçÒW/äLO�ãYåJIAO�V�Z[ä WYX9S4WYXt\^O�WYX7V�\^Z=h4WYO�äLåPO�KNUPQPGYçÒW/ä:åPO�KNåPO�W/ä�!A\Pã/ê/KNMPQQIAX7V�\PW�Q[WYMPO�äLåPO�Z`XBe
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êYZ`åJIAQ[W/äfê�IAOZINêYV�ãYO�Z[ä�V�Z[æ7MtW/ä < a&W/ä IAQ=S4KNO�Z`VFTPçÒW/äRä�å�ã/êYZDM-æ7MtW/ä�!0IN\YIAåPV�ã/ä IAM_ê/KNX7V�W_^^V�W	O�ãYåJIAO�V�Z,!^KNX7VRãYV�ã
ê/KNX')YMtä � x[��q�wNx 
 � �@vzy��7~���q���sTrPwN�Yyzv�q <9b W/äR\^Z ��ãYO�WYXtê/W/ä I�h4W/ê�Q[W/ä IAQ=S4KNO�Z`VFTPçÒW/ä!ê/WYX7V�OZIAQ`Z[ä�ã/äRV�Z[WYXPXtWYX7V
WYX_V�O�KNZ[ä(å�KNZ`X7V�äfW/ä�ä�WYX7V�Z[WYQ[ä 2 b I�h#IAQ`Q[ã-! ;�U#U è��Pi I�E®XJIAQ,! ;�U#UB; ! ;�U#U ë#I ! U��td�WYQ,! ;�U#U ì<� b E®XtêHT ! ;�U#U#@ 3 �

� ��!��"�J��7Y�"! 1g�812l (=5 ��7B��!�l&�'�87Yl�?��ÒV�KNMPV&Z`Xtä�VZIAX7V�!�\YIAXtä&MPX]äFE^ä�VHGYçÒW u�� � yz��wNx v�q8s !�Q[W�åPO�K�e
ê/W/ä�ä�WYMPO�W_^Pã/êYMPVZIAX7V�MPX]åPO�KNV�K®ê/KNQ[W�ê/KNXPXJI-,[V�QTS sYyTw�y�
Nx ��� wNx \^M äFE^ä�VHGYçÒW < a>IAXtä	MPX äFE^ä�VHGYçÒW
��sTrPwN�Yyzv !-êHTJINæ7MtW�åPO�K®ê/W/ä�ä�WYMPORXtW�å�K�ä�äHG/\PW�æ7M�S MPXtW u ����� wNv�q�q/w � u���x � u�wNx[� \PKNXtê�åJIAO�V�Z[WYQ`Q[W�\PW
QTS ãYVZIAV�\^M]äFE^ä�VHGYçÒW < g!XtW]T3E®å�KNVFTYG/ä�W�ê/KNMPOZIAX7V�W#W/ä�V&\PW�ä�MPåPå�K�ä�WYO&æ7M�S MPXoåPO�K®ê/W/ä�ä�WYMPO&å�WYMPV
O�W/ê/W h4KNZ`O�\PW/ä�Z`XBC�KNO�ç IAV�Z[KNXtä�\PW/ä IAMPV�O�W/ä�åPO�K®ê/W/ä�ä�WYMPO�ä�!�WYV�ä�WÒUJINä�WYO�ä�MPO�ê/W/ä�Z`XBC�KNO�ç IAV�Z[KNXtä
å�KNMPO åPO�WYXt\^O�W(\PW/ä:\Pã/êYZ[ä�Z[KNXtä < c+WYå�WYXt\YIAX7V�!NåPMPZ[ä�æ7MtW+V�OZIAXtä�çÒWYV�V�O�Wf\PW/äLZ`XBC�KNO�ç IAV�Z[KNXtä:åPO�WYXt\
MPX�ê/WYO�VZIAZ`X�V�WYç#åtä�!7Q[W/ä+Z`XBC�KNO�ç IAV�Z[KNXtä+O�W )YMtW/ä+å�WYM9h4WYX7V �YV�O�W	KNUtä�KNQPGYV�W/ä(WYX�OZIAZ[ä�KNX�\^M�êHTJIAXBe
S4WYçÒWYX7V�ã h4WYX7V�MtWYQ \PW/äXh#IAO�ZQIAUPQ[W/ä S4ãYO�ã/W/ä!åJIAO	Q[W�åPO�K®ê/W/ä�ä�WYMPO	ãYçÒWYV�V�WYMPO�\PWYåPMPZ[ä!QTS WYX3h4KNZ:\PW/ä
Z`XBC�KNO�ç IAV�Z[KNXtä <

� � �8,�10�"! 1 �)( 0"�J�\l&�'!J1 !�l&�'�87Yl&17?�\YIAXtä�MPXIäFE^ä�VHGYçÒWÒO�ãYåJIAO�V�Z,!LêHTJINæ7MtW�åPO�K®ê/W/ä�ä�WYMPO�å�K�ä e
äHG/\PW�äZI�åPO�KNåPO�W?TtKNO�Q[K\S4W < c+W/ä!\^Z ��ãYO�WYX7V�W/äXTtKNO�Q[K\S4W/ä!å�WYM9h4WYX7V!XtW�åJINä �YV�O�W�äFE®XtêHTPO�KNXPZ[ä�ã/W/ä <
b IAç#å�KNO�V 2 ;�U N é�3 I�åPO�KNå�K�ä�ã!\PW	\Pã_MtXPZ`O+å�KNMPO+ê/WRV E®å�W!\PW!äFE^ä�VHGYçÒW/ä�MPXtWRXtKNV�Z[KNX�\PW!V�WYç#åtä
Q[K\S�Z[æ7MtW�å�WYO�çÒWYV�VZIAX7V:\PW�ê/KNç#åJIAO�WYO:\PW/äLã h4ãYXtWYçÒWYX7V�ä:\^M�å�KNZ`X7V \PW h®MtW�\PW�Q[WYMPO KNO�\^O�W�\�S W_^Pã_e
êYMPV�Z[KNX �^\�S MPXtW&åJIAO�V�!Pä�MPO(MPXÄä�Z`V�W-!®Q[W/äfã h4ãYXtWYçÒWYX7V�äRQ[K®ê�IAMB^�å�WYM9h4WYX7V �YV�O�W�KNO�\PKNXPXtã/äRWYX_ä�W
UJINäZIAX7V&ä�MPO	QTS KNO�\^O�W�\PW�Q[WYMPO	W_^Pã/êYMPV�Z[KNX WYV	\�S IAMPV�O�W�åJIAO�V	QTS ãYç#Z[ä�ä�Z[KNX]\�S MPXoçÒW/ä�äZI�S4W�ä�MPO	Q[W
ä�Z`V�W#ãYçÒWYV�V�WYMPO�åPO�ã/ê�G/\PWÒV�KNM\A�KNMPO�ä�äZI�O�ã/ê/WYåPV�Z[KNX ä�MPO�Q[WÒä�Z`V�W�O�ã/ê/WYåPV�WYMPO < c+WYQQI_ê/KNO�O�W/ä�å�KNXt\
�×QQIoXtKNV�Z[KNX \PW�åPO�ã/ê/ã/\PWYXtê/WÄê�IAMtäZIAQ[W < c+WYV�V�W�O�WYQQIAV�Z[KNX \Pã_MtXPZ`V#MPX KNO�\^O�W�åJIAO�V�Z[WYQ!ä�MPO�Q[W/ä
ã h4ãYXtWYçÒWYX7V�ä	\^MÄäFE^ä�VHGYçÒW < a&W/äfã h4ãYXtWYçÒWYX7V�ä

e
WYV

e′
XtKNXÄê/KNç#åJIAOZIAUPQ[W/ä!ä�KNX7V!\^Z`V�äRê/KNXtêYMPO e

O�WYX7V�ä < n�V�Z`V�O�W�\�S W_^PWYç#åPQ[W-!�ê/KNXtä�Z[\PãYO�KNXtä&MPX]äFE^ä�VHGYçÒW�ê/KNç#å�K�ä�ã�\PW�V�O�KNZ[ä&ä�Z`V�W/ä
S1

!
S2

WYV

S3
WYV�\PWÒQTS WYXtä�WYç�UPQ[W�\PW/ä�ã h4ãYXtWYçÒWYX7V�ä

{e11, e12, e13, e14, e21, e22, e23, e31, e32, e33}
ê/KNO�O�W/ä�å�KNXt\YIAX7V���\PW/äRãYç#Z[ä�ä�Z[KNXtäfWYV ��\PW/ä(O�ã/ê/WYåPV�Z[KNXtä!\PW&çÒW/ä�äZI�S4W/äRWYVRK��

eij
O�WYåPO�ã/ä�WYX7V�W

Q[W
jième ã h4ãYXtWYçÒWYX7V+ä�MPO Q[Wfä�Z`V�W Si

<\b I MYS�MPO�W ;#< ë	O�WYåPO�ã/ä�WYX7V�WfQTS WYXtä�WYç�UPQ[W!\PW/ä:ã h4ãYXtWYçÒWYX7V�ä
\^M#äFE^ä�VHGYçÒW IAZ`Xtä�ZPæ7MtW(QQI!O�WYQQIAV�Z[KNXÒ\PWf\PãYå�WYXt\YIAXtê/Wfê�IAMtäZIAQ[Wfê/KNO�O�W/ä�å�KNXt\YIAX7V�W < n!Z`Xtä�Z,!AQTS ã h4ã_e
XtWYçÒWYX7V

e22
W/ä�V�åPO�ã/ê/ã/\Pã�\^Z`O�W/êYV�WYçÒWYX7V#åJIAO�QTS ã h4ãYXtWYçÒWYX7V

e21
åPMPZ[ä�æ7M�S Z`Q[ä�ä�WÒåPO�K®\^MPZ[ä�WYX7V
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e22

\YIAXtä(QTS KNO�\^O�W�ê�IAMtäZIAQ�W/ä�V
{e23, e14}

<
lLZ`XJIAQ[WYçÒWYX7V�!�Q[W/ä�ã h4ãYXtWYçÒWYX7V�ä
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������� ;#< ë � V	KNO�Q[K\S4W�\PW b IAç#å�KNO�V

h®Z`V�W/ä�ä�W�Z`Xt\^MPZ`V:\PW/ä ê/KNç#å�KNO�V�WYçÒWYX7V�ä:Z`ç#åPO�ã h®Z[ä�Z`UPQ[W/ä < nEV�Z`V�O�W+\�S W_^PWYç#åPQ[W-!�ê/KNXtä�Z[\PãYO�KNXtä V�O�KNZ[ä
ä�Z`V�W/äRn !�� WYV&c < K7MPåPå�K�ä�KNXtä!æ7MtW�Q[W�ä�Z`V�W�n�å�K�ä�äHG/\PW�MPXtW>h#IAO�ZQIAUPQ[W
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\PW>h#IAQ[WYMPO

5
WYV!æ7MtW

Q[W/ä�\PWYMB^ ä�Z`V�W/ä��"WYV�c�IAZ[WYX7V�U�W/ä�KNZ`XÔ\�S W ��W/êYV�MtWYO�MPXtW#KNå�ãYOZIAV�Z[KNX ä�MPO�ê/WYV�V�W h#IAO�ZQIAUPQ[W <�b W
ä�Z`V�W���WYX3h4KNZ[W�MPX çÒW/ä�äZI�S4W IAMÞä�Z`V�W�nGå�KNMPO�KNUPV�WYXPZ`O�QQI h#IAQ[WYMPO�ê/KNMPOZIAX7V�W�\PW

a
<"b W�ä�Z`V�W

c¡WYX3h4KNZ[W�Q`MPZhMPXÔçÒW/ä�äZI�S4W IAMÞä�Z`V�WÒn å�KNMPO�ä�MPåPåPO�Z`çÒWYO�QQI h#IAO�ZQIAUPQ[W
a
< K®WYQ[KNX QTS KNO�\^O�W�\PW

O�ã/ê/WYåPV�Z[KNXÔ\PW/ä	çÒW/ä�äZI�S4W/ä�!���KNUPV�Z[WYXt\^OZI�QQI�O�ãYå�KNXtä�W
5

2 ä�Z ä�KNXoçÒW/ä�äZI�S4W IAO�O�Z=h4W IAM ä�Z`V�W�n
I�h#IAX7V!ê/WYQ`MPZ�\PW�c 3(KNM_MPXÄçÒW/ä�äZI�S4W�\�S WYO�O�WYMPO 2 \YIAXtäfQ[W�ê�INäRê/KNX7V�OZIAZ`O�W 3 <
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b W	UPMPVf\PW/ä IAQ=S4KNO�Z`VFTPçÒW/äfO�ãYåJIAO�V�Z[äfW/ä�Vf\PW!O�ã/ä�KNMt\^O�W?IAM�ç#Z[WYMB^�MPX�åPO�KNUPQPGYçÒW&O�ã/WYQ < n V�OZI�h4WYO�ä
QQI!Q`Z`V�V�ãYOZIAV�MPO�W-!NåJIAO�ç#Z^Q[W/äLåPO�KNUPQPGYçÒW/ä V�OZIAZ`V�ã/ä�!NKNX#WYX�V�O�KNM9h4W+MPX�å�WYV�Z`V XtKNç�UPO�W(æ7MPZ^O�W h®Z[WYXPXtWYX7V:O�ã_e
S�MPQ`ZPGYO�WYçÒWYX7V < a>IAXtä�ê/WYV�V�W!ä�W/êYV�Z[KNX !4XtKNMtä+\^O�W/ä�ä�KNXtähMPXtWRQ`Z[ä�V�WfXtKNX�W_^BTJIAMtä�V�Z=h4W!\PWRê/W/ä�åPO�KNUPQPGYçÒW/ä <
� 13, 68���'��l&.0/213, ,���7B�%$ "- "13,
b W/ä�åPO�KNUPQPGYçÒW/ä�ä�VZIAV�Z[æ7MtW/ä�ä�KNX7V�ê/WYMB^ \PKNX7V�QQI×ä�å�ã/êYZDM-ê�IAV�Z[KNXÞXtW�\PãYå�WYXt\Þæ7MtW�\PW�QTS ãYVZIAV�\^M

S�OZIAå9TtW×\PWÄê/KNç#ç�MPXPZ[ê�IAV�Z[KNX \^M äFE^ä�VHGYçÒW < c	S W/ä�V4S4ãYXtãYOZIAQ[WYçÒWYX7V�Q[W_ê�INäÒQ[KNO�ä�æ7MtW�Q[W/ä�\^Z ��ãYO�WYX7V�ä
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åPO�K®ê/W/ä�ä�WYMPO�ä(åPO�ã/ä�WYX7V�äRä�MPO(Q[W	O�ã/ä�W�IAM_ê/KNQ`QQIAU�KNO�WYX7V IAM_ê�IAQ[êYMPQ�\PW&QQI�VZIAZ`Q`Q[W&\^M_O�ã/ä�W�IAM !���QTS ãYQ[W/êYV�Z[KNX
\�S MPX�êHTtW_C�KNM��RQQI!\^Z ��Mtä�Z[KNX�\�S Z`XBC�KNO�ç IAV�Z[KNXtä <\b IRåJIAO�V�Z[êYMPQQIAO�Z`V�ãf\PW+ê/W/äLåPO�KNUPQPGYçÒW/ä:W/ä�VLæ7M�S �RåJIAO�V�Z`O
\�S MPX×ê/WYO�VZIAZ`XÄå�KNZ`X7V!\PW�QTS W_^Pã/êYMPV�Z[KNX !tQTS IAQ=S4KNO�Z`VFTPçÒW�X�S ã h4KNQ`MtW�åPQ`Mtä <

� ���",�10�",% ",-& b W	åPO�KNUPQPGYçÒW�\^M_ê/KNXtä�WYXtä�MtäfW/ä�V(MPX�åPO�KNUPQPGYçÒW�\PW	UJINä�W>IAMtæ7MtWYQ�ä�W	OZIAç4GYXtWYX7VRQQI
åPQ`MPåJIAO�V�\PW/ä	åPO�KNUPQPGYçÒW/ä�\�S INê/ê/KNO�\ 2 ê/KNç#çÒW�åJIAO�W_^PWYç#åPQ[W�QQI�\^Z ��Mtä�Z[KNX2IAV�KNç#Z[æ7MtW�\PW�çÒW/ä�äZI�S4W/ä
KNMEQQI]ê/K®KNO�\^Z`XJIAV�Z[KNX \�S INêYV�Z[KNXtäÒO�ãYåJIAO�V�Z[W/ä 3 < b S KNUBA�W/êYV�ZDC�\^M ê/KNXtä�WYXtä�MtäÒW/ä�V#\PW�å�WYO�çÒWYV�V�O�W&�oMPX
WYXtä�WYç�UPQ[W�\PW	åPO�K®ê/W/ä�ä�Mtä�!®êHTJINêYMPX_å�K�ä�ä�ã/\YIAX7VfäZI?h#IAQ[WYMPO(Z`XPZ`V�ZQIAQ[W-!^\PW&\Pã/êYZ[\PWYOR\PW!ç IAXPZPGYO�W&Z`O�O�ã h4K�e
ê�IAUPQ[W�ä�MPOfQTS MPXtW�\PW/ä h#IAQ[WYMPO�äfZ`XPZ`V�ZQIAQ[W/ä 2 åJIAO!W_^PWYç#åPQ[W�å�KNMPORZ[\PWYX7V�ZDM-WYO!MPX_åPO�K®ê/W/ä�ä�MtäRWYXÄåJIAXPXtW 3 <
J:Q`Mtä C�KNO�çÒWYQ`Q[WYçÒWYX7V�!tQ[W�ê/KNXtä�WYXtä�MtäRW/ä�VRä�å�ã/êYZDM-ã�åJIAOfQ[W/äfåPO�KNåPO�Z[ãYV�ã/ä	ä�MPZ=h#IAX7V�W/ä �

� I�S�O�ãYçÒWYX7V��P\PWYMB^_åPO�K®ê/W/ä�ä�MtäfXtW&å�WYM9h4WYX7V!åJINäR\Pã/êYZ[\PWYO!\^Z ��ãYO�WYç#çÒWYX7V��
� V�WYO�ç#Z`XJIAZ[ä�KNX �^V�KNMPVRåPO�K®ê/W/ä�ä�Mtäf\PKNZ`V MtXJIAQ[WYçÒWYX7V&\Pã/êYZ[\PWYO��
� h#IAQ`Z[\^Z`V�ã �^QQI h#IAQ[WYMPOR\Pã/êYZ[\Pã/W�W/ä�VfMPXtW�\PW/ä h#IAQ[WYMPO�äfåPO�KNå�K�ä�ã/W/ä��

g!XtW�ç IAXPZPGYO�WÒä�Z`ç#åPQ`Z[ä�V�W#\PW�O�ã/ä�KNMt\^O�W#Q[W�åPO�KNUPQPGYçÒWÒ\PW#ê/KNXtä�WYXtä�Mtä�W/ä�V�æ7MtW#êHTJINæ7MtW#åPO�K®ê/W/ä�ä�WYMPO
ê/KNç#ç�MPXPZ[æ7MtW(äZIfåPO�KNå�K�ä�Z`V�Z[KNX IAZ`Xtä�Z®æ7MtW�ê/WYQ`Q[W/ä \�S IAMPV�O�W/äLåPO�K®ê/W/ä�ä�Mtä�\^M]S�O�KNMPå�W�\PKNX7V Z`QBIRê/KNXPXJIAZ[ä e
äZIAXtê/W < c TJINæ7MtW�åPO�K®ê/W/ä�ä�WYMPO>INê/êYMPç�MPQ[W�Q[W/ä	åPO�KNå�K�ä�Z`V�Z[KNXtä&\PW/ä IAMPV�O�W/ä&WYV&ä�W�ä�KNMPçÒWYV �ÒQQI#åPO�KNå�K�e
ä�Z`V�Z[KNXÄç I%A�KNO�Z`VZIAZ`O�W <

� l&13!#�%$&���1& a>IAXtä(ê/WYO�VZIAZ`XtW/ä IAåPåPQ`Z[ê�IAV�Z[KNXtä(O�ãYåJIAO�V�Z[W/ä�!^Z`Q�IAO�O�Z=h4W&æ7M�S KNX IAZ`V+U�W/ä�KNZ`X�\PW&\^Z[ä�V�Z`X9S�MtWYO
MPX�åPO�K®ê/W/ä�ä�WYMPOf\PW/ä IAMPV�O�W/ä�!9IAåPå�WYQ[ã������
	��
��!^å�KNMPOfä�WYOFh®Z`O(\PW	O�ã_C�ãYO�WYXtê/W�KNM�å�KNMPO(åPO�WYXt\^O�W�\PW/äf\Pã_e
êYZ[ä�Z[KNXtä S�Q[KNUJIAQ[W/äfê/KNXtê/WYO�XJIAX7VfQTS WYXtä�WYç�UPQ[W�\^M�O�ã/ä�W�IAM < n!Z`Xtä�Z,!4Q[W	åPO�KNUPQPGYçÒW&\PW!QTS ãYQ[W/êYV�Z[KNXÄê/KNXtä�Z[ä�V�W
�]ãYQ`Z`O�W-! åJIAO�ç#ZfV�KNMtä�Q[W/ä�åPO�K®ê/W/ä�ä�WYMPO�äÒ\^MEäFE^ä�VHGYçÒW-!LMPX WYV#MPXEä�WYMPQfåPO�K®ê/W/ä�ä�WYMPO#\PKNX7VÒV�KNMtä�Q[W/ä
IAMPV�O�W/ä!KNX7V!ê/KNXPXJIAZ[ä�äZIAXtê/W <


 $��  ",%$&��� �)(P$ � % �J�\/27B�%$&���1& b W/äRäFE^ä�VHGYçÒW/ä(O�ãYåJIAO�V�Z[äfXtW�\^Z[ä�å�K�ä�WYX7V w&r'�@v � �@v æ7MtW&\�S MPXÄçÒK®\PW
\PW+ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXÒå�KNZ`X7V �Rå�KNZ`X7V <�b KNO�ä�æ7M�S MPX�åPO�K®ê/W/ä�ä�WYMPO"h4WYMPV8C`IAZ`O�W�êYZ`O�êYMPQ[WYO MPXtW�Z`XBC�KNO�ç IAV�Z[KNX !
Z`Q	XtW×å�WYMPV�Q[W C`IAZ`O�Woæ7M�S WYX�V�OZIAXtä�çÒWYV�VZIAX7V_QTS Z`XBC�KNO�ç IAV�Z[KNX IAMB^ åPO�K®ê/W/ä�ä�WYMPO�ä I�E3IAX7V�MPX�Q`Z[WYX \PW
ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX I�h4W/êfQ`MPZ < k�QPä8S I�S�Z`V�\PKNXtêf\PW(å�WYO�çÒWYV�V�O�W �	MPX#åPO�K®ê/W/ä�ä�WYMPOh\^MÒäFE^ä�VHGYçÒW(\�S WYX3h4K�E4WYO
MPXÄçÒW/ä�äZI�S4W ��MPX×WYXtä�WYç�UPQ[W�\�S IAMPV�O�W/äRåPO�K®ê/W/ä�ä�WYMPO�äfZ[\PWYX7V�ZDM-ã�ê/KNç#çÒW�MPX S�O�KNMPå�W < JLKNMPO	ê/WYQQI !PQ[W
åPO�KNUPQPGYçÒWfê/KNXtä�Z[ä�V�W �	ãYQQIAU�KNO�WYO:\PW/ä åPO�Z`ç#Z`V�Z=h4W/ä:\PW(ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX�å�KNMPO8C`IAZ`O�W+\PW x`w 	 v � � q@v ����WYV
\PW x � s�u �^w � 
7�(y � yTwNx <�b If\^Z ��Mtä�Z[KNX�ê/KNXtä�Z[ä�V�W:å�KNMPO�MPX�åPO�K®ê/W/ä�ä�WYMPO � C`IAZ`O�W åJIAOFh4WYXPZ`OLä�KNX�Z`XBC�KNO�ç IAV�Z[KNX
�fV�KNMtä�Q[W/ä�IAMPV�O�W/ä <%b S ã/êHTJIAX9S4W+V�KNVZIAQ^W/ä�V�MPXtW S4ãYXtãYOZIAQ`Z[äZIAV�Z[KNX�\PWhQQIR\^Z ��Mtä�Z[KNX !¢V�KNMtä�Q[W/ä�åPO�K®ê/W/ä�ä�WYMPO�ä
ê/KNç#ç�MPXPZ[æ7MtWYX7VhQ[WYMPO�ä Z`XBC�KNO�ç IAV�Z[KNXtä)�RV�KNMtä Q[W/ä IAMPV�O�W/ä åPO�K®ê/W/ä�ä�WYMPO�ä \^M#äFE^ä�VHGYçÒW < c+W/ä åPO�Z`ç#Z`V�Z=h4W/ä
O�WYXt\PWYX7V�å�K�ä�ä�Z`UPQ[W#QTS W_^^åPQ[KNZ`VZIAV�Z[KNXI\�S IAQ=S4KNO�Z`VFTPçÒW/ä�!LåPO�ã h®Mtä�Z`XPZ`V�ZQIAQ[WYçÒWYX7V�å�KNMPO�\PW/ä�äFE^ä�VHGYçÒW/ä�\PW
ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXRS�Q[KNUJIAQ[W-!-\YIAXtäR\PW/äRäFE^ä�VHGYçÒW/äR\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXoå�KNZ`X7V e �%eTå�KNZ`X7V <
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� 13, 68���'��l&.0/213, �"*"�"7Y/�$ "- "13,
n"QTS Z`X3h4WYO�ä�W-!-Q[W/äRåPO�KNUPQPGYçÒW/ä&\BE®XJIAç#Z[æ7MtW/ä!XtW�\PãYå�WYXt\PWYX7V	åJINä!MPXPZ[æ7MtWYçÒWYX7V&\PW�QTS ãYVZIAV	\^M×O�ã_e

ä�W�IAM�ç IAZ[ä8IAMtä�ä�Z®\PWhä�KNX�ã h4KNQ`MPV�Z[KNX�\YIAXtä�Q[WhV�WYç#åtä < e:X�W ��WYV�!8Q[W/ä�ä�å�ã/êYZDM-ê�IAV�Z[KNXtä \PWhê/W/ä�åPO�KNUPQPGYçÒW/ä
å�KNO�V�WYX7V#ä�MPO�Q[W/ä�W_^Pã/êYMPV�Z[KNXtä#\^MIäFE^ä�VHGYçÒW < c	S W/ä�V�XtKNVZIAç#çÒWYX7V#Q[W�ê�INä�\PW�QTS W_^PêYQ`Mtä�Z[KNXÞç�MPV�MtWYQ`Q[W
WYX7V�O�WÄä�W/êYV�Z[KNXtäÒ\PW_ê/K®\PW_W_^Pã/êYMPV�ã/W/ä#åJIAO#Q[W/äÒ\^Z ��ãYO�WYX7V�ä#åPO�K®ê/W/ä�ä�WYMPO�äÒ\^MEO�ã/ä�W�IAM !:KNM WYXtê/KNO�W_QQI
äFE®XtêHTPO�KNXPZ[äZIAV�Z[KNX]\PW/ä!\^Z ��ãYO�WYX7V�W/ä	ê/KNåPZ[W/ä!\�S MPXtW�ç �YçÒW�Z`XBC�KNO�ç IAV�Z[KNXo\PãYV�WYX7MtW�åJIAORV�KNMtäRQ[W/äRåPO�K�e
ê/W/ä�ä�WYMPO�ä <Bb I�åJIAO�V�Z[êYMPQQIAO�Z`V�ã�\PW�ê/W/ä(åPO�KNUPQPGYçÒW/äRW/ä�VRæ7MtW	V�KNMPV�W/äfQ[W/äfW_^Pã/êYMPV�Z[KNXtäR\^MÄäFE^ä�VHGYçÒW&ä�KNX7V
Z`XBMtXPZ[W/ä <

� �-!3l  ",%$&��� j  -�% "10l l&1'& JLKNMPO�ã h®Z`V�WYO	QTS Z`X7V�WYO C�ãYO�WYXtê/W#\PW/ä>INê/ê�G/ä&\PW/ä	\^Z ��ãYO�WYX7V�ä&åPO�K®ê/W/ä�ä�WYMPO�ä �
MPXtW�O�W/ä�ä�KNMPO�ê/W�åJIAO�VZI�S4ã/W-!hZ`Q C`IAMPV4INä�ä�MPO�WYO#MPX INê/ê�G/äÒW_^PêYQ`Mtä�ZDC �oêHTJINæ7MtW C�KNZ[ä < c+W�çÒã/ê�IAXPZ[ä�çÒW-!
IAåPå�WYQ[ã � � uYx � q@v ��� ~ � y � �@x¼x[� !YS3IAOZIAX7V�Z`V!MPXRINê/ê�G/äRä�ãYO�ZQIAQ`Z[ä�ã�WYVRã/æ7MPZ`VZIAUPQ[W ��QQI�O�W/ä�ä�KNMPO�ê/W �

� q��®���Yy�s � ��êHTJINæ7MtW�Z`Xtä�VZIAX7V�!tMPXÄåPO�K®ê/W/ä�ä�WYMPOXIAMÄåPQ`MtäXINê/ê�G/\PW ��QQI�O�W/ä�ä�KNMPO�ê/W �
� �8v��Aw4uYvzy�s �PQ[W&V�WYç#åtä!\�S IAV�V�WYX7V�W�\�S MPXÄåPO�K®ê/W/ä�ä�WYMPOfå�KNMPO INê/ê/ã/\PWYO���QQI�O�W/ä�ä�KNMPO�ê/W�W/ä�V MtXPZ <

c+WRS4WYXPO�W]\PW×åPO�KNUPQPGYçÒW ä�W×å�K�ä�W×XtKNVZIAç#çÒWYX7V_Q[KNO�ä_\PW×QQI ç#Z[ä�WoWYX ê/KNç#ç�MPX \PW×çÒK�E4WYXtäÄ\PW
åPO�K®\^MtêYV�Z[KNX !Pê/KNç#çÒW&Q[W	åJIAO�VZI�S4W&\�S MPXtW&Z`ç#åPO�Z`ç IAX7V�W�åJIAO(åPQ`Mtä�Z[WYMPO�äfKNO�\^Z`XJIAV�WYMPO�ä < a&WYMB^�KNO�\^Z`XJI%e
V�WYMPO�ä!XtW�\PKNZ=h4WYX7V	åJINäRå�KNM9h4KNZ`O!Z`ç#åPO�Z`çÒWYO&ä�Z`ç�MPQ`VZIAXtãYçÒWYX7V�WYVRV�KNMtä	\PKNZ=h4WYX7V	å�KNM9h4KNZ`O INê/ê/ã/\PWYO �
QTS Z`ç#åPO�Z`ç IAX7V�W�MPQ`V�ãYO�Z[WYMPO�WYçÒWYX7V <�b I�çÒãYVFTtK®\PW#QQI�åPQ`Mtä�ä�Z`ç#åPQ[W#å�KNMPO�O�ã/ä�KNMt\^O�WÒê/W#åPO�KNUPQPGYçÒW�W/ä�V
QTS MPV�Z`Q`Z[äZIAV�Z[KNX�\�S MPX?A�WYV�KNX !7æ7M�S MPX�åPO�K®ê/W/ä�ä�WYMPO+\PKNZ`V�å�K�ä�ä�ã/\PWYO�å�KNMPO INê/ê/ã/\PWYO ��QQI�O�W/ä�ä�KNMPO�ê/W-!7WYV+æ7MPZ
h#I�êYZ`O�êYMPQ[WYO	\YIAXtäfQ[W�äFE^ä�VHGYçÒW <
(+*"�"!�0"�����8$&,�7B�%$&���1& a>IAXtähQ[W/ähO�ã/ä�W�IAMB^4TtãYV�ãYO�K\S GYXtW/ä�!7Q[W/ähåPO�K®ê/W/ä�ä�WYMPO�ähXtWRV�OZIAZ`V�WYX7V+åJINähQTS Z`XBC�KNO e
ç IAV�Z[KNX �!QQI	ç �YçÒW h®Z`V�W/ä�ä�W < a&W+ç �YçÒW-!�Q[W/ä Q`Z[WYXtäh\PWfê/KNç#ç�MPXPZ[ê�IAV�Z[KNX�XtW C�KNX7V:åJINä V�KNMtä:V�OZIAXtä�Z`V�WYO
QTS Z`XBC�KNO�ç IAV�Z[KNX ��QQI_ç �YçÒW4h®Z`V�W/ä�ä�W < n!Z`Xtä�Z,!�QQI_XJIAV�MPO�W�\PW/ä�\^Z ��ãYO�WYX7V�ä�ê/KNç#å�K�äZIAX7V�ä�\^M äFE^ä�VHGYçÒW
Z`Xt\^MPZ`V!\PW/ä!ã/ê�IAO�V�äR\PW>h®Z`V�W/ä�ä�W�WYX7V�O�W�ê/WYMB^0e�êYZ �

� ä�ZhKNX ê/KNXPXJI-,[V�\PW/ä�U�KNO�XtW/ä�ç I%^^Z`ç IAQ[W/ä�ä�MPO�Q[W/ä�\PãYQQIAZ[ä�\PW#V�OZIAXtä�ç#Z[ä�ä�Z[KNX \PW#çÒW/ä�äZI�S4W/ä�WYV
Q[W/ä h®Z`V�W/ä�ä�W/äfO�W/ä�å�W/êYV�Z=h4W/ä!\�S W_^Pã/êYMPV�Z[KNXo\PW/äRåPO�K®ê/W/ä�ä�WYMPO�äfQ[W/äRMPXtäfåJIAOROZIAåPå�KNO�V IAMB^ IAMPV�O�W/ä�!
Q[W�äFE^ä�VHGYçÒW�W/ä�VR\^Z`V q@| � u �7� ��� � �

� I_ê/KNX7V�OZIAO�Z[K !�ä�Z�ê/WYO�VZIAZ`Xtä�åPO�K®ê/W/ä�ä�WYMPO�ä�å�WYM9h4WYX7V�ê�IAQ[êYMPQ[WYO�åPQ`Mtä?h®Z`V�WÒæ7MtWÒ\�S IAMPV�O�W/ä�WYV�æ7MtW
Q[W/äR\PãYQQIAZ[ä!\PW&V�OZIAXtä�ç#Z[ä�ä�Z[KNX×\PW�çÒW/ä�äZI�S4W�ä�KNX7V MtXPZ[äRç IAZ[äfåJINäfU�KNO�Xtã/ä�!PQ[W�äFE^ä�VHGYçÒW�W/ä�V!\^Z`V
wAq@| � u �7� ��� � �

� WYX7V�O�W&ê/W/ä+\PWYMB^�W_^^V�O �YçÒW/ä�!7MPX�äFE^ä�VHGYçÒW!W/ä�V+\^Z`V rPwN�YyzvT�@x¼x[�@~�� � y q@| � u �7� ��� � Q[KNO�ä�æ7M�S Z`Q�W_^^Z[ä�V�W
\PW/äLU�KNO�XtW/ä ç IAZ[ä:æ7M�S WYQ`Q[W/ä XtW+ä�KNX7V:åJINä ê/KNXPX7MtW/ä w+r'�@v � �@v KNM#W ��W/êYV�Z=h4W/ä MPXPZ[æ7MtWYçÒWYX7V IAåPOHG/ä
MPXÄê/WYO�VZIAZ`X×V�WYç#åtäfZ`Xtê/KNXPX7M <

b I�äFE®XtêHTPO�KNXPZ[äZIAV�Z[KNX�ê/KNXtä�Z[ä�V�W�� C`IAZ`O�W C�KNXtêYV�Z[KNXPXtWYO�!®\YIAXtä�MPX�äFE^ä�VHGYçÒW INäFE®XtêHTPO�KNXtW-!4MPX IAQ=S4K�e
O�Z`VFTPçÒW	O�ãYåJIAO�V�Z�ê/KNX')YM�å�KNMPO+MPX�äFE^ä�VHGYçÒW!äFE®XtêHTPO�KNXtW < JLKNMPOfê/WYQQI !7Z`QJC`IAMPV�MPV�Z`Q`Z[ä�WYO+MPX IAQ=S4KNO�Z`VFTPçÒW
åJIAOZIAQ`QPGYQ[W-! IAåPå�WYQ[ã q@| � u �7� ��� v�q8� � � !+ä�Z`ç�MPQQIAX7VÄ\PW/ä�åPO�K®ê/W/ä�ä�WYMPO�ä�äFE®XtêHTPO�KNXtW/ä_\YIAXtä�MPX äFE^ä�VHGYçÒW
INäFE®XtêHTPO�KNXtW <
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K7MPZ`V�W �&ê/WYV�V�WfZ`X7V�O�K®\^MtêYV�Z[KNX�å�KNO�VZIAX7VhåPO�Z`XtêYZ`åJIAQ[WYçÒWYX7Vfä�MPO:Q[W/ä:WYX\A�WYMB^ÒWYV:Q[W/ähê�IAOZINêYV�ãYO�Z[ä�V�Z[æ7MtW/ä
\PW/äfäFE^ä�VHGYçÒW/ä+O�ãYåJIAO�V�Z[ä�!®XtKNMtä IAQ`Q[KNXtä(O�W h4WYXPZ`O IAM�çÒK®\9GYQ[W-!^WYX_\Pã/êYO�Z=h#IAX7VfåPQ`Mtä(åPO�ã/êYZ[ä�ãYçÒWYX7VRê/KNç e
çÒWYX7V>C�KNXtêYV�Z[KNXPXtWYX7V�\PW#V�WYQ[ä�äFE^ä�VHGYçÒW/ä < e:XÔW ��WYV�!�\PW�åJIAO�Q[WYMPO?S�OZIAXt\PWÒ\^Z=h4WYO�ä�Z`V�ã-!�Q[W/ä�äFE^ä�VHGYçÒW/ä
O�ãYåJIAO�V�Z[ä+åPO�ã/ä�WYX7V�WYX7Vf\PW/ä+ê/KNç#å�KNO�V�WYçÒWYX7V�äfV�OHG/ä h#IAO�ZQIAUPQ[W/ä IAMtä�ä�Z-UPZ[WYX�\^M�å�KNZ`X7V(\PW h®MtW!\^M�çÒK®\PW
\PW!ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXÄæ7MtW!\^M4C�KNXtêYV�Z[KNXPXtWYçÒWYX7VfZ`X7V�WYO�XtW	\PW/ä�åPO�K®ê/W/ä�ä�WYMPO�ä < j	ã�IAXPçÒKNZ`Xtä�!7Z`Q'W/ä�Vhå�K�ä e
ä�Z`UPQ[W&\PW	Q[W/ä(êYQQINä�ä�WYOfWYX S�O�KNMPå�W/äfä�WYQ[KNX_ê/WYO�VZIAZ`XtW/äfê�IAOZINêYV�ãYO�Z[ä�V�Z[æ7MtW/äRê/KNç#ç�MPXtW/äXIAMB^�åPO�K®ê/W/ä�ä�WYMPO�ä
KNMRIAMB^�çÒK®\PW/äR\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX <

�����#��� � � /1$�- /1$ & � 6 6 � �>)�&�=�'*)�� �

g!X�äFE^ä�VHGYçÒWhO�ãYåJIAO�V�ZPW/ä�V ä�Z`ç#åPQ[WYçÒWYX7Vh\Pã_MtXPZ®åJIAO MPX�WYXtä�WYç�UPQ[W(\PW�åPO�K®ê/W/ä�ä�WYMPO�äLO�WYQ`Z[ã/äLåJIAO \PW/ä
Q`Z[WYXtä�\PW!ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX�Q[WYMPOhå�WYO�çÒWYV�VZIAX7V(\�S ã/êHTJIAX9S4WYOf\PW/ähZ`XBC�KNO�ç IAV�Z[KNXtä < c+WYå�WYXt\YIAX7V�!BIAMtêYMPXtW
T3E®å�KNVFTYG/ä�W�X�S W/ä�V-C`IAZ`V�W�XPZ®ä�MPO�Q[W/äLê�IAåJINêYZ`V�ã/ä \PW+êHTJINæ7MtW�åPO�K®ê/W/ä�ä�WYMPO��!ê/KNç#ç�MPXPZ[æ7MtWYO I�h4W/ê+êHTJINêYMPX
\PW/ä IAMPV�O�W/äfåPO�K®ê/W/ä�ä�WYMPO�ä�!®XPZ�ä�MPO(QQI?C`I�)/KNXÄ\PW&ê/KNç#ç�MPXPZ[æ7MtWYO < �+Z[WYXÄæ7M�S WYQ`Q[W/ä(åPMPZ[ä�ä�WYX7VRä�W&ä�Z`ç�MPQ[WYO
QTS MPXtW�QTS IAMPV�O�W�ä�KNMtäRê/WYO�VZIAZ`XtW/ä T3E®å�KNVFTYG/ä�W/ä�!tKNXÄ\^Z[ä�V�Z`X9S�MtW?S4ãYXtãYOZIAQ[WYçÒWYX7V	QQI�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX rPwN�
s�u �^w � 
7� 	 ��~���q�q/w�
7��q \PW&QQI#ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX rPwN��~�s@~ � v¼���(rPwN�YyTw�
7s�� <

� ��/�/  8�8$&! 7B�%$&��� 6879� 53!�0"7Y� !J1��81�/213,�,�7�!J13,-& a>IAXtä�ê/WoçÒK®\9GYQ[W-!(KNX ê/KNXtä�Z[\9GYO�W æ7M�S Z`Q
W_^^Z[ä�V�W�\PW/äRQ`Z[WYXtä	\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXÔWYX7V�O�W�Q[W/ä!\^Z ��ãYO�WYX7V�ä ��� � 	 q !PåJIAO!Q[W/ä�æ7MtWYQ[ä!åJINä�ä�WYX7V!Q[W/ä!Z`XBe
C�KNO�ç IAV�Z[KNXtä <�b KNO�ä�æ7M�S MPX�åPO�K®ê/W/ä�ä�WYMPO"h4WYMPV�V�OZIAXtä�çÒWYV�V�O�W�MPXtWhZ`XBC�KNO�ç IAV�Z[KNX��fMPX IAMPV�O�W�åPO�K®ê/W/ä�ä�WYMPO�!
Z`Q�WYX3h4KNZ[W&MPX�çÒW/ä�äZI�S4W h®ZQI�Q[W	Q`Z[WYX_\PW&ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXÄQ[W/ä+O�WYQ`ZQIAX7V <9b S T3E®å�KNVFTYG/ä�W&QQI�åPQ`Mtä+O�W/ä�V�O�Z[ê_e
V�Z=h4W�W/ä�V�ê/WYQ`Q[W�\PW�QQIÄê/KNç#ç�MPXPZ[ê�IAV�Z[KNX 
Nx ��� wNx[� !:K�� V�KNMtä�Q[W/ä�åPO�K®ê/W/ä�ä�WYMPO�ä�ä�KNX7V�ê/KNXPXtW/êYV�ã/ä��ÄMPX
çÒW/\^Z`MPç�æ7MPZ�Q[WYMPOfå�WYO�çÒWYV!\PW�ê/KNç#ç�MPXPZ[æ7MtWYO&WYX7V�O�W�WYMB^ <9b S T3E®å�KNVFTYG/ä�W�QQI�åPQ`MtäfQQI%^^Z[ä�V�W�W/ä�VRê/WYQ`Q[W
\PW�QQI#ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX r � v � y � � �`r � v � y !tK��ÄMPXÄQ`Z[WYXÄå�WYO�çÒWYV��#W_^YINêYV�WYçÒWYX7V	\PWYMB^_åPO�K®ê/W/ä�ä�WYMPO�ä!\PW
ä8S ã/êHTJIAX9S4WYOh\PW/äLZ`XBC�KNO�ç IAV�Z[KNXtä < a&W�ç IAXPZPGYO�W(WYXtê/KNO�W+åPQ`Mtä O�W/ä�V�O�Z[êYV�Z=h4W-!AMPX�Q`Z[WYX�\PW(ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX
XtW�å�WYO�çÒWYV�VZIAX7V	Q[W/ä	ã/êHTJIAX9S4W/ä&\�S Z`XBC�KNO�ç IAV�Z[KNXtä&æ7MtW�\YIAXtä!MPXoä�WYMPQ�ä�WYXtä!W/ä�V	\^Z`V���� v 	 v¼����u/yzv ����� �@x <
n ê/KNX7V�OZIAO�Z[K !®MPX�Q`Z[WYX � v 	 v¼����u/yzv ����� �@x W/ä�V�MPX�Q`Z[WYX�æ7MPZtå�WYO�çÒWYV�QQI�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXÄ\YIAXtähQ[W/ä+\PWYMB^
ä�WYXtä <
J�IAO IAZ`Q`Q[WYMPO�ä�!�ê/W_çÒK®\PWÄ\PWÄê/KNç#ç�MPXPZ[ê�IAV�Z[KNX åPO�WYXt\ WYX ê/KNç#åPV�WÄQ[W_V�WYç#åtä�æ7MPZ!ä8S ã/ê/KNMPQ[W×WYX7V�O�W
QTS W_^^å�ã/\^Z`V�Z[KNX�\�S MPX�çÒW/ä�äZI�S4W!WYV+äZI�O�ã/ê/WYåPV�Z[KNX 2 \PãYQQIAZ�\PWRV�OZIAXtä�ç#Z[ä�ä�Z[KNX43 IAZ`Xtä�Z'æ7MtWRQ[W/ä�å�K�ä�ä�Z`UPZ`Q`Z`V�ã/ä
\PWÒå�WYO�V�W�KNMÞ\�S IAQ`V�ãYOZIAV�Z[KNXE\PW/ä�çÒW/ä�äZI�S4W/ä <"b S ã/êHTJIAX9S4W�\PWÒçÒW/ä�äZI�S4W�W/ä�V�\^Z`V q@| � u �7� ��� � Q[KNO�ä�æ7MtW
QQIÒê/KNç#ç�MPXPZ[ê�IAV�Z[KNX ä�W C`IAZ`V!WYXÄMPX×V�WYç#åtäRU�KNO�Xtã < d�KNMPV	WYX3h4KNZ \PW�çÒW/ä�äZI�S4W�ä�W�äFE®XtêHTPO�KNXPZ[ä�W]I�h4W/ê
QQIÞO�ã/ê/WYåPV�Z[KNX�ê/KNO�O�W/ä�å�KNXt\YIAX7V�WÔå�KNMPO_XtW]åPQ`Mtä C�KNO�çÒWYOÄæ7M�S MPXtW ä�WYMPQ[W]V�OZIAXtä�Z`V�Z[KNX�\^M äFE^ä�VHGYçÒW <
b KNO�ä�æ7M�S IAMtêYMPXtW?S3IAOZIAX7V�Z[W�X�S W/ä�V!\PKNXPXtã/W�ä�MPOfQ[W�\PãYQQIAZ�\�S INêHTtWYç#Z`XtWYçÒWYX7V�\PW/äfçÒW/ä�äZI�S4W/ä�!PKNX_åJIAO�Q[W
\PWRê/KNç#ç�MPXPZ[ê�IAV�Z[KNX wAq@| � u �7� ��� � <3b W/ähçÒW/ä�äZI�S4W/ä�ä�KNX7V IAQ[KNO�ä�ä�V�K®ê��4ã/ä�\YIAXtähQ[WfQ`Z[WYX>A Mtä�æ7M�S ��ê/WRæ7MtW
Q[WYMPO!\PW/ä�V�Z`XJIAVZIAZ`O�W�ä�KNZ`VfåPO �YV���Q[W/äfO�W/ê/W h4KNZ`O <
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� ��/�/  8�8$&! 7B�%$&��� 6879� /250/2��$&��1 6879�%��7�!J531'& a>IAXtäRQ[W�çÒK®\9GYQ[W�\PW&çÒãYçÒKNZ`O�W�åJIAO�VZI�S4ã/W-!tQ[W/ä
åPO�K®ê/W/ä�ä�WYMPO�ä	\^Z[ä�å�K�ä�WYX7V	\�S MPXtW *8KNXtW�çÒãYçÒKNZ`O�W�ê/KNç#ç�MPXtW�\YIAXtä!QQINæ7MtWYQ`Q[W�Z`Q[ä!å�WYM9h4WYX7V	Q`Z`O�W 2 å�KNMPO
O�ã/êYMPå�ãYO�WYO�\PW/äÒZ`XBC�KNO�ç IAV�Z[KNXtä 3ÒWYV�ã/êYO�Z`O�W 2 å�KNMPO�åJINä�ä�WYO�\PW/ä�Z`XBC�KNO�ç IAV�Z[KNXtä 3 < p!MJIAXt\ åPQ`Mtä�Z[WYMPO�ä
åPO�K®ê/W/ä�ä�WYMPO�ä+åJIAO�VZI�S4WYX7VfMPXtW!ç �YçÒW/*8KNXtW	çÒãYçÒKNZ`O�W-!^ê/WYO�VZIAZ`Xtä+å�WYM9h4WYX7Vfä�WXh4KNZ`O+Z`ç#å�K�ä�WYO(\PW/ä+O�W/ä e
V�O�Z[êYV�Z[KNXtä:æ7MJIAX7V IAMB^�KNå�ãYOZIAV�Z[KNXtä:æ7M�S Z`Q[ä ä�KNX7V�TJIAUPZ`Q`Z`V�ã/ä	�!W ��W/êYV�MtWYO < J�IAOhW_^PWYç#åPQ[W-!AMPX�åPO�K®ê/W/ä�ä�WYMPO
å�WYMPV�\^Z[ä�å�K�ä�WYOh\�S MPXtW h#IAO�ZQIAUPQ[WfXtWfå�KNM9h#IAX7V �YV�O�WfçÒK®\^ZDM-ã/WRæ7MtWfåJIAO:Q`MPZ,!�ç IAZ[ähåJIAO�VZI�S4WYO�V�KNMPV�W_C�KNZ[ä
ê/WYV�V�W4h#IAO�ZQIAUPQ[W�WYX Q[W/êYV�MPO�W I�h4W/êÒMPXÞKNMÔåPQ`Mtä�Z[WYMPO�ä IAMPV�O�W/ä�åPO�K®ê/W/ä�ä�WYMPO�ä < JLKNMPO�ê/WÒæ7MPZ�W/ä�V�\PWÒQQI
Q[W/êYV�MPO�W�\PW/ädh#IAO�ZQIAUPQ[W/ä�åJIAO�VZI�S4ã/W/ä�!LKNXÞå�WYMPV�ê/KNXtä�Z[\PãYO�WYO�\PWYMB^ çÒK®\9GYQ[W/ä�\^Z ��ãYO�WYX7V�ä���Q[WÒçÒK®\9GYQ[W
����w 	���� � \YIAXtä�Q[W/æ7MtWYQ-MPX�åPO�K®ê/W/ä�ä�WYMPO�XtWRQ`Z`V+æ7MtWRQQI>h#IAO�ZQIAUPQ[W!\�S MPX�\PW!ä�W/ä h4KNZ[ä�Z`Xtä+WYX�MPXtW!ãYVZIAå�W-!
WYVÒQ[W_çÒK®\9GYQ[W ����w 	 wNx¼x \YIAXtäÒQ[W/æ7MtWYQRMPX åPO�K®ê/W/ä�ä�WYMPOÒQ`Z`V#Q[W/ä4h#IAO�ZQIAUPQ[W/äÒåJIAO�VZI�S4ã/W/ä�\PW_V�KNMtä�ä�W/ä
h4KNZ[ä�Z`Xtä!WYXÄMPXtW�ä�WYMPQ[W�ãYVZIAå�W < J�IAO IAZ`Q`Q[WYMPO�ä�!tQQI]MYS�MPO�W ;#< O åPO�ã/ä�WYX7V�W�\PWYMB^ h#IAO�ZQIAX7V�W/ä	\PW�ê/W�çÒK®\PW
\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX �

� x[��~ ��	 }@x[��� sYyTw�y¼q ! \YIAXtä�Q[W/æ7MtWYQfêHTJINæ7MtW�åPO�K®ê/W/ä�ä�WYMPO4IÄMPX sYyTw�y�x � u�wNx ê/KNXtä�V�Z`V�Mtã_\PW�ä�W/ä
h#IAO�ZQIAUPQ[W/ä�WYV�\PWRä�KNX�ê/KNç#åPV�WYMPO(KNO�\^Z`XJIAQ < a>IAXtä�ê/WfçÒK®\9GYQ[W-!�MPX�åPO�K®ê/W/ä�ä�WYMPOhçÒWYV�� A�KNMPO�ä�KNX
åPO�KNåPO�WÒãYVZIAV�WYVdINê/ê�G/\PW�\^Z`O�W/êYV�WYçÒWYX7V IAMB^ ãYVZIAV�ä�\PW/ä�ä�W/ä>h4KNZ[ä�Z`Xtä�åJIAO�\PW/ä�KNå�ãYOZIAV�Z[KNXtä�\PW
Q[W/êYV�MPO�W <

� x[��~ ��	 }@x[� ����� 
Nv�qYyz����q !�\YIAXtä	Q[W/æ7MtWYQ�QQI�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXÔWYX7V�O�W�\PWYMB^×åPO�K®ê/W/ä�ä�WYMPO�äXh4KNZ[ä�Z`Xtä
ä�W C`IAZ`V h®ZQI	\PWYMB^�O�W S�Z[ä�V�O�W/ä 2 MPX#O�W S�Z[ä�V�O�WfêHTJINêYMPX43 åJIAO�VZI�S4ã/ähW_^PêYQ`Mtä�Z=h4WYçÒWYX7V�WYX7V�O�WRê/W/äh\PWYMB^
åPO�K®ê/W/ä�ä�WYMPO�ä < J�IAO�ê/KNXtä�ã/æ7MtWYX7V�!LêHTJINæ7MtW�åPO�K®ê/W/ä�ä�WYMPO�\^Z[ä�å�K�ä�W�\�S IAMPVZIAX7V#\PWÒO�W S�Z[ä�V�O�W/ä�æ7MtW
\PWXh4KNZ[ä�Z`Xtä < g!X�åPO�K®ê/W/ä�ä�WYMPO

pi
å�WYMPV+Q`Z`O�W	WYV(ã/êYO�Z`O�W	\YIAXtä+ä�W/ä�åPO�KNåPO�W/ä+O�W S�Z[ä�V�O�W/ä

rij
!4ç IAZ[ä+Z`Q

XtW&å�WYMPV!æ7MtW&Q`Z`O�W�Q[W/äfO�W S�Z[ä�V�O�W/ä!\PW�ä�W/ä h4KNZ[ä�Z`Xtä < n!Z`Xtä�Z,!tä�WYMPQ[äfQ[W/äfåPO�K®ê/W/ä�ä�WYMPO�ä
pi
WYV

pj
KNX7V

Q[W�\^O�KNZ`V!\�S INê/ê/ã/\PWYO IAMB^�O�W S�Z[ä�V�O�W/ä
rij

WYV
rji
<

b W/ä�åPO�KNUPQPGYçÒW/ä�\�Btä]IAMB^ÔWYX3h4KNZ[ä�WYV�O�ã/ê/WYåPV�Z[KNXtä�\PW#çÒW/ä�äZI�S4W IAZ`Xtä�Z�æ7MtW#Q[W/ä�\^Z���êYMPQ`V�ã/ä�O�WYXtê/KNXBe
V�O�ã/W/ä�\YIAXtä�Q[W/ä�åPO�WYM9h4W/ä�WYV�Q[W/ä�çÒW/ä�MPO�W/ä�\PWÄå�WYO C�KNO�ç IAXtê/W C�KNX7V�æ7MtW×Q[WÄçÒK®\9GYQ[Wo\PW×çÒãYçÒKNZ`O�W
åJIAO�VZI�S4ã/WÄW/ä�VÒä�KNM9h4WYX7V IN\PKNåPV�ãÄ\YIAXtäÒQQI]ê/KNXtê/WYåPV�Z[KNX�\PW/ä4IAQ=S4KNO�Z`VFTPçÒW/ä�O�ãYåJIAO�V�Z[ä < i!WYç IAO�æ7MtKNXtä
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æ7MtW!QQI�V�OZIAXtä C�KNO�ç IAV�Z[KNX_\PW&ê/W!çÒK®\9GYQ[W	WYX�MPX�çÒK®\9GYQ[W&\�S ã/êHTJIAX9S4W�\PW!çÒW/ä�äZI�S4W/ä(W/ä�V+å�K�ä�ä�Z`UPQ[W < e:X
W ��WYV�!7QQI�çÒãYçÒKNZ`O�W	åJIAO�VZI�S4ã/W	å�WYMPV �YV�O�W	ê/KNXtä�Z[\PãYO�ã/W	ê/KNç#çÒW	MPX�Q`Z[WYX INê/ê/WYåPVZIAX7VfMPX�ä�WYMPQ'çÒW/ä�äZI�S4W
�_QQI C�KNZ[ä < n ê/WÒV�Z`V�O�W-!L\PWÒXtKNç�UPO�WYMtä�W/ä�ãYV�Mt\PW/ä�åPO�KNå�K�ä�WYX7V�\PW/ä�çÒãYVFTtK®\PW/ä�å�KNMPO IN\YIAåPV�WYO �_MPX
IAMPV�O�W	çÒK®\9GYQ[W&\PW/ä IAQ=S4KNO�Z`VFTPçÒW/äRê/KNX')YMtä(å�KNMPO+MPX�çÒK®\9GYQ[W	åJIAO�V�Z[êYMPQ`Z[WYO < a&KNQ[W h !^k�ä�OZINWYQ`Z�WYV(moKNOZIAX
2 ;�U#U N I�3fåPO�KNå�K�ä�WYX7V!åJIAO	W_^PWYç#åPQ[W�\PW�ä�Z`ç�MPQ[WYO&\PW/ä IAQ=S4KNO�Z`VFTPçÒW/ä&ã/êYO�Z`V�ä	WYXÄçÒãYçÒKNZ`O�W�åJIAO�VZI�S4ã/W �
V�OZI�h4WYO�ä!\PW/ä IAQ=S4KNO�Z`VFTPçÒW/äRåJIAO!ã/êHTJIAX9S4W�\PW�çÒW/ä�äZI�S4W/ä <
�����#��� � ��; � 
���� ),$�-9&�
,=�-C-C)�
��1$�-

b I�V�KNå�KNQ[K\S�Z[W#\�S MPX äFE^ä�VHGYçÒW�O�ãYåJIAO�V�Z å�WYMPV �YV�O�W�åPO�ã/ä�WYX7V�ã/W�åJIAO&MPX S�OZIAå9TtW
G = (V,E)

K��
QTS WYXtä�WYç�UPQ[W

V
\PW/ä:ä�KNç#çÒWYV�ä:\PW

G
O�WYåPO�ã/ä�WYX7V�WYX7V�QTS WYXtä�WYç�UPQ[Wf\PW/ä åPO�K®ê/W/ä�ä�WYMPO�ä \^M#äFE^ä�VHGYçÒW-!NWYV Q[W/ä

IAO �YV�W/ä
E
O�WYåPO�ã/ä�WYX7V�WYX7V(Q[W/ä:Q`Z[WYXtä�\PWRê/KNç#ç�MPXPZ[ê�IAV�Z[KNX_WYX7V�O�WRQ[W/ä:åPO�K®ê/W/ä�ä�WYMPO�ä < b WRêHTtKNZD^�\�S MPXtWRV�K�e

å�KNQ[K\S�Z[W�\PãYå�WYXt\�\^M_åPO�KNUPQPGYçÒW&V�OZIAZ`V�ã�WYVf\PW&QTS I�h#IAX7VZI�S4W�æ7MtW	O�WYåPO�ã/ä�WYX7V�WYX7V!ä�W/äfê�IAOZINêYV�ãYO�Z[ä�V�Z[æ7MtW/ä <
b I MYS�MPO�W ;#< ìoåPO�ã/ä�WYX7V�WYX7V#ê/WYO�VZIAZ`XtW/ä�V�KNå�KNQ[K\S�Z[W/ä�MPV�Z`Q`Z[ä�ã/ä�ê/KNMPOZIAç#çÒWYX7V#\YIAXtä�Q[W/ä�äFE^ä�VHGYçÒW/ä�O�ã_e
åJIAO�V�Z[ä!\^M C`IAZ`V!\PW&Q[WYMPO�ä!ê�IAOZINêYV�ãYO�Z[ä�V�Z[æ7MtW/ä!ä�V�O�MtêYV�MPO�WYQ`Q[W/äRåJIAO�V�Z[êYMPQ`ZPGYO�WYçÒWYX7V?I�h#IAX7VZI�S4WYMtä�W/ä��
� �8�"137Y ?�MPX IAXPXtW�IAM �

n
ä�KNç#çÒWYV�ä�W/ä�V�MPX S�OZIAå9TtW]K�� Z`Q&W_^^Z[ä�V�W×MPXtWoX7MPçÒãYO�KNVZIAV�Z[KNX�\PW/ä

ä�KNç#çÒWYV�ä�\PW
s0
�

sn−1
V�WYQ`Q[W�æ7MtW#Q[W/ädIAO �YV�W/ä�ä�KNX7V�\PW#V E®å�W

(si, si+1)
KNM

(si+1, si)
2 Q[W/ä

Z`Xt\^Z[ê/W/ä�ä�KNX7V�åPO�Z[ä�çÒK®\^MPQ[K
n
3 < c+WYV�V�W]C�KNO�çÒWÒ\PW�O�ã/ä�W�IAMÔW/ä�V�ä�KNM9h4WYX7V�MPV�Z`Q`Z[ä�ã/WÒ\^M C`IAZ`V�\PW

äZI�ä�Z`ç#åPQ`Z[êYZ`V�ã-!^å�KNMPOf\PW/ä IAQ=S4KNO�Z`VFTPçÒW/äR\�S W_^PêYQ`Mtä�Z[KNX�ç�MPV�MtWYQ`Q[W < n"h4W/ê&ê/WYV�V�W	V�KNå�KNQ[K\S�Z[W-!^V�KNMPV
åPO�K®ê/W/ä�ä�WYMPO!ê/KNç#ç�MPXPZ[æ7MtW]I�h4W/êdIAMÄåPQ`MtäR\PWYMB^ h4KNZ[ä�Z`Xtä <

� �*�8��1 ?�MPX IAO�UPO�W �
n
X��&Mt\Pä�W/ä�VÒMPX S�OZIAå9TtWoê/KNXPXtW_^PW �

n − 1
IAO �YV�W/ä < c+WYV�V�W×\Pã_MtXPZ`V�Z[KNX

Z`ç#åPQ`Z[æ7MtWRæ7M�S MPX IAO�UPO�W(XtWfê/KNX7V�Z[WYX7V�åJINäh\PWfê E^êYQ[W <#b KNO�ä�æ7MtW(Q[W/ä:Q`Z[WYXtähä�KNX7V:UPZ[\^Z`O�W/êYV�Z[KNXPXtWYQ[ä�!
QQIÞä�V�O�MtêYV�MPO�W \�S IAO�UPO�W2INä�ä�MPO�WoQTS W_^^Z[ä�V�WYXtê/W]\�S MPX MPXPZ[æ7MtW]êHTtWYç#Z`X WYX7V�O�W]V�KNMPVÄê/KNMPåPQ[W \PW
ä�KNç#çÒWYV�ä�\^M2S�OZIAå9TtW <-b W/ä�V�KNå�KNQ[K\S�Z[W/ä�WYX IAO�UPO�WÒä�KNX7V�MPV�Z`Q`Z[ä�ã/W/ä�\YIAXtä�Q[W#ê�IN\^O�WÒ\^Z[ä�V�O�Z`UPMtã
ê�IAO�WYQ`Q[W/ä:å�WYO�çÒWYV�V�WYX7V+\PWfç#Z`XPZ`ç#Z[ä�WYOhQ[W/ähê/KCBPV�ä�\PWfê/KNç#ç�MPXPZ[ê�IAV�Z[KNX !^\PW(åJIAOhQ[W C`IAZ`V�æ7M�S WYQ`Q[W/ä
ç#Z`XPZ`ç#Z[ä�WYX7V�Q[WÒXtKNç�UPO�W�\�S IAO �YV�W/ä�MPV�Z`Q`Z[ä�ã/W/ä < a&W#åPQ`Mtä�!�ê/WYO�VZIAZ`Xtä�åPO�KNUPQPGYçÒW/ä�å�WYM9h4WYX7V �YV�O�W
O�ã/ä�KNQ`Mtä&åPQ`MtäXC`INêYZ`Q[WYçÒWYX7V�ä�MPO	MPX2IAO�UPO�W-!�WYX]MPV�Z`Q`Z[äZIAX7V�åJIAO&W_^PWYç#åPQ[W�\PW/ä?IAQ=S4KNO�Z`VFTPçÒW/ä&åJIAO
h#I�S�MtW/ä!æ7MPZ�å�WYO�çÒWYV�V�WYX7V	WYX7V�O�WdIAMPV�O�W�QQI#\^Z ��Mtä�Z[KNX×\�S Z`XBC�KNO�ç IAV�Z[KNX I�h4W/ê�O�WYV�KNMPO <

� ����$ l&1 ?�MPX_O�ã/ä�W�IAMÄW/ä�VfWYXÄãYV�KNZ`Q[W�ä8S Z`Q�å�K�ä�äHG/\PW&MPX ��� � 	�ê/WYX7V�OZIAQ,!-WYV
n − 1

IAO �YV�W/äRê/KNXPXtW/êYVZIAX7V
Q[W/ä

n−1
IAMPV�O�W/ä ��� � 	 q IAM�ê/WYX7V�O�W < c+WYV�V�WRV�KNå�KNQ[K\S�Z[WRå�WYO�çÒWYV+\PWfO�WYåPO�ã/ä�WYX7V�WYO(\PW/ähO�ã/ä�W�IAMB^

K���MPX�åPO�K®ê/W/ä�ä�MtäJA�KNMtW+Q[W�O �NQ[W(\PW(ä�WYOFh4WYMPO å�KNMPO V�KNMtä Q[W/ä IAMPV�O�W/ä <\b W+åPO�KNUPQPGYçÒWf\PW/ä O�ã/ä�W�IAMB^
WYXoãYV�KNZ`Q[W�W/ä�V!æ7MtW�V�KNMPV�W/äRQ[W/ä!ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXtä&åJINä�ä�WYX7V!åJIAORQ[W���� � 	_ê/WYX7V�OZIAQ,!+IAMÄO�Z[ä�æ7MtW
\PW�OZIAQ[WYX7V�Z`O!Q[W&O�ã/ä�W�IAM !9h4KNZ`O!\PW�QQI�åJIAOZIAQ=E^ä�WYO!WYXÄê�INäR\PW�äZI�\Pã_C`IAZ`Q`QQIAXtê/W <

c+WYO�VZIAZ`Xtä]IAQ=S4KNO�Z`VFTPçÒW/ä�O�ãYåJIAO�V�Z[ä�ä�KNX7V�ê/KNX')YMtä�å�KNMPO C�KNXtêYV�Z[KNXPXtWYO]I�h4W/êÒ\PW/ä�V�KNå�KNQ[K\S�Z[W/ä�UPZ[WYX
åJIAO�V�Z[êYMPQ`ZPGYO�W/ä < g!X åPO�KNUPQPGYçÒW#ä�W�å�K�ä�W IAQ[KNO�ä&Q[KNO�ä�æ7MtW�Q[W/ä�äFE^ä�VHGYçÒW/ä&O�ã/WYQ[ä�ä�MPO&Q[W/ä�æ7MtWYQ[ä�ä�KNX7V�Z`ç e
åPQQIAX7V�ã/ä&Q[W/ä>IAQ=S4KNO�Z`VFTPçÒW/ä�O�ãYåJIAO�V�Z[ä&XtW�å�K�ä�äHG/\PWYX7V&åJINä	QQI�V�KNå�KNQ[K\S�Z[W�O�W/æ7MPZ[ä�W < k�Q W/ä�V&\YIAXtä�ê/W�ê�INä
Xtã/ê/W/ä�äZIAZ`O�WÒ\PW C`IAZ`O�W4IAåPå�WYQ���MPX IAMPV�O�W IAQ=S4KNO�Z`VFTPçÒW�æ7MPZhê/KNXtä�V�O�MPZ`V?h®Z`O�V�MtWYQ`Q[WYçÒWYX7V�QQI�V�KNå�KNQ[K\S�Z[W
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Topologie en anneau
 Topologie en arbre
 Topologie en étoile


������� ;#< ì � p!MtWYQ[æ7MtW/äfV�KNå�KNQ[K\S�Z[W�êYQQINä�ä�Z[æ7MtW/äf\PW/äRO�ã/ä�W�IAMB^

IAV�V�WYXt\^MtW�åJIAO	QTS IAQ=S4KNO�Z`VFTPçÒW�\PW�åPQ`Mtä TJIAMPV	XPZ=h4W�IAM < n!Z`Xtä�Z,!-\PW�XtKNç�UPO�WYMB^gIAQ=S4KNO�Z`VFTPçÒW/ä	O�ãYåJIAO�V�Z[ä
W_^^Z[ä�V�WYX7VRå�KNMPORQQI�ê/KNXtä�V�O�MtêYV�Z[KNXo\PW&V�KNå�KNQ[K\S�Z[W�åJIAO�V�Z[êYMPQ`ZPGYO�W/ä!ä�MPO!\PW/ä S�OZIAå9TtW/ä!æ7MtWYQ[ê/KNXtæ7MtW/ä <

����� C � ���#
 ����� � ����� �	��� ������������� ��


b I#ä.BPO�WYV�ã�\PW C�KNXtêYV�Z[KNXPXtWYçÒWYX7V&W/ä�V(MPX×KNUBA�W/êYV�ZDC Z`X9TtãYO�WYX7V IAMB^_äFE^ä�VHGYçÒW/ä(O�ãYåJIAO�V�Z[ä < e:X×W ��WYV�!
QTS IAM9S�çÒWYX7VZIAV�Z[KNXE\^M XtKNç�UPO�W�\PW/ä�ãYQ[ãYçÒWYX7V�ä�ê/KNXtä�V�Z`V�MPV�ZDC�ä�\PW#V�WYQ[ä�äFE^ä�VHGYçÒW/ä�ê/KNX7V�O�Z`UPMtW ��QTS IAM9S\e
çÒWYX7VZIAV�Z[KNX�\PW�QQI!åPO�KNUJIAUPZ`Q`Z`V�ãfæ7MtW�QTS MPX#\PW(ê/W/ä ãYQ[ãYçÒWYX7V�ä:V�KNç�U�W(WYX�åJIAXPXtW < c+WYV�V�W+ç�MPQ`V�Z`åPQ`Z[ê�IAV�Z[KNX
\PW/ä!O�W/ä�ä�KNMPO�ê/W/ä!O�ãYåJIAO�V�Z[W/ä!Z`Xt\^MPZ`V	MPX×U�W/ä�KNZ`Xo\PW�V�KNQ[ãYOZIAXtê/W IAMB^ÄåJIAXPXtW/ä < a&W�åPQ`Mtä�!tQ[W/ä	äFE^ä�VHGYçÒW/ä
O�ãYåJIAO�V�Z[ä C�KNMPO�XPZ[ä�ä�WYX7V�ä�KNM9h4WYX7V�\PW/äÒä�WYOFh®Z[ê/W/äÒæ7MPZR\PKNZ=h4WYX7V�O�W/ä�V�WYO INê/ê/W/ä�ä�Z`UPQ[W/äÒWYXEå�WYO�ç IAXtWYXtê/W-!
å�WYXt\YIAX7V�V�KNMPV�W�QQI×\^MPO�ã/W�\PW h®Z[W�\^MIç IAV�ãYO�Z[WYQ < a>IAXtä�Q[W/ä�äFE^ä�VHGYçÒW/ä � S�OZIAXt\PW�ã/êHTtWYQ`Q[W_ê/KNç#çÒW
k�X7V�WYO�XtWYV�!�QTS Z`X7V�WYOFh4WYX7V�Z[KNXI\�S MPX KNå�ãYOZIAV�WYMPO�å�KNMPO�ê/KNO�O�Z=S4WYO�Q[W/ä�\Pã_C`IAZ`Q`QQIAXtê/W/ä�æ7MPZh\PW h®Z[WYXPXtWYX7V?CzO�ã_e
æ7MtWYX7V�W/äÒW/ä�V�Z`ç#å�K�ä�ä�Z`UPQ[W-!:\�S K��EQQI×Xtã/ê/W/ä�ä�Z`V�ã_\PW�çÒã/ê�IAXPZ[ä�çÒW/ä IAMPV�KNç IAV�Z[æ7MtW/äÒå�WYO�çÒWYV�VZIAX7V IAMB^
äFE^ä�VHGYçÒW/ä�\PW#åJIAQ`Q`Z[WYO��_ê/W/ä�\Pã_C`IAZ`Q`QQIAXtê/W/ä < j	KNMtä�O�ãYå�WYO�V�KNO�Z[KNXtä�åPQ`Mtä�Z[WYMPO�ä�V E®å�W/ä�\PW�\Pã_C`IAZ`Q`QQIAXtê/W/ä
ä�MPZ=h#IAX7V!Q[WYMPORQ[K®ê�IAQ`Z[äZIAV�Z[KNX 2 åPO�K®ê/W/ä�ä�WYMPO!KNM×Q`Z[WYX43 !PQ[WYMPO!XJIAV�MPO�W 2 Z`X7V�WYX7V�Z[KNXPXtWYQ`Q[W�KNMRINê/êYZ[\PWYX7V�WYQ`Q[W 3
WYVRQ[WYMPO!\^MPO�ã/W 2 å�WYO�ç IAXtWYX7V�W�KNM_V�WYç#å�KNOZIAZ`O�W 3 <Jb W/äRV�W/êHTPXPZ[æ7MtW/ä!ç#Z[ä�W/äRWYX×K®WYM9h®O�W&å�KNMPORQ[W/äfV�KNQ[ã_e
O�WYORä�KNX7V IAQ[KNO�äR\^Z ��ãYO�WYX7V�W/ä < n"h#IAX7V!\PW&åPO�ã/ä�WYX7V�WYORQ[W/äR\^Z=h4WYO�ä�W/äfV�W/êHTPXPZ[æ7MtW/ä�!PXtKNMtäfåPO�KNå�K�ä�KNXtäfMPXtW
êYQQINä�ä�ZDM-ê�IAV�Z[KNXo\PW/äR\^Z ��ãYO�WYX7V�äRV E®å�W/äR\PW�\Pã_C`IAZ`Q`QQIAXtê/W/ä!æ7M�S MPXÄäFE^ä�VHGYçÒW&å�WYMPV!ä�MPUPZ`O �

� b W/ä�	 s �/wNv¼x¼x`w � u���q 	 s ! � vzyzv��N��q �PWYQ`Q[W/äRä�KNX7VRä�KNM9h4WYX7V!ê/KNXtä�Z[\PãYO�ã/W/äRê/KNç#çÒW�Q[W/ä(åPQ`MtäRä�Z`ç#åPQ[W/ä <
e:Q`Q[W/ä&ê/KNXt\^MPZ[ä�WYX7V �#QTS IAO�O �YV&\^M]ê/KNç#å�K�äZIAX7V�KNM �ÒQQI#å�WYO�V�W�\PW�ä�KNX]ãYVZIAV!Z`X7V�WYO�XtW < a>IAXtä	Q[W
ê�INä�\�S MPX åPO�K®ê/W/ä�ä�WYMPO�!Lê/WYQQIÄä�Z=S�XPZDM-W�æ7M�S Z`Q+ê/W/ä�ä�W�\PW C�KNXtêYV�Z[KNXPXtWYO�\PWÒç IAXPZPGYO�W�UPO�MPVZIAQ[W�WYV
\Pã_MtXPZ`V�Z=h4W < a>IAXtä+Q[W!ê�INä(\�S MPX�Q`Z[WYX !®ê/WYQQI�å�WYMPV+ä�W!V�OZIN\^MPZ`O�W	åJIAO+MPXtW	ê/KNMPåPMPO�W&\Pã_MtXPZ`V�Z=h4W&\PW
QQI�Q`ZQIAZ[ä�KNX×\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX <

� b W/ä�	 s �/wNv¼x¼x`w � u���q�yz��w � q@vzy � v¼����q �PWYQ`Q[W/äRä�KNX7VRä�MPåPå�K�ä�ã/W/ä IAåPåJIAOZI-,[V�O�W�\PW&ç IAXPZPGYO�W�V�OHG/äRW/ä�åJI%e
ê/ã/W/ä(\YIAXtä(Q[W!V�WYç#åtä�!^WYX IAQ`V�WYO�XJIAXtê/W?I�h4W/ê�\PW/ä+å�ãYO�Z[K®\PW/ä(\PW	V�WYç#åtä(ä�M ��äZIAç#çÒWYX7VfQ[KNX9S�MtW/ä
å�WYXt\YIAX7V�Q[W/ä�æ7MtWYQ`Q[W/ä�Q[W�äFE^ä�VHGYçÒW#X�S W/ä�V�åJINä�ä�M\A�WYV]IAMB^Ô\Pã_C`IAZ`Q`QQIAXtê/W/ä < e:Q`Q[W/ä�ê/KNXt\^MPZ[ä�WYX7V�Q[W
ê/KNç#å�K�äZIAX7V �	XtWfåJINähO�ãYå�KNXt\^O�W��	MPXtWRä�KNQ`Q`Z[êYZ`VZIAV�Z[KNX�ä�MPZ`V�W �&MPXtWfåJIAXPXtW-!4åPMPZ[ä��	O�WYåPO�WYXt\^O�W
MPXtW]INêYV�Z=h®Z`V�ã�XtKNO�ç IAQ[W�Z`ç#çÒã/\^ZQIAV�WYçÒWYX7VdIAåPOHG/ä!QQI MtXo\PW�ê/WYV�V�W�åJIAXPXtW < a>IAXtäRQ[W�ê�INä!\�S MPX
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åPO�K®ê/W/ä�ä�WYMPO�!4\PWRV�WYQ`Q[W/ä�\Pã_C`IAZ`Q`QQIAXtê/W/ä+ä�WfåPO�K®\^MPZ[ä�WYX7V�åJIAO+W_^PWYç#åPQ[WRQ[KNO�ä�\�S MPXtW!ê/KNMPåPMPO�WRV�WYç e
å�KNOZIAZ`O�WÒ\PW#QTS IAQ`Z`çÒWYX7VZIAV�Z[KNXEãYQ[W/êYV�O�Z[æ7MtW < a>IAXtä�Q[WÒê�INä�\�S MPX Q`Z[WYX \PWÒê/KNç#ç�MPXPZ[ê�IAV�Z[KNX ! \PW/ä
\PãYUPOZIAXtêHTtWYçÒWYX7V�äÒWYV�UPOZIAXtêHTtWYçÒWYX7V�ä#ä�Mtê/ê/W/ä�ä�ZDC�ä�Q[KNO�ä�\�S MPXtWÒç IAXPZ`åPMPQQIAV�Z[KNXEê/KNXt\^MPZ[ä�WYX7V �
\PW/äfåPO�KNUPQPGYçÒW/ä!ä�Z`ç#Z`QQIAZ`O�W/ä <

� b W/ä�	 s �/wNv¼x¼x`w � u���q � | �8w � yzv � ��q ��WYQ`Q[W/ä�ä�KNX7V&V�KNVZIAQ[WYçÒWYX7V�Z`Xtê/KNX7V�O �NQQIAUPQ[W/ä�WYV�\PWYçÒWYMPO�WYX7V�Q[W/ä
åPQ`Mtäfê/KNç#åPQ[W_^PW/ä ��\PãYV�W/êYV�WYO!WYV ��O�ã/ä�KNMt\^O�W < e:Q`Q[W/äRê/KNXt\^MPZ[ä�WYX7V���MPXÄê/KNç#å�KNO�V�WYçÒWYX7V IAQ[ã�I%e
V�KNZ`O�W&\^MÄê/KNç#å�K�äZIAX7VXI ��W/êYV�ã < g!X�åPO�K®ê/W/ä�ä�WYMPO I�MPX_ê/KNç#å�KNO�V�WYçÒWYX7VRU3E�*%IAX7V�Z`X×ä8S Z`Q�XtW&ä�MPZ`V
åJINä�Q[W/ä�Z`Xtä�V�O�MtêYV�Z[KNXtä�\PWÒä�KNX2IAQ=S4KNO�Z`VFTPçÒW <"b W/ä�Q`Z[WYXtä�U3E�*%IAX7V�Z`Xtä�çÒK®\^ZDM-WYX7V�Q[W/ä�çÒW/ä�äZI�S4W/ä
WYXÄV�OZIAXtä�Z`V!åJIAO	\^MPåPQ`Z[ê�IAV�Z[KNX !-å�WYO�V�W�KNMo\Pã/ä�ã/æ7MtWYXtê/WYçÒWYX7V < c+W�V E®å�W�\PW�åJIAXPXtW�W/ä�VRQ[W�åPQ`Mtä
ä�KNM9h4WYX7VLQ`Z[ã)�fMPXtW�WYO�O�WYMPOL\PWhåPO�K\S�OZIAç#ç IAV�Z[KNX#KNM �(MPXtW�\Pã_C`IAZ`Q`QQIAXtê/W�ç IAV�ãYO�Z[WYQ`Q[W+êHTPO�KNXPZ[æ7MtW <

a&WYMB^ IAåPåPO�K®êHTtW/ä#ê/KNç#åPQ[ãYçÒWYX7VZIAZ`O�W/äÒä�W�ä�KNX7V�\Pã h4WYQ[KNåPå�ã/W/ä�å�KNMPO?C`IAZ`O�W C`INê/W IAMB^ \^Z ��ãYO�WYX7V�ä
V E®å�W/ä \PW+åJIAXPXtW/ä�!AQTS MPXtW h®Z[äZIAX7V	�XS3IAOZIAX7V�Z`O:MPX]C�KNXtêYV�Z[KNXPXtWYçÒWYX7V�ê/KNO�O�W/êYV:\PW/ä ãYQ[ãYçÒWYX7V�ä:XtKNX]C`IAMPV�ZDC
\^M äFE^ä�VHGYçÒW-!LQTS IAMPV�O�W �×O�ãYVZIAUPQ`Z`O#MPX ê/KNç#å�KNO�V�WYçÒWYX7V�ê/KNO�O�W/êYV IAåPOHG/ä�MPXtW�åJIAXPXtW < b IoåPO�WYç#ZPGYO�W
IAåPåPO�K®êHTtW�W/ä�V IAåPå�WYQ[ã/W y � x[s@��w � u��Äw ��� rPw ��� ��q <"b KNO�ä�æ7MtW�Q[WÒO�WYV�KNMPO �_QQIÄXtKNO�ç IAQ[W�ä�W C`IAZ`V�äZIAXtä
QTS IAZ[\PW�\�S MPX×KNå�ãYOZIAV�WYMPO!W_^^V�ãYO�Z[WYMPO�!tQQI�\PWYMB^^ZPGYçÒWdIAåPåPO�K®êHTtW�W/ä�VXIAåPå�WYQ[ã/W w � y � �TqYyTw � v¼x v�q/w�yzv ��� <
�����#��� ��= ' � 
,:<8*=��>&�$ =���� ;>=�� �1$�-

b S IAåPåPO�K®êHTtWÄêYQQINä�ä�Z[æ7MtW�å�KNMPOdC`IAZ`O�W4C`INê/W IAMB^Þ\Pã_C`IAZ`Q`QQIAXtê/W/ä#\YIAXtä�Q[W/ä�äFE^ä�VHGYçÒW/ä�O�ãYåJIAO�V�Z[ä#W/ä�V
IAåPå�WYQ[ã/W�V�KNQ[ãYOZIAXtê/W IAMB^ÄåJIAXPXtW/ä < c	S W/ä�V!MPXtW?h®Z[ä�Z[KNX rt��q�q@v¼~�v�qYy�� æ7MPZLê/KNXtä�Z[ä�V�W �Òä�Mtä�å�W/êYV�WYORV�KNMPV�W
Z`XBC�KNO�ç IAV�Z[KNXÒO�W )YMtWfWYV	�Xh4WYO�ZDM-WYOhê/KNXtä�VZIAç#çÒWYX7VhQ[Wfê/KNç#å�KNO�V�WYçÒWYX7V�\^MÒäFE^ä�VHGYçÒW < c+WYV�V�W IAåPåPO�K®êHTtW
å�WYO�çÒWYV&\PW�ç INä�æ7MtWYO!QQI#åPO�ã/ä�WYXtê/W�\PW�\Pã_C`IAZ`Q`QQIAXtê/W/ä��-ê/WYQ`Q[W/ä e�êYZLX�S Z`X��tMtWYX7V&åJINä!Q[W�ê/KNç#å�KNO�V�WYçÒWYX7V
\^M×äFE^ä�VHGYçÒW < e:Q`Q[W�W/ä�VfV�OHG/äRW ��ê�INê/W�\YIAXtäRQ[W�ê�IN\^O�W�\PW/äR\Pã_C`IAZ`Q`QQIAXtê/W/ä	\Pã_MtXPZ`V�Z=h4W/ä!KNMÄU3E�*%IAX7V�Z`XtW/ä <
c+WYå�WYXt\YIAX7V�!-ê/WYV�V�WdIAåPåPO�K®êHTtW�åPO�ã/ä�WYX7V�W�\PWYMB^_Z`Xtê/KNX3h4ãYXPZ[WYX7V�ä �

� n MtX�\PW ç INä�æ7MtWYO�QQI(åPO�ã/ä�WYXtê/Wh\PW/ä�\Pã_C`IAZ`Q`QQIAXtê/W/ä�!8Z`Q4W/ä�V�Xtã/ê/W/ä�äZIAZ`O�Wh\PW:OZI%A�KNMPV�WYO�MPX�ê/KNX7V�O �NQ[W-!
Q[KNO�ä	\PW�êHTJINæ7MtW�KNå�ãYOZIAV�Z[KNX]\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX !-I%MtX]\�S WYç#å �/êHTtWYO&Q[W/ä	\Pã_C`IAZ`Q`QQIAXtê/W/ä&\PW�ä�W
åPO�KNåJI�S4WYORWYVf\�S Z`X��tMtWYXtê/WYORQQI�V�KNVZIAQ`Z`V�ã�\^M_äFE^ä�VHGYçÒW < m IAQ=TtWYMPO�WYMtä�WYçÒWYX7V�!tê/W/êYZ�W/ä�V(O�WYQQIAV�Z=h4W_e
çÒWYX7V!ê/KCBPV�WYMB^ÄWYXÄV�WYO�çÒW�\PW�å�WYO C�KNO�ç IAXtê/W/ä <

� �+Z[WYX ä�KNM9h4WYX7V�!�å�KNMPO�æ7MtW#Q[W/ä]IAQ=S4KNO�Z`VFTPçÒW/ä�V�KNQ[ãYOZIAX7V�ä IAMB^ C`IAMPV�W/ä�åPMPZ[ä�ä�WYX7V>C�KNXtêYV�Z[KNXPXtWYO�!
Z`Q"C`IAMPV&æ7MtW�ê/WYO�VZIAZ`XtW/ä�ê/KNX7V�OZIAZ`X7V�W/ä�ä�MPO	Q[W�XtKNç�UPO�W�\PW�ê/KNç#å�K�äZIAX7V�ä?IAV�V�WYZ`X7V�ä&åJIAO&\PW/ä&\Pã_e
C`IAZ`Q`QQIAXtê/W/ä:ä�KNZ[WYX7VhäZIAV�Z[ä C`IAZ`V�W/ä�� b IAç#å�KNO�V�!3K3TtK�ä�VZI%��WYV:JLW�INä�W 2 ;�U é�ë�3LKNX7VhãYVZIAUPQ`Ztæ7MtW-!Aç �YçÒW
I�h4W/ê�\PW/ä�äFE^ä�VHGYçÒW/ä�\PWÒê/KNç#ç�MPXPZ[ê�IAV�Z[KNXIV�OHG/ä M�IAUPQ[W/ä�!�Z`Q�C`IAMt\^OZIAZ`V�æ7MtW�çÒKNZ`Xtä�\�S MPX V�Z[WYO�ä
\PW/ä&åPO�K®ê/W/ä�ä�WYMPO�ä?IAZ[WYX7V�MPX ê/KNç#å�KNO�V�WYçÒWYX7V�U3E�*%IAX7V�Z`XÔå�KNMPOdIAV�V�WYZ`Xt\^O�W�MPX�I�S�O�ãYçÒWYX7V < e:X
KNMPV�O�W-!�lLZ[ä�êHTtWYO�! b E®XtêHTÞWYV�J�IAV�WYO�ä�KNX 2 ;�U é a 3�KNX7V�çÒKNX7V�O�ã�æ7M�S WYXÞê�INä�\PW�\Pã_C`IAZ`Q`QQIAXtê/W�\Pã_e
MtXPZ`V�Z=h4WÒV�KNMtêHTJIAX7V�MPX ä�WYMPQhåPO�K®ê/W/ä�ä�WYMPO�!�Z`Q�W/ä�V�Z`ç#å�K�ä�ä�Z`UPQ[WÒ\PW#O�ã/ä�KNMt\^O�WÒQ[W#åPO�KNUPQPGYçÒW�\^M
ê/KNXtä�WYXtä�MtäR\PW�ç IAXPZPGYO�W�\PãYV�WYO�ç#Z`XPZ[ä�V�W�\YIAXtäfMPX×äFE^ä�VHGYçÒW?INäFE®XtêHTPO�KNXtW <
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Etats du système


Etats

légitimes


Temps


e
8


e
1


e
9


Temps de stabilisation


������� ;#< a � g!XtW&Z`Q`Q`Mtä�V�OZIAV�Z[KNXo\PW/äfå9TJINä�W/äR\PW�QTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX
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n�QTS Z`X3h4WYO�ä�W-!PQTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNXoW/ä�VfMPXtW?IAåPåPO�K®êHTtW � r�yzv¼~�v�qYy�� æ7MPZ�åJIAQ`Q`Z[WdIAMB^_\Pã_C`IAZ`Q`QQIAXtê/W/ä
V�OZIAXtä�Z`V�KNZ`O�W/ä < e:Q`Q[W I�ãYV�ãfZ`X7V�O�K®\^MPZ`V�W	WYX

1974
åJIAO+a	Z A �^ä�V�OZI !Nç IAZ[ä�äZI&å�KNO�V�ã/WR\YIAXtähQ[WR\PKNç IAZ`XtW	\PW

QQI�O�ã/ä�Z[ä�VZIAXtê/WdIAMB^_åJIAXPXtW/äRX�S I#ãYV�ã�ä�KNMPQ`Z=S�Xtã/W�æ7MtW&UPZ[WYX×åPQ`MtäfVZIAO�\ÄåJIAO b IAç#å�KNO�V 2 ;�U éAì�3 < c+WYV�V�W
IAåPåPO�K®êHTtW�V�KNQPGYO�W�MPXtW�Z`X7V�WYO�O�MPåPV�Z[KNX]V�WYç#å�KNOZIAZ`O�W�\^Moä�WYOFh®Z[ê/W�\^MoäFE^ä�VHGYçÒW�WYV!MPXoê/KNç#å�KNO�V�WYçÒWYX7V
Z`Xtê/KNXtä�Z[ä�VZIAX7V�\PW�ê/WYO�VZIAZ`Xtä&åPO�K®ê/W/ä�ä�WYMPO�ä�!-ç IAZ[ä S3IAOZIAX7V�Z`V&MPXoO�WYV�KNMPO �ÒQQIÒXtKNO�ç IAQ[W IAMoU�KNMPV&\�S MPX
V�WYç#åtädMtXPZ < n!Z`Xtä�Z,!�IAåPOHG/ä�MPXIWYXtä�WYç�UPQ[W_\PW�ê/KNO�O�MPåPV�Z[KNXtä�!LQ[W�äFE^ä�VHGYçÒW�W/ä�V�\YIAXtä�MPXIãYVZIAV#æ7MtWYQDe
ê/KNXtæ7MtW <Yb I�åPO�KNåPO�Z[ãYV�ã�\�S IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNXRS3IAOZIAX7V�Z`V!æ7MtW&Q[W�äFE^ä�VHGYçÒW?IAV�V�WYZ`Xt\^OZI4IAM_U�KNMPVR\�S MPX
V�WYç#åtä MtXPZ'MPXtW	ê/KNXBMYS�MPOZIAV�Z[KNX&��åJIAO�V�Z`Of\PW!QQINæ7MtWYQ`Q[W!Z`Q�ä�W!ê/KNç#å�KNO�V�WYOZI�ä�MPZ=h#IAX7V(äZI�ä�å�ã/êYZDM-ê�IAV�Z[KNX <
b W�ê/KNç#å�KNO�V�WYçÒWYX7V&\�S MPXoäFE^ä�VHGYçÒWdIAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V&W/ä�VRQ[W�ä�MPZ=h#IAX7V �tä�MPZ`V�W ��MPXtW�åJIAXPXtW-!tQ[W

äFE^ä�VHGYçÒW+V�OZI�h4WYO�ä�W(MPXtW+å9TJINä�W+V�OZIAXtä�Z`V�KNZ`O�W-! IAåPå�WYQ[ã/W r �^wAq8� 	 �(qYyTw � v¼x v�q/w�yzv ��� !\IAM#ê/KNMPO�ä:\PW+QQINæ7MtWYQ`Q[W
Z`Q4å�WYMPV�XtW:åJINä �YV�O�Whê/KNXBC�KNO�çÒW)�fäZI(ä�å�ã/êYZDM-ê�IAV�Z[KNX 2 KNX�åJIAO�Q[W IAQ[KNO�ä�\�S ãYVZIAV�ä�Z`Q`Q[ã S�Z`V�Z`çÒW/ä�\^M�äFE^ä�VHGYçÒW-!
KNM�\�S ãYVZIAV�ähZ`Xtê/KNO�O�W/êYV�ä 3 < n!åPOHG/ä:MPX#V�WYç#åtä MtXPZ-WYV�WYX#QTS IAUtä�WYXtê/W!\PW(XtKNM9h4WYQ`Q[W/ä�åJIAXPXtW/ä�!�Q[WfäFE^ä�VHGYçÒW
W/ä�V	\YIAXtä	MPXtW r �^wAq8��qYyTw � v¼x v�q8s�� \YIAXtä	QQINæ7MtWYQ`Q[W�Z`QLW/ä�V&\PW�XtKNM9h4W�IAM ê/KNXBC�KNO�çÒW ��äZIÒä�å�ã/êYZDM-ê�IAV�Z[KNX2 KNXÄåJIAO�Q[W]IAQ[KNO�ä!\�S ãYVZIAV�äRQ[ã S�Z`V�Z`çÒW/ä	\^M×äFE^ä�VHGYçÒW-!tKNM×\�S ãYVZIAV�ä!ê/KNO�O�W/êYV�ä 3 < g!XtW�Z`Q`Q`Mtä�V�OZIAV�Z[KNXo\PW�ê/W/ä
\^Z ��ãYO�WYX7V�ä>INä�å�W/êYV�ä!W/ä�V	\PKNXPXtã/W�ä�MPO!QQI MYS�MPO�W ;#< aB<�b W�äFE^ä�VHGYçÒW�åJIAO�V	\�S MPX]ãYVZIAV	æ7MtWYQ[ê/KNXtæ7MtW-!'WYX
QTS K®ê/êYMPO�O�WYXtê/W�QTS ãYVZIAVRZ`Q`Q[ã S�Z`V�Z`çÒW

e1
< a	MPOZIAX7V!QQI�å9TJINä�W�\PW�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX !tQ[W�äFE^ä�VHGYçÒW�K�ä�êYZ`Q`Q[W�WYX7V�O�W

MPX]ê/WYO�VZIAZ`X]XtKNç�UPO�W#\�S ãYVZIAV�ä	Z`Q`Q[ã S�Z`V�Z`çÒW/ä�!�WYXoQTS K®ê/êYMPO�O�WYXtê/W�Q[W/ä	ãYVZIAV�ä
e1
�

e8
!tåPMPZ[ä	O�WYV�O�KNM9h4W�MPX

ê/KNç#å�KNO�V�WYçÒWYX7V�ê/KNO�O�W/êYV	WYX IAV�V�WYZ=S�XJIAX7V	QQIÒê/KNXBMYS�MPOZIAV�Z[KNXoQ[ã S�Z`V�Z`çÒW
e9
< n�åJIAO�V�Z`O&\PW�ê/WYV!Z`Xtä�VZIAX7V

WYV	WYXÄQTS IAUtä�WYXtê/W�\PW�XtKNM9h4WYQ`Q[W�åJIAXPXtW-!tQ[W�äFE^ä�VHGYçÒW�O�W/ä�V�WYOZI#\YIAXtä!QTS WYXtä�WYç�UPQ[W�\PW/ä	ãYVZIAV�äRQ[ã S�Z`V�Z`çÒW/ä
2 å9TJINä�W#ä�VZIAUPZ`Q`Z[ä�ã/W 3 < k�Q8C`IAMPV�åPO�ã/êYZ[ä�WYO�æ7MtW�Q[W�O�WYV�KNMPO ��MPXÔê/KNç#å�KNO�V�WYçÒWYX7V�XtKNO�ç IAQ�ä�W]C`IAZ`V�äZIAXtä
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c+WYQQI&Q[W/ähKNUPQ`Z=S4W ��W_^Pã/êYMPV�WYOhQ[WYMPOhê/K®\PWRWYX#å�WYO�ç IAXtWYXtê/W < c+W/êYZtZ`ç#åPQ`Z[æ7MtW-!4WYXÒQTS IAUtä�WYXtê/WR\PW(åJIAXPXtW/ä
V�OZIAXtä�Z`V�KNZ`O�W/ä�!PMPXÄä�MPO�ê/KCBPV!\PW C�KNXtêYV�Z[KNXPXtWYçÒWYX7V&\PW/äXIAQ=S4KNO�Z`VFTPçÒW/ä IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä!åJIAOfOZIAåPå�KNO�V
��Q[WYMPO�ä!ã/æ7MPZ=h#IAQ[WYX7V�äRXtKNX×ä�VZIAUPZ`Q`Z[äZIAX7V�ä <

•
MPXIV�O�KNZ[ä�ZPGYçÒW�Z`Xtê/KNX3h4ãYXPZ[WYX7V�W/ä�V�QTS IAUtä�WYXtê/W�\PW S3IAOZIAX7V�Z[W_ä�MPO�Q[W�V�WYç#åtä�\PW�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX < e:X

W ��WYV�!PQTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNXoå�WYMPV �YV�O�W�ê/KNç#åJIAO�ã/W ��MPX×ä�WYOFh®Z[ê/W?IAåPOHG/ä e`h4WYX7V�W <�b W�ê/KNXtê/WYåPV!W/ä�VRZ`XBe
V�ãYO�W/ä�äZIAX7V:ä�Z7Q[W/ä \PãYQQIAZ[ä \PW+O�ãYåJIAOZIAV�Z[KNX#ä�KNX7V OZIAZ[ä�KNXPXJIAUPQ[W/ä < JLKNMPO:æ7M�S MPX�äFE^ä�VHGYçÒW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V
C�KNMPO�XPZ[ä�ä�W(ä�KNX#ä�WYOFh®Z[ê/W+Q[W+åPQ`Mtä OZIAåPZ[\PWYçÒWYX7Vhå�K�ä�ä�Z`UPQ[W-!AZ`Q0C`IAMPV Q`Z`ç#Z`V�WYOhä�KNX�V�WYç#åtäh\PW(ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX <
J:Q`Mtä�ê/W�V�WYç#åtä�W/ä�V&ê/KNMPO�V�!'åPQ`Mtä	Q[W�ä�WYOFh®Z[ê/W�W/ä�V	O�WYXt\^M W ��W/êYV�ZDC+OZIAåPZ[\PWYçÒWYX7V < a&W�åPQ`Mtä�!'MPX]ê/KNMPO�V
V�WYç#åtä�\PW�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNXÞO�ã/\^MPZ`V�QQIÄåPO�KNUJIAUPZ`Q`Z`V�ã�\�S K®ê/êYMPO�O�WYXtê/W/ä#\�S IAMPV�O�W/ä�\Pã_C`IAZ`Q`QQIAXtê/W/ä I�h#IAX7V�Q[W
O�ãYVZIAUPQ`Z[ä�ä�WYçÒWYX7V_\^M�ä�WYOFh®Z[ê/W 2 ê/W×æ7MPZ!WYç#å �/êHTtWYOZIAZ`V�Q[W×äFE^ä�VHGYçÒW×\PW×ä�WÄä�VZIAUPZ`Q`Z[ä�WYO 3 < b!O�!hQTS IAMPV�K�e
ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX]X�S Z`ç#å�K�ä�W IAMtêYMPXtW�ê/KNX7V�OZIAZ`X7V�WÒä�MPO&Q[W�V�WYç#åtä�\PW�ê/KNX3h4WYOFS4WYXtê/W �-QQI�ä�WYMPQ[WdS3IAOZIAX7V�Z[W
W/ä�VRæ7MtW&Q[W�äFE^ä�VHGYçÒW?IAV�V�WYZ`Xt\^OZI !JIAM_U�KNMPV!\�S MPXÄê/WYO�VZIAZ`XÄV�WYç#åtä!\PW�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX !PMPXtW�ê/KNXBMYS�MPOZI%e
V�Z[KNX���åJIAO�V�Z`Of\PWRQQINæ7MtWYQ`Q[W!Q[W	ä�WYOFh®Z[ê/W!ä�WYOZI�O�WYXt\^M < c+W/êYZ'W/ä�V h®OZIAZ'æ7MtWYQ`Q[W	æ7MtW!ä�KNZ`V�QQI?S�OZI�h®Z`V�ã	\PW!QQI
\Pã_C`IAZ`Q`QQIAXtê/W �'WYQ`Q[W�å�WYMPV?I ��W/êYV�WYO&MPXtW�åJIAO�V�Z[W#KNMoQQI�V�KNVZIAQ`Z`V�ã#\PW/ä&ê/KNç#å�K�äZIAX7V�ä�\^M]äFE^ä�VHGYçÒW < J�IAO
IAZ`Q`Q[WYMPO�ä�!�Q[W/ä IAQ=S4KNO�Z`VFTPçÒW/ä IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä�MPV�Z`Q`Z[ä�WYX7V�Q[W/ä:ç �YçÒW/ähçÒã/ê�IAXPZ[ä�çÒW/ä�\PWRê/KNO�O�W/êYV�Z[KNX�WYX
ê�INä�\PWRåJIAXPXtWRQ[ã S GYO�W!æ7M�S WYX�ê�INä�\PWRåJIAXPXtWRV�KNVZIAQ[W < m �YçÒWRä�ZtMPX�ä�WYMPQ-ê/KNç#å�K�äZIAX7V+W/ä�V�ä�M\A�WYV��&MPXtW
\Pã_C`IAZ`Q`QQIAXtê/W-!�QQI h#IAQ[WYMPO�ê/KNO�O�KNç#åPMtWÒå�WYMPV�ä�W�åPO�KNåJI�S4WYO�WYV�ê/KNO�O�KNç#åPO�WÒV�KNMPV�Q[W#O�W/ä�V�W#\^M O�ã/ä�W�IAM !
I�h#IAX7V	æ7M�S Z`Q�X�S IAV�V�WYZ=S�XtW�\PW�XtKNM9h4W�IAMÄMPX×ê/KNç#å�KNO�V�WYçÒWYX7V	ê/KNO�O�W/êYV <
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��� q
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	 ��r'x � qfu ��� �Yy¼q!u �P�@~�v � q �N�@��q(x`w&��w4uYv � ��� � ��r'�@v � uYv rt� 	 �+x � wNx 
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	 � ��� ��w#�	��u/yTw�yzv ��� 	 � �AwNx[� � ��q�w ��� 	 v �	s@��� � y¼q �
� � � 	 q 	�� ��s�q8��w � # �+*
u �^w�
 � �f� ��� y�� � �	��qYy ������� � 	 �Yy�u �^w�
 � �fx vT� � 	 �fu � ~�~ ��� v�u�w�yzv ������� x vT� � � � yz��� 	 � ��� � ��� y�� � ��q�%
�
��� sYyTw�y 	 ��u �^w�
 � ��� ��� y�� � ����qYy ���Tr'��s�q8� � y�s+rPwN� ��� � � yzvT�@���1
 � vh� � r'�@v¼~��	q/w 	 v�qYyTw � u�� ��x`w���w4uYv � �
# �AwNx � s��	rPwN� 0 %
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 � ��w�yzv ��� ���Tr'��s�q8� � y�� ��� sYyTw�yfu � �@����u/y 	�� q@|AqYy�}@~���� �+* y ��� q
x[��q�� ��� y�� � ��q 
 � v+u ����� wNv�q�q8� � yhx[� � � 	 v�qYyTw � u���� � w4u/y��Ò�Yy+u � �@����u/y�� 	 ��x`wÒ��w4uYv � ���
> x � sYyTw�rt� 0 �(u ��� q@v 	 s@� ��� q 
 � � ��� �frPw ��� ��yz��w � q@vzy � v¼�����@��w�r4rt��x � ��� 	 ��q�� ��� y�� � ��q 	�� q@|AqYy�}@~�� 	 �
	 v�qYyTw � u�� 5 �&x`w���w4uYv � ���L�Yy�v �
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 � � 
 � � v¼x-��qYy � 	 v�qYyTw � u�� 0

	 �fy ��� q(x[��qfw � yz����qf� ��� y�� � ��q 	�� ��s�q8��w �
q � ��x`w ! 
 � ��� �
�A1 � � �^w�
 � ��� ��� y�� � ��u � ~�~ ��� v 
 � � ��q8��q � � v�q@v � q&x[��q&~ ��	 v !+u�w�yzv ��� q�v � y��@� �N� ��� ��q
	 w � qfq/w�yTw � x[� 	 �R� ��� yTw�
7� 	 }�q+
 � � �@x¼x[��qRq ��� yLu ������� ��q�� � w � qRx[�	u�wAq 	 � ��� ��s�q8��w � wAq@| � u �7� ��� � ���
q ��� q	x � �7|�r � y��P}�q8��
 � �&x[�	� ��� y�� � � 	 s �/wNv¼x¼x`w � y�q � vzyLq � ��u �^wN� 
7s��hv¼x � �	��� � � vzy'rPwAq&x � v � � � �@~Òw�yzv ��� 	 ��q
w � yz����q�� ��� y�� � ��qRrt� �
	 w � y ��� u��@�YyTwNv � ~ � ~�� � y �<, � yz���Yy��@~!r-q��+x[��q�� ��� y�� � ��q � � v�q@v � q 	�� � ��� y�� � ��/w � yzv ����� � � v��N� � y�q ��� v � � � �@~Òw�yzv ��� �
� � ��q 	 ��qÒsYyTw�rt��q 1 �Yy 2 �(x[��q#w � yz����q�� ��� y�� � ��q�~��Yy�y�� � y � � ��� ��x[� � ��q 	 v�qYyTw � u���qÒ� � u ��� q@v 	 s@��w � y
x[��� ��� y�� � � 	 s �/wNv¼x¼x`w � y+u � ~�~���x[��~��@v¼x¼x[� � �(rPwAq�q/w�
7�Rr ��� ��y ��� y�� 	 ��qYyzv � w�yzv ��� �Yy 	 �fr'x � q�� � r'x � q
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7��q � ��� y �Yyz��� 	 v¼�@v�
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 � � 	 s �/wNv¼x¼x`w � u��	w � ��w
rt�@�Yy � � � s ��� �LrPwN�Yy �
����� s 
Nx v�
7��w � x[� 	�� q@|AqYy�}@~���� >!v � q@v ��x`w 	 s �/wNv¼x¼x`w � u�� ��� w+rPwAq	sYy�sLrPwAqf~ÒwAq 
 � s��
�Yy��@x¼x[�_wov ��� � � � u�s 	 ��~Òw � vT}@����q@v�
 � v !+u�w�yzv��N��x[�Òq@|AqYy�}@~���� � � y � vzyzv��N�@~�� � y � ��� u � ~!r'��� �
	 
 � �
y ��� q�x[��q�� ��� y�� � ��q 	 � �Aw � y�rPwAq�q8�@�RrPwN��x[��� ��� y�� � � 	 s �/wNv¼x¼x`w � y ��r ��� �#w�y�y��@v �
	 ����x`w���w4uYv � ����q � vT� � y
v ��� � � � u�s�q�rPwN�ou��Yy�y�� 	 s �/wNv¼x¼x`w � u�����~ÒwNv�q ��� u ��� qYyTw�y�� 
 � � 	 � w � yz����qÄ� ��� y�� � ��q]w � y ��� �Äx[��q ��� y
s 
4wNx[�@~�� � y �
>�rPwN�Yyzv¼� 	 ��x � sYyTw�rt� 3 �Yy q ��� q�x � �7|�r � y��P}�q8� 
 � ��x[�&� ��� y�� � �1�/w � yzv ����qYyh~ � v � q!q � ��u �^wN� 
7s���x � w � y � �
qYyTw � v¼x v�q/w�yzv ��� 	�� q@|AqYy�}@~�� 	 s � � y����-;+��s�uYv�q ��� q 
 � � ��� q � r4r � q8� 
 � �#
 � � y ��� q×x[��qo� ��� y�� � ��q #T|
u � ~!r'�@v�q�x[� �/w � yzv �g%�yz��w��AwNv¼x¼x[� � yRw � ~��@~����@|�y��7~��#�Yy/
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7��q�yz��w � q@vzy�� � y ��x`w�~��@~��
�8vzy���q�q8����> x � sYyTw�rt� 8 ��y ��� q�x[��q�� ��� y�� � ��q ��� y+u � �@�@v�
7s�x[� � ��q 	 v�qYyTw � u���q��

JLKNMPORåJIAQ`Z[WYO ��ê/WYV�V�W�\PWYO�XPZPGYO�W�Q`Z`ç#Z`V�W-!PKNXÄä�WYOZIAZ`VfWYXÄ\^O�KNZ`VR\�S W/ä�å�ãYO�WYO(MPX_V�OZIAZ`V�WYçÒWYX7VRåPQ`MtäfQ[K�e
ê�IAQ�WYVfåPQ`MtäfOZIAåPZ[\PW�\PW/ä C`IAMPV�W/äRä�Z`X9S�MPQ`ZPGYO�W/ä 2 ê�S W/ä�V e �%e�\^Z`O�W�æ7MPZ�X�S I ��W/êYV�W�æ7M�S MPXÄä�WYMPQ�åPO�K®ê/W/ä�ä�WYMPO 3 !
å�WYO�çÒWYV�VZIAX7Vf\PWRQ[W/ä�êYZ`O�ê/KNXtä�êYO�Z`O�W
��MPXtW�*8KNXtW!åPO�K®êHTtW!\PW/ä�åPO�K®ê/W/ä�ä�WYMPO�ä�ê/KNO�O�KNç#åPMtä < c	S W/ä�V�QTS KNUBA�WYV
\PW�QQI�åPO�K®êHTJIAZ`XtW�ä�W/êYV�Z[KNX <
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le système converge vers un état correct à l'étape 8


étape 0


étape 1
 étape 2


étape 3
 étape 4
 étape 5


étape 6
 étape 7
 étape 8


état correct
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0


une défaillance touche un processus et se propage


le processus fautif "se rend compte de son erreur"


������� ;#< N � g!XtW&Z`Q`Q`Mtä�V�OZIAV�Z[KNXo\PW&QQI�åPO�KNåJI�S3IAV�Z[KNXo\�S MPXtW�ä�WYMPQ[W C`IAMPV�W
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JLKNMPO×ê/KNX7V�WYXPZ`O_Q[W/ä_\Pã_C`IAZ`Q`QQIAXtê/W/äÄWYV_ê/KNX7V�OZIAZ`Xt\^O�W Q[WoV�WYç#åtäÄ\PW]ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX WYX C�KNXtêYV�Z[KNX
\PWÒQ[WYMPO�ä?S�OZI�h®Z`V�ã/ä�!�Z`Q�W/ä�V�Z`X7V�ãYO�W/ä�äZIAX7V�\PW#OZI%A�KNMPV�WYO�\PW/ä�çÒã/ê�IAXPZ[ä�çÒW/ä�ä�MPO�Q[W/ä�åPO�KNV�K®ê/KNQ[W/ä IAMPV�K�e
ä�VZIAUPZ`Q`Z[äZIAX7V�ä:å�KNMPO ê/KNO�O�Z=S4WYO:Q[W/ä \Pã_C`IAZ`Q`QQIAXtê/W/ä:V�OZIAXtä�Z`V�KNZ`O�W/ä:æ7MJIAXt\�ê/WYQ`Q[W/ä e�êYZtä�KNX7V å�WYM�XtKNç�UPO�WYMtä�W/ä <
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\PW�ê/KNX3h4WYOFS4WYO	Q[W�åPQ`MtäROZIAåPZ[\PWYçÒWYX7V	å�K�ä�ä�Z`UPQ[W < c+W/êYZ�å�WYO�çÒWYV	\PW�ç INä�æ7MtWYORQ[W/ä C`IAMPV�W/ä h®Z[ä e �%e`h®Z[ä!\PW
QTS MPV�Z`Q`Z[äZIAV�WYMPO�\^MÒäFE^ä�VHGYçÒW < n V�Z`V�O�Wf\�S W_^PWYç#åPQ[W-!�\YIAXtäh\PW/ä:O�ã/ä�W�IAMB^�\PW S�OZIAXt\PWfVZIAZ`Q`Q[W-!NV�WYQtæ7M�S k�X7V�WYO e
XtWYV�!AZ`Q^W/ä�V:ä�KNM9TJIAZ`VZIAUPQ[W(æ7M�S MPXtW C`IAMPV�W+V�OZIAXtä�Z`V�KNZ`O�W CzOZIAåPåJIAX7V:MPX#ä�WYMPQ®O�KNMPV�WYMPOhä�KNZ`VLO�ãYåJIAO�ã/W+Q[W+åPQ`Mtä
OZIAåPZ[\PWYçÒWYX7V(å�K�ä�ä�Z`UPQ[WRWYVhX�S I ��W/êYV�W!æ7M�S MPX�å�WYV�Z`VhXtKNç�UPO�W	\PWRO�KNMPV�WYMPO�ä < n!Z`Xtä�Z,!�QQI C`IAMPV�WRW/ä�V�V�OZIAXtä e
åJIAO�WYX7V�W�å�KNMPO�QTS MPV�Z`Q`Z[äZIAV�WYMPO#\^MÞO�ã/ä�W�IAM < n!MPV�O�WYçÒWYX7VÒ\^Z`V�!�XtKNMtä�\Pã/ä�Z`O�KNXtä�æ7MtW�QQIÄå�WYO�V�MPO�UJIAV�Z[KNX
ê�IAMtä�ã/W	åJIAO+MPXtW C`IAMPV�W&ä�KNZ`V+åPO�KNå�KNO�V�Z[KNXPXtWYQ`Q[W ��äZI>S�OZI�h®Z`V�ã < c+W/êYZ'X�S ãYVZIAX7VfåJINä+V�KNM\A�KNMPO�ä+å�K�ä�ä�Z`UPQ[W-!
o TtK�äFT#WYV o MPåPVZI	KNX7V Z`X7V�O�K®\^MPZ`V 2 o MPåPVZI ! ;�U#U N � o TtK�äFT�WYV o MPåPVZI ! ;�U#U#@ � o TtK�äFT�WYV IAQ < ! ;�U#U#@ I ! U !
;�U#U N 3+QQI�XtKNV�Z[KNX×\PW�ê/KNXBMtXtWYçÒWYX7V&\PW C`IAMPV�W/ä 2 �/w � x;y � u ��� yTwNv � ~�� � y 3 !tæ7MPZ�ê/KNXtä�Z[ä�V�W ��åPO�WYXt\^O�W�\PW/ä
åPO�ã/ê�IAMPV�Z[KNXtä&åJIAO�V�Z[êYMPQ`ZPGYO�W/ä	å�KNMPO	WYç#å �/êHTtWYO&Q[W/ä	\Pã_C`IAZ`Q`QQIAXtê/W/ä&\PW�ä�W�åPO�KNåJI�S4WYO�\YIAXtä!Q[W�äFE^ä�VHGYçÒW <
k�Q[äRKNX7V!ã S3IAQ[WYçÒWYX7V	Z`X7V�O�K®\^MPZ`V!MPXtW�çÒW/ä�MPO�W�\PW�ê/KNç#åPQ[W_^^Z`V�ã-!PQ[W�XtKNç�UPO�W�\PW�ê/KNX7VZIAç#Z`XJIAV�Z[KNXtä�!'æ7MPZ
ê/KNO�O�W/ä�å�KNXt\ IAMÄXtKNç�UPO�W�\PW&åPO�K®ê/W/ä�ä�WYMPO�äfZ`X��tMtWYXtê/ã/ä!åJIAOfQ[W/äR\Pã_C`IAZ`Q`QQIAXtê/W/ä <
b W(ê/KNXBMtXtWYçÒWYX7Vh\PW C`IAMPV�W/äLW/ä�VLMPXtW+ä�å�ã/êYZDM-ê�IAV�Z[KNX#\PW�QQI!ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX�åPO�KNå�KNO�V�Z[KNXPXtWYQ`Q[W < a>IAXtä

Q[Whê�INä�\�S MPXtW C`IAMPV�Whä�Z`X9S�MPQ`ZPGYO�W 2 ê�S W/ä�V e �%e�\^Z`O�W�V�KNMtêHTJIAX7VLMPX�ä�WYMPQ7ä�Z`V�Wh\^M�O�ã/ä�W�IAM43 !8MPX]IAQ=S4KNO�Z`VFTPçÒW+\PW
ê/KNXBMtXtWYçÒWYX7VR\PW C`IAMPV�W/ä+ê/KNX3h4WYOFS4W	WYX

O(1)
h4WYO�ä�MPX�ãYVZIAV+ê/KNO�O�W/êYV < k�QJS3IAOZIAX7V�Z`V IAMtä�ä�ZtQQI�ä�VZIAUPZ`Q`Z[äZI%e

V�Z[KNX�WYX�ê�INä�\�S MPXtW C`IAMPV�W CzOZIAåPåJIAX7V+åPQ`Mtä+\�S MPX�åPO�K®ê/W/ä�ä�WYMPO < g!XtW S4ãYXtãYOZIAQ`Z[äZIAV�Z[KNX�\^M�ê/KNXBMtXtWYçÒWYX7V
\PW C`IAMPV�W/ä�W/ä�V:Q[W

k
e�ê/KNXBMtXtWYçÒWYX7Vf\PW C`IAMPV�W/ä < g!X IAQ=S4KNO�Z`VFTPçÒW

k
e�ê/KNXBMtXJIAX7V+Q[W/ä�C`IAMPV�W/ä�ê/KNX3h4WYOFS4W	WYX

O(f(k))
I�h4W/ê

f(k)
MPXtWXC�KNXtêYV�Z[KNX�çÒKNXtKNV�KNXtW�êYO�KNZ[ä�äZIAX7V�W�\^M�XtKNç�UPO�W

k
\PW	åPO�K®ê/W/ä�ä�WYMPO�ä C`IAMPV�ZDC�ä <

����� � � 
�� ���������	� � � �	�A�	� ��� ��
 � ��
 ��� �����

c+KNç#çÒW&Z`Xt\^Z[æ7Mtã	åPO�ã/ê/ã/\PWYç#çÒWYX7V�!tQ[W/äf\PWYMB^�åPO�Z`XtêYZ`åJIAQ[W/äXIAåPåPO�K®êHTtW/ä(å�KNMPO(åJIAQ`Q`Z[WYOXIAMB^�\^Z ��ã_e
O�WYX7V�äRV E®å�W/äR\PW�\Pã_C`IAZ`Q`QQIAXtê/W/ä!\YIAXtäfMPX×äFE^ä�VHGYçÒW&O�ãYåJIAO�V�Z�ä�KNX7V �

� b I�V�KNQ[ãYOZIAXtê/W]IAMB^_åJIAXPXtW/ä��YIAåPåPO�K®êHTtW�å�W/ä�ä�Z`ç#Z[ä�V�W�æ7MPZ�ä�MPåPå�KNO�V�W�Q[W/äfåJIAXPXtW/ä	\Pã_MtXPZ`V�Z=h4W/ä <
e:Q`Q[W�ê/KNXtä�Z[ä�V�W�� S3IAOZIAX7V�Z`O�æ7MtKNZ(æ7M�S Z`Q IAO�O�Z=h4W�MPX C�KNXtêYV�Z[KNXPXtWYçÒWYX7V�ê/KNO�O�W/êYVÒ\PW/ä#ãYQ[ãYçÒWYX7V�ä
XtKNX C`IAMPV�ZDC�ä <

� b S IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX �JIAåPåPO�K®êHTtW�KNåPV�Z`ç#Z[ä�V�W�æ7MPZ�ä�MPåPå�KNO�V�W�Q[W/äRåJIAXPXtW/ä!V�OZIAXtä�Z`V�KNZ`O�W/ä < e:Q`Q[W
ê/KNXtä�Z[ä�V�W � S3IAOZIAX7V�Z`O:MPX]C�KNXtêYV�Z[KNXPXtWYçÒWYX7Vhê/KNO�O�W/êYV:QQIRåPQ`MPåJIAO�V:\^M�V�WYç#åtä < g!XtW�Z`X7V�WYO�O�MPåPV�Z[KNX
V�WYç#å�KNOZIAZ`O�W�\^M]ä�WYOFh®Z[ê/W�W/ä�V INê/ê/WYåPV�ã/W-!'ç IAZ[ä>I�h4W/ê�MPXtWdS3IAOZIAX7V�Z[W�\PW�O�WYV�KNMPO �ÒQQIÒXtKNO�ç IAQ[W
IAM_U�KNMPV!\�S MPXÄV�WYç#åtä MtXPZ <

j	KNMtä#XtKNMtä#Z`X7V�ãYO�W/ä�ä�KNXtä�\YIAXtäÒê/WYV�V�W�VFTYG/ä�W �oQQI]\PWYMB^^ZPGYçÒW IAåPåPO�K®êHTtW < J:Q`Mtä#åPO�ã/êYZ[ä�ãYçÒWYX7V�!
XtKNMtä]IAQ`Q[KNXtä�W/ä�äZI�E4WYO�\�S IAåPåPQ`Z[æ7MtWYO�Q[W/ä�åPO�Z`XtêYZ`å�W/ä�\PW#QTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNXÞ\YIAXtä�\PW/ä�O�ã/ä�W�IAMB^Ô\PW
O�KNU�KNV�ä�çÒKNUPZ`Q[W/ä�! IAQ[KNO�ä�æ7MtW_Q[W/ä�V�OZI�h#IAMB^ W_^^Z[ä�VZIAX7V�å�KNO�V�WYX7V�W/ä�ä�WYX7V�Z[WYQ`Q[WYçÒWYX7V_ä�MPO�\PW/ä�O�ã/ä�W�IAMB^
MtQQIAZ`O�W/ä <

�:VZIAX7V \PKNXPXtãÞæ7MtWÔQTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX¡å�WYO�çÒWYV]\PW V�KNQ[ãYO�WYOoMPX�XtKNç�UPO�W IAO�UPZ`V�OZIAZ`O�WYçÒWYX7V
S�OZIAXt\ \PW×\Pã_C`IAZ`Q`QQIAXtê/W/ä�!�ê/WYV�V�WÄV�W/êHTPXPZ[æ7MtWoä�KNM ��O�WÄ\PWÄåPQ`Mtä�Z[WYMPO�äÒQ`Z`ç#Z`V�W/ä�!håJIAO�ç#Z!Q[W/ä�æ7MtWYQ`Q[W/ä�KNX
å�WYMPV�çÒWYX7V�Z[KNXPXtWYO�Q[W#åPO�K®ê/W/ä�ä�Mtä�\PWÒO�ã/êYMPå�ãYOZIAV�Z[KNXIä�MPO�WYO�O�WYMPO�!�ä�Mtä�ê/WYåPV�Z`UPQ[W�\PWÒå�WYO�V�MPO�U�WYO�V�KNMPV
Q[W_O�ã/ä�W�IAM ç �YçÒW×ä�ZfMPX å�WYV�Z`VÒXtKNç�UPO�Wo\PW_åPO�K®ê/W/ä�ä�WYMPO�ä�ä�WYMPQ[WYçÒWYX7V�ä�KNX7V�\Pã_C`IAZ`Q`QQIAX7V�ä < a�S K�� Q[W
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U�W/ä�KNZ`X�\PW ��w#" � �@~�� � y \PW!QTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX_WYV�Q[W!\Pã h4WYQ[KNåPå�WYçÒWYX7VR\PWRV�W/êHTPXPZ[æ7MtW/ä(V�WYQ`Q[W/ä+æ7MtW
QQI

k
e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX !7QTS IN\YIAåPVZIAUPZ`Q`Z`V�ã!O�WYQQIAV�Z=h4W	WYXÒV�WYç#åtä+KNM�WYXtê/KNO�WRQ[W!ê/KNXBMtXtWYçÒWYX7Vf\PW C`IAMPV�W/ä < c+W/ä

V�W/êHTPXPZ[æ7MtW/ä+ê/KNXtä�Z[ä�V�WYX7V ��ê/KNXtê/W h4KNZ`O(\PW/ä IAQ=S4KNO�Z`VFTPçÒW/ä�UJINä�ã/ä�ä�MPOhQ[W/ä:ç �YçÒW/ä+ê/KNXtê/WYåPV�ä+\PWfQTS IAMPV�K�e
ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX !�ç IAZ[ä�K ��OZIAX7V�\PW/ä�V�WYç#åtä�\PW×ê/KNX3h4WYOFS4WYXtê/WoåPQ`Mtä�ê/KNMPO�V�ä�æ7MtW_Q[WYMPO�ä�ã/æ7MPZ=h#IAQ[WYX7V�ä
IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä <

n!Mtä�ä�Z,!�XtKNMtä�åPO�KNå�K�ä�KNXtä�MPXtW IAåPåPQ`Z[ê�IAV�Z[KNX KNO�Z=S�Z`XJIAQ[W_\PW�QQI×V�W/êHTPXPZ[æ7MtW_\PW�ê/KNXBMtXtWYçÒWYX7V�\PW
C`IAMPV�W/ä < J:Q`Mtä:åPO�ã/êYZ[ä�ãYçÒWYX7V�!7XtKNMtä�\Pã h4WYQ[KNåPå�KNXtähMPX IAQ=S4KNO�Z`VFTPçÒWRå�KNMPOhQQI	O�ã/ä�KNQ`MPV�Z[KNX�\^M#åPO�KNUPQPGYçÒW
\PW�QTS ãYQ[W/êYV�Z[KNX×\�S MPXÄQ[W�IN\PWYO!\YIAXtäRMPX_O�ã/ä�W�IAMRI�h4W/ê�Z[\PWYX7V�ZDM�IAX7V�ä < m �YçÒW�ä�Z�QQI�V�W/êHTPXPZ[æ7MtW�\PW�ê/KNXBM9e
XtWYçÒWYX7V	\PW C`IAMPV�W/äRK ��O�W�\PW/äfV�WYç#åtä!\PW�ê/KNX3h4WYOFS4WYXtê/W�åPO�KNå�KNO�V�Z[KNXPXtWYQ[ä IAMÄXtKNç�UPO�W�\PW C`IAMPV�W/ä�!tWYV
æ7MtW�Q[W�åPO�KNUPQPGYçÒW�\PW�QTS ãYQ[W/êYV�Z[KNX W/ä�V	QTS MPX \PW/ä!åPO�KNUPQPGYçÒW/ä�êYQQINä�ä�Z[æ7MtW/ä&WYX]ê/KNX7V�O �NQ[W�\^MoO�ã/ä�W�IAM !�ê/W
êHTJIAç#åo\�S Z`X3h4W/ä�V�Z=S3IAV�Z[KNXgI�ãYV�ã�å�WYMÄW_^^åPQ[KNO�ã A Mtä�æ7M�S � IAM\A�KNMPO�\�S T7MPZ <
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� 53,% 8/25'& � w � q�x[�fu�w 	 ��� 	 �+x � sYy � 	 � 	 ��qfwNx 
 � �@vzy��7~���q(��sTrPwN�Yyzv�q!�Yy�� � � ��� u/yzv ��� q 	 ��q � ��q � v � q
	 � � � r'����q�q@v ��� �Yy 	 ��� � �@~ÒwNx v�q@~����Lr'x � q@vT� � ��qÒ~ ��	 }@x[��q 	 v �	s@��� � y¼q�rPwN� � vT� � 	 ��q�wAqTrt��u/y¼qÒq ��� y
r'� � r � q8s�q�� � w � q�u��_u �^w�r'vzyz����� �
��� q�� � �@~ÒwNx v�q ��� q�u��@�YyTwNv � q�u ��� u��Tr�y¼q � yzv¼x[��q&r ��� ��r'��s�q8� � y��@�
	 ��q�wNx 
 � �@vzy��7~���q���sTrPwN�Yyzv�q��Yy 	 s@~ ��� yz���@��x[� � ��qRr'� � r'�@vTsYy�s�q�� � w � q ��� r'���@~�vT�@��y��@~!r-q�� �
��� q
��w�r4rt�@x ��� q�
 � �@x�
 � ��q �
� yzv ��� q � ���
	 wN~�� � yTwNx[��q 	 �&x`wÒy��Ps � �@vT� 	 ��q�
N��w�r �P��q��Yy 	 ��q	q@|AqYy�}@~���q 	 �
yz��w � q@vzyzv ��� q��2; � v�q�� �
��� q 	 s�uY�@v�� ��� q ��� q@|AqYy�}@~��&��sTrPwN�Yyzv �#yz��w��N�@��q	q8��q�u � ~!r � q/w � y¼q 	 � � wAq8���
x[��q r'� � u���q�q8� � ��q��Yy�x[��q!x vT� � q 	 �&u � ~�~ ��� v�u�w�yzv ��� 
 � v�q ��� y�q@| � u �7� ��� v�q8s�q�� � yz����� ��� � � � r'x � q��
u � ~�~���v¼x:��qYy 	 � � q/w�
7��� �
��� q�v � yz� ��	�� v�q ��� q�x[��q �
� yzv ��� q 	 ��u ��� ! 
 � ��w�yzv ��� � 	 ��yz��w � q@vzyzv ��� �Yy
	 � 	 s@~ ��� 
 � v(q8�@� �N� � y � 	 s�uY�@v¼���Òx[��q�� � s�u � yzv ��� q 	 � ��� q@|AqYy�}@~��#��sTrPwN�Yyzv � � ��� q	r'��s�q8� � y ��� q
� � �@~��@x¼x[�@~�� � y:x`w �
� yzv ��� 	 � w � y � �TqYyTw � v¼x v�q/w�yzv ��� � � ��� q+r'��s�uYv�q ��� q�� � ! � x[��q�~���q � ����q 	 ��u � ~
�
r'x[� � vzy�s�wAq�q � uYvTs���q�w ��� wNx 
 � �@vzy��7~���q�w � y � �TqYyTw � v¼x v�q/w � y¼q�wNv � q@v 
 � ��x[��q�~���q � ����q 	 ��u � ~!r'x[� � vzy�s
r'x � q+rPwN�Yyzv�u � x vT}@����q#w ��� wNx 
 � �@vzy��7~���q�u ��� ! � w � yhx[��q1�/w � y���q��
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b W/ä�äFE^ä�VHGYçÒW/ä�O�ãYåJIAO�V�Z[ä�KNX7V�ãYV�ã#QQIAOFS4WYçÒWYX7V�ãYV�Mt\^Z[ã/ä�WYV�çÒK®\PãYQ`Z[ä�ã/ä�ä�KNMtä C�KNO�çÒWÒ\PW S�OZIAå9TtW/ä
\PKNX7V�Q[W/ä�ä�KNç#çÒWYV�ä�WYV�Q[W/ä IAO �YV�W/ä�ä�KNX7V�O�W/ä�å�W/êYV�Z=h4WYçÒWYX7V�Q[W/ä�åPO�K®ê/W/ä�ä�WYMPO�ä�WYV�Q[W/ä�Q`Z[WYXtä�\PW�ê/KNç e
ç�MPXPZ[ê�IAV�Z[KNX <Yb I�çÒK®\PãYQ`Z[äZIAV�Z[KNXÄ\PW&ê/W/äfê/KNç#å�K�äZIAX7V�äf\PW	UJINä�W&\�S MPXÄäFE^ä�VHGYçÒW	ä�WXC`IAZ`Vfä�KNZ`V(åJIAOf\PW/ä
äFE^ä�VHGYçÒW/ä:\PW+V�OZIAXtä�Z`V�Z[KNXtähê/KNç#çÒWR\YIAXtä:n(V�V�Z=E3I&WYV 	 WYQ[êHT 2 ;�U#U é�3LWYVhd�WYQ 2 ;�U#U ì�3 !�ä�KNZ`V:åJIAO:\PW/ä IAMBe
V�KNç IAV�W/ä:\�S WYX7V�O�ã/W/ä��Aä�KNO�V�Z[W/ä:ê/KNç#çÒW(\YIAXtä b E®XtêHT 2 ;�U#U#@ 3 < a>IAXtäLQ[W+ê�IN\^O�W(\PW�QTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX !
\�S IAMPV�O�W/ä+çÒK®\9GYQ[W/ä(KNX7V(ãYV�ã	\Pã h4WYQ[KNåPå�ã/ä+Q[KNO�ä(\PWRV�OZI�h#IAMB^ IAX7V�ãYO�Z[WYMPO�ä < V	WYO�ç IAX 2 ;�U#UB; 3 I�åPO�KNå�K�ä�ã
MPX]äFE^ä�VHGYçÒW�\PW�V�OZIAXtä�Z`V�Z[KNX � IAV�KNç#Z[êYZ`V�ãdMtXtW 2 ê_C < ä�W/êYV�Z[KNXÔë < ì < ë�3RWYV&JLWYV�Z`V 2 ;�U#U é�3fMPXoçÒK®\9GYQ[W �
ãYVZIAV�ä�UJINä�ãÒä�MPO�Q[WÒäFE^ä�VHGYçÒW#\PW#V�OZIAXtä�Z`V�Z[KNXÞ\Pã h4WYQ[KNåPå�ãÒ\YIAXtä�d�WYQ 2 ;�U#U ì�3 < J�IAO IAZ`Q`Q[WYMPO�ä�!�d(ZD^PWYMPZ`Q
2 ë�è�è�è�3 ! o OZIAXt\^Z`XJIAO�Z`M 2 ë�è�è�è�3&WYVdV	WYOZIAMPQ`V 2 ë�è�è O 3	åPO�KNå�K�ä�WYX7V�\PW/ä�çÒK®\9GYQ[W/ä�UJINä�ã/ä�ä�MPO�\PW/ä�äFE^ä e
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 � ��� � � � � ��� � � q8�@~ � x[� 	 ��q�sYyTw�y¼q���qYy Q = {1, 2, 3, 4} �Yy!x � � � q8�@~ � x[� 	 ��q�w4u/yzv ��� q���qYy
A = {a, b} �

� ��q�yz��w � q@vzyzv ��� qÒq ��� y!���Tr'��s�q8� � y�s���q�rPwN� 	 ��q � }�u �P��q×sYyzv 
 � �Yy�s���q�rPwN��x[��q�w4u/yzv ��� q��
��� sYyTw�y 1 ��qYy(x[��q8� � x�sYyTw�y(v � vzyzv�wNx:�Yy(x � sYyTw�y 4 x[��q8� � xhsYyTw�yRy��@�@~�v � wNx � �h��q@|AqYy�}@~�� 	 �#yz��w � q@vzyzv ������ ��qYy�rPwAq 	 sYy��@�@~�v � v�qYy���u�wN��x � sYyTw�y 3 ��qYy � �@v�
Nv � � 	 � 	 � ��� yz��w � q@vzyzv ��� q�r � �YyTw � yhx`w�~��@~���w4u/yzv ���
b �
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�������'ë < ë � g!XÄW_^PWYç#åPQ[W�\PW�äFE^ä�VHGYçÒW�\PW�V�OZIAXtä�Z`V�Z[KNX

b KNO�ä�æ7M�S MPX�äFE^ä�VHGYçÒWRW/ä�Vhê/KNç#å�K�ä�ãR\PW(ç INêHTPZ`XtW/ä+ä�ã/æ7MtWYX7V�Z[WYQ`Q[W/ä�äZIAXtä:Q`Z[WYX�WYX7V�O�W!WYQ`Q[W/ä�!�Q[Wfê/KNç e
å�KNO�V�WYçÒWYX7V�\^MÔäFE^ä�VHGYçÒW#W/ä�V�\Pã/êYO�Z`V�åJIAO�QQI_ê/KNç#å�K�ä�Z`V�Z[KNX \PW/ä�äFE^ä�VHGYçÒW/ä�\PW#V�OZIAXtä�Z`V�Z[KNXtä�Q[K®ê�IAMB^
\PW&êHTJINêYMPXtW&\PW/ä(ç INêHTPZ`XtW/äf\^M_äFE^ä�VHGYçÒW < c+WYV�V�W&ê/KNç#å�K�ä�Z`V�Z[KNX S4ãYXYGYO�W	MPX�äFE^ä�VHGYçÒW	\PW	V�OZIAXtä�Z`V�Z[KNX
S�Q[KNUJIAQ:\PKNX7V&QTS WYXtä�WYç�UPQ[W�\PW/ä&ãYVZIAV�ä&W/ä�V	Q[W�åPO�K®\^MPZ`V&ê�IAO�V�ã/ä�Z[WYX \PW/ä&ãYVZIAV�ä&\PW/ä&äFE^ä�VHGYçÒW/ä	\PW�V�OZIAXBe
ä�Z`V�Z[KNXtä	Q[W�ê/KNç#å�K�äZIAX7V < j	KNMtä INä�ä�K®êYZ[KNXtä!QTS INêYV�Z[KNX h®Z[\PW-!-XtKNV�ã/W

{−}
! ��\PW/ä!V�OZIAXtä�Z`V�Z[KNXtä�\^MoV E®å�W

(qi, aj , qi)
\PKNX7VRQTS W_^Pã/êYMPV�Z[KNX×XtW�êHTJIAX9S4W�åJINäfQTS ãYVZIAV!ê/KNMPOZIAX7V	\^M×äFE^ä�VHGYçÒW <


 5 # �8$Q�%$&��� i & '�� � �?������ 8$Q� ! 79�%��53,%$&10� � � ��r'� ��	�� vzyÄu�wN�Yy�s�q@vT� � 	 � ��� � � q8�@~ � x[� 	 � n q@|Aq$�
y�}@~���q 	 ��yz��w � q@vzyzv ��� q S = {S1,S2, . . . ,Sn}

�+* u �^w�
 � � Si = (Qi,Ai, Ti)
����qYy ��� q@|AqYy�}@~��

	 ��yz��w � q@vzyzv ��� q S = (Q,A, T )
�+* {

8 Q = Q1 ×Q2 × . . . ×Qn

8 A =
∏

1≤i≤n(Ai ∪ {−})

8 T = {(q1, q2, . . . , qn), (a1, a2, . . . , an), (q′1, q
′
2, . . . , q

′
n)} �+y��@x 
 � � ∀i ∈ {1, . . . , n}

(ai = {−} ⇒ qi = q′i)
���

(ai 6= {−} ⇒ (qi, ai, q
′
i) ∈ Ti)

� �-10/26�l&1 i &Q: ' � � � �@~!r'x[� 	 �(r'� ��	�� vzy�q@| � u �7� ��� v�q8s�� � yz��� 	 � ��� q@|AqYy�}@~���q 	 ��yz��w � q@vzyzv ��� q S1�Yy S2
��qYy®r'��s�q8� � y�sfq � �(x`w ! 
 � ��� � � � � � � �
� ~ � ��� 	 � sYyTw�y¼q 	�� q@|AqYy�}@~�� 	 �fyz��w � q@vzyzv ��� 
Nx ��� wNx���qYy�x[�

r'� ��	�� vzy 	 ��q �
� ~ � ����q 	 � sYyTw�y¼q 	 ��q!q@|AqYy�}@~���q 	 �	yz��w � q@vzyzv ��� qRx[��u � ~!r � q/w � y ��q � vzy 3×2 = 6 ��> ! �	 ��q@v¼~!r'x v !(�@��x`w�r'��s�q8� � yTw�yzv ��� ��x[��q(yz��w � q@vzyzv ��� q�r ��� �+x[��q 
 � �@x¼x[��qRy ��� q+x[��q�q@|AqYy�}@~���q 	 �(yz��w � q@vzyzv ��� q
	 � � wAq8�#� �	��u/y � � � y 	 ��q�w4u/yzv ��� q �8v 	 ��q � ��q ��� y�rPwAq����Tr'��s�q8� � y�s���q��

n�ê/KNX7V�OZIAO�Z[K !:Q[W/ä#ê/KNç#å�K�äZIAX7V�äÒ\PW�UJINä�W�\�S MPX äFE^ä�VHGYçÒW�O�ãYåJIAO�V�ZfO�ã�I�S�Z[ä�ä�WYX7VÒWYX7V�O�WÄWYMB^ 2 Q[W/ä
INêYV�Z[KNXtäf\�S MPX_ê/KNç#å�K�äZIAX7V(å�WYM9h4WYX7VfZ`X��tMtWYXtê/WYORê/WYQ`Q[W/ä(\�S MPX IAMPV�O�W 3 < JLKNMPOfO�WYXt\^O�W&ê/KNç#åPV�W�\PW	ê/W/ä
Z`X7V�WYOZINêYV�Z[KNXtä�!�KNX×å�WYMPV!O�W/ä�V�O�WYZ`Xt\^O�W�Q[W/ä!ê/KNç#å�KNO�V�WYçÒWYX7V�ä�\^MoäFE^ä�VHGYçÒW�\PW�V�OZIAXtä�Z`V�Z[KNX]WYX×X�S IAMPV�K�e
O�Z[äZIAX7V�æ7MtW�ê/WYO�VZIAZ`XtW/ädINêYV�Z[KNXtä�ê/KNç#å�K�ä�ã/W/ä < b!X2IAåPå�WYQ`Q[W � � q8�@~ � x[� 	 ��q@| � u �7� ��� v�q/w�yzv ���ÔQQI�Q`Z[ä�V�W
\PW�ê/W/äXINêYV�Z[KNXtä IAMPV�KNO�Z[ä�ã/W/äRå�KNMPOfQ[W�äFE^ä�VHGYçÒW�\PW�V�OZIAXtä�Z`V�Z[KNXÄåPO�K®\^MPZ`V <

 5 # �8$Q�%$&��� i & 'J'�� �?������ 8$Q� ,�*"�"!�0"�����8$&,�5	� � ��r'� ��	�� vzy�q@| � u �7� ��� v�q8s 	 � ��� � � q8�@~ � x[� 	 � n
q@|AqYy�}@~���q 	 ��yz��w � q@vzyzv ��� q S = {S1,S2, . . . ,Sn}

� �+* u �^w�
 � � Si = (Qi,Ai, Ti)
�&�Yy&w��N��u�x � � � �

q8�@~ � x[� 	 ��q@| � u �7� ��� v�q/w�yzv ��� S ′ ⊂
∏

1≤i≤n(Ai ∪ {−}) ����qYy ��� q@|AqYy�}@~�� 	 �_yz��w � q@vzyzv ��� S =
(Q,A, T )

�+* {
8 Q = Q1 ×Q2 × . . . ×Qn
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Système de transition S
1
 Système de transition S
2


1,4


2,4


3,4


1,5


2,5


3,5


(a,-)


(-,d)

(-,e)


(c,-)


(a,d)


(-,e)


(-,e)


(-,d)


(-,d)


(a,-)


(b,-)
(b,-)


(a,e)


(b,e)
(b,d)


(c,-)

(c,e)
 (c,d)


Produit cartesien des systèmes de transitions S
1
 et S
2


�������-ë < O � J:O�K®\^MPZ`V!ê�IAO�V�ã/ä�Z[WYX×\PW�\PWYMB^_äFE^ä�VHGYçÒW/äR\PW�V�OZIAXtä�Z`V�Z[KNXtä

8 A = S ′

8 T = {(q1, q2, . . . , qn), (a1, a2, . . . , an), (q′1, q
′
2, . . . , q

′
n)} �+y��@x 
 � � (a1, a2, . . . , an) ∈ A �

∀i ∈ {1, . . . , n} � (ai = {−} ⇒ qi = q′i)
���

(ai 6= {−} ⇒ (qi, ai, q
′
i) ∈ Ti)

� �-10/26�l&1 i & � ' � � � �@~!r'x[� 	 �(r'� ��	�� vzyhq@| � u �7� ��� v�q8s�� � yz����x[��q 	 � ��� q@|AqYy�}@~���q 	 ��yz��w � q@vzyzv ��� q
S1

�Yy S2
��qYyPr'��s�q8� � y�s!q � �!x`w ! 
 � ��� � � 3 � w��N��u&x � � � q8�@~ � x[� 	 �Rq@| � u �7� ��� v�q/w�yzv ��� S ′ ����qYyz���@v � y:w ���

yz��w � q@vzyzv ��� qRq � v��Aw � y���q {(a,−), (b,−), (c,−), (−, e), (−, d), (a, d), (b, e)} �
� ��q�w4u/yzv ��� q&w � y � �@v �

q8s���q&q ��� y+{�q � vzy a �Yy b 	�� q@|AqYy�}@~�� S1
q@| � u �7� ��� v�q8s���q�w��N��u�����qTrt��u/yzv��N�@~�� � y d �Yy e 	�� q@|AqYy�}@~��

S2
�:q � vzy q8� � x�x � ��� 	 ��q 	 � ��� q@|AqYy�}@~���q�� �	��u/y � � ��� ��w4u/yzv ��� � � ��q�sYyTw�y¼q 	 ��u���q@|AqYy�}@~�� 	 ��yz��w � �

q@vzyzv ��� q ��� y ��� y�� ��� q!rPwN��x[�!r'� ��	�� vzy!u�wN�Yy�s�q@vT� � 	 ��y ��� q�x[��q�sYyTw�y¼q 	 ��q�q@|AqYy�}@~���q 	 �#yz��w � q@vzyzv ��� q
q@| � u �7� ��� v�q8s�q��:q � vzy 3 × 2 = 6 �
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1,4


2,4


3,4


1,5


2,5


3,5


(a,-)


(-,d)

(-,e)


(c,-)


(a,d)


(-,e)


(-,e)


(-,d)


(-,d)


(a,-)


(b,-)
(b,-)

(b,e)


(c,-)


�������-ë < ì � J:O�K®\^MPZ`V	äFE®XtêHTPO�KNXPZ[ä�ã�\PW/äRäFE^ä�VHGYçÒW/ä S1
WYV

S2

����� � � � � � 

���	��
 �	��� � 

� ���,��� 
 � 
 ��� � � 
 � � � 
����

b W/ä&åPO�K®ê/W/ä�ä�WYMPO�ä	ä�KNX7V&Q[W/ä&ãYQ[ãYçÒWYX7V�ä�\PW�ê�IAQ[êYMPQ:\�S MPX äFE^ä�VHGYçÒW�O�ãYåJIAO�V�Z < JLKNMPO&çÒWYXtWYO �ÒUPZ[WYX
Q[WYMPO�äRê�IAQ[êYMPQ[ä�!PZ`Q[äfMPV�Z`Q`Z[ä�WYX7V!\PW/äfQ`Z[WYXtä!\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX]æ7MPZ�Q[WYMPORå�WYO�çÒWYV�V�WYX7V	\�S ã/êHTJIAX9S4WYO	\PW/ä
Z`XBC�KNO�ç IAV�Z[KNXtä < j	KNMtä�çÒK®\PãYQ`Z[ä�KNXtä�ê/W/ä�\PWYMB^ ê/KNç#å�K�äZIAX7V�ä�åJIAO�\PW/ä�äFE^ä�VHGYçÒW/ä�\PW�V�OZIAXtä�Z`V�Z[KNX !�WYX
V�WYXJIAX7V(ê/KNç#åPV�W!æ7MtWfQ[W/ä INêYV�Z[KNXtä+\PW!ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX_\PW/ähåPO�K®ê/W/ä�ä�WYMPO�ä�WYV�\PW/ä�Q`Z[WYXtä�\PW h®O�KNX7V �YV�O�W
äFE®XtêHTPO�KNXPZ[ä�ã/W/ä < c+W/äXINêYV�Z[KNXtä!ä�W�\^Z=h®Z[ä�WYX7V!WYXÄV�O�KNZ[äRWYXtä�WYç�UPQ[W/ä	\^Z[ä A�KNZ`X7V�ä �

� � �-WYXtä�WYç�UPQ[W�\PW/ä>INêYV�Z[KNXtä	\PW�Q[W/êYV�MPO�W < e:Q`Q[W/ä&ä�WYO�KNX7V&äFE®XtêHTPO�KNXPZ[ä�ã/W/ä>I�h4W/ê�\PW/ä INêYV�Z[KNXtä&\PW
Q[W/êYV�MPO�W#\PW/ä&O�W S�Z[ä�V�O�W/ä�\YIAXtä�Q[W�ê�INä�\�S MPX äFE^ä�VHGYçÒW���çÒãYçÒKNZ`O�W#åJIAO�VZI�S4ã/W-!�KNM \PW/ä?INêYV�Z[KNXtä
\PW&O�ã/ê/WYåPV�Z[KNXo\YIAXtäRMPXÄê�IAXJIAQ�\YIAXtäRQ[W�ê�INäR\�S MPX×äFE^ä�VHGYçÒW ��åJINä�äZI�S4W�\PW�çÒW/ä�äZI�S4W/ä <

� � �^WYXtä�WYç�UPQ[W�\PW/ä INêYV�Z[KNXtä(Z`X7V�WYO�XtW/ä < e:Q`Q[W/ä(X�S KNX7VfåJINä � �YV�O�W&äFE®XtêHTPO�KNXPZ[ä�ã/W/ä I�h4W/ê	Q[W/ä(Q`Z[WYXtä
\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXtä <

� , �+WYXtä�WYç�UPQ[W]\PW/ä INêYV�Z[KNXtä_\�S ã/êYO�Z`V�MPO�W < e:Q`Q[W/ä�ä�WYO�KNX7V_äFE®XtêHTPO�KNXPZ[ä�ã/W/ä I�h4W/ê]\PW/ä INêYV�Z[KNXtä
\�S ã/êYO�Z`V�MPO�W	\YIAXtähMPX�O�W S�Z[ä�V�O�WRåJIAO�VZI�S4ã	\YIAXtähQ[W!ê�INä�\�S MPX�äFE^ä�VHGYçÒW��&çÒãYçÒKNZ`O�W!åJIAO�VZI�S4ã/W	KNM
\PW/ä INêYV�Z[KNXtä�\�S ãYç#Z[ä�ä�Z[KNX�\PWfçÒW/ä�äZI�S4Wf\YIAXtähMPX�ê�IAXJIAQ-\YIAXtä:Q[WRê�INäh\�S MPX�äFE^ä�VHGYçÒW �&åJINä�äZI�S4W
\PW&çÒW/ä�äZI�S4W/ä <

�#���#��� �	),$��>-0/1$ & � 6 6 � �>)�&�=�'*)�� �

b W/ä�Q`Z[WYXtä�\PW#ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXÞä�KNX7V�Q[W/ä�ä�MPåPå�KNO�V�ä&å9T3E^ä�Z[æ7MtW/ä�\PW�QQI�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX < j	KNMtä
\^Z[ä�V�Z`X9S�MtKNXtä!\PWYMB^_V E®å�W/äR\PW&Q`Z[WYXtä �
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ecrire(1)


ecrire(4)

ecrire(3)
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ecrire(4)
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ecrire(3)


ecrire(1)


lire(1)

ecrire(2)


lire(2)


ecrire(4)


lire(4)


ecrire(3)


lire(3)


�������-ë < a � e�^PWYç#åPQ[W�\PW&O�W S�Z[ä�V�O�W

� Q[W/ä(O�W S�Z[ä�V�O�W/äfåJIAO�VZI�S4ã/ä �®MPV�Z`Q`Z[ä�ã/äR\YIAXtäfQ[W&çÒK®\9GYQ[W�\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX×åJIAOfçÒãYçÒKNZ`O�W�åJIAO e
VZI�S4ã/W-!�\Pã/êYO�Z`V ��QQI�ä�KNMtä e�ä�W/êYV�Z[KNX ;#< ë <=; !�\YIAXtä�Q[W/æ7MtWYQh\PWYMB^]åPO�K®ê/W/ä�ä�WYMPO�ä>h4KNZ[ä�Z`Xtä�ê/KNç#ç�MBe
XPZ[æ7MtWYX7V�åJIAO_\PW/ä�KNå�ãYOZIAV�Z[KNXtä�\PWoQ[W/êYV�MPO�W]WYV�\�S ã/êYO�Z`V�MPO�W W ��W/êYV�Mtã/W/ä�ä�MPO�\PWYMB^�O�W S�Z[ä�V�O�W/ä
åJIAO�VZI�S4ã/ä	W_^PêYQ`Mtä�Z=h4WYçÒWYX7V&WYX7V�O�W�WYMB^ < g!XÄåPO�K®ê/W/ä�ä�WYMPO!\^Z[ä�å�K�ä�W�\�S IAMPVZIAX7V&\PW�O�W S�Z[ä�V�O�W/ä	æ7MtW
\PW h4KNZ[ä�Z`Xtä < k�Q'å�WYMPV(Q`Z`O�W&WYVfã/êYO�Z`O�W&\YIAXtäfä�W/ä+åPO�KNåPO�W/ä(O�W S�Z[ä�V�O�W/ä�!®åJIAOfê/KNX7V�O�W&Z`Q�XtW	å�WYMPVfæ7MtW
Q`Z`O�W�Q[W/äRO�W S�Z[ä�V�O�W/ä h4KNZ[ä�Z`Xtä < g!XÄO�W S�Z[ä�V�O�W�ä�W�çÒK®\PãYQ`Z[ä�W�åJIAORMPX×äFE^ä�VHGYçÒW�\PW�V�OZIAXtä�Z`V�Z[KNXo\PKNX7V
Q[W/ä�ãYVZIAV�ä�ê/KNO�O�W/ä�å�KNXt\PWYX7V4IAMB^2h#IAQ[WYMPO�ä�\^M O�W S�Z[ä�V�O�W�åJIAO�VZI�S4ã <8b W/ä INêYV�Z[KNXtä�ä�KNX7V�\PWÒV E®å�W
Q[W/êYV�MPO�W#KNM]ã/êYO�Z`V�MPO�W#WYV�ä�WYO�KNX7V�äFE®XtêHTPO�KNXPZ[ä�ã/W/ä?I�h4W/ê�Q[W/ä>INêYV�Z[KNXtä�ê/KNO�O�W/ä�å�KNXt\YIAX7V�W/ä]IAM]XPZDe
h4W�IAM�\PW/ä:åPO�K®ê/W/ä�ä�WYMPO�ä <#b S INêYV�Z[KNX

ecrire(r, v)
ã/êYO�Z`VhQQI h#IAQ[WYMPO

v
\YIAXtä:Q[WfO�W S�Z[ä�V�O�W

r
< p!MJIAX7V

�#QTS INêYV�Z[KNX
lire(r, v)

!�WYQ`Q[W�XtW�êHTJIAX9S4W�åJINä!QTS ãYVZIAV&\^MoäFE^ä�VHGYçÒW < J�IAO>IAZ`Q`Q[WYMPO�ä�!'êHTJINæ7MtW�ãYVZIAV
\^M_äFE^ä�VHGYçÒW	\PW!V�OZIAXtä�Z`V�Z[KNX_å�K�ä�äHG/\PW	\PWYMB^ IAO�ê/ä(U�KNMtêYQQIAX7V�äfãYV�Z[æ7MtWYV�ã/ä(O�W/ä�å�W/êYV�Z=h4WYçÒWYX7VfåJIAO
ecrire(r, v)

WYV
lire(r, v)

< g!X×W_^PWYç#åPQ[W�\PW�O�W S�Z[ä�V�O�W �#æ7MJIAV�O�W/ä!ãYVZIAV�ä!W/ä�VRåPO�ã/ä�WYX7V�ã�ä�MPORQQI
MYS�MPO�WÒë < aB<�b KNO�ä�æ7M�S Z`Q:X�S E I�æ7M�S MPX ä�WYMPQ:O�W S�Z[ä�V�O�W-!�XtKNMtä�KNçÒWYV�V�KNXtä�Q[W�Q`Z`U�WYQ`Q[ã�\PW/ä?INêYV�Z[KNXtä
\PW&Q[W/êYV�MPO�W�WYVR\�S ã/êYO�Z`V�MPO�W <

� Q[W/ä�ê�IAXJIAMB^ �hMPV�Z`Q`Z[ä�ã/ä�\YIAXtä�Q[WÄçÒK®\9GYQ[Wo\PW×ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX åJIAO�åJINä�äZI�S4W×\PW×çÒW/ä�äZI�S4W-!
\Pã/êYO�Z`V �ÒQQI�ä�KNMtä e�ä�W/êYV�Z[KNX ;#< ë <=; !�\YIAXtä	Q[W/æ7MtWYQ Q[W/ä	åPO�K®ê/W/ä�ä�WYMPO�ä&ê/KNç#ç�MPXPZ[æ7MtWYX7V�åJIAO�WYX3h4KNZ
WYV!O�ã/ê/WYåPV�Z[KNX \PW�çÒW/ä�äZI�S4W/ä <�b W/ä!çÒW/ä�äZI�S4W/ä	êYZ`O�êYMPQ[WYX7V�WYX7V�O�W�QTS W_^^å�ã/\^Z`V�WYMPO&WYV!Q[W�O�ã/ê/WYåPV�WYMPO
WYX V�OZI�h4WYO�äZIAX7V�MPXÞê�IAXJIAQ+O�WYQ`ZQIAX7V�Q[W/ä�\PWYMB^ÔåPO�K®ê/W/ä�ä�WYMPO�ä < g!XÞê�IAXJIAQ(ä�W#çÒK®\PãYQ`Z[ä�WÒåJIAO�MPX
äFE^ä�VHGYçÒW�\PW�V�OZIAXtä�Z`V�Z[KNX \PKNX7V#Q[W/ä#ãYVZIAV�äÒä�KNX7V#\PW/ä#ç�MPQ`V�ZDe�WYXtä�WYç�UPQ[W/ä�! IAåPå�WYQ[ã/ä�çÒW/ä�äZI�S4W/ä <
K®W/ä�V�OZIAXtä�Z`V�Z[KNXtä#ä�KNX7V#\PW�V E®å�W�ãYç#Z[ä�ä�Z[KNXIKNMIO�ã/ê/WYåPV�Z[KNX WYV�ä�KNX7V#äFE®XtêHTPO�KNXPZ[ä�ã/W/ä4I�h4W/ê�Q[W/ä
INêYV�Z[KNXtäfê/KNO�O�W/ä�å�KNXt\YIAX7V�W/äXIAM�XPZ=h4W�IAMÄ\PW/ä+åPO�K®ê/W/ä�ä�WYMPO�ä <0b S INêYV�Z[KNX

emission(c,m)
I%A�KNMPV�W

Q[WRçÒW/ä�äZI�S4W
m
ä�MPO�Q[W	ê�IAXJIAQ

c
WYV�QTS INêYV�Z[KNX

reception(c,m)
O�WYV�Z`O�W!Q[W!çÒW/ä�äZI�S4W

m
\^M�ê�IAXJIAQ

c
<�b KNO�ä�æ7M�S Z`Q�X�S ERIÒæ7M�S MPX]ä�WYMPQLê�IAXJIAQ,!-XtKNMtä&KNçÒWYV�V�KNXtä	Q[W�Q`Z`U�WYQ`Q[ã�\PW/ä INêYV�Z[KNXtä&\�S ãYç#Z[ä�ä�Z[KNX
WYV�\PW×O�ã/ê/WYåPV�Z[KNX < g!X W_^PWYç#åPQ[Wo\PWoê�IAXJIAQ&ç IAXPZ`åPMPQQIAX7VÄ\PWYMB^ çÒW/ä�äZI�S4W/ä

m1
WYV

m2
W/ä�V

åPO�ã/ä�WYX7V�ã�ä�MPORQQI MYS�MPO�W�ë < @B<Jb W/ä!ê�IAXJIAMB^Äå�WYM9h4WYX7V �YV�O�W�êYQQINä�ä�ã/ä!WYXÄåPQ`Mtä�Z[WYMPO�ä!V E®å�W/ä!ä�WYQ[KNX
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Q[WYMPO�ä+åPO�KNåPO�Z[ãYV�ã/ä < d�KNMPVR\�S IAU�KNO�\(!7Q[W/ä(ê�IAXJIAMB^ � � � � s�q XtW&ê/KNX7V�Z[WYXPXtWYX7VRæ7M�S MPX�XtKNç�UPO�WXMtXPZ
\PWRçÒW/ä�äZI�S4W/ä <0b W/ä+ê�IAXJIAMB^��
��� � � � � s�q å�WYM9h4WYX7Vfê/KNX7V�WYXPZ`O+MPXtW!Z`XBMtXPZ`V�ã	\PW!çÒW/ä�äZI�S4W/ä �4Q[W/ä
äFE^ä�VHGYçÒW/ä�\PW!V�OZIAXtä�Z`V�Z[KNXtä INä�ä�K®êYZ[ã/ä�ä�KNX7V+Z`XBMtXPZ[ä < a&WRç �YçÒW-!7Q[W/ä�ê�IAXJIAMB^�å�WYM9h4WYX7V(ê/KNX7V�WYXPZ`O
\PW/ä+çÒW/ä�äZI�S4W/ä(\PW!VZIAZ`Q`Q[WXM9^PW	KNM h#IAO�ZQIAUPQ[W < e:XBMtX !^KNX�å�WYMPVfêYQQINä�ä�WYO+Q[W/ä(ê�IAXJIAMB^�ä�MPZ=h#IAX7V(Q[W/ä
åPO�KNåPO�Z[ãYV�ã/ä!\�S KNO�\^O�W�\PW�O�ã/ê/WYåPV�Z[KNXo\PW&çÒW/ä�äZI�S4W/ä < g!XÄê�IAXJIAQ � � � � 2 \PW&QTS IAX9S�QQIAZ[ä�!-lLZ`O�ä�VRk�X
lLZ`O�ä�Vfb!MPV 3 INä�ä�MPO�W!æ7MtWRQ[W/ähçÒW/ä�äZI�S4W/ä+ä�KNX7V�O�W )YMtä+\YIAXtä�QTS KNO�\^O�W	\PWRQ[WYMPO(ãYç#Z[ä�ä�Z[KNX < a>IAXtä�Q[W
ê�INä�ê/KNX7V�OZIAZ`O�W-!�Q[W/ä	çÒW/ä�äZI�S4W�å�WYM9h4WYX7V�ä�W�å�WYO�\^O�W#KNM �YV�O�W�O�W )YMtä�\YIAXtä&MPX KNO�\^O�W#\^Z ��ãYO�WYX7V
\PW�ê/WYQ`MPZ \PW�Q[WYMPO&WYX3h4KNZ <+b W�ê�IAXJIAQ åPO�ã/ä�WYX7V�ã�ä�MPO	QQI MYS�MPO�W#ë < N W/ä�V!QTS ã/æ7MPZ=h#IAQ[WYX7V�WYX]l k�lLb
\^MÄê�IAXJIAQL\PW&QQI]MYS�MPO�W�ë < @B<

J:O�ã/êYZ[ä�KNXtä�æ7M�S MPX Q`Z[WYX å�WYMPV �YV�O�W�Z`Xt\^Z ��ãYO�WYç#çÒWYX7V�MPX O�W S�Z[ä�V�O�W#KNM MPXÔê�IAXJIAQ,!�ç �YçÒWÒä8S Z`Q:W_^^Z[ä�V�W
MPXtW#\^Z ��ãYO�WYXtê/W]C�KNXt\YIAçÒWYX7VZIAQ[W�WYX7V�O�W#WYMB^ ��\YIAXtä&MPXÔê�IAXJIAQ,!�Z`Q X�S W/ä�V�åJINä&V�KNM\A�KNMPO�ä�å�K�ä�ä�Z`UPQ[W�\PW
Q`Z`O�W�\PW/äRZ`XBC�KNO�ç IAV�Z[KNXtä�!-WYV!Z`Q�X�S W/ä�V!åJINäRV�KNM\A�KNMPO�äRå�K�ä�ä�Z`UPQ[W�\�S ã/êYO�Z`O�W�\PW/äRZ`XBC�KNO�ç IAV�Z[KNXtä < a&W�åPQ`Mtä�!
QQI�Q[W/êYV�MPO�WÒ\�S MPXÔçÒW/ä�äZI�S4W#çÒK®\^ZDM-W#QTS ãYVZIAV�\�S MPX ê�IAXJIAQ,!"IAQ[KNO�ä�æ7MtW#ê/W�X�S W/ä�V�åJINä�Q[WÒê�INä�å�KNMPO�MPX
O�W S�Z[ä�V�O�W <

�#���#��� � 8	� &�$�-C-%$��18 -

b W/ähåPO�K®ê/W/ä�ä�WYMPO�ähæ7MPZtê/KNXtä�V�Z`V�MtWYX7V+Q[WfäFE^ä�VHGYçÒW(å�WYM9h4WYX7V �YV�O�WRKNM#XtKNX�\^Z ��ãYO�WYXtêYZ[ã/ähQ[W/ähMPXtäh\PW/ä
IAMPV�O�W/ä < g!X�äFE^ä�VHGYçÒWfW/ä�V�\^Z`V ��� v � � �@~�� KNM w �
��� |N~�� ä�ZtQ[W/ä:åPO�K®ê/W/ä�ä�WYMPO�ä�ä�KNX7V�Z`Xt\^Z ��ãYO�WYXtêYZ[ã/ä ��Z`Q[ä
ä�KNX7VhV�KNMtähZ[\PWYX7V�Z[æ7MtW/ä�WYV�W_^Pã/êYMPV�WYX7V�Q[Wfç �YçÒWXIAQ=S4KNO�Z`VFTPçÒW < k�QtW/ä�V�\^Z`V �
��� � ��� v � � �@~�� !�ä8S Z`Q-\PW h®Z[WYX7V
å�K�ä�ä�Z`UPQ[W_\PW_\^Z[ä�V�Z`X9S�MtWYOÒMPXEåPO�K®ê/W/ä�ä�WYMPOÒ\�S MPX IAMPV�O�W < g!XEäFE^ä�VHGYçÒW_W/ä�V#\^Z`V q8�@~�v � ��� v � � �@~�� ! ä�Z
KNX \^Z[ä�V�Z`X9S�MtW#MPXÔåPO�K®ê/W/ä�ä�WYMPO�åJIAO�V�Z[êYMPQ`Z[WYO�å�KNMPO�W_^Pã/êYMPV�WYO�MPX IAQ=S4KNO�Z`VFTPçÒW�\^Z ��ãYO�WYX7V�\PW/ädIAMPV�O�W/ä
åPO�K®ê/W/ä�ä�WYMPO�ä <

g!XtW IAMPV�O�W!\^Z ��ãYO�WYXtê/W C�KNXt\YIAçÒWYX7VZIAQ[W	\PW/ähåPO�K®ê/W/ä�ä�WYMPO�ä�O�ã/ä�Z[\PWR\YIAXtä�Q[WR\PãYV�WYO�ç#Z`XPZ[ä�çÒW < k�X7V�MPZDe
V�Z=h4WYçÒWYX7V�!�MPX r'� � u���q�q8� � � 	 sYy��@�@~�v � v�qYy�� W/ä�V	MPX]åPO�K®ê/W/ä�ä�WYMPO�\PKNX7V&QQI�ä�KNO�V�Z[W�XtW�\PãYå�WYXt\]æ7MtW�\PW
ä�W/ä�WYX7V�O�ã/W/ä < g!X r'� � u���q�q8� � ��r'� ��� w � v¼x v�qYy�� W/ä�V&MPX åPO�K®ê/W/ä�ä�WYMPO�æ7MPZ å�WYMPV�åPO�WYXt\^O�WÒ\PW/ä�\Pã/êYZ[ä�Z[KNXtä
IAQ[ã�IAV�KNZ`O�W/ä��×åJIAO�V�Z`OÒ\�S MPXEç �YçÒW_ãYVZIAV < c+WYV�V�W_\^Z ��ãYO�WYXtê/W_W/ä�V]C�KNXt\YIAçÒWYX7VZIAQ[WÄê�IAO#Z`QfW_^^Z[ä�V�W�\PW/ä
åPO�KNUPQPGYçÒW/ä�æ7MPZ�XtW�å�WYM9h4WYX7V	åJINä �YV�O�W�O�ã/ä�KNQ`Mtä	\YIAXtä	MPX]ê�IN\^O�W�åPMPO�WYçÒWYX7V�\PãYV�WYO�ç#Z`XPZ[ä�V�W 2 Z < W < !-Q[W
ê/KNXtä�WYXtä�MtäR\YIAXtäRMPXÄäFE^ä�VHGYçÒW?INäFE®XtêHTPO�KNXtW-!-lLZ[ä�êHTtWYO�! b E®XtêHToWYVRJ�IAV�WYO�ä�KNX ! ;�U é a 3 <

ltKNO�çÒWYQ`Q[WYçÒWYX7V�!tMPX�åPO�K®ê/W/ä�ä�WYMPO(W/ä�V+MPX_äFE^ä�VHGYçÒW	\PW!V�OZIAXtä�Z`V�Z[KNXÄ\PKNX7V(Q[W/ä(ãYVZIAV�ä+Z`Xt\^Z[æ7MtWYX7VfQ[W/ä
\^Z ��ãYO�WYX7V�W/ä?h#IAQ[WYMPO�ä�\PW/ä h#IAO�ZQIAUPQ[W/ä�MPV�Z`Q`Z[ä�ã/W/ä�WYV�\PKNX7V�Q[W/ä�V�OZIAXtä�Z`V�Z[KNXtä�Z`Xt\^Z[æ7MtWYX7V�Q[W/ä�\^Z ��ãYO�WYX7V�W/ä
INêYV�Z[KNXtä!æ7M�S Z`Q�å�WYMPV!W ��W/êYV�MtWYO <

 5 # �8$Q�%$&��� i & ' i � �?����! 13,�,�10 "� � ' � r'� � u���q�q8� � ����qYy ��� q@|AqYy�}@~�� 	 �Ryz��w � q@vzyzv ��� 	 sYy��@�@~�v � v�qYy��
S = (Q,A, T ) � �+* Q ��qYy(x � wNx r �^w � �Yy!u ��� qYyzvzy � s 	 ��qÒsYyTw�y¼qRr � q�q@v � x[��q 	�� r'� � u���q�q8� � ��� A x[�Rr'� � �
	�� vzy(u�wN�Yy�s�q@vT� � 	 ��q�sYyTw�y¼q(r � q�q@v � x[��q 	 ��q�� � v�q@v � q 	�� r'� � u���q�q8� � �Ò�Yy T x`w/� ��� u/yzv ��� 	 ��yz��w � q@vzyzv ���
wAq�q � uYvTs�����x � wNx 
 � �@vzy��7~�� 	�� r'� � u���q�q8� � ���
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lit(r
2
,2)
lit(r
1
,2)


D


x = 0


ecrit(r
1
 ,1)


�������'ë < é � K3E^ä�VHGYçÒW�\PW�V�OZIAXtä�Z`V�Z[KNX×\PW/äfOHG S�Q[W/ä S3IAO�\Pã/W R1
WYV

R2

b W/ä	åPO�K®ê/W/ä�ä�WYMPO�ä&ä�KNX7V&çÒK®\PãYQ`Z[ä�ã/ä	åJIAO&\PW/ä&äFE^ä�VHGYçÒW/ä	\PW�V�OZIAXtä�Z`V�Z[KNXtä�!'ç IAZ[ä&\Pã/êYO�Z`V�ä&åJIAO&\PW/ä
IAQ=S4KNO�Z`VFTPçÒW/ä�Q[K®ê�IAMB^]å�KNMPO�åPQ`Mtä�\PW�Q`Z[ä�Z`UPZ`Q`Z`V�ã <"b KNO�ä�æ7M�S KNX ã/êYO�Z`V�MPX�IAQ=S4KNO�Z`VFTPçÒW-!LKNX MPV�Z`Q`Z[ä�W CzO�ã_e
æ7MtWYç#çÒWYX7V	\PW/ä h#IAO�ZQIAUPQ[W/äRXtKNç#çÒã/W/ä!æ7MPZ�åPO�WYXPXtWYX7V!Q[WYMPO�ä h#IAQ[WYMPO�äR\YIAXtäRMPX×WYXtä�WYç�UPQ[W>MtXPZ�å�KNMPO
\Pã/êYO�Z`O�WÄQTS ãYVZIAV�\�S MPX åPO�K®ê/W/ä�ä�WYMPO < c+WÄ\PWYO�XPZ[WYO�W/ä�V IAQ[KNO�äÒQ[W_åPO�K®\^MPZ`V�ê�IAO�V�ã/ä�Z[WYX \PW/ä4h#IAQ[WYMPO�ä�\PW
êHTJINêYMPXtW�\PW�ä�W/äXh#IAO�ZQIAUPQ[W/ä < a&W?C`I�)/KNXRS4ãYXtãYOZIAQ[W-!'MPXgIAQ=S4KNO�Z`VFTPçÒW�O�ãYåJIAO�V�Z:W/ä�V	\Pã/êYO�Z`V&ä�KNMtäXC�KNO�çÒW
\�S MPXtW!\^Z[ä A�KNXtêYV�Z[KNX4MtXPZ[WR\PW ��} 
Nx[��q�
4wN� 	 s���q \PWfQQI C�KNO�çÒW �4ä�ZPQQI S3IAO�\PW!W/ä�V h®OZIAZ[WXIAQ[KNO�ä�KNX�W ��W/êYV�MtW
QTS INêYV�Z[KNXoê/KNO�O�W/ä�å�KNXt\YIAX7V�W < c TJINæ7MtW�OHG S�Q[W�W/ä�VfZ[\PWYX7V�ZDM-ã/W�åJIAORMPXtW�ãYV�Z[æ7MtWYV�V�W <

 5 # �8$Q�%$&��� i & ' � � � . !�l&1 !J79���8531	� ' � ����} 
Nx[� 
4wN� 	 s�� 	 � ��� r'� � u���q�q8� � � p ��qYy ��� ����} 
Nx[� 	 �
x`w � � �@~�� 
4wN� 	 � −→ w4u/yzv ��� � �+* x`w�rPwN�YyzvT� 
4w � u �P� ��qYy�w�r4rt�@x[s��×x`w 
4wN� 	 �]�Yy�x`w�rPwN�YyzvT� 	 � � vzy��
x � w4u/yzv ��� � � w�
4wN� 	 �Ä��qYy ��� r'��s 	 v�u�w�y&q � ��x � sYyTw�y 	�� r'� � u���q�q8� � � p �Yy!q � ��u��@x � v 	 �Òq8��q�� � v�q@v � q��
��� w4u/yzv ��� ��qYy ��� ��w#�	��u/yTw�yzv ��� 	 ��q �AwN�@v�w � x[��q 	 � p �

a>IAXtä�Q[WRçÒK®\9GYQ[W���ãYVZIAV�ä�!4å�KNMPO+ã h#IAQ`MtWYO�QQI>S3IAO�\PW!\�S MPXtW!OHG S�Q[W S3IAO�\Pã/W-!7MPXÒåPO�K®ê/W/ä�ä�WYMPO
p
\PKNZ`V

Q`Z`O�WfQ[WRê/KNX7V�WYX7M�\PW/ähV�KNMPV�W/ähQ[W/ä h#IAO�ZQIAUPQ[W/ä IAåPåJIAOZIAZ[ä�äZIAX7V+\YIAXtä:QQI S3IAO�\PW < g!XtWfOHG S�Q[WR\PKNX7VhQQI S3IAO�\PW
W/ä�V h®Z[\PW�W/ä�VR\^Z`V�W qTr ��� yTw � s�� < g!XtW ��} 
Nx[�#w4u/yzv��Aw � x[� W/ä�VfMPXtW�OHG S�Q[W�\PKNX7VRQQI S3IAO�\PW�W/ä�V h#IAQ`Z[\PW < g!X
r'� � u���q�q8� � �#w4u/yzv��Aw � x[� W/ä�VfMPXÄåPO�K®ê/W/ä�ä�WYMPOR\PKNX7V!QTS MPXtW�\PW�ä�W/äfOHG S�Q[W/ä!W/ä�VXINêYV�Z=h#IAUPQ[W <

 5 # �8$Q�%$&��� i & '  � � 79, 7B����/�$ "- "1	� ' � rPwAq�w�y � ~�v 
 � � 	 � ��� r'� � u���q�q8� � � p ��qYy+x`w�x[��u/y � ��� 	 �
x � sYyTw�y 	 ��q8��q � � v�q@v � q&q � v��8vT� 	 ��x`w�x[��u/y � ��� 	 ��q ��� sYyTw�y(u ��� ��w � y �

� �-10/26�l&1 i & � � ��� q@v 	 s@� ��� q ��� r'� � u���q�q8� � � 	
��� yfx[�Òu ��	 ����qYy 	
����� s�q ��� q�x`w � � �@~�� 	 � 	 � ���
��} 
Nx[��q 
4wN� 	 s���q R1

�Yy R2
�Yy 
 � v�rt� � yfu � ~�~ ��� v 
 � �@��w � ~ � |7� � 	 � 	 � ��� ��� 
Nv�qYyz����q r1

�Yy r2
�

R1 : lire(r1, 2) ∧ lire(r2, 2) −→ x = 0; ecrire(r1, 1);
R2 : −→ x = 1; ecrire(r2, 1);

�h�Yy�wNx 
 � �@vzy��7~�� � �]��s�q ��� y�w � u ��� r'� ��� x[}@~���� � x�rt�@�@~��Yy 	 � v¼x¼x � qYyz���@�]x[��q 	 v �	s@��� � y¼qÔyz|�rt��q 	 �
4wN� 	 ��q�� � w 
4wN� 	 � 	 ��x`w_��} 
Nx[� R1
u ��� yzvT� � y 	 � ��� � rts@��w�yzv ��� q 	 ��x[��u/y � ����wNx � ��q 
 � ��q ��� w4u/yzv ���

u ��� yzvT� � y ��� ��w4u/yzv ��� v � y��@� � �0#Tx � w#�	��u/yTw�yzv ��� 	 � 0 � x %_�Yy ��� �#w4u/yzv ��� 	 � s�uY�@vzy � ����� � w���} 
Nx[� R2��qYy�qTr ��� yTw � s�����q ��� w4u/yzv ��� u ��� yzvT� � y ��� �!w4u/yzv ��� v � y��@� � � #Tx � w#�	��u/yTw�yzv ��� 	 � 1 � x %��Yy ��� �!w4u/yzv ���	 � s�uY�@vzy � �����
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JLKNMPO(åJINä�ä�WYO�\�S MPXtW	\^Z[ä A�KNXtêYV�Z[KNX�\PWROHG S�Q[W/ä S3IAO�\Pã/W/ä ��MPX�äFE^ä�VHGYçÒW!\PWRV�OZIAXtä�Z`V�Z[KNX !®KNX�çÒWYV(WYX
K®WYM9h®O�W&QQI�V�OZIAXtä C�KNO�ç IAV�Z[KNXoä�MPZ=h#IAX7V�W �

� Q[W/ä h#IAQ[WYMPO�ä+\PW/ä h#IAO�ZQIAUPQ[W/ä(\PWRQTS IAQ=S4KNO�Z`VFTPçÒW&WYV(ä�KNX�å�KNZ`X7V�WYMPO(\PW!åPO�K\S�OZIAç#çÒW	\PãYV�WYO�ç#Z`XtWYX7V
Q[W/äRãYVZIAV�ä!\^MÄäFE^ä�VHGYçÒW�\PW�V�OZIAXtä�Z`V�Z[KNX �

� êHTJINæ7MtW�V�OZIAXtä�Z`V�Z[KNXÄ\^MÄäFE^ä�VHGYçÒW�\PW	V�OZIAXtä�Z`V�Z[KNX×W/ä�VRãYV�Z[æ7MtWYV�ã/W&åJIAOfQTS MPXtW�\PW/äXINêYV�Z[KNXtä MYS�MBe
OZIAX7V�\YIAXtä�QTS MPXtW�\PW/ä�OHG S�Q[W/ä]S3IAO�\Pã/W/ä < g!XÞäFE^ä�VHGYçÒW�\PWÒV�OZIAXtä�Z`V�Z[KNXÞO�WYåPO�ã/ä�WYX7VZIAX7V�Q[WÒåPO�K�e
ê/W/ä�ä�WYMPO�\PKNX7V�Q[WÄê/K®\PW×W/ä�V�\Pã/êYO�Z`V�åJIAO�Q[W/ä�\PWYMB^EOHG S�Q[W/ä

R1
WYV

R2
W/ä�VÒåPO�ã/ä�WYX7V�ãoä�MPOÒQQI

MYS�MPO�W�ë < é <

����� H�� 
 ��� � ��
 
 � � � 
�����


n åJIAO�V�Z`OL\�S MPX�äFE^ä�VHGYçÒW O�ãYåJIAO�V�Z,!8Z`Q4W/ä�V�å�K�ä�ä�Z`UPQ[Wh\PW:ê/KNXtä�V�O�MPZ`O�WhMPX?S�OZIAå9TtWh\PWhê/KNç#ç�MPXPZ[ê�IAV�Z[KNX
G
çÒK®\PãYQ`Z[äZIAX7V QQI!O�WYQQIAV�Z[KNX��YW/ä�V ê�IAåJIAUPQ[Wf\PW�V�OZIAXtä�çÒWYV�V�O�Wf\PW/ä Z`XBC�KNO�ç IAV�Z[KNXtä	��� < a>IAXtä ê/W S�OZIAå9TtW-!

ä�Z�Q[W/äfQ`Z[WYXtä!ä�KNX7VR\PW/äRO�W S�Z[ä�V�O�W/äfåJIAO�VZI�S4ã/ä�!�IAQ[KNO�äfMPXRIAO�ê
(i, j)

W/ä�VRåPO�ã/ä�WYX7V!ä�Z�WYVRä�WYMPQ[WYçÒWYX7V	ä�Z �

� MPXtWdINêYV�Z[KNX ecrire(v)
ä�MPO

rij
C`IAZ`VRåJIAO�V�Z[W�\PW&QTS WYXtä�WYç�UPQ[W�\PW/äXINêYV�Z[KNXtä!\^MÄåPO�K®ê/W/ä�ä�WYMPO

pi
!

� MPXtWdINêYV�Z[KNX lire(v)
\PW

rij
C`IAZ`VRåJIAO�V�Z[W�\PW&QTS WYXtä�WYç�UPQ[W�\PW/äXINêYV�Z[KNXtä!\^MÄåPO�K®ê/W/ä�ä�WYMPO

pj
!PWYV

� rij
W/ä�VfMPX_O�W S�Z[ä�V�O�W�åJIAO�VZI�S4ã�W_^PêYQ`Mtä�Z=h4WYçÒWYX7V!åJIAO

pi
WYV

pj
<


 5 # �8$Q�%$&��� i & '9: ' � q@|AqYy�}@~�����sTrPwN�Yyzv S ��qYy+x[�(r'� ��	�� vzy+q@| � u �7� ��� v�q8s 	 ��x � � � q8�@~ � x[� 	 ��q�q@|Aq$�
y�}@~���q 	 �#yz��w � q@vzyzv ��� q P = {P1, . . . , Pn}

���Tr'��s�q8� � yTw � yRx[��q!r'� � u���q�q8� � ��q��Yy 	 ��x � � � q8�@~ � x[� 	 ��q
q@|AqYy�}@~���q 	 ��yz��w � q@vzyzv ��� q L = {L1, . . . , Lm} ���Tr'��s�q8� � yTw � y+x[��q�x vT� � q 	 ��u � ~�~ ��� v�u�w�yzv ��� �

b S ãYVZIAV S�Q[KNUJIAQL\�S MPXoäFE^ä�VHGYçÒW�O�ãYåJIAO�V�Z���MPX×Z`Xtä�VZIAX7V!åPO�ã/êYZ[ä!W/ä�V	WYX7V�ZPGYO�WYçÒWYX7V�\Pã/êYO�Z`V!åJIAORMPXtW
ê/KNXBMYS�MPOZIAV�Z[KNX <

 5 # �8$Q�%$&��� i & ' � � � ���$#�!� "��7B�%$&��� � ' � �Òu ��� ! 
 � ��w�yzv ��� 	 � ��� q@|AqYy�}@~�����sTrPwN�Yyzv S = (P,L) �
��qYy ��� sYyTw�y 	�� r'� ��	�� vzyhq@| � u �7� ��� v�q8s 	 ��q&q@|AqYy�}@~���q 	 ��yz��w � q@vzyzv ��� q P �Yy L �<;fwN��u ��� qYyz� � u/yzv ��� ���� ��u ��� ! 
 � ��w�yzv ��� c

	 � S ��qYy�u�wN��w4u/y�s@�@v�q8s��RrPwN� ��� �N��u/y�� � � 	 ��q�sYyTw�y¼q 	 ��y ��� q&x[��q	q@|AqYy�}@~���q 	 �
yz��w � q@vzyzv ��� q��

b S WYXtä�WYç�UPQ[WÒ\PW/ä�ê/KNXBMYS�MPOZIAV�Z[KNXtä�\�S MPX äFE^ä�VHGYçÒW
S
W/ä�V&XtKNV�ã

C
< JLKNMPO�\Pã/êYO�Z`O�W�Q[W�ê/KNç#å�KNO�V�W_e

çÒWYX7V�\�S MPXÞäFE^ä�VHGYçÒW#O�ãYåJIAO�V�Z,!�Z`Q+W/ä�V�å�K�ä�ä�Z`UPQ[W#\PWÒQ[W#O�WYåPO�ã/ä�WYX7V�WYO�ä�KNMtä�QQI C�KNO�çÒWÒ\�S MPXÞäFE^ä�VHGYçÒW
\PW�V�OZIAXtä�Z`V�Z[KNX S�Q[KNUJIAQ <+b W/ä&ãYVZIAV�ä�ä�KNX7V&Q[W/ä&ê/KNXBMYS�MPOZIAV�Z[KNXtä�\^M]äFE^ä�VHGYçÒW-!'äZI C�KNXtêYV�Z[KNX \PW�V�OZIAXtä�ZDe
V�Z[KNXÄW/ä�VfQQI�ê/KNç#å�K�ä�Z`V�Z[KNXÄ\�S MPXtW�KNMÄ\PW&åPQ`Mtä�Z[WYMPO�äXINêYV�Z[KNXtäRWYVRä�KNX_WYXtä�WYç�UPQ[W�\PW�äFE®XtêHTPO�KNXPZ[äZIAV�Z[KNX
ê/KNX7V�Z[WYX7V	Q[W/äXINêYV�Z[KNXtä IAMPV�KNO�Z[ä�ã/W/ä!ä�MPZ=h#IAX7V�W/ä �

� W_^YINêYV�WYçÒWYX7VRMPXtW>INêYV�Z[KNX_Z`X7V�WYO�XtW�\�S MPX_åPO�K®ê/W/ä�ä�WYMPOfWYV(QTS INêYV�Z[KNX h®Z[\PW	å�KNMPO(V�KNMtä(Q[W/ä IAMPV�O�W/ä
äFE^ä�VHGYçÒW/äR\PW&V�OZIAXtä�Z`V�Z[KNXtä��

� MPXtW>INêYV�Z[KNXÄ\PW	Q[W/êYV�MPO�W&å�KNMPO+MPX_åPO�K®ê/W/ä�ä�WYMPO�!®MPXtW>INêYV�Z[KNX_\PW	Q[W/êYV�MPO�W&å�KNMPO(Q[W	Q`Z[WYX INä�ä�K®êYZ[ã
WYVfQTS INêYV�Z[KNX h®Z[\PW&å�KNMPORV�KNMtäfQ[W/äXIAMPV�O�W/ä!äFE^ä�VHGYçÒW/äf\PW�V�OZIAXtä�Z`V�Z[KNXtä��



i &  (+*-,���.0/213,4��536879�%�%$&,  '

� MPXtWdINêYV�Z[KNX×\�S ã/êYO�Z`V�MPO�W�å�KNMPORMPX_åPO�K®ê/W/ä�ä�WYMPO�!PMPXtW?INêYV�Z[KNX×\�S ã/êYO�Z`V�MPO�W�å�KNMPOfQ[W�Q`Z[WYX INä�ä�K®êYZ[ã
WYVfQTS INêYV�Z[KNX h®Z[\PW&å�KNMPORV�KNMtäfQ[W/äXIAMPV�O�W/ä!äFE^ä�VHGYçÒW/äf\PW�V�OZIAXtä�Z`V�Z[KNXtä <

� �-10/26�l&1 i &�" � ��� q@v 	 s@� ��� q ��� q@|AqYy�}@~�����sTrPwN�Yyzvfu ��� qYyzvzy � s 	 � 	 � ��� r'� � u���q�q8� � ��q p1
�Yy p2

�Yy
	 � ��� ��� 
Nv�qYyz��� r rPwN�YyTw�
7sfrPwN��u���q 	 � ��� r'� � u���q�q8� � ��q�y��@x 
 � ��{

8 x[�(r'� � u���q�q8� � � p1
	 v�qTr � q8� 	 � ��� � ��� v 
 � ����} 
Nx[� R1 : lire(1) −→ ecrire(1) �

8 x[�(r'� � u���q�q8� � � p2
	 � ��� � ��� v 
 � ����} 
Nx[� R2 : lire(2) −→ ecrit(2) �

8 x[����� 
Nv�qYyz��� r rt� � y�r'��� �
	 ����x � ��� � 	 ��q 	 � ��� �AwNx[� � ��q�� � yzvT}@����q 1 �Yy 2 �� ��q�q@|AqYy�}@~���q 	 ��yz��w � q@vzyzv ��� q�u � �@����qTr ���
	 w � y¼q�w ��� r'� � u���q�q8� � ��q p1
� p2

�YyRw � ��� 
Nv�qYyz��� r �fwNv � q@v
 � �!x[�:r'� ��	�� vzy�q@| � u �7� ��� v�q8s 	 �Rq8��q!yz� � v�qfq@|AqYy�}@~���q���q ��� y 	
����� s�qfq � �Rx`w�! 
 � ��� � � ��� ��� � � q8�@~ � x[�
	 �hq@| � u �7� ��� v�q/w�yzv ��� S ′ = {(lire(1),−, lire(1)); (−, lire(2), lire(2)); (ecrire(1),−, ecrire(1));
(−, ecrire(2), ecrire(2))} ��; ��� �	x`w�x v�q@v � v¼x vzy�s 	�� r'� ��	�� vzy q@| � u �7� ��� v�q8s�� ��� �&yz��w � q@vzyzv ��� ��qYy�sYyzv �
 � �Yy�s���rPwN� lire(1) r ��� � ! 
 � ���@�Òx � w4u/yzv ��� (lire(1),−, lire(1))

	 ��x � wNx r �^w � �Yy 	 ��q@| � u �7� ��� v�q/w �
yzv ��� �


 5 # �8$Q�%$&��� i & ' � � � ��7Y�",%$Q�%$&��� � ' � ��yz��w � q@vzyzv ��� 	 � ��� q@|AqYy�}@~�����sTrPwN�Yyzv S ��qYy	x � w�r4r'x v�u�w�yzv ���
	 � ��� ��� 	 �	r'x � q@vT� � ��q&rPwAq�w�y � ~�v 
 � ��q	rPwN�#q ��� q$��� � q8�@~ � x[� �
��� �8v 	 � 	 ��q&r'� � u���q�q8� � ��q 	�� q@|Aq$�
y�}@~������ ��� q�x[��q�r'� � u���q�q8� � ��q 	 �_u���q ��� q$��� � q8�@~ � x[��x v�q8� � y	x[� � �×sYyTw�y��Yy&x � sYyTw�y 	 ��x[� � � � � v�q@v � �
r � v�q�s�uY�@v��N� � y�q@v¼~ � x;yTw � s@~�� � y�x[� � � �
��� �N�@x sYyTw�y �

n MtX�\PW!\^Z[ä�ä�K®êYZ[WYO�Q[WRäFE^ä�VHGYçÒW!\PWRV�OZIAXtä�Z`V�Z[KNX�\�S MPX�åPO�K®ê/W/ä�ä�WYMPO+\PW!ê/WYQ`MPZ'\^M�äFE^ä�VHGYçÒWRO�ãYåJIAO�V�Z,!
XtKNMtä�MPV�Z`Q`Z[ä�WYO�KNXtä�Q[W/ä�V�WYO�çÒW/ä u ��� ! 
 � ��w�yzv ���EWYV yz��w � q@vzyzv ��� å�KNMPO�\Pã/êYO�Z`O�W#Q[W#ê/KNç#å�KNO�V�WYçÒWYX7V�\^M
äFE^ä�VHGYçÒW#O�ãYåJIAO�V�Z,!LWYV�Q[W/ä�V�WYO�çÒW/ä sYyTw�y WYV rPwAq�w�y � ~�v 
 � � å�KNMPO�\Pã/êYO�Z`O�WÒQ[W�ê/KNç#å�KNO�V�WYçÒWYX7V�\�S MPX
åPO�K®ê/W/ä�ä�WYMPO <
�#���1��� � � :�&�� '*)�� �>-

g!XtWhW_^Pã/êYMPV�Z[KNX�\�S MPX�äFE^ä�VHGYçÒW O�ãYåJIAO�V�Z®W/ä�V�MPXtWhä�ã/æ7MtWYXtê/Wh\PWhê/KNXBMYS�MPOZIAV�Z[KNXtäLæ7MPZ4ä�W:ä�Mtê/ê�G/\PWYX7V
WYV+ã h4KNQ`MtWYX7V(ä�MPZ`V�W ��\PW/ä�ã h4ãYXtWYçÒWYX7V�ä(ä�ã/æ7MtWYX7V�Z[WYQ[ä+KNM�ä�Z`ç�MPQ`VZIAXtã/ä+WYX9S4WYXt\^O�ã/ä+åJIAOhQ[W/ä�W_^Pã/êYMPV�Z[KNXtä
\PW/äR\^Z ��ãYO�WYX7V�ä!åPO�K®ê/W/ä�ä�WYMPO�ä <

 5 # �8$Q�%$&��� i & ' " � � �-53!3 -�%$&��� � ' � ��� � s�u � yzv ��� 	 � ��� q@|AqYy�}@~��Ò��sTrPwN�Yyzv S ��qYy ��� �#q8s 
 � � � u��
~Òw � v¼~ÒwNx[� 	 �×u ��� ! 
 � ��w�yzv ��� qo�Yy 	 � w4u/yzv ��� q 	 � S � �
� y�s�� e = (c1, a1, c2, a2, . . .)

�+*
ci+1

��qYy
x`wou ��� ! 
 � ��w�yzv ��� w�y�y��@v � y�� 	 �Tr � v�q ci

rPwN�#x � � � s�u � yzv ��� 	 �#x � w4u/yzv ��� ai
� � wou ��� ! 
 � ��w�yzv ��� c1

��qYy
w�r4rt�@x[s��#u ��� ! 
 � ��w�yzv ��� v � vzyzv�wNx[� 	 � e �

g!XtWfW_^Pã/êYMPV�Z[KNX�W/ä�Vhä�KNZ`V8MtXPZ[W-!4ä�KNZ`V:Z`XBMtXPZ[W(ç IAZ[ä IAMtêYMPXtWXINêYV�Z[KNX�\PW
S
X�S W/ä�V:å�K�ä�ä�Z`UPQ[W �	åJIAO�V�Z`O

\PW#QQI_\PWYO�XPZPGYO�W�ê/KNXBMYS�MPOZIAV�Z[KNX IAåPå�WYQ[ã/W u ��� ! 
 � ��w�yzv ��� y��@�@~�v � wNx[� <-b S WYXtä�WYç�UPQ[W�\PW/ä�W_^Pã/êYMPV�Z[KNXtä
\PW

S
W/ä�V!XtKNV�ã/W

E
<�b S WYXtä�WYç�UPQ[W�\PW/ä	W_^Pã/êYMPV�Z[KNXtä&\PW

S
\PKNX7V	QQIÒê/KNXBMYS�MPOZIAV�Z[KNX]Z`XPZ`V�ZQIAQ[W�W/ä�V

c
W/ä�V

XtKNV�ã/W
Ec
<-b S WYXtä�WYç�UPQ[W�\PW/ä�W_^Pã/êYMPV�Z[KNXtä�\PW

S
\PKNX7V�QQI_ê/KNXBMYS�MPOZIAV�Z[KNXÞZ`XPZ`V�ZQIAQ[W C`IAZ`V�åJIAO�V�Z[W�\�S MPX

WYXtä�WYç�UPQ[W
C1 ⊂ C

W/ä�VfXtKNV�ã/W
EC1

<
k�Q�W/ä�VRä�KNM9h4WYX7VRåPOZIAV�Z[æ7MtW�\PW�åPO�K�A�WYV�WYOfQ[W/äRW_^Pã/êYMPV�Z[KNXtä!ä�MPOR\PW/äRW/ä�åJINê/W/äfåPQ`MtäRO�W/ä�V�O�WYZ`X7V�äRå�KNMPO

ê�IAOZINêYV�ãYO�Z[ä�WYO!Q[WYMPO�äfåPO�KNåPO�Z[ãYV�ã/ä < j	KNMtäfåPO�ã/ä�WYX7V�KNXtäRç IAZ`X7V�WYXJIAX7V	V�O�KNZ[äRV E®å�W/äR\PW&åPO�K�A�W/êYV�Z[KNXtä �
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f = c2a2c3

W/ä�V MPX]C`INêYV�WYMPO�MtXPZP\PW
e
<#b W C`INêYV�WYMPO
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 � v�q � vzy#v � ! � v¼~�� � y
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�Yy P2
���Yy�x`w

x v�qYy�� 	 ��qLr'� � u���q�q8� � ��q&w4u/yzv��Aw � x[��q ({P1, P2}, {P1})
∗ #Tv �¼��� � {P1, P2}

q ��� y�w4u/yzv��Aw � x[��q��Pr � v�q {P1}
�

r � v�q {P1, P2}
��r � v�q {P1}
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��qYyRv � ! � v¼~�� � y�q ��� �N� � yfq8s@x[��u/yzv ����� s��&�Yy&�@x¼x[����qYy(� � �Yy��@~�� � y&s 
 � vzyTw � x[�#q@v(x[��q
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h#IAO�ZQIAUPQ[W/äRç IAXPZ`åPMPQ[ã/W/äRåJIAORMPXRIAQ=S4KNO�Z`VFTPçÒW]IAZ`Xtä�Z�æ7MtW�ä�MPOfQ[WYMPO!ã h4KNQ`MPV�Z[KNX×Q[W/äfMPXtW/äfåJIAOROZIAåPå�KNO�V
IAMB^ IAMPV�O�W/ä IAM×ê/KNMPO�äR\^MÄV�WYç#åtä < k�Q�WYXÄO�ã/ä�MPQ`V�W�æ7MtW&Q[W/äfçÒW/ä�MPO�W/ä!\PãYå�WYXt\PWYX7V!V�OHG/ä C�KNO�V�WYçÒWYX7V	\PW
QTS IAQ=S4KNO�Z`VFTPçÒW�MPV�Z`Q`Z[ä�ã�WYVRXtW&å�WYM9h4WYX7V	\PKNXtê�åJINä �YV�O�W�O�ãYMPV�Z`Q`Z[ä�ã/W/äfå�KNMPORMPX IAMPV�O�W]IAQ=S4KNO�Z`VFTPçÒW <

� ������79!#��10 "��,-& o KNMt\YI×WYV�m×MPQ`VZIAO�Z 2 ;�U#UB; 3�KNX7V#\Pã_MtXPZ+MPXtW IAMPV�O�W�V�W/êHTPXPZ[æ7MtW-! ä�KNM9h4WYX7V�MPV�Z`Q`ZDe
ä�ã/W#WYXÔê/KNç#åPQ[ãYçÒWYX7V�\PW/ä�çÒW/ä�MPO�W/ä�\Pã/êYO�KNZ[ä�äZIAX7V�W/ä�!�WYV�æ7MPZhê/KNXtä�Z[ä�V�W ��çÒKNX7V�O�WYO�æ7MtW�Q[W#äFE^ä�VHGYçÒW
ê/KNX3h4WYOFS4W�ä�Mtê/ê/W/ä�ä�Z=h4WYçÒWYX7Vf\�S MPX�WYXtä�WYç�UPQ[W�\PW	ê/KNXBMYS�MPOZIAV�Z[KNXtä h4WYO�ä+MPX IAMPV�O�W-!®åPQ`Mtä+å�WYV�Z`V < k�X7V�MPZDe
V�Z=h4WYçÒWYX7V�!�Q[W/ä IAV�V�OZINêYV�WYMPO�ä�ä�KNX7V�\PW/ä�WYXtä�WYç�UPQ[W/ä�\PWÒê/KNXBMYS�MPOZIAV�Z[KNXtä�V�WYQ[ä�æ7M�S ��åJIAO�V�Z`O�\PW#V�KNMPV�W
ê/KNXBMYS�MPOZIAV�Z[KNXÔ\�S MPX WYXtä�WYç�UPQ[W#\PKNXPXtã-!'V�KNMPV�W�W_^Pã/êYMPV�Z[KNX2IAV�V�WYZ`X7V�Xtã/ê/W/ä�äZIAZ`O�WYçÒWYX7V�MPXtW�ê/KNXBMYS�MBe
OZIAV�Z[KNX \PW�QTS IAV�V�OZINêYV�WYMPO < c+KNXtä�Z[\PãYO�KNXtä�MPX]äFE^ä�VHGYçÒW

S
\PKNX7V�QTS WYXtä�WYç�UPQ[W#\PW/ä&ê/KNXBMYS�MPOZIAV�Z[KNXtä�W/ä�V

C
< J:O�KNM9h4WYO(QQI�ê/KNX3h4WYOFS4WYXtê/W�\^M�äFE^ä�VHGYçÒW!O�W h®Z[WYX7V IAQ[KNO�ä ��V�O�KNM9h4WYOf\PW/ä(WYXtä�WYç�UPQ[W/ä(\PW	ê/KNXBMYS�MPOZI%e
V�Z[KNXtä

C1, . . . , Cn
V�WYQ[äfæ7MtW	å�KNMPOfV�KNMPV

i ∈ {2, . . . , n}
!
Ci
W/ä�V(MPX IAV�V�OZINêYV�WYMPO!\PW

Ci−1
WYVfV�WYQ[äfæ7MtW

C1 = C
WYV

Cn
W/ä�V�QTS WYXtä�WYç�UPQ[W&\PW/ä+ê/KNXBMYS�MPOZIAV�Z[KNXtä(Q[ã S�Z`V�Z`çÒW/ä < e:X�æ7MtWYQ[æ7MtW!ä�KNO�V�W-!7Q[W/ä IAV�V�OZINêYV�WYMPO�ä

å�WYO�çÒWYV�V�WYX7V(\PWf\Pã_MtXPZ`O+\PW/ähåJIAQ`Z[WYO�ä�\PWRê/KNX3h4WYOFS4WYXtê/W-!®êHTJINæ7MtWfåJIAQ`Z[WYO�O�W S�O�KNMPåJIAX7V+åPQ`Mtä�Z[WYMPO�ä�ãYVZIAV�ä
\^M�äFE^ä�VHGYçÒW I�E3IAX7V+Q[W/ä:ç �YçÒW/ähåPO�KNåPO�Z[ãYV�ã/ä <3b I�ê/KNX3h4WYOFS4WYXtê/W	ê/KNXtä�Z[ä�V�W �?IAV�V�WYZ`Xt\^O�WRQ[W(åJIAQ`Z[WYO+\PKNX7V
Q[W/ä+åPO�KNåPO�Z[ãYV�ã/äRê�IAOZINêYV�ãYO�Z[ä�WYX7VfQ[W/ä(ãYVZIAV�ä(Q[ã S�Z`V�Z`çÒW/ä <9b S Z`Xtê/KNX3h4ãYXPZ[WYX7V	\PW	ê/WYV�V�W&\Pã/ê/KNç#å�K�ä�Z`V�Z[KNXÄ\PW/ä
ãYVZIAV�ä�\^M äFE^ä�VHGYçÒW�WYX]åPQ`Mtä�Z[WYMPO�ä�åJIAQ`Z[WYO�ä 2 KNM ~ ��	�� x[��q 3&W/ä�V�æ7M�S � IAMtêYMPX çÒKNçÒWYX7V�WYQ`Q[W�XtW�å�WYMPV
�YV�O�WdIAMPV�KNç IAV�Z[ä�ã/W <

lJINê/W?IAMB^�Z`Xtê/KNX3h4ãYXPZ[WYX7V�ä	\PW/ä+çÒãYVFTtK®\PW/äRêYQQINä�ä�Z[æ7MtW/ä�!7åPQ`Mtä�Z[WYMPO�ä IAåPåPO�K®êHTtW/äRä�W	ä�KNX7VR\Pã h4WYQ[KNåBe
å�ã/W/äfå�KNMPOfQQI#ä�Z`ç#åPQ`ZDM-ê�IAV�Z[KNXoWYVfQTS IAMPV�KNç IAV�Z[äZIAV�Z[KNX]\PW/äfåPO�WYM9h4W/ä �
•
MPXtW&V�W/êHTPXPZ[æ7MtW�\PW�ä�Z`ç#åPQ`ZDM-ê�IAV�Z[KNX×\PW/äfåPO�WYM9h4W/äRê/KNXtä�Z[ä�V�W ��ê/KNX7V�OZIAZ`Xt\^O�W�\PW&ç IAXPZPGYO�WdIAMPV�KNç I%e

V�Z[æ7MtW�QTS WYX3h®Z`O�KNXPXtWYçÒWYX7VÒå�KNMPO�æ7M�S Z`Q C�KNMPO�XPZ[ä�ä�W�\PW/ä�W_^Pã/êYMPV�Z[KNXtä I�E3IAX7V#\PW/ä�åPO�KNåPO�Z[ãYV�ã/ä�åJIAO�V�Z[êYMBe
Q`ZPGYO�W/ä < c+W/êYZ�W/ä�V+O�ã�IAQ`Z[ä�ã S�O
�Nê/W>IAMB^�\PãYçÒKNXtä < e:XÄW ��WYV�!®Q[W/ä+çÒW/ä�MPO�W/äfä�KNX7VfQ`Z[ã/W/ä ��QTS ã h4KNQ`MPV�Z[KNX×\PW/ä
h#IAQ[WYMPO�ä�\PW/ä�\^Z ��ãYO�WYX7V�W/ädh#IAO�ZQIAUPQ[W/ä <"b S MPV�Z`Q`Z[äZIAV�Z[KNXI\�S MPXÞ\PãYçÒKNX2C`IAZ`UPQ[W-!�ê/KNç#çÒW�Q[WÒ\PãYçÒKNXÞê/WYXBe
V�OZIAQ`Z[ä�ã-!�ä�Z`ç#åPQ`ZDM-W�Q[W/ä�åPO�WYM9h4W/ä�WYX C�KNMPO�XPZ[ä�äZIAX7V�MPX ê�IN\^O�W#K��ÔQ[W/ä?INêYV�Z[KNXtä�\PW/ä�åPO�K®ê/W/ä�ä�WYMPO�ä�ä�KNX7V
V�OZIAZ`V�ã/W/ä(ä�ã/æ7MtWYX7V�Z[WYQ`Q[WYçÒWYX7V < b!O+WYX�O�ã�IAQ`Z`V�ã-!®Q[W/ä�\PãYçÒKNXtä(æ7MPZ-O�ãYå�KNXt\PWYX7V(Q[WRç#Z[WYMB^ IAMB^�W_^^Z=S4WYXtê/W/ä
Z`XBC�KNO�ç IAV�Z[æ7MtW/ä \PW/ä äFE^ä�VHGYçÒW/ä�O�ãYåJIAO�V�Z[ä ä�KNX7V Q[W/äL\PãYçÒKNXtä"C�KNO�V�ä�!Aê/KNç#çÒW�Q[W/ä \PãYçÒKNXtäLO�ãYåJIAO�V�Z[ä < J�IAO
ê/KNXtä�ã/æ7MtWYX7V�!�Z`QPW/ä�V Z`X7V�ãYO�W/ä�äZIAX7V�\PW+V�O�KNM9h4WYOh\PW/ä çÒK�E4WYXtä IAMPV�KNç IAV�Z[æ7MtW/äh\PW+V�OZIAXtä C�KNO�ç IAV�Z[KNXÒå�KNMPO
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æ7M�S MPX IAQ=S4KNO�Z`VFTPçÒW�ê/KNX')YMÄä�KNMtä(MPXÄ\PãYçÒKNX C`IAZ`UPQ[W	åPMPZ[ä�ä�WXC�KNXtêYV�Z[KNXPXtWYORå�KNMPO(QQI�ç �YçÒW�ä�å�ã/êYZDM-ê�I%e
V�Z[KNX#ä�KNMtäLMPX#\PãYçÒKNX C�KNO�V < c+WYV�V�W(V�OZIAXtä C�KNO�ç IAV�Z[KNXÒW/ä�VLO�ã�IAQ`Z[ä�ã/W+åJIAO QQI!V�W/êHTPXPZ[æ7MtWf\PW u � ~!r � q@vzyzv ���
\�S IAQ=S4KNO�Z`VFTPçÒW/ä <�b S Z[\Pã/W�\PW�ê/KNç#å�K�ä�WYO	\PW/ä IAQ=S4KNO�Z`VFTPçÒW/ä IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä>I%MtXo\PW�å�KNM9h4KNZ`O!O�WYXBe
C�KNO�ê/WYORQ[WYMPO IN\YIAåPVZIAUPZ`Q`Z`V�ã I#ãYV�ã�Z`X7V�O�K®\^MPZ`V�W�åJIAO o KNMt\YIÒWYVXV	WYO�ç IAX 2 ;�U#UB; 3 < k�X7V�MPZ`V�Z=h4WYçÒWYX7V�!'MPX
IAQ=S4KNO�Z`VFTPçÒW�W/ä�VRê/KNç#å�K�ä�ã�\PW�åPQ`Mtä�Z[WYMPO�ä!ê/KNMtêHTtW/ä!XtKNV�ã/W/ä!\PW

1
�

k
!PV�WYQ`Q[W�æ7MtW�QQI#ê/KNMtêHTtW

i
2 å�KNMPO

1 < i ≤ k
3 \PãYå�WYXt\Ò\PW/ä h#IAO�ZQIAUPQ[W/ä�æ7MPZ-ä�Wfä�VZIAUPZ`Q`Z[ä�WYX7V S�O
�Nê/W/ä IAMB^4INêYV�Z[KNXtä+\PW/ähê/KNMtêHTtW/ä

1
�

i−1
<

k�Q[ä�KNX7V+ã S3IAQ[WYçÒWYX7V(Z`X7V�O�K®\^MPZ`V+QQI u � ~!r � q@vzyzv ��� rPwN�!q8s@x[��u/yzv ��� <3b W/ä+\PWYMB^ÒçÒK®\^MPQ[W/ä+ê/KNç#å�K�ä�ã/ä�ä�KNX7V
Z`Xt\PãYå�WYXt\YIAX7V�ä�ç IAZ[ä�å�WYM9h4WYX7V�çÒK®\^ZDM-WYO�Q[W/ä&ç �YçÒW/ä?h#IAO�ZQIAUPQ[W/ä�\PW#ä�KNO�V�Z[W/ä <�b I_ä�ãYQ[W/êYV�Z[KNX ä�W]C`IAZ`V
åJIAO�MPX]åPO�ã/\^Z[ê�IAV�æ7MPZ�h#IAMPV h®OZIAZ:MPXPZ[æ7MtWYçÒWYX7V�å�KNMPO&Q[W�çÒK®\^MPQ[W#æ7MPZ I�Q[W#\^O�KNZ`V�\PW�çÒK®\^ZDM-WYO�Q[W/ä
h#IAO�ZQIAUPQ[W/ä(\PW!ä�KNO�V�Z[W/ä+WYV C`IAMB^Òå�KNMPO�QTS IAMPV�O�W < J:Q`Mtä+VZIAO�\(!�� IAOFS#TtW/ä�W 2 ;�U#U N 3 I�Z`X7V�O�K®\^MPZ`V(QQI u � ~!r � �
q@vzyzv ��� 	 ��q&~ ��	�� x[��q&v �
	 sTrt� �
	 w � y¼q <Bb W/ä(ê/KNç#å�K�äZIAX7V�ä(Z`X7V�WYOZI�S�Z[ä�ä�WYX7V!WYX7V�O�W&WYMB^���QTS IAZ[\PW&\PW	Q[WYMPO�ä
ä�KNO�V�Z[W/ä <Bb W/ä+åPO�KNåPO�Z[ãYV�ã/äf\PW	QTS IAQ=S4KNO�Z`VFTPçÒW�ê/KNç#å�K�ä�ã&ä�KNX7VfKNUPV�WYX7MtW/äfWYX_ê/KNX\A M9S3IAX7VfQ[W/ä+åPO�KNåPO�Z[ãYV�ã/ä
\PW/äfçÒK®\^MPQ[W/äfê/KNç#å�K�äZIAX7V�ä < J:Q`MtäfO�ã/ê/WYç#çÒWYX7V�!��(W�IAMtæ7MPZ[WYO�! o OZIN\^Z`XJIAO�Z`M×WYV��4K\TPXtWYX 2 ;�U#U#U ê 3(KNX7V
\Pã_MtXPZLQQI u � ~!r � q@vzyzv ��� uY� � v�q8s�� ê/KNX')YMtW I%MtX]\PW?C�KNO�V�ZDM-WYO	MPX IAQ=S4KNO�Z`VFTPçÒW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�\YIAXtä
ä�KNX Z`X7V�WYOZINêYV�Z[KNX I�h4W/êÒQ[W#\PãYçÒKNX < n QTS IAZ[\PW#\�S MPX IAQ=S4KNO�Z`VFTPçÒW

B
\PKNX7V�Q[W/ä�W_^Pã/êYMPV�Z[KNXtä?h4ãYO�ZDM-WYX7V

ê/WYO�VZIAZ`XtW/ä�åPO�KNåPO�Z[ãYV�ã/ä 2 ê/KNç#çÒWoQTS ã/æ7MPZ`V�ã 3Òä�KNMtä�MPX \PãYçÒKNX åPMPZ[ä�äZIAX7V�!+QQI ê/KNç#å�K�ä�Z`V�Z[KNX êYO�KNZ[ä�ã/W
ê/KNXtä�Z[ä�V�W � S4ãYO�WYO	QTS Z`X��tMtWYXtê/W�\^Mo\PãYçÒKNX]ä�MPO!QTS IAQ=S4KNO�Z`VFTPçÒW

A
!�IAåPå�WYQ[ã ~ ��	�� x[� �/wNv � x[� ! �#V�OZI�h4WYO�ä

Q[W/ä�åPO�KNåPO�Z[ãYV�ã/ä�\PWÒQTS IAQ=S4KNO�Z`VFTPçÒW
B

!"IAåPå�WYQ[ã ~ ��	�� x[��� � �Yy < n!Z`Xtä�Z,!�QTS IAQ=S4KNO�Z`VFTPçÒW�åPO�K®\^MPZ`V A′ W/ä�V
IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V!å�KNMPORQQI�ç �YçÒW�ä�å�ã/êYZDM-ê�IAV�Z[KNX×æ7MtW

A
ç IAZ[ä!ä�KNMtäfMPXÄ\PãYçÒKNX×åPQ`MtäfåPMPZ[ä�äZIAX7V <

•
MPXtW]IAMPV�O�W�V�W/êHTPXPZ[æ7MtW�å�KNMPO	ä�Z`ç#åPQ`ZDM-WYO	Q[W/äRåPO�WYM9h4W/ä&ê/KNXtä�Z[ä�V�W �#Q[W/ä IAMPV�KNç IAV�Z[ä�WYO < j	KNMtä I�h4KNXtä

h®Moæ7MtW�Q[W/ä!çÒãYVFTtK®\PW/ä!UJINä�ã/W/ä!ä�MPO	\PW/äRçÒW/ä�MPO�W/ä	ä�KNX7V!V�OHG/ä	\^Z���êYZ`Q[W/ä
� IAMPV�KNç IAV�Z[ä�WYO �Òê�IAMtä�W�\^M
ç IAXtæ7MtW�\PWdS4ãYXtãYO�Z[êYZ`V�ã�\PW/ä!çÒW/ä�MPO�W/ä < k�Q�X�S WYX]W/ä�V!åJINä	\PW�ç �YçÒW�å�KNMPO!Q[W/ä ~�sYy�� ��	 ��qÒs ��� ~�s@��w �
yzv��N��q < e:XEW ��WYV�!�MPXtW�ç IAXPZPGYO�W�ä�VZIAXt\YIAO�\I\PW�çÒKNX7V�O�WYO#\PW/ä�åPO�KNåPO�Z[ãYV�ã/ä#ä�MPO�\PW/ä�W_^Pã/êYMPV�Z[KNXtä�W/ä�V
\�S ãYX7MPçÒãYO�WYO�Q[W/ä&ê/KNXBMYS�MPOZIAV�Z[KNXtädIAV�V�WYZ=S�XJIAUPQ[W/ä < k�Q W_^^Z[ä�V�W�\PW�XtKNç�UPO�WYMB^]KNMPV�Z`Q[ä�æ7MPZ�åPO�K®ê�G/\PWYX7V �
ê/W S4WYXPO�W&\�S IAåPåPO�K®êHTtW-!PV�WYQ[ä(æ7MtW	Q[W ~ ��	 �@x � u �P��u . �@� < i!ã/ê/WYç#çÒWYX7V�!��(W�IAMtæ7MPZ[WYO�! �(ãYOZIAO�\(!PlPO�Z`U�KNMPOFS
WYV	m I�S�XPZ[WYV�V�W 2 ë�è�è ; 3RKNX7V!ç#Z[ä IAM×å�KNZ`X7V	MPXtW�V�W/êHTPXPZ[æ7MtW�\PW�O�ã/ã/êYO�Z`V�MPO�W-!'åPQ`Mtä!åJIAO�V�Z[êYMPQ`ZPGYO�WYçÒWYX7V
Q[W/ähä�MPO�O�ã/\^MtêYV�Z[KNXtä�!4å�WYO�çÒWYV�VZIAX7V(\PW(åPO�KNM9h4WYO�QQI�ê/KNX3h4WYOFS4WYXtê/W	\PW/ä IAQ=S4KNO�Z`VFTPçÒW/ä IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä
ä�MPO&\PW/ä>IAXPXtW�IAMB^ < c+WYV�V�W�V�W/êHTPXPZ[æ7MtW�å�WYO�çÒWYV&\PW�ê/KNXtä�V�O�MPZ`O�W�MPX S�OZIAå9TtW�\PW�V�OZIAXtä�Z`V�Z[KNXtäXMtXPZ O�W_e
åPO�ã/ä�WYX7VZIAX7V+Q[WRäFE^ä�VHGYçÒW-!4WYXÒO�W/ä�V�O�WYZ=S�XJIAX7V�Q[W/ä�W_^Pã/êYMPV�Z[KNXtä �&ê/KNXtä�Z[\PãYO�WYO < K7ZtV�KNMPV�W/ä�Q[W/ähW_^Pã/êYMPV�Z[KNXtä
ä�MPO#ê/W S�OZIAå9TtW_ê/KNX3h4WYOFS4WYX7V4h4WYO�ä�QTS WYXtä�WYç�UPQ[W h4KNMPQ`M ! IAQ[KNO�ä�QTS IAQ=S4KNO�Z`VFTPçÒW_KNO�Z=S�Z`XJIAQ h#IÄQ`MPZ IAMtä�ä�Z
ê/KNX3h4WYOFS4WYO <

�#���#��� � 
���'	�18*$

a�S IAåPOHG/ä�QQI \Pã_MtXPZ`V�Z[KNX !+MPX äFE^ä�VHGYçÒWÄX�S W/ä�V IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7VÄæ7MtWÄå�KNMPO�MPXtWoä�å�ã/êYZDM-ê�IAV�Z[KNX
åJIAO�V�Z[êYMPQ`ZPGYO�W <+b KNO�ä�æ7MtW�ê/WYV�V�W�ä�å�ã/êYZDM-ê�IAV�Z[KNX]W/ä�V	\PW�V E®å�W 	 KNX×O�W/ä�V�W�V�KNM\A�KNMPO�ä	\YIAXtä!MPXoWYXtä�WYç�UPQ[W
\PW�ê/KNXBMYS�MPOZIAV�Z[KNXtä

E � !PQTS WYXtä�WYç�UPQ[W E
W/ä�VR\^Z`V uYx � q <
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e
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�������-ë <=;#; � e�^PWYç#åPQ[W�\PW�êYQ��NV�MPO�W C`IAZ`UPQ[W�WYVR\PW�êYQ��NV�MPO�W C�KNO�V�W


 5 # �8$Q�%$&��� i & i " � � l��Y�% "��1	� � ��� q@v 	 s@� ��� q ��� � � q8�@~ � x[� E �Yy ��� �Ò���@x`w�yzv ��� 	 ��yz��w � q@vzyzv ��� q
T � � � 	 vzy 
 � � E ��qYy�uYx � q�r ��� � T q@v4r ��� �Ry ��� yLs@x[s@~�� � y e 	 � E � (e, a, e′) v¼~!r'x v 
 � ��
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1
e C`IAMPV�W ��MPXtW�ê/KNXBMYS�MPOZIAV�Z[KNX]ê/KNO�O�W/êYV�W�ä�MPOfQQI#ä�KNO�V�Z[W <



:  � 0"796�$Q����1 i & j ���8.0l&1


 5 # �8$Q�%$&��� i & ��i � 
 1 !J��5 �81 6 13�%�% "�*�87B�%$&��� � � � vzy S ��� q@|AqYy�}@~��Þw � y � �TqYyTw � v¼x v�q/w � y�r ��� �
x � � � q8�@~ � x[� 	 ��q�u ��� ! 
 � ��w�yzv ��� q�x[s 
Nvzyzv¼~���q L � � � 	 � 
N��s 	 �+rt�@�Yy � � � w�yzv ��� 	 � S ��qYyhx[�+r'x � q�
N��w �
	
�
� ~ � ��� 	 �hr'� � u���q�q8� � ��q 
 � v u �^w � 
7�@� ��� y:x[� � ��q:rPwN�YyzvT��qhr'�@v¼~ÒwNv¼����q �RrPwN�Yyzv¼� 	 � ��� ��u ��� ! 
 � ��w�yzv ���
� 1 � �/w � y�� � � q 
 � � � ��� ��u ��� ! 
 � ��w�yzv ��� u � �@����u/y���q � ��x`w#q � �YyzvT���

n åJIAO�V�Z`O�\�S MPXtW�ê/KNXBMYS�MPOZIAV�Z[KNX ê/KNO�O�W/êYV�W�ä�MPO�QQI×ä�KNO�V�Z[W-!�Q[W/ä�åJIAO�V�Z[W/ä�åPO�Z`ç IAZ`O�W/ä�\PW�V�KNMtä�Q[W/ä
åPO�K®ê/W/ä�ä�WYMPO�ä:\^MÒäFE^ä�VHGYçÒW/ä ä�KNX7Vhê/KNO�O�W/êYV�W/ä < n åJIAO�V�Z`Oh\�S MPX#V�WYQPãYVZIAV�!NQ[W/ä åPO�K®ê/W/ä�ä�WYMPO�ä XtW h4KNX7V:åPQ`Mtä
êHTJIAX9S4WYO!Q[W/ä h#IAQ[WYMPO�äR\PW&Q[WYMPO�ä h#IAO�ZQIAUPQ[W/ä!\PW�ä�KNO�V�Z[W < n!MPV�O�WYçÒWYX7V	\^Z`V�!'��åJIAO�V�Z`O!\�S MPXÄãYVZIAV!ê/KNO�O�W/êYV
ä�MPOfQQI�ä�KNO�V�Z[W-!tä�WYMPQ[W/äfQ[W/ä h#IAO�ZQIAUPQ[W/ä!\PW/äfåJIAO�V�Z[W/äRä�W/ê/KNXt\YIAZ`O�W/ä!\PW/äfåPO�K®ê/W/ä�ä�WYMPO�äfå�WYM9h4WYX7V!êHTJIAX9S4WYO
WYV!ê/W/êYZ�å�KNMPO IAçÒWYXtWYORQ[W�äFE^ä�VHGYçÒW�\YIAXtäfMPXtW�ê/KNXBMYS�MPOZIAV�Z[KNX×Q[ã S�Z`V�Z`çÒW <

 5 # �8$Q�%$&��� i & �'� � �?���Y��13!#�%$&��� ,% "� l&7g,��J�%�%$&1	� ' � q@|AqYy�}@~�� S w � y � �TqYyTw � v¼x v�q/w � y�r ��� � ���
� � q8�@~ � x[� 	 �×u ��� ! 
 � ��w�yzv ��� q_x[s 
Nvzyzv¼~���q L ����qTrt��u/y��×x`w�r'� � r'�@vTsYy�s 	 ��r'� � y���u/yzv ��� q � ��x`w]q � �YyzvT�
q@v �/
 � �@x¼x[� 
 � �#q � vzyRx`wou ��� ! 
 � ��w�yzv ��� u � �@����u/y���q � �#x`w�q � �YyzvT� I �&�Yy�
 � �@x¼x[� 
 � �#q � vzyRx`w×u ��� ! 
 � �
��w�yzv ��� x[s 
Nvzyzv¼~�� L w�y�y��@v � y����#rPwN�Yyzv¼� 	 � I �!y ��� y:r'� � u���q�q8� � �_u � �@����u/y	q � �Òx`w_q � �YyzvT� 	 w � q I ��qYy
u � �@����u/y+q � ��x`w#q � �YyzvT� �&rPwN�Yyzv¼� 	 ��x`w�u ��� ! 
 � ��w�yzv ��� I �Yy � � q 
 � � �Òx`w�u ��� ! 
 � ��w�yzv ��� L �

����� � ����� ���	
������

a>IAXtä�ê/W�êHTJIAåPZ`V�O�W-!LXtKNMtä I�h4KNXtä�åJINä�ä�ã�WYX O�W h®MtW�\PW/ä�XtKNV�Z[KNXtä�Xtã/ê/W/ä�äZIAZ`O�W/ä�å�KNMPO�QQI_çÒK®\Pã_e
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h®Z[WfQ`Z`ç#Z`V�ã/W 2 Z < W < !4Q[WfV�WYç#åtä�å�WYXt\YIAX7V�Q[W/æ7MtWYQ-Q[W/ähO�KNU�KNV�ä�ä�KNX7V �&å�KNO�V�ã/WRQ[W/ähMPXtä�\PW/ä IAMPV�O�W/ä 3 < JLKNMPO
åPQ`MtäR\PW�\PãYVZIAZ`Q[äRä�MPOfQ[W/äR\^Z ��ãYO�WYX7V�äfV�OZI�h#IAMB^ÄWYX_O�KNU�KNV�Z[æ7MtW&çÒKNUPZ`Q[W�ê/KNQ`Q[W/êYV�Z=h4W-!tQ[W&Q[W/êYV�WYMPOfå�KNMPO�OZI
ä�W&O�WYå�KNO�V�WYO���QTS IAO�V�Z[êYQ[W�\PW�äFE®X7VFTYG/ä�W�\PW�c INK !tlPM �®MPXJI�S3I#WYV �?I�TPX9S 2 ;�U#U N 3 <

n!MtêYMPXo\PW/ä!V�OZI�h#IAMB^ÄçÒWYX7V�Z[KNXPXtã/ä	åPO�ã/ê/ã/\PWYç#çÒWYX7V�XtW�åPO�WYXt\oWYXoê/KNç#åPV�W�QQIÒ\PãYV�W/êYV�Z[KNXoXPZ�QQI
ê/KNO�O�W/êYV�Z[KNX_\PW/ä(\Pã_C`IAZ`Q`QQIAXtê/W&ê�IAMtä�ã/W/ä�åJIAO+QTS Z`X7V�WYOZINêYV�Z[KNXÄ\PW/ä+O�KNU�KNV�ä 2 W < S < !®QTS Z`ç#åPO�ã/êYZ[ä�Z[KNX_\PW/ä+ê�IAåBe
V�WYMPO�ä 3 !4KNMÒWYXtê/KNO�WfQ[W/äh\Pã_C`IAZ`Q`QQIAZ`Xtê/W/ähQ`Z[ã/W/ä��	QTS WYX3h®Z`O�KNXPXtWYçÒWYX7V+çÒã/ê/KNXPX7M�\YIAXtä:Q[W/æ7MtWYQtZ`Q[ähKNå+GYO�WYX7V <
e:X_W ��WYV�!^\PW	XtK�ä"A�KNMPO�ä�!®Q[W!çdE®VFTtW�\PW	QQI�ç INêHTPZ`XtW�ê�IAåJIAUPQ[W&\�S I ��O�KNX7V�WYORX�S Z`ç#å�KNO�V�W&æ7MtWYQ�V E®å�W&\PW
åPO�KNUPQPGYçÒW&ê�G/\PWRQ[WRåJINä ��QQI�O�ã�IAQ`Z[äZIAV�Z[KNX�\PW!äFE^ä�VHGYçÒW/ä�V�KNQ[ãYOZIAX7V�ä IAMB^ÒåJIAXPXtW/ä+V�WYç#å�KNOZIAZ`O�W/ä < a>IAXtä
ê/WYV(W/ä�åPO�Z`V�!®\PW!XtKNç�UPO�WYMtä�W/ä IAåPåPO�K®êHTtW/ä CzMPO�WYX7Vf\Pã h4WYQ[KNåPå�ã/W/ä I%MtX_\�S KNUPV�WYXPZ`Of\PW/ä(äFE^ä�VHGYçÒW/ä�O�KNU�K�e
V�Z[ä�ã/ä \PW+åPQ`Mtä:WYX�åPQ`MtäLå�WYO C�KNO�ç IAX7V�ä < J�IAO�ç#Ztê/WYQ`Q[W/ä e�êYZ,!3K7M */M �®ZPWYV�� IAç INäFTPZ`VZI 2 ;�U#U#U 3�KNX7V:åPO�KNå�K�ä�ã
MPX IAQ=S4KNO�Z`VFTPçÒWR\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7V(\PW/äh\PãYåPQQINê/WYçÒWYX7V�ä+\PW/ä O�KNU�KNV�ähWYX]C�KNO�ç IAV�Z[KNX < b S KNUBA�W/êYV�ZDC�\PW
ê/Wfê/KNç#å�KNO�V�WYçÒWYX7V+W/ä�V:\PW(å�KNM9h4KNZ`O:å�WYO�çÒWYV�V�O�W �	MPXtWfã/æ7MPZ`å�W(\PW(O�KNU�KNV�äh\PW+O�ã�IAQ`Z[ä�WYO�\PW/ä ç#Z[ä�ä�Z[KNXtä
\�S W_^^åPQ[KNOZIAV�Z[KNX�KNM�\PWRO�W/ê/KNXPXJIAZ[ä�äZIAXtê/W!\PWRç IAXPZPGYO�W	ê/K®KNå�ãYOZIAV�Z=h4W <3b W!\PãYåPQQINê/WYçÒWYX7VfWYX4C�KNO�ç IAV�Z[KNX
W/ä�VRZ`ç#å�KNO�VZIAX7V&\YIAXtä!ê/W>S4WYXPO�W�\PW�ç#Z[ä�ä�Z[KNX×ê�IAO!Z`Q�å�WYO�çÒWYV
�#êHTJINæ7MtW�çÒWYç�UPO�W�\^M S�O�KNMPå�W�\PW�XtW
ä�W C�K®ê�IAQ`Z[ä�WYORæ7MtW�ä�MPORMPXtW�åJIAO�V�Z[W�åPO�ã/êYZ[ä�W�\PW�QTS WYX3h®Z`O�KNXPXtWYçÒWYX7V&V�KNMPV	WYXÄU�ãYXtã_M-êYZQIAX7V&ã h4WYX7V�MtWYQ`Q[W_e
çÒWYX7V+\PW/ähKNUtä�WYOFh#IAV�Z[KNXtä�\PW/ä IAMPV�O�W/ä:O�KNU�KNV�ä < K7M */M �®Z-WYV�� IAç INäFTPZ`VZI�KNX7V�åPO�ã/ä�WYX7V�ãfMPX IAQ=S4KNO�Z`VFTPçÒW
IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V	\PW�äFE®XtêHTPO�KNXPZ[äZIAV�Z[KNX×\PW/äR\PãYåPQQINê/WYçÒWYX7V�ä	\PW/äfO�KNU�KNV�äfå�KNMPOXIAV�V�WYZ`Xt\^O�W�MPX_å�KNZ`X7V
M9^PW!\PKNXPXtã!WYX�MPXÒV�WYç#åtä MtXPZ < n MtX�\PWRç IAZ`X7V�WYXPZ`O+MPXtW C�KNO�ç IAV�Z[KNX�åPO�ã/êYZ[ä�W!WYV+ê/K\TtãYO�WYX7V�W	V�KNMPV IAM
Q[KNX9S#\PW/äf\PãYåPQQINê/WYçÒWYX7V�ä!\^M S�O�KNMPå�W-!^êHTJINæ7MtW&O�KNU�KNVfê�IAQ[êYMPQ[W&QQI�å�K�ä�Z`V�Z[KNX_æ7M�S Z`Q�\PKNZ`V(O�W A�KNZ`Xt\^O�W�WYX
C�KNXtêYV�Z[KNXÒ\PW(äZIRå�K�ä�Z`V�Z[KNX#ê/KNMPOZIAX7V�WRWYV:\PW(ê/WYQ`Q[W/ä:\PW/ä IAMPV�O�W/ä O�KNU�KNV�ä INêYV�ZDC�ä:\^M S�O�KNMPå�W < n!Z`Xtä�Z,!Aä�KNMtä
QTS T3E®å�KNVFTYG/ä�W#æ7MtW�Q[W/ä&O�KNU�KNV�ä>S3IAO�\PWYX7V�QTS TPZ[ä�V�KNO�Z[æ7MtW#\PW�Q[WYMPO�ä�\PãYåPQQINê/WYçÒWYX7V�ä�!�KNX ç IAZ`X7V�Z[WYX7V�MPXtW
\^Z[ä�V�O�Z`UPMPV�Z[KNXÄä�VZIAUPQ[W>IAM_ä�WYZ`X�\�S MPXtW C�KNO�ç IAV�Z[KNX_\PKNXPXtã/W < lLQ[K®ê/êHTPZ`XPZ�WYV IAQ < 2 ;�U#U#U 3�KNX7VRã S3IAQ[WYçÒWYX7V
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åPO�KNå�K�ä�ã+MPX4IAQ=S4KNO�Z`VFTPçÒW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7Vhå�KNMPO Q[W(\PãYåPQQINê/WYçÒWYX7V�ê/K®KNå�ãYOZIAV�ZDC�WYX]C�KNO�ç IAV�Z[KNX !Nç IAZ[ä
\YIAXtäfQ[W�ê�IN\^O�W�\�S MPX_çÒK®\9GYQ[W&åPQ`MtäRä�Z`ç#åPQ[W < e:X×W ��WYV�!^ê/KNX7V�OZIAZ`O�WYçÒWYX7V>IAM_çÒK®\9GYQ[W&MPV�Z`Q`Z[ä�ã&åJIAO K7MBe
*/M �®Z^WYV � IAç INäFTPZ`VZI !AQ[W/ä�O�KNU�KNV�äLXtW S3IAO�\PWYX7V åJINäLQTS TPZ[ä�V�KNO�Z[æ7MtW+\PW�Q[WYMPO�ä \PãYåPQQINê/WYçÒWYX7V�ä�!NXtW+\^Z[ä�å�K�ä�W
åJINä	\^Moä�WYXtä!\PW�QTS KNO�Z[WYX7VZIAV�Z[KNX WYV!XtW�å�WYM9h4WYX7V&ä�W�\PãYåPQQINê/WYO�!�WYX×MPXtW�ãYVZIAå�W-!-æ7MtW�\�S MPXtW�\^Z[ä�VZIAXtê/W
å�WYO�ê/WYåPV�Z`UPQ[W�åJIAOfQ[W/ä IAMPV�O�W�O�KNU�KNV�ä <
J:Q`MtäRO�ã/ê/WYç#çÒWYX7V�!��JTJIAX9S�WYV!n!O�KNOZI 2 ë�è�è�ë�3fKNX7VRåPO�KNå�K�ä�ã�MPXRIAQ=S4KNO�Z`VFTPçÒW]IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V	å�WYO e
çÒWYV�VZIAX7VXIAMB^�X��&Mt\Pä(\�S MPX�O�ã/ä�W�IAM_äZIAXtä MtQ�\PW	ä8S KNOFS3IAXPZ[ä�WYOfWYX u��@x¼x � x[��q \PW!OZI�E4KNX R

< g!XtW	ê/WYQ`Q`MPQ[W
W/ä�V?C�KNO�çÒã/W�\�S MPXÞX��&Mt\Þ\^Z[ä�V�Z`X9S�Mtã-!�IAåPå�WYQ[ã�V �YV�W�\PW�QQIÄê/WYQ`Q`MPQ[W-! WYV�\PWÒX��&Mt\Pä INä�ä�K®êYZ[ã/ä�æ7MPZ�XtW
ê/KNç#ç�MPXPZ[æ7MtWYX7V�WYXtä�WYç�UPQ[W�æ7MtW h®ZQIÄQQIÄV �YV�W�\PW�QQI×ê/WYQ`Q`MPQ[W < e:VZIAX7V#\PKNXPXtã�MPXÞOZI�E4KNX

R
!�QTS IAQ=S4K�e

O�Z`VFTPçÒW>h®Z[ä�W ��KNOFS3IAXPZ[ä�WYOfQ[W/äfX��&Mt\PäRWYXÄ\PW/äfê/WYQ`Q`MPQ[W/äR\PW&OZI�E4KNXRIAåPåPO�K�^^Z`ç IAV�Z=h4WYçÒWYX7V
R

!^êHTJINæ7MtW
X��&Mt\ IAåPåJIAO�V�WYXJIAX7V �_MPXtW�WYV�MPXtW�ä�WYMPQ[W�ê/WYQ`Q`MPQ[W�WYV�ãYVZIAX7V�O�WYQ`Z[ã�åJIAO�MPXIêHTtWYç#Z`X �ÄQQIÄV �YV�W�\PW
QQIÄê/WYQ`Q`MPQ[W <�b S IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNXIç IAZ`X7V�Z[WYX7V#QQIÄä�VZIAUPZ`Q`Z`V�ã�\PW�QQIÄä�V�O�MtêYV�MPO�W�WYXIê/WYQ`Q`MPQ[W/ä�\YIAXtä�MPX
äFE^ä�VHGYçÒW&� S�OZIAXt\PW×ã/êHTtWYQ`Q[W×WYX S3IAOZIAX7V�Z[ä�äZIAX7V �h\�S MPXtWÄåJIAO�V�QQI]O�ã/KNOFS3IAXPZ[äZIAV�Z[KNX�\PW/äÒX��&Mt\Pä�WYX
ê/WYQ`Q`MPQ[W/ä&WYXoê�INä!\PW�ä�MPåPåPO�W/ä�ä�Z[KNXoKNMo\�S I%A�KNMPV&\PW�XtKNM9h4W�IAMoX��&Mt\Pä�!-\�S IAMPV�O�W�åJIAO�V!QQIÒä�WYMPQ[W�åJIAO�V�ZDe
êYZ`åJIAV�Z[KNX]\PW/äRX��&Mt\Pä	\YIAXtä!MPXÄOZI�E4KNXoO�W/ä�V�O�WYZ`X7V&WYXoê�INä!\PW�\PãYåPQQINê/WYçÒWYX7V�\�S MPXtW�V �YV�W�\PW�ê/WYQ`Q`MPQ[W <
n!Z`Xtä�Z,!�ê/WYV IAQ=S4KNO�Z`VFTPçÒW�å�WYO�çÒWYV�MPX åJINä�äZI�S4W �ÄQTS ã/êHTtWYQ`Q[W�WYXÞO�W/ä�å�W/êYVZIAX7V�QQIÄê/KNXPXJIAZ[ä�äZIAXtê/W�\�S MPX
XtKNç�UPO�W	ê/KNXtä�VZIAX7V+\�S Z[\PWYX7V�Z`V�ã/ä(\PWfX��&Mt\Pä h4KNZ[ä�Z`Xtä�WYVhQ[WRê/KNXBMtXtWYçÒWYX7Vf\PW C`IAMPV�W/ä�\YIAXtähMPXtWRO�ã S�Z[KNX
O�W/ä�V�O�WYZ`X7V�W]IAMPV�KNMPO!\^MÄX��&Mt\ C`IAMPV�ZDC <
J�IAO IAZ`Q`Q[WYMPO�ä�!Na&WYç#Z`O�UJINä�!Nn!O�KNOZI	WYV o KNMt\YI 2 ë�è�è O 3LKNX7V åPO�KNå�K�ä�ã+MPX4IAQ=S4KNO�Z`VFTPçÒW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V
å�KNMPO�Q[W�åPO�KNUPQPGYçÒW 	 JLKNMPO�ä�MPZ`V�W_e�e h#INä�Z[KNX � \YIAXtä�MPXÔO�ã/ä�W�IAM \PWÒê�IAåPV�WYMPO < a>IAXtä�ê/W#åPO�KNUPQPGYçÒW-!�Q[W
å�KNMPO�ä�MPZ=h#IAX7V�WYV�QTS Z`X7V�O�Mtä�ä�KNX7V�\PWYMB^ O�KNU�KNV�ä�çÒKNUPZ`Q[W/ä�æ7MPZ!ä�W×\PãYåPQQINê/WYX7V_ä�MPOÒQ[W/ä�X��&Mt\Pä�\�S MPX
O�ã/ä�W�IAM !8I�h4W/ê�QTS T3E®å�KNVFTYG/ä�W�æ7MtWÒQ[W#å�KNMPO�ä�MPZ=h#IAX7V I�MPXtW4h®Z`V�W/ä�ä�WÒä�MPå�ãYO�Z[WYMPO�W �Äê/WYQ`Q[W�\PWÒQTS Z`X7V�O�Mtä <
j	ã�IAXPçÒKNZ`Xtä�!7QQI�ä�V�OZIAV�ã S�Z[W	\PW!QTS Z`X7V�O�MtäfW/ä�V�Z`Xtê/KNXPX7MtW>IAQ[KNO�ä(æ7MtW!ê/WYQ`Q[W	\^M�å�KNMPO�ä�MPZ=h#IAX7Vf\PãYå�WYXt\�\PW
QTS ãYVZIAV&ê/KNMPOZIAX7V&\^MoX��&Mt\×ä�MPO!Q[W/æ7MtWYQLZ`QLä�W�V�O�KNM9h4W <�b S IAQ=S4KNO�Z`VFTPçÒW�ê/KNXtä�Z[ä�V�W �Òê/W�æ7MtW�Q[W/äRX��&Mt\Pä
\^MIäFE^ä�VHGYçÒWÒç IAZ`X7V�Z[WYXPXtWYX7V#MPX IAO�UPO�W�WYXPOZINêYZ`Xtã�ä�MPO�Q[WÒX��&Mt\ÞK��ÞQTS Z`X7V�O�Mtä�ä�WÒV�O�KNM9h4W <8b KNO�ä�æ7MtW
QTS Z`X7V�O�Mtä�êHTJIAX9S4WÒ\PW�X��&Mt\(!�QTS IAO�UPO�W�W/ä�V&O�W/ê/KNXtä�V�O�MPZ`V�\BE®XJIAç#Z[æ7MtWYçÒWYX7V�\PW]C`I�)/KNX ��ê/W�æ7M�S Z`Q:ä�KNZ`V
V�KNM\A�KNMPO�ä!WYXPOZINêYZ`Xtã�ä�MPOfQ[W�X��&Mt\ÄK��ÄO�ã/ä�Z[\PW&QTS Z`X7V�O�Mtä <

j	KNV�O�WRê/KNX7V�O�Z`UPMPV�Z[KNX�ä�WRä�Z`V�MtWR\YIAXtähQQI&Q`Z=S�Xtã/WR\PWRê/W/ä�\^Z ��ãYO�WYX7V�ä IAQ=S4KNO�Z`VFTPçÒW/ä(\PWfê/KNç#ç�MPXPZ[ê�I%e
V�Z[KNXtä IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä <0b S IAQ=S4KNO�Z`VFTPçÒW	æ7MtW(XtKNMtähåPO�KNå�K�ä�KNXtä�ä�WR\^Z ��ãYO�WYXtêYZ[WR\PWRê/W/ä�\PWYO�XPZ[WYO�ähåJIAO
QQIdC�KNO�ç IAQ`Z[äZIAV�Z[KNX×æ7MtW&XtKNMtä!\PKNXPXtKNXtäXIAMÄçÒK®\9GYQ[W�\PW�åJINä�äZI�S4W�\PW&çÒW/ä�äZI�S4W/äR\PW&O�KNU�KNV�äfçÒKNUPZ`Q[W/ä�!
WYV�\^M C`IAZ`V�æ7MtW(O�W/ä�V�KNXtä�ä�KNMtä:QTS T3E®å�KNVFTYG/ä�W!æ7MtW(QQI�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX_ä�W C`IAZ`VhåJIAO h4KNZ[WR\^Z`O�W/êYV�W!WYX7V�O�W
\PWYMB^_O�KNU�KNV�ä <
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a>IAXtä�Q[WRê/KNX7V�W_^^V�W	\PW/ä+äFE^ä�VHGYçÒW/ä�\PWfO�KNU�KNV�ä�çÒKNUPZ`Q[W/ä�! �+OZINê��#I !®m×Z[\PKNXPXtWYV+WYV+i!KNMtä�ä�WYQ 2 ë�è�è�ë�3
KNX7VRåPO�KNå�K�ä�ã�MPX IAQ=S4KNO�Z`VFTPçÒW�\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7V&UJINä�ã�ä�MPOfMPXtW�ä�V�OZIAV�ã S�Z[W�\PW�\PãYåPQQINê/WYçÒWYX7V&\PW/ä
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O�KNU�KNV�ä]INä�ä�MPOZIAX7V�MPXtW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXEWYX7V�O�W�O�KNU�KNV�ä�\^Z[ä�VZIAX7V�ä�WYXÔMPX V�WYç#åtä�U�KNO�Xtã < JLKNMPO INä e
ä�MPO�WYO	ê/WYV�V�W�ê/KNXt\^Z`V�Z[KNX !tQ[W/ä IAMPV�WYMPO�ä!O�W/ä�V�O�WYZ=S�XtWYX7V	Q[W�çÒK®\9GYQ[W�WYXÄå�K�äZIAX7V	\PW/ä!ê/KNX7V�OZIAZ`X7V�W/ä�ä�MPORQQI
V�KNå�KNQ[K\S�Z[W�\^MÄO�ã/ä�W�IAM×WYVfQ[W/äR\PãYåPQQINê/WYçÒWYX7V�ä&\PW/äfO�KNU�KNV�ä <
�#���#��� ��$�- � 2 ; ��'	�14�-%$�- / �@6 � /14�
,$

K7ZXIAMtêYMPXtWÄê/KNX7V�OZIAZ`X7V�WÄX�S W/ä�V#å�K�ä�ã/W_ä�MPO�Q[W/äÒ\PãYåPQQINê/WYçÒWYX7V�ä�!�KNXEXtW�å�WYMPV#åJINä4INä�ä�MPO�WYOÒæ7MtW
QQIÒê/KNç#ç�MPXPZ[ê�IAV�Z[KNX�IAMPOZIÒQ`Z[WYM]WYX×V�WYç#åtä	U�KNO�Xtã < e:X]W ��WYV�!tZ`QLW/ä�V!V�KNM\A�KNMPO�ä	å�K�ä�ä�Z`UPQ[W�\PW�V�O�KNM9h4WYO
MPXE\PãYåPQQINê/WYçÒWYX7V�\YIAXtä�Q[W/æ7MtWYQfQ[W/ä�O�KNU�KNV�ä�XtW�ä�W�O�WYXtê/KNX7V�O�WYX7V>AHIAç IAZ[ä < n"h#IAX7V#\PW�åPO�ã/êYZ[ä�WYOÒê/W/ä
ê/KNX7V�OZIAZ`X7V�W/ä�!-XtKNMtäRê/KNç#çÒWYX')/KNXtä!åJIAORQQI�\PW/ä�êYO�Z`åPV�Z[KNXo\PW/äRê/KNç#å�K�äZIAX7V�ä!\^MÄO�ã/ä�W�IAM <

� b WoäFE^ä�VHGYçÒW×W/ä�V�ê/KNç#å�K�ä�ã×\�S MPX WYXtä�WYç�UPQ[W]\PW m
O�KNU�KNV�ä IAXtKNX3E®çÒW/ä 2 Q[W/ä�Z[\PWYX7V�Z`V�ã/ä�XtW

ä�WYO�KNX7V�\PKNXtêÒåJINä�MPV�Z`Q`Z[ä�ã/W/ä�\YIAXtä�QTS IAQ=S4KNO�Z`VFTPçÒW 3 !�XtKNV�ã/ä
(r1, . . . , rm)

WYV�\PW
N
å�KNZ`X7V�ä�\PW

O�WYXt\PW * e`h4KNMtä <
� n êHTJINæ7MtW�å�KNZ`X7V�\PW�O�WYXt\PW * e`h4KNMtä 2 KNM x � u�w�yzv ��� 3	W/ä�V?INä�ä�K®êYZ[ã�MPX]MPXPZ[æ7MtW�Z[\PWYX7V�ZDM�IAX7V�X7MBe
çÒãYO�Z[æ7MtW < j	KNMtä:XtKNV�KNXtä

(`1, . . . , `N )
QTS WYXtä�WYç�UPQ[W	KNO�\PKNXPXtã!\PW/ähå�KNZ`X7V�ä�\PWfO�WYXt\PW * e`h4KNMtä(\^M

äFE^ä�VHGYçÒW <
� g!XÄå�KNZ`X7V&\PW�O�WYXt\PW * e`h4KNMtä&W/ä�V INä�ä�K®êYZ[ã �#MPXtW�åJIAZ`O�W�\PW�O�KNU�KNV�ä	WYVRQQIÒê/KNç#ç�MPXPZ[ê�IAV�Z[KNX XtW
å�WYMPV?I�h4KNZ`O&Q`Z[WYM æ7MtW�ä�ZLQ[W/ä&\PWYMB^oO�KNU�KNV�ä&ê/KNXtê/WYO�Xtã/ä�ä�KNX7V&åPO�ã/ä�WYX7V�ä?IAM]å�KNZ`X7V�\PW�O�WYXt\PW * e
h4KNMtä <9b I�Q[K®ê�IAQ`Z[äZIAV�Z[KNX×\PW�ê/W�\PWYO�XPZ[WYO	W/ä�V M9^PW�WYV!ê/KNXPX7MtW�åJIAOfQ[W/äR\PWYMB^_O�KNU�KNV�ä <

� c TJINæ7MtW�O�KNU�KNV ri
ç IAZ`X7V�Z[WYX7V�!�\YIAXtä#äZI×çÒãYçÒKNZ`O�W_Z`Xtê/KNO�O�MPåPV�Z`UPQ[W-!:MPXIVZIAUPQ[W�IAM

MPi
V�O�Z[ã

åJIAO!KNO�\^O�W�êYO�KNZ[ä�äZIAX7V	\PW/äRZ[\PWYX7V�ZDM-ê�IAV�WYMPO�ä�\PW�ä�W/äfå�KNZ`X7V�ä	\PW�O�WYXt\PW * e`h4KNMtä <�b I#VZIAZ`Q`Q[W�\PW�ê/W
VZIAUPQ[W�IAM W/ä�V

ni
!�WYV�MPXÔãYQ[ãYçÒWYX7V�\PW#ê/W�VZIAUPQ[W�IAM !�XtKNV�ã

MPi[j]
!�ê/KNX7V�Z[WYX7V�QTS Z[\PWYX7V�ZDM-ê�IAV�WYMPO

\PKNXPXtã�åJIAO!QQI C�KNXtêYV�Z[KNX
f(i, j)

å�KNMPO
1 ≤ i ≤ m

WYV
0 ≤ j ≤ ni − 1

< c+WYV!Z[\PWYX7V�ZDM-ê�IAV�WYMPO
W/ä�VXINä�ä�K®êYZ[ã?IAM

jième å�KNZ`X7V!\PW�O�WYXt\PW * e`h4KNMtä	\PW ri
<

b W/ä T3E®å�KNVFTYG/ä�W/ä	åPO�Z[ä�W/ä&ä�MPO	QQI�V�KNå�KNQ[K\S�Z[W�\^MoO�ã/ä�W�IAM WYV	Q[W/ä�\PãYåPQQINê/WYçÒWYX7V�ä�\PW/ä	O�KNU�KNV�ä&ä�KNX7V&Q[W/ä
ä�MPZ=h#IAX7V�W/ä �

� b W(O�ã/ä�W�IAM�W/ä�V 	 ê/KNXPXtW_^PW � ��WYX7V�O�W!\PWYMB^�O�KNU�KNV�ä ri
WYV

ri′
!NZ`QtW_^^Z[ä�V�W(MPXtWfä�ã/æ7MtWYXtê/WR\PW(O�KNU�KNV�ä

ri = ri0 , ri1 , . . . , riK = ri′
V�WYQ�æ7MtW	å�KNMPOfV�KNMPV

0 ≤ k < K
!
rik

WYV
rik+1

KNX7VfMPX_å�KNZ`X7VR\PW
O�WYXt\PW * e`h4KNMtä	WYXÄê/KNç#ç�MPX <

� b W/ä�O�KNU�KNV�ä�ä8S IAV�V�WYXt\PWYX7V ç�MPV�MtWYQ`Q[WYçÒWYX7V)�(Q[WYMPOLå�KNZ`X7VL\PWhO�WYXt\PW * e`h4KNMtä < e:X�\�S IAMPV�O�W�V�WYO�çÒW/ä�!
Q[W!åPO�WYç#Z[WYO(O�KNU�KNV(æ7MPZ+IAO�O�Z=h4W&ä�MPO�Q[W!å�KNZ`X7Vf\PW!O�WYXt\PW * e`h4KNMtä IAV�V�WYXt\�ä�KNX TtKNçÒKNQ[K\S�MtW?I�h#IAX7V
\PW�ê/KNX7V�Z`X7MtWYO&ä�KNXÄ\PãYåPQQINê/WYçÒWYX7V <

g!X W_^PWYç#åPQ[WÄ\PWÄäFE^ä�VHGYçÒW_ê/KNç#å�K�ä�ãÄ\PW
4
O�KNU�KNV�ä�WYV�\PW

4
å�KNZ`X7V�ä�\PW�O�WYXt\PW * e`h4KNMtä�!�Z`Q`Q`Mtä e

V�OZIAX7V�Q[W/ä�\^Z ��ãYO�WYX7V�W/ä T3E®å�KNVFTYG/ä�W/ä�åPO�ã/ê/ã/\PWYX7V�W/ä�!+W/ä�V�åPO�ã/ä�WYX7V�ã×ä�MPO�QQI MYS�MPO�W OB<=;#< m IAQ=S�O�ã×ê/W/ä
T3E®å�KNVFTYG/ä�W/äRä�MPO(Q[W/äf\PãYåPQQINê/WYçÒWYX7V�ä	\PW/ä(O�KNU�KNV�ä�!^Z`Q�W/ä�V(V�KNM\A�KNMPO�äfå�K�ä�ä�Z`UPQ[W&\PW&V�O�KNM9h4WYOfMPXÄKNO�\PKNXBe
XJIAXtê/WYçÒWYX7V	\YIAXtä(Q[W/æ7MtWYQ�êHTJINêYMPX×\PW/äfO�KNU�KNV�ä(O�W/ä�V�W&UPQ[K®æ7Mtã&ä�MPO(MPX_å�KNZ`X7VR\PW&O�WYXt\PW * e`h4KNMtä!WYVfXtW
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Un système S
 Graphe de communication de S


Systèmes de transitions des déplacements des robots
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������� OB<=; � g!XÄW_^PWYç#åPQ[W�\PW�äFE^ä�VHGYçÒW�ê/KNç#å�K�ä�ã�\PW 4
O�KNU�KNV�äRWYV!äZI�çÒK®\PãYQ`Z[äZIAV�Z[KNX

ä�W!\PãYåPQQINê/W AHIAç IAZ[ä < c	S W/ä�V+å�KNMPO�æ7MtKNZ'Z`Q'W/ä�V�Xtã/ê/W/ä�äZIAZ`O�W	\�S ãYVZIAUPQ`Z`O(MPX�KNO�\PKNXPXJIAXtê/WYçÒWYX7VfåPO�ã�IAQQIAUPQ[W
\PW/äR\PãYåPQQINê/WYçÒWYX7V�ä&\PW/äfO�KNU�KNV�ä <

�#���#��� � 
�����8 ) '	�>67$ / � ��8 / � � �1=��>&�$�67$�� ' � � � =�� ' ��� -3'5=
 )�
�)�-%=�� '

n MtX_\�S ãYVZIAUPQ`Z`OfMPX_KNO�\PKNXPXJIAXtê/WYçÒWYX7V�!PMPXtW	X7MPçÒãYO�KNVZIAV�Z[KNX IAO�UPZ`V�OZIAZ`O�W�\PW/ä+å�KNZ`X7V�äf\PW	O�WYXt\PW * e
h4KNMtä�W/ä�VhêHTtKNZ[ä�Z[WRWYV�êHTJINæ7MtWRO�KNU�KNVhW ��W/êYV�MtWfMPXÒåJIAO�ê/KNMPO�ähZ`V�ãYOZIAV�ZDC�\PWRä�W/ä:å�KNZ`X7V�ä�\PW(O�WYXt\PW * e`h4KNMtä <
b W]S�OZIAå9TtW�\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX ê/KNO�O�W/ä�å�KNXt\YIAX7V�W/ä�V

G = (V,E)
!�K��oQTS WYXtä�WYç�UPQ[W#\PW/ä&ä�KNç#çÒWYV�ä

V
ê/KNO�O�W/ä�å�KNXt\ �&QTS WYXtä�WYç�UPQ[W	\PW/ä:O�KNU�KNV�ä�WYV�QTS WYXtä�WYç�UPQ[W

E
IAMB^#å�KNZ`X7V�ä+\PWfO�WYXt\PW * e`h4KNMtä < k�Q-W_^^Z[ä�V�W

MPX_Q`Z[WYX
{i, j}

\YIAXtä
E
ä�Z�WYVfä�WYMPQ[WYçÒWYX7V!ä�Z'Q[W/ä(O�KNU�KNV�ä

ri
WYV

rj
KNX7VfMPX_å�KNZ`X7VR\PW	O�WYXt\PW * e`h4KNMtä!WYX

ê/KNç#ç�MPX < c+W�Q`Z[WYX×W/ä�V h#IAQ`Mtã&åJIAORQTS Z[\PWYX7V�ZDM-ê�IAV�WYMPO&\^MÄå�KNZ`X7V!\PW&O�WYXt\PW * e`h4KNMtä 2 h4KNZ`O MYS�MPO�W OB<=; 3 <
�:VZIAX7V(\PKNXPXtãRMPX4S�OZIAå9TtW

G
WYVhMPXtWfX7MPçÒãYO�KNVZIAV�Z[KNX_ä�MPO

E
!�QTS IAQ=S4KNO�Z`VFTPçÒW	\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7V

ê/KNXtä�V�O�MPZ`V�!-å�KNMPO!êHTJINæ7MtW�O�KNU�KNV
rk

!PMPXoäFE^ä�VHGYçÒW�Q[K®ê�IAQL\PW�V�OZIAXtä�Z`V�Z[KNX×O�WYåPO�ã/ä�WYX7VZIAX7V&Q[W�åJIAO�ê/KNMPO�ä
\PW&ä�W/ä+å�KNZ`X7V�äR\PW	O�WYXt\PW * e`h4KNMtä 2 h4KNZ`O MYS�MPO�W OB<=; 3 < c TJINæ7MtW&äFE^ä�VHGYçÒW&\PW	V�OZIAXtä�Z`V�Z[KNX

Sk

W/ä�Vf\Pã_MtXPZ
åJIAO �

� QTS WYXtä�WYç�UPQ[W�\PW/äRãYVZIAV�ä Qk

O�WYåPO�ã/ä�WYX7VZIAX7V&Q[W/äRå�KNZ`X7V�ä!\PW�O�WYXt\PW * e`h4KNMtä < k�Q�W_^^Z[ä�V�W&MPXoãYVZIAV
qiå�KNMPORêHTJINæ7MtW]IAO�ê h#IAQ`Mtã

qi
\^M_O�KNU�KNV

rk
<9b S ãYVZIAVRZ`XPZ`V�ZQIAQL\PW&QTS IAMPV�KNç IAV�W�W/ä�V

min(Qk)
�
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� QTS WYXtä�WYç�UPQ[W�\PW�V�OZIAXtä�Z`V�Z[KNXtä Tk

O�WYåPO�ã/ä�WYX7VZIAX7V&Q[W/ä	\PãYåPQQINê/WYçÒWYX7V�ä�WYX7V�O�W�å�KNZ`X7V�ä	\PW�O�WYXt\PW * e
h4KNMtä < k�Q�W_^^Z[ä�V�W&MPXtW�V�OZIAXtä�Z`V�Z[KNXo\PW

qi
�

qj
ä�Z�WYVRä�WYMPQ[WYçÒWYX7V	ä�Z �

� qi < qj
WYVfZ`Q�X�S W_^^Z[ä�V�W&åJINäR\�S ãYVZIAV

q ∈ Qk

V�WYQ�æ7MtW
qi < q < qj

!PKNM
� qi = max(Qk)

WYV
qj = min(Qk)

<
b S Z[\Pã/W	\PWfQTS IAQ=S4KNO�Z`VFTPçÒW	\PW �+OZINê��#I !7m×Z[\PKNXPXtWYV+WYV�i!KNMtä�ä�WYQ 2 ë�è�è�ë�3:W/ä�V�æ7MtW!êHTJINæ7MtWRO�KNU�KNV

rkåJIAO�ê/KNMPO�V(ä�W/ä
nk

å�KNZ`X7V�ä+\PWRO�WYXt\PW * e`h4KNMtä(\YIAXtä x � � � 	 ��� êYO�KNZ[ä�äZIAX7V+\PWRQ[WYMPO�ä�X7MPçÒãYO�K�ä < k�Q'ä8S I�S�Z`V+\PW
åJIAO�V�Z`O!\^M_å�KNZ`X7V!\PW&O�WYXt\PW * e`h4KNMtä I�E3IAX7VRQ[W&åPQ`MtäRå�WYV�Z`VfX7MPçÒãYO�K !PåPMPZ[äR\PW>h®Z[ä�Z`V�WYOfV�KNMtäfQ[W/ä IAMPV�O�W/ä
å�KNZ`X7V�ä	\PW�ç IAXPZPGYO�W�MPXPZ[\^Z`O�W/êYV�Z[KNXPXtWYQ`Q[W�WYV!O�ãYå�ãYV�Z`V�Z=h4W < n!Z`Xtä�Z,!têHTJINæ7MtW�å�KNZ`X7V	\PW�O�WYXt\PW * e`h4KNMtä&W/ä�V
h®Z[ä�Z`V�ã&MPXtW�Z`XBMtXPZ`V�ã�\PW C�KNZ[ä <

JLKNMPOL\PãYçÒKNX7V�O�WYO æ7MtW QTS KNO�\PKNXPXJIAXtê/WYçÒWYX7V åPO�K®\^MPZ`V�W/ä�V�W_^PWYç#åPV�\PW:UPQ[K®ê�I�S4W 2 åJIAO�V�Z[WYQ7WYV�V�KNVZIAQ 3 !
�+OZINê��#I WYV IAQ < ê/KNXtä�V�O�MPZ[ä�WYX7V�! � åJIAO�V�Z`O_\PW/ä�äFE^ä�VHGYçÒW/ä�\PW×V�OZIAXtä�Z`V�Z[KNXtä�Q[K®ê�IAMB^(!hQ[WoäFE^ä�VHGYçÒW×\PW
V�OZIAXtä�Z`V�Z[KNX�åPO�K®\^MPZ`V�O�WYåPO�ã/ä�WYX7VZIAX7V�QTS ãYVZIAV S�Q[KNUJIAQ	\^M O�ã/ä�W�IAM � V�KNMPV�Z`Xtä�VZIAX7V < c+W×äFE^ä�VHGYçÒWÄW/ä�V
MPV�Z`Q`Z[ä�ã	å�KNMPO(æ7MtW!QTS KNO�\PKNXPXJIAXtê/WYçÒWYX7V!ä�KNZ`V(W_^PWYç#åPVf\PW!UPQ[K®ê�I�S4W	åJIAO�V�Z[WYQ�KNM�V�KNVZIAQ < d�KNMPVf\�S IAU�KNO�\(!
Q[W/ä IAMPV�WYMPO�ä�KNX7V�åPO�KNM9h4ã×æ7MtW×æ7MtWYQ`Q[W×æ7MtWÄä�KNZ`V�QQI]X7MPçÒãYO�KNVZIAV�Z[KNX êHTtKNZ[ä�Z[W×å�KNMPOÒQ[W/ä�å�KNZ`X7V�ä�\PW
O�WYXt\PW * e`h4KNMtä�!�Q[WÄäFE^ä�VHGYçÒW�X�S W/ä�V>AHIAç IAZ[äÒUPQ[K®æ7Mtã < e:X�W ��WYV�!:Z`Q E I]V�KNM\A�KNMPO�äÒMPX O�KNU�KNV�æ7MPZ!ä�W
\PãYåPQQINê/W(\YIAXtäLQ[W�äFE^ä�VHGYçÒW-!¢åPMPZ[ä�æ7MtW�V�KNMPV ãYVZIAV \^M�äFE^ä�VHGYçÒW�\PW�V�OZIAXtä�Z`V�Z[KNX S�Q[KNUJIAQ,!\IAV�V�WYZ`X7V	�RåJIAO�V�Z`O
\PW�QTS ãYVZIAV	Z`XPZ`V�ZQIAQ,!+I#MPX]ä�Mtê/ê/W/ä�ä�WYMPO < JLKNMPO&åPO�KNM9h4WYO	QTS IAUtä�WYXtê/W�\PW�UPQ[K®ê�I�S4W�åJIAO�V�Z[WYQ,!-Z`Q[ä!åPO�KNM9h4WYX7V
æ7MtWoæ7MtWYQ`Q[W]æ7MtWoä�KNZ`V�QQIÞä�MPZ`V�Wo\PW×V�OZIAXtä�Z`V�Z[KNXtä 2 Z < W < !(\PW]\PãYåPQQINê/WYçÒWYX7V�ä 3�\YIAXtä�Q[W]äFE^ä�VHGYçÒWo\PW
V�OZIAXtä�Z`V�Z[KNX×åPO�K®\^MPZ`V�!tV�KNMtäRQ[W/ä!äFE^ä�VHGYçÒW/ä!\PW�V�OZIAXtä�Z`V�Z[KNXtä!Q[K®ê�IAMB^ÄêHTJIAX9S4WYX7V�\�S ãYVZIAV IAMÄU�KNMPV!\�S MPX
XtKNç�UPO�W>MtXPZ�\PW&V�OZIAXtä�Z`V�Z[KNXtä!\^M×äFE^ä�VHGYçÒW&åPO�K®\^MPZ`V <

j	KNV�O�W�ê/KNX7V�O�Z`UPMPV�Z[KNX ê/KNXtä�Z[ä�V�W ��MPV�Z`Q`Z[ä�WYO�Q[WÒçÒK®\9GYQ[W�\PW/ä�O�ã/ä�W�IAMB^ \PW�JLWYV�O�Z 2 i!\PJ 3�ê/KNç#çÒW
ä�MPåPå�KNO�V�\�S MPXtW�åPO�WYM9h4W�åPQ`Mtä�ê/KNMPO�V�W�WYV�åPQ`Mtä�ä�Z`ç#åPQ[W�\PW�ê/KNO�O�W/êYV�Z[KNX \PW�ê/WYV IAQ=S4KNO�Z`VFTPçÒW < JLKNMPO
MPXtW!U�KNXPXtW	Z`X7V�O�K®\^MtêYV�Z[KNX IAMB^�O�ã/ä�W�IAMB^�\PW	JLWYV�O�Z,!®Q[W!Q[W/êYV�WYMPO(å�KNMPO�OZI�ä�WRO�WYå�KNO�V�WYO(åJIAO(W_^PWYç#åPQ[W �
\PW/äRKNM9h®OZI�S4W/ä!ê/KNç#çÒW�i!WYZ[ä�Z=S 2 ;�U é a 3(WYV!a	ZQI * 2 ë�è�è ; 3 <
� ��� � 
 � � � � �	� � � 
�
 � ���������

a>IAXtä�ê/WYV�V�W#ä�W/êYV�Z[KNX !�XtKNMtä&åPO�ã/ä�WYX7V�KNXtä�MPXtW�åPO�WYM9h4W#æ7MPZ:ä�WYOZI���QQI�UJINä�W�\PW�QQI h4WYO�ä�Z[KNXÔä�VZI%e
UPZ`Q`Z[äZIAX7V�W�\PW�QTS IAQ=S4KNO�Z`VFTPçÒW < JLKNMPO�êHTJINæ7MtW�O�KNU�KNV

ri
!-MPXoO�ã/ä�W�IAM \PW�JLWYV�O�Z çÒK®\PãYQ`Z[ä�W�Q[W�åJIAO�ê/KNMPO�ä

Q[K®ê�IAQ&\PWoä�W/äÒå�KNZ`X7V�ä�\PW×O�WYXt\PW * e`h4KNMtä < b W×åPO�K®\^MPZ`V�äFE®XtêHTPO�KNXPZ[ä�ã]\PW/ä�O�ã/ä�W�IAMB^ Q[K®ê�IAMB^ W/ä�V�MPX
O�ã/ä�W�IAM \PWÒJLWYV�O�Z S�Q[KNUJIAQhçÒK®\PãYQ`Z[äZIAX7V�QTS ãYVZIAVdS�Q[KNUJIAQ�\^M äFE^ä�VHGYçÒW ��V�KNMPV�Z`Xtä�VZIAX7V <"b W#O�ã/ä�W�IAM \PW
JLWYV�O�ZL\PW&QQIdMYS�MPO�W OB< ë�O�WYåPO�ã/ä�WYX7V�W�Q[W�ê/KNç#å�KNO�V�WYçÒWYX7V	\�S MPXÄO�KNU�KNV

ri
!PWYVRä�W�\Pã_MtXPZ`VRåJIAORQ[W&V�MPåPQ[W

Ni = (Pi, Ti, P réi, P osti,M0i)
K�� �

� Pi = {p(i,0), . . . , p(i,j), . . . , p(i,ni−1)}
W/ä�V�MPX WYXtä�WYç�UPQ[W MtXPZ�WYV�XtKNX2h®Z[\PWÒ\PW#åPQQINê/W/ä�O�W_e

åPO�ã/ä�WYX7VZIAX7V	QTS WYXtä�WYç�UPQ[W�\PW/äRå�KNZ`X7V�ä!\PW�O�WYXt\PW * e`h4KNMtä <�b I�åPO�ã/ä�WYXtê/W�\�S MPX A�WYV�KNX ��QQI�åPQQINê/W
p(i,j)

ä�Z=S�XPZDM-WRæ7MtW
ri
W/ä�Vhä�KNZ`V�WYXÒ\PãYåPQQINê/WYçÒWYX7V h4WYO�ähä�KNX

jième å�KNZ`X7V+\PW(O�WYXt\PW * e`h4KNMtä�!7ä�KNZ`V
åPO�ã/ä�WYX7V!ä�MPORê/W�\PWYO�XPZ[WYORç IAZ[ä � � w�y�y�� � y�� \PW�ä�KNX TtKNçÒKNQ[K\S�MtW <
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t
f(i,0)


t
f(i,1)


t
f(i,2)


p
(i,1)


p
(i,2)


p
(i,3)


p
(i,0)


p
(i,n -1)
i


t
f(i,n -1)
i


������� OB< ë � b W�ê E^êYQ[W�\PW/ä h®Z[ä�Z`V�W/äR\^M_O�KNU�KNV ri

� Ti = {tf(i,0), ..., tf(i,j), ..., tf(i,ni−1)}
W/ä�VRMPX×WYXtä�WYç�UPQ[W?MtXPZ�WYV!XtKNX h®Z[\PW�\PW�V�OZIAXtä�Z`V�Z[KNXtä <

b IEê/KNXt\^Z`V�Z[KNX�\PW CzOZIAXtêHTPZ[ä�ä�WYçÒWYX7Vo\�S MPXtW V�OZIAXtä�Z`V�Z[KNX
tf(i,j)

W/ä�VÄæ7MtW]Q[W/äÄ\PWYMB^ O�KNU�KNV�ä�!
ri
WYVÒä�KNX TtKNçÒKNQ[K\S�MtW-!�ä�KNZ[WYX7VÒåPO�ã/ä�WYX7V�ä�ä�MPO#Q[W

jième å�KNZ`X7V�\PW�O�WYXt\PW * e`h4KNMtä�\PW ri
< b W

CzOZIAXtêHTPZ[ä�ä�WYçÒWYX7V�\PW
tf(i,j)

O�WYåPO�ã/ä�WYX7V�WÄQ[W_\PãYåPQQINê/WYçÒWYX7V�\PW/äÒ\PWYMB^EO�KNU�KNV�ä�!:êHTJINêYMPX h4WYO�ä
ä�KNX_å�KNZ`X7V!\PW�O�WYXt\PW * e`h4KNMtä!ä�MPZ=h#IAX7V <

� Préi
W/ä�VfQQI�ç IAV�O�Z[ê/W�\�S Z`XtêYZ[\PWYXtê/W]IAO�O�ZPGYO�W-!-\Pã_MtXPZ[W�\PW

Pi × Ti
\YIAXtä

{0, 1}
ê/KNç#çÒW�ä�MPZ`V �

Préi(p, t) =

{

1
ä�Z

p = p(i,j)
WYV

t = tf(i,j),

0
ä�Z`XtKNX

.

� Posti
W/ä�VfQQI�ç IAV�O�Z[ê/W�\�S Z`XtêYZ[\PWYXtê/W]I�h#IAX7V�!-\Pã_MtXPZ[W�\PW

Pi × Ti
\YIAXtä

{0, 1}
ê/KNç#çÒW�ä�MPZ`V �

Posti(p, t) =

{

1
ä�Z

p = p(i,(j+1) mod ni)
WYV

t = tf(i,j),

0
ä�Z`XtKNX

.

� b W�ç IAO�æ7MJI�S4W�Z`XPZ`V�ZQIAQ,!LXtKNV�ã M0i
!�\Pã_MtXPZ`V�Q[W�XtKNç�UPO�W�\PW?A�WYV�KNXtä�ê/KNX7V�WYX7MtäÒ\YIAXtä�V�KNMPV�W/ä

Q[W/ä+åPQQINê/W/äR\^M�O�ã/ä�W�IAM <
M0i(p(i,j))

\Pã_MtXPZ`VfQ[W	ç IAO�æ7MJI�S4W	Z`XPZ`V�ZQIAQ�\PW	QQI�åPQQINê/W
p(i,j)

ê/KNç#çÒW
ä�MPZ`V �

M0i(p(i,j)) =

{

1
ä�Z

j = 0,

0
ä�Z`XtKNX

.

b W:çÒK®\9GYQ[W S�Q[KNUJIAQ7\^M�äFE^ä�VHGYçÒW:W/ä�V�MPX�O�ã/ä�W�IAM�\PW:JLWYV�O�Z®\Pã_MtXPZ4åJIAO�Q[W V�MPåPQ[W
N = (P, T, Pré, Post,M0)

K�� �

� P =
⊎

Pi
W/ä�VfQTS MPXPZ[KNX×\PW/äfV�KNMPV�W/äRQ[W/äfåPQQINê/W/ä!\PW/äfO�ã/ä�W�IAMB^Ä\PW�JLWYV�O�Z�Q[K®ê�IAMB^��
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� T =
⋃

Ti
!-W/ä�VRQTS MPXPZ[KNX 2 XtKNX]\^Z[ä A�KNZ`X7V�W 3f\PW�V�KNMPV�W/ä!Q[W/äRV�OZIAXtä�Z`V�Z[KNXtä&\PW/äRO�ã/ä�W�IAMB^×\PW�JLWYV�O�Z

Q[K®ê�IAMB^��
� Pré

WYV
Post

ä�KNX7V	Q[W/ä!ç IAV�O�Z[ê/W/ä&\�S Z`XtêYZ[\PWYXtê/W IAO�O�ZPGYO�W�WYV I�h#IAX7V�!�\Pã_MtXPZ[W/ä	\PW
P × T

\YIAXtä
{0, 1}

ê/KNç#çÒW�ä�MPZ`V �

Pré(p, t) =

{

Préi(p, t)
ä�Z

p ∈ Pi
WYV

t ∈ Ti,

0
ä�Z`XtKNX

.

P ost(p, t) =

{

Posti(p, t)
ä�Z

p ∈ Pi
WYV

t ∈ Ti,

0
ä�Z`XtKNX

.

� M0
W/ä�VfQ[W&ç IAO�æ7MJI�S4W�Z`XPZ`V�ZQIAQL\Pã_MtXPZ�åJIAO

M0(p) = M0i(p)
ä�Z

p ∈ Pi
<

� �-10/26�l&1 � & ' � ��� q@v 	 s@� ��� q ��� q@|AqYy�}@~���u ��� qYyzvzy � s 	 � 6 � ��� � y¼qÒ�Yy 6 r � v � y¼q 	 ����� �
	 ����� � ��� q��� w ! 
 � ��� � � � ���Tr'��s�q8� � y��fx[����s�q8��w ��	 �L;R�Yyz�@v 
Nx ��� wNxPu � �@����qTr ���
	 w � y ��u��+q@|AqYy�}@~����^, ��� � 	
����� w � y
x[��q(r � v � y¼q 	 ����� �
	 ����� � ��� q 	 ��u �^w4u ��� 	 ��q�� ��� � y¼q�� �
��� q ��� y�� �
��� q�x[��yTw � x[��w � q � v��Aw � y({

� ��� � y¼q r1 r2 r3 r4 r5 r6; � v � y¼q 	 � � � � � � "
��� �
	 ��� � 3 � 3
� ��� q � "

n MtXÒ\PW+çÒK®\PãYQ`Z[ä�WYO:QQI	äFE®XtêHTPO�KNXPZ[äZIAV�Z[KNX�WYX7V�O�WR\PWYMB^�O�KNU�KNV�ä:åJIAO O�WYXt\PW * e`h4KNMtä�!�XtKNMtä:MPV�Z`Q`Z[ä�KNXtä
QQIRV�W/êHTPXPZ[æ7MtW(\PW CzMtä�Z[KNX�\PW/äLV�OZIAXtä�Z`V�Z[KNXtä < i!WYç IAO�æ7MtKNXtä æ7MtW�Q[W S�OZIAå9TtW S�Q[KNUJIAQ^KNUPV�WYX7M IAåPåJIAO�V�Z[WYX7V
�(QQI C`IAç#Z`Q`Q[Wh\PW/ä 
N��w�r �P��q 	 � s �Ns � �@~�� � y¼q \YIAXtä�Q[W/ä�æ7MtWYQ[ä�Q[W/ä�V�OZIAXtä�Z`V�Z[KNXtä�XtWhä�KNX7V9AHIAç IAZ[ä�WYX�ê/KNX��tZ`V�!
åPMPZ[ä�æ7M�S MPXtW�åPQQINê/W�W/ä�V&WYX7V�O�ã/W 2 WYV&ä�KNO�V�Z[W 3!\�S MPXtW�ä�WYMPQ[W�V�OZIAXtä�Z`V�Z[KNX < a>IAXtä&Q[W/ä	O�ã/ä�W�IAMB^o\PW�JLWYV�O�Z,!
QTS IAUtä�WYXtê/W�\PW	UPQ[K®ê�I�S4W�ê/KNO�O�W/ä�å�KNXt\���QQI]h®Z=h#INêYZ`V�ã-!^ê�S W/ä�V e �%e�\^Z`O�W ��QTS W_^^Z[ä�V�WYXtê/W�\�S MPXtW&ä�ã/æ7MtWYXtê/W�\PW
CzOZIAXtêHTPZ[ä�ä�WYçÒWYX7V�ä �ÒåJIAO�V�Z`O�\^Moç IAO�æ7MJI�S4W�Z`XPZ`V�ZQIAQ:ê/KNç#å�KNO�VZIAX7V�W_^YINêYV�WYçÒWYX7V�MPXtW�K®ê/êYMPO�O�WYXtê/W#\PW
V�KNMPV�W/ä+Q[W/ä�V�OZIAXtä�Z`V�Z[KNXtä < n!MPV�O�WYçÒWYX7Vf\^Z`V�!®æ7MtWYQ�æ7MtW!ä�KNZ`V+QTS ãYVZIAV(\^M�äFE^ä�VHGYçÒW-!4V�KNMPV�W!V�OZIAXtä�Z`V�Z[KNX_W/ä�V
å�KNV�WYX7V�Z[WYQ`Q[WYçÒWYX7V CzOZIAXtêHTPZ[ä�äZIAUPQ[W	\YIAXtä+Q[W CzMPV�MPO < JLKNMPOfê/WYV�V�W C`IAç#Z`Q`Q[W	\PW S�OZIAå9TtW/ä�!®\PW!XtKNç�UPO�WYMtä�W/ä
åPO�KNåPO�Z[ãYV�ã/ä×ê/KNç#å�KNO�V�WYçÒWYX7VZIAQ[W/äoä�KNX7V×ê�IAOZINêYV�ãYO�Z[ä�ã/W/äÄåJIAOÄ\PW/äÄê/KNXt\^Z`V�Z[KNXtä×ä�V�O�MtêYV�MPO�WYQ`Q[W/ä < j	KNMtä
XtKNMtä&Q`Z`ç#Z`V�WYO�KNXtä�Z[êYZ	��MPXÔä�WYMPQ Q[WYç#çÒW < j	KNMtä&OZIAåPå�WYQ[KNXtä�äZIÒåPO�WYM9h4W-!�åPMPZ[ä�æ7M�S WYQ`Q[W#ê/KNX7V�Z[WYX7V�\PW/ä
ãYQ[ãYçÒWYX7V�ä	æ7MtW&XtKNMtäfMPV�Z`Q`Z[ä�WYO�KNXtäRMPQ`V�ãYO�Z[WYMPO�WYçÒWYX7V&å�KNMPOfQQI�åPO�WYM9h4W�\PW&QTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX <
� 10/�/21 � & '���� �����	� ��
	��
������ ������������
�������������� ���	
	!#" � 8 �-v N ��qYy ��� 
N��w�r �P� 	 � s �Ns � �$�
~�� � y¼q�y��@x 
 � ��y ��� y+uYv¼��u � vzyRs@x[s@~�� � yTwNv¼���#��qYyhv � vzyzv�wNx[�@~�� � yh~ÒwN� 
 � s��(wNx � ��q N ��qYy �8v��Aw � y �

�?��10 $+�1'&�i!WYç IAO�æ7MtKNXtä�!NV�KNMPVh\�S IAU�KNO�\(!�æ7MtW(Q[W(XtKNç�UPO�WR\PW"A�WYV�KNXtäh\�S MPXÒêYZ`O�êYMPZ`VhãYQ[ãYçÒWYX7VZIAZ`O�W!W/ä�V
Z`X3h#IAO�ZQIAX7V�\YIAXtä&MPXRS�OZIAå9TtW�\�S ã h4ãYXtWYçÒWYX7V�ä�!�åPMPZ[ä�æ7M�S Z`QLXtW�å�WYMPV ERI�h4KNZ`O�\PW�V�OZIAXtä�Z`V�Z[KNXÔWYX7V�OZIAX7V�W
XPZ�ä�KNO�VZIAX7V�W <
K7MPåPå�K�ä�KNXtä�æ7MtWfV�KNMtähQ[W/ä�êYZ`O�êYMPZ`V�ä�ä�KNZ[WYX7V�Z`XPZ`V�ZQIAQ[WYçÒWYX7V+ç IAO�æ7Mtã/ä�!0IAQ[KNO�ähå�KNMPOhV�KNMPVhç IAO�æ7MJI�S4W

MINê/ê/W/ä�ä�Z`UPQ[W-!'Z`Q[ä	Q[W�ä�KNX7V?IAMtä�ä�Z,!-\�S IAåPOHG/ä&QQIÒO�WYç IAO�æ7MtW�åPO�ã/ê/ã/\PWYX7V�W < JLKNMPO�ê/W�ç IAO�æ7MJI�S4W
M

!-XtKNMtä
\Pã_MtXPZ[ä�ä�KNXtä!\PWYMB^�O�WYQQIAV�Z[KNXtäRUPZ`XJIAZ`O�W/ä �
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(
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������� OB< O � b W�O�ã/ä�W�IAMÄ\PW�JLWYV�O�Z"S�Q[KNUJIAQ�\�S MPXtW�Z`Xtä�VZIAXtê/W�\PW�QTS IAQ=S4KNO�Z`VFTPçÒW

� t wNv 	 � M t′
!�ä�Z!WYV�ä�WYMPQ[WYçÒWYX7V�ä�Z!Z`Q!W_^^Z[ä�V�WÄMPXtWÄåPQQINê/W×XtKNX ç IAO�æ7Mtã/W×\PW×ä�KNO�V�Z[W×\PW

t
WYV

\�S WYX7V�O�ã/W�\PW
t′
�

� t r'��s�u�} 	 � M t′
!^QQIdC�WYO�çÒWYV�MPO�W�O�ã �-W_^^Z=h4W�WYVfV�OZIAXtä�Z`V�Z=h4W�\PW wNv 	 �

M
<

moKNX7V�O�KNXtä+æ7MtW r'��s�u�} 	 �
M
W/ä�VhMPXtWRO�WYQQIAV�Z[KNX�\�S KNO�\^O�WRåJIAO�V�Z[WYQ < K7ZtV�WYQ-X�S W/ä�VhåJINähQ[WRê�INä�!�XtKNMtä I�h4KNXtä

\PWYMB^ÄV�OZIAXtä�Z`V�Z[KNXtä
t
WYV

t′
V�WYQ`Q[W/ä	æ7MtW

t r'��s�u�} 	 � M t′
WYV

t′ r'��s�u�} 	 � M t
< a�S IAåPOHG/ä!QQIÒ\Pã_MtXPZ`V�Z[KNX \PW

r'��s�u�} 	 �
M

!'ê/WYQQI�ä�Z=S�XPZDM-W�æ7M�S Z`Q W_^^Z[ä�V�W�MPX]êHTtWYç#Z`XÔ\PW
t
�

t′
WYV	MPX]êHTtWYç#Z`XÔ\PW

t′
�

t
K��gIAMtêYMPXtW

åPQQINê/WÒX�S W/ä�V�ç IAO�æ7Mtã/W < e:X Q[W/ä�ê/KNç#å�K�äZIAX7V�!�KNX KNUPV�Z[WYX7V�MPX êYZ`O�êYMPZ`V�\PKNX7V�KNXÔå�WYMPV�W_^^V�OZIAZ`O�WÒMPX
êYZ`O�êYMPZ`V!ãYQ[ãYçÒWYX7VZIAZ`O�W�XtKNXÄç IAO�æ7Mtã-!tê/W�æ7MPZ�W/ä�VfZ`ç#å�K�ä�ä�Z`UPQ[W <
d�KNMPV�W�O�WYQQIAV�Z[KNX \�S KNO�\^O�W�åJIAO�V�Z[WYQ:ä�MPO	MPXoWYXtä�WYç�UPQ[WdMtXPZLå�WYMPV&ä8S ãYV�WYXt\^O�W�WYX 2 IAMoçÒKNZ`Xtä 3RMPXtW�O�W_e
QQIAV�Z[KNX \�S KNO�\^O�W�V�KNVZIAQ < K®KNZ`V

t1, . . . , tn
QQI×Q`Z[ä�V�W�KNO�\PKNXPXtã/W_\PW/ä�V�OZIAXtä�Z`V�Z[KNXtäÒWYXEê/WYV#KNO�\^O�W�V�KNVZIAQ <

j	KNMtä I �ÒO�çÒKNXtäRæ7MtW
t1 . . . tn

W/ä�V(MPXtW&ä�ã/æ7MtWYXtê/W�\PWXCzOZIAXtêHTPZ[ä�ä�WYçÒWYX7V�ä���åJIAO�V�Z`OR\PW
M
< e:XÄW ��WYV�!

t1
W/ä�VdCzOZIAXtêHTPZ[ä�äZIAUPQ[W-!LåPMPZ[ä�æ7MtW�V�KNMPV�W/ä�ä�W/ä�åPQQINê/W/ä�WYX7V�O�ã/W/ä#ä�KNX7V�ç IAO�æ7Mtã/W/ä < J�IAO�Z`Xt\^MtêYV�Z[KNX ! Q[W

CzOZIAXtêHTPZ[ä�ä�WYçÒWYX7V�\PW�QQI]ä�ã/æ7MtWYXtê/W
t1 . . . ti

ê/KNXt\^MPZ`V��×MPXIXtKNM9h4W�IAMEç IAO�æ7MJI�S4W
M ′ < d�KNMPV�W/ä#Q[W/ä

åPQQINê/W/äÒWYX7V�O�ã/W/äÒ\PW
ti+1

ä�KNX7V�ç IAO�æ7Mtã/W/äÒ\YIAXtä
M ′ ä�KNZ`V�åJIAO�ê/W_æ7M�S WYQ`Q[W/ä�Q[W�ä�KNX7VÒ\YIAXtä M

! ä�KNZ`V
ê/KNç#çÒW�ê/KNXtä�ã/æ7MtWYXtê/W�\^M CzOZIAXtêHTPZ[ä�ä�WYçÒWYX7V	\�S MPXtW�ê/WYO�VZIAZ`XtW�V�OZIAXtä�Z`V�Z[KNX

tj
V�WYQ�æ7MtW

j ≤ i
< i IAåPå�W_e

Q[KNXtä+æ7MtWRV�KNMPV�W!åPQQINê/W	WYX7V�O�ã/W&\PW
tj
X�S W/ä�V+WYX7V�O�ã/W&\�S IAMtêYMPXtW IAMPV�O�W!V�OZIAXtä�Z`V�Z[KNX < a&KNXtêRQQI�ä�ã/æ7MtWYXtê/W

\PW CzOZIAXtêHTPZ[ä�ä�WYçÒWYX7Vhå�WYMPV �YV�O�W(ãYV�WYXt\^MtW�A Mtä�æ7M�S �
ti+1

< J�IAOhê/KNXtä�ã/æ7MtWYX7V�!�Q[W+O�ã/ä�W�IAMÒW/ä�V�h®Z=h#IAX7V <
�

b I(åPO�KNå�K�ä�Z`V�Z[KNX�ä�MPZ=h#IAX7V�WhãYVZIAUPQ`Z`V�QQIfê/KNO�O�W/êYV�Z[KNX�\PW:QTS IAQ=S4KNO�Z`VFTPçÒW < KBI(åPO�WYM9h4Wh\Pã/ê/KNMPQ[WhåPO�W/ä�æ7MtW
\^Z`O�W/êYV�WYçÒWYX7V&\^M_Q[WYç#çÒW�åPO�ã/ê/ã/\PWYX7V <
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�?���J6 �J,%$Q�%$&��� � & i � � vzy N x[� 
N��w�r �P� 	 � s �Ns � �@~�� � y¼q����Tr'��s�q8� � yTw � y&x � wNx 
 � �@vzy��7~��&r ��� � ��� ��s$�
q8��w � 	
����� s��+wNx � ��q N ��qYy �8v��Aw � y �

�?��10 $+�1'&IJ:O�WYXtKNXtäRMPXÄêYZ`O�êYMPZ`V
C
\PW

N
< j	KNV�KNXtä

tk
QQI�V�OZIAXtä�Z`V�Z[KNX×\PW&åPQ`Mtäfå�WYV�Z`VfZ[\PWYX7V�ZDM-ê�IAV�WYMPO

\YIAXtä
C
!
p(i,j)

QQI×åPQQINê/W_\�S WYX7V�O�ã/WÄ\PW
tk

! WYV
tk′

QQIoV�OZIAXtä�Z`V�Z[KNX \�S WYX7V�O�ã/W_\PW
p(i,j)

\YIAXtä
C
< J�IAO

ê/KNXtä�V�O�MtêYV�Z[KNXÔ\PW
N

!
k = f(i, j)

WYV
k′ = f(i, (j − 1)modni)

< c+W�êHTtKNZD^]\PW
tk
Z`ç#åPQ`Z[æ7MtW�æ7MtW

k < k′ < J:MPZ[ä�æ7MtW f
W/ä�V&êYO�KNZ[ä�äZIAX7V�W h®Z[ä e �%e`h®Z[ä	\PW�ä�KNX]ä�W/ê/KNXt\oåJIAOZIAç4GYV�O�W-!�QTS MPXPZ[æ7MtW]h#IAQ[WYMPO	å�K�ä e

ä�Z`UPQ[W�å�KNMPO
j
W/ä�V

0
< n!Z`Xtä�Z,!

p(i,j)
W/ä�V!QQI�åPQQINê/W

p(i,0)
< J:MPZ[ä�æ7MtW

p(i,0)
W/ä�VRZ`XPZ`V�ZQIAQ[WYçÒWYX7V&ç IAO�æ7Mtã/W-!

XtKNMtä I�h4KNXtä åPO�KNM9h4ãfæ7MtW�V�KNMPVhêYZ`O�êYMPZ`V:\PW
N
ê/KNX7V�Z[WYX7V:MPXtW+åPQQINê/W(Z`XPZ`V�ZQIAQ[WYçÒWYX7Vhç IAO�æ7Mtã/W < a�S IAåPOHG/ä

Q[W�Q[WYç#çÒW OB<=; åPO�ã/ê/ã/\PWYX7V�!
N
W/ä�VR\PKNXtê>h®Z=h#IAX7V <

�

c+W_O�ã/ä�MPQ`VZIAV�ä�W S4ãYXtãYOZIAQ`Z[ä�W IAM ê�INäÒ\PW�O�WYXt\PW * e`h4KNMtä�XBe IAZ`O�W/ä < c+WÄä�êHTtãYç I \PW_O�WYXt\PW * e`h4KNMtä
çÒWYV�VZIAX7V�WYX A�WYM]åPQ`Mtä�Z[WYMPO�ä�O�KNU�KNV�ä�\^Z`ç#Z`X7MtW�QQI �-W_^^Z`UPZ`Q`Z`V�ã#\^M äFE^ä�VHGYçÒW < n!Mtä�ä�Z,!-XtKNMtä�XtKNMtä&O�W/ä e
V�O�WYZ`Xt\^O�KNXtä IAMÄä�êHTtãYç I#\PW�O�WYXt\PW * e`h4KNMtä!UPZ`XJIAZ`O�W <
� ��� � 

�������	����� � � � �	� ��� ����� 
 ��� � ������

���	�

�#���1��� ��$�- � 2 ; ��'	�14�-%$�- / �@6 � /14�
,$

a>IAXtä&ê/WYV�V�W�ä�W/êYV�Z[KNX !'XtKNMtä&åPO�KNå�K�ä�KNXtä&\PW�\PKNV�WYO&QTS IAQ=S4KNO�Z`VFTPçÒW#åPO�ã/ê/ã/\PWYX7V�\�S MPX]çÒã/ê�IAXPZ[ä�çÒW
IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V < j	KNMtä+åPO�K®ê/ã/\PKNXtä�!7V�KNMPV(\�S IAU�KNO�\(!���QQI�\PW/ä�êYO�Z`åPV�Z[KNX_\PW/ä T3E®å�KNVFTYG/ä�W/ä IN\P\^Z`V�Z[KNXBe
XtWYQ`Q[W/ä < j	KNMtäR\Pã/êYO�Z=h4KNXtäRQ[W/ä h#IAO�ZQIAUPQ[W/äRQ[K®ê�IAQ[W/äfMPV�Z`Q`Z[ä�ã/W/äRåJIAORêHTJINæ7MtW�O�KNU�KNV <

� c TJINæ7MtW�O�KNU�KNV ri
\^Z[ä�å�K�ä�W�\�S MPX×ê/KNç#åPV�WYMPO�!tê/KNX7V�WYXJIAX7V	MPXtW>h#IAQ[WYMPO!\PW�ä�Mtä�å�WYXtä�Z[KNX <

� b W!\PãYåPQQINê/WYçÒWYX7Vf\�S MPX�O�KNU�KNV+\�S MPX�å�KNZ`X7V+\PWRO�WYXt\PW * e`h4KNMtä h4WYO�ä�MPX IAMPV�O�W!ê/KCBPV�W IAM�åPQ`Mtä 1
MPXPZ`V�ã	\PW!V�WYç#åtä 2

u.t.
3 < c+WYV�V�WXT3E®å�KNVFTYG/ä�W!å�WYMPV �YV�O�W C`INêYZ`Q[WYçÒWYX7VRäZIAV�Z[ä C`IAZ`V�W I�h4W/ê	MPX�êHTtKNZD^

A Mt\^Z[êYZ[WYMB^Ä\PW&QTS MPXPZ`V�ã�\PW�V�WYç#åtä <
� c TJINæ7MtW	O�KNU�KNV(å�K�ä�äHG/\PW!MPX_ê�IAåPV�WYMPOfQ`MPZ�å�WYO�çÒWYV�VZIAX7VR\PW&ê/KNXPXJI-,[V�O�W�äZI�å�K�ä�Z`V�Z[KNX_ê/KNMPOZIAX7V�W
\YIAXtäfQ[W�O�ã/ä�W�IAM <

c TJINæ7MtW�O�KNU�KNV
ri
ç IAZ`X7V�Z[WYX7V	Q[W/ä h#IAO�ZQIAUPQ[W/ä!ä�MPZ=h#IAX7V�W/ä �

� timeouti
�4MPXtWXh#IAO�ZQIAUPQ[W	ê/KNX7V�WYXJIAX7VfQQI>h#IAQ[WYMPO(\�S MPX�\PãYQQIAZ�\PW	ä�Mtä�å�WYXtä�Z[KNX ! �>h#IAQ[WYMPO+O�ã/WYQ`Q[W

\YIAXtäfQTS Z`X7V�WYOFh#IAQ`Q[W
[0 . . . N ]

�

� MPi[0 . . . ni−1]
�NMPXÒVZIAUPQ[W�IAM�ê/KNX7V�WYXJIAX7V+Q[W/ä:Z[\PWYX7V�ZDM�IAX7V�ä(\PWRä�W/ä:å�KNZ`X7V�ä�\PWfO�WYXt\PW * e`h4KNMtä

V�O�Z[ã/äfåJIAO!KNO�\^O�W�êYO�KNZ[ä�äZIAX7V��
� positioni

�®MPXtW h#IAO�ZQIAUPQ[W�ê/KNX7V�WYXJIAX7VRQQIdh#IAQ[WYMPOf\^M_ê�IAåPV�WYMPOR\^M�O�KNU�KNV < e:Q`Q[W	O�WYåPO�ã/ä�WYX7V�W�QQI
å�K�ä�Z`V�Z[KNXÄê/KNMPOZIAX7V�W�\^MÄO�KNU�KNV

ri
! �]h#IAQ[WYMPO!\YIAXtä

{0, . . . , ni − 1} ∪ nowhere
< e:Q`Q[W�åPO�WYXt\

ä�KNZ`V QQI h#IAQ[WYMPO
nowhere

Q[KNO�ä�æ7MtW
ri
W/ä�V:WYXÒ\PãYåPQQINê/WYçÒWYX7V+\�S MPX#å�KNZ`X7Vh\PW+O�WYXt\PW * e`h4KNMtä��	MPX

IAMPV�O�W-!Pä�KNZ`V(QQIdh#IAQ[WYMPOR\PW	QTS Z[\PWYX7V�ZDM�IAX7V	\^M_å�KNZ`X7Vf\PW&O�WYXt\PW * e`h4KNMtäRä�MPO(Q[W/æ7MtWYQ�Z`Q�ä�W	V�O�KNM9h4W �
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� statuti
�-MPXtW]h#IAO�ZQIAUPQ[W�O�WYåPO�ã/ä�WYX7VZIAX7V�QTS ãYVZIAV�\^MoO�KNU�KNV < e:Q`Q[W�åPO�WYXt\oQQI4h#IAQ[WYMPO

moving
ä�Z

Q[W�O�KNU�KNV
ri
W/ä�V�WYXÔ\PãYåPQQINê/WYçÒWYX7V�\�S MPXÔå�KNZ`X7V�\PW�O�WYXt\PW * e`h4KNMtä ��MPX�IAMPV�O�W-!�WYV�QQI h#IAQ[WYMPO

waiting
ä8S Z`Q�W/ä�V!WYX IAV�V�WYX7V�W�ä�MPOfMPXÄå�KNZ`X7V!\PW&O�WYXt\PW * e`h4KNMtä <

�#���1��� � 
�����8 ) '	�>67$ / � ��8 / � � �1=��>&�$�67$�� ' =�� ' ��� -3'5=
 )�
�)�-%=�� '

j	KNMtä�åPO�KNå�K�ä�KNXtä�Z[êYZ(MPXtW h#IAO�ZQIAX7V�W_\PW�QTS IAQ=S4KNO�Z`VFTPçÒW�åPO�ã/ê/ã/\PWYX7V�\PKNV�ã/W�\�S MPX INä�å�W/êYV IAMPV�K�e
ä�VZIAUPZ`Q`Z[äZIAX7V <Jb W�ê/KNç#å�KNO�V�WYçÒWYX7V	\�S MPX×O�KNU�KNVRW/ä�VRã h4ãYXtWYçÒWYX7V�Z[WYQ �PQTS K®ê/êYMPO�O�WYXtê/W�\�S MPX×ã h4ãYXtWYçÒWYX7V
\Pã/êYQ[WYXtêHTtW�QTS W_^Pã/êYMPV�Z[KNXÞ\�S MPXÞê/K®\PW�\PãYå�WYXt\YIAX7V�\PWÒQTS ãYVZIAV�ê/KNMPOZIAX7V�\^M O�KNU�KNV < a>IAXtä�XtKNV�O�W�ê�INä�!
\PWYMB^]ã h4ãYXtWYçÒWYX7V�ä�ä�KNX7V�å�K�ä�ä�Z`UPQ[W/ä �'QTS � � r'v¼��w�yzv ��� 	�� yzv¼~�� ��� y WYV&QQI 	 sYy���u/yzv ��� 	 ��x � � � ~ � x � 
 � � <
c+W�\PWYO�XPZ[WYO#W_^^Z=S4WÒQQIÄåPO�ã/ä�WYXtê/W�\PW/ä�\PWYMB^ÔO�KNU�KNV�ä�ê/KNXtê/WYO�Xtã/ä IAMÞå�KNZ`X7V�\PW�O�WYXt\PW * e`h4KNMtä < j	KNMtä
ä�MPåPå�K�ä�KNXtäfæ7MtW&QTS IAO�O�Z=h4ã/W�\�S MPX_O�KNU�KNV ��MPX_å�KNZ`X7VR\PW&O�WYXt\PW * e`h4KNMtäRXtW�ê/KNXtä�V�Z`V�MtW&åJINäfMPXÄã h4ãYXtW_e
çÒWYX7V < J:MPZ[ä�æ7M�S MPX]O�KNU�KNV	O�ã�IAO�çÒW�ä�KNXoV�Z`çÒW/KNMPV�\PW

1u.t.
I�h#IAX7V�\PW�ä�W�\^Z`O�Z=S4WYO h4WYO�ä	MPXoXtKNM9h4W�IAM

å�KNZ`X7V(\PWRO�WYXt\PW * e`h4KNMtä�!^ä�KNX�V�Z`çÒW/KNMPV(W_^^åPZ`O�WYOZI]IAåPOHG/ä+ä�KNX IAO�O�Z=h4ã/W
��ê/W!å�KNZ`X7V�!®ê/W!æ7MPZ-Q`MPZ-å�WYO�çÒWYV
\�S W_^Pã/êYMPV�WYO+Q[W/ä INêYV�Z[KNXtä�ê/KNO�O�W/ä�å�KNXt\YIAX7V�W/ä ��ä�KNX IAO�O�Z=h4ã/W <3b WRå�KNZ`X7V+êYO�Z`V�Z[æ7MtW!\YIAXtä�ê/WRçÒã/ê�IAXPZ[ä�çÒW
W/ä�V#QTS T3E®å�KNVFTYG/ä�W_æ7MtW�Q[W�\PãYåPQQINê/WYçÒWYX7V�WYX7V�O�WÄ\PWYMB^Iå�KNZ`X7V�äÒ\PW�O�WYXt\PW * e`h4KNMtä�\^MPO�W_W_^YINêYV�WYçÒWYX7V
1u.t.

<Yb S INêYV�Z=h®Z`V�ã�\�S MPXÄO�KNU�KNV
ri
h®Z[ä �]h®Z[äR\PW/äRã h4ãYXtWYçÒWYX7V�ä	W/ä�V S4ãYO�ã/W�åJIAOfMPXtW>h#IAO�ZQIAUPQ[W

statuti\PKNX7V�QQI h#IAQ[WYMPO�W/ä�V�ä�KNZ`V
moving

!�ä�KNZ`V
waiting

< p!MJIAXt\ MPX O�KNU�KNV�W/ä�V?INêYV�ZDC !�ê�S W/ä�V e �%e�\^Z`O�WÒä�KNX
ä�VZIAV�MPV�W/ä�V

moving
!'Z`Q XtW�å�WYMPV	XPZ:\PãYV�W/êYV�WYO�ä�KNX TtKNçÒKNQ[K\S�MtW-!�XPZ �YV�O�W�\PãYV�W/êYV�ã�åJIAO�ê/W�\PWYO�XPZ[WYO <

n!MPV�O�WYçÒWYX7V�\^Z`V�!'QTS IAO�O�Z=h4ã/WÒ\�S MPX O�KNU�KNV
ri
ä�MPO&MPX]å�KNZ`X7V�\PW�O�WYXt\PW * e`h4KNMtä�!�ç �YçÒW#ä�Z:ä�KNX TtKNçÒK�e

Q[K\S�MtW E�W/ä�V \Pã A � !¢XtW(\Pã/êYQ[WYXtêHTtW(åJINä IAMPV�KNç IAV�Z[æ7MtWYçÒWYX7VhQTS ã h4ãYXtWYçÒWYX7V 	 sYy���u/yzv ��� 	 �(x � � � ~ � x � 
 � � <
b I�å9TJINä�W�\�S ã/êHTJIAX9S4W�\PW�\PKNXPXtã/W/äRX�S W/ä�V!WYX9S3I�S4ã/W�æ7M�S IAåPOHG/ä!W_^^åPZ`OZIAV�Z[KNX×\^MÄV�Z`çÒW/KNMPV!\PW

ri
<

g!XtW!\PW/ä�êYO�Z`åPV�Z[KNX C�KNO�çÒWYQ`Q[W	\PWRQTS IAQ=S4KNO�Z`VFTPçÒW&W/ä�V+\PKNXPXtã/W	êYZDe IAåPOHG/ä 2 n!Q=S4KNO�Z`VFTPçÒW ; 3 <3b W!O�KNU�KNV
ê/KNMPOZIAX7V#W/ä�V

ri
<"b S IAQ=S4KNO�Z`VFTPçÒW�W/ä�V�\Pã/êYO�Z`V�ä�MPZ=h#IAX7V�Q[W/ä�æ7MJIAV�O�W/ä INêYV�Z=h®Z`V�ã/ä�\�S MPXÞO�KNU�KNV ���������%!

� � ��
 !�� �����������¡WYV
	 � ! ! < b W/ä INêYV�Z[KNXtä���������WYV�� � ��
�ê/KNO�O�W/ä�å�KNXt\PWYX7VRIAMB^ INêYV�Z[KNXtäÄ\^M
åPO�KNV�K®ê/KNQ[W�KNO�Z=S�Z`XtWYQ 2 ê_C < ä�W/êYV�Z[KNX OB< ë�3 < n MtX \PWÒäZI�h4KNZ`O�ä�Z:QTS W_^^åPZ`OZIAV�Z[KNXÞ\^MÔV�Z`çÒW/KNMPV�\�S MPX O�KNU�KNV
ê/KNO�O�W/ä�å�KNXt\���ä�KNX IAO�O�Z=h4ã/W ��MPX�å�KNZ`X7V(\PW	O�WYXt\PW * e`h4KNMtä�!®XtKNMtä+MPV�Z`Q`Z[ä�KNXtä(QQI?h#IAO�ZQIAUPQ[W

statuti
< e:X

W ��WYV�!Aê/WYV�V�W(\PWYO�XPZPGYO�W+åPO�WYXt\�QQI h#IAQ[WYMPO
moving

æ7MJIAXt\�Q[W�O�KNU�KNV ä�W+\^Z`O�Z=S4W h4WYO�äLMPX�XtKNM9h4W�IAM�å�KNZ`X7V
\PW�O�WYXt\PW * e`h4KNMtä�!�WYV�QQI h#IAQ[WYMPO

waiting
æ7MJIAXt\Ôä�KNX V�Z`çÒW/KNMPV�W_^^åPZ`O�W#ä�MPO�MPXÔå�KNZ`X7V�\PW#O�WYXt\PW * e

h4KNMtä < c+WYå�WYXt\YIAX7V�!�QTS INêYV�Z[KNX
� � ��
EW/ä�V�\^Z ��ãYO�WYX7V�W�\PWÒê/WYQ`Q[W�\PWÒQTS IAQ=S4KNO�Z`VFTPçÒW�KNO�Z=S�Z`XtWYQ,!�åPMPZ[ä�æ7MtW
ri
IAO�çÒW�ä�KNXoV�Z`çÒW/KNMPV�\PW

Nu.t.
2 ê_C < QQI�ä�KNMtä e�ä�W/êYV�Z[KNX OB< aB< ë�3 < K7Z�QTS W_^^åPZ`OZIAV�Z[KNX \^MoV�Z`çÒW/KNMPV�\�S MPX

O�KNU�KNV
ri
ê/KNO�O�W/ä�å�KNXt\ ��ä�KNXgIAO�O�Z=h4ã/W �ÒMPXoå�KNZ`X7V�\PW�O�WYXt\PW * e`h4KNMtä�!�Z`Q \Pã/êYQ[WYXtêHTtW�QTS W_^Pã/êYMPV�Z[KNXÔ\PW

QTS INêYV�Z[KNX�� � ��
 ! ç �YçÒW_ä�ZRä�KNX TtKNçÒKNQ[K\S�MtW EÞW/ä�V#\Pã A � < c+WYV�V�W INêYV�Z[KNX êHTJIAX9S4WYOZI Q[W_ä�VZIAV�MPVÒ\PW
ri
�

waiting
å�WYO�çÒWYV�VZIAX7VdIAZ`Xtä�Z,! �

ri
WYV ��ä�KNXRTtKNçÒKNQ[K\S�MtW-!�\�S W_^Pã/êYMPV�WYO�ä�Z`ç�MPQ`VZIAXtãYçÒWYX7V�Q[WYMPO�ä

INêYV�Z[KNXtä��������×O�W/ä�å�W/êYV�Z=h4W/ä <
b S K®ê/êYMPO�O�WYXtê/W�\�S MPXtW�åJIAXPXtW�\Pã/êYQ[WYXtêHTtW�QTS W_^Pã/êYMPV�Z[KNX×\PW�QTS INêYV�Z[KNX�� ����������� !'æ7MPZ�W/ä�VfQQI�åPO�W_e

ç#ZPGYO�W4INêYV�Z[KNX W_^Pã/êYMPV�ã/W�åJIAO&Q[W�O�KNU�KNV C`IAMPV�ZDC < c+W�ê�INä�\PWdMYS�MPO�W�X�S W/ä�V&å�K�ä�ä�Z`UPQ[W�æ7MtW�ä�Z Q[W�O�KNU�KNV
W/ä�V�WYX \PãYåPQQINê/WYçÒWYX7V�\�S MPX å�KNZ`X7V�\PW�O�WYXt\PW * e`h4KNMtä>h4WYO�ä&MPX2IAMPV�O�W4IAM]çÒKNçÒWYX7V�\PW�QQI�åJIAXPXtW < k�Q
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IAO�çÒWdIAQ[KNO�ä!ä�KNX_V�Z`çÒW/KNMPV!\PW
1u.t.

WYVRä�W�\^Z`O�Z=S4W>h4WYO�ä!ä�KNX_åPO�WYç#Z[WYORå�KNZ`X7V!\PW�O�WYXt\PW * e`h4KNMtä <
b S INêYV�Z[KNX_æ7MPZtå�WYO�çÒWYV�V�OZI�QQI�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX�\PWRQTS IAQ=S4KNO�Z`VFTPçÒW&W/ä�V 	 � ! ! < e:Q`Q[W	W/ä�V�W_^Pã/êYMPV�ã/W	ä�KNZ`V

Z`XPZ`V�ZQIAQ[WYçÒWYX7V�!7ä�KNZ`V)�	QTS W_^^åPZ`OZIAV�Z[KNX�\^M#V�Z`çÒW/KNMPV�\�S MPX#O�KNU�KNVhWYX#V�OZIAZ`XÒ\�S IAV�V�WYXt\^O�WRä�KNX TtKNçÒKNQ[K\S�MtW <
a>IAXtä�ê/WRê�INä�!�Q[WfO�KNU�KNV

ri
O�ã�IAO�çÒWRä�KNXÒV�Z`çÒW/KNMPV+\PW

1u.t.
WYV�êHTtKNZ[ä�Z`V+ä�KNZ`Vh\PWfO�W/ä�V�WYO+ä�MPO:åPQQINê/W-!7ä�KNZ`V

\PW�ä�W�\^Z`O�Z=S4WYO]h4WYO�ä�ä�KNX åPO�WYç#Z[WYO�å�KNZ`X7V�\PW�O�WYXt\PW * e`h4KNMtä < c+W�êHTtKNZD^ÞW/ä�VdS4ãYXtãYO�ã IAQ[ã�IAV�KNZ`O�WYçÒWYX7V
ä�WYQ[KNXÄMPXtW�\^Z[ä�V�O�Z`UPMPV�Z[KNXo\PW�åPO�KNUJIAUPZ`Q`Z`V�ã�MPXPZDC�KNO�çÒW-!-ê/W�æ7MPZ�ê/KNO�O�W/ä�å�KNXt\&��QQIdC�KNXtêYV�Z[KNX ' � v � � �@~
�
u � � v�u�� æ7MPZ�I ��W/êYV�W���ä�KNX�MPXPZ[æ7MtWRåJIAOZIAç4GYV�O�W 2

choicei
3LQTS MPXtW!\PW/ä h#IAQ[WYMPO�ä�\PWRQTS WYXtä�WYç�UPQ[W

{0, 1}
<

g!XtWhW_^Pã/êYMPV�Z[KNX�\PW QTS IAQ=S4KNO�Z`VFTPçÒW�ä�W åPO�ã/ä�WYX7V�W�ä�KNMtä�QQI C�KNO�çÒWh\�S MPXtWhä�ã/æ7MtWYXtê/W Z`XBMtXPZ[W
{tn, An}n∈INK��

{tn}n∈IN
W/ä�V!MPXtW�ä�MPZ`V�W�ä�V�O�Z[êYV�WYçÒWYX7V&êYO�KNZ[ä�äZIAX7V�W�WYV	êHTJINæ7MtW

An
W/ä�VRMPX×WYXtä�WYç�UPQ[W�XtKNX h®Z[\PW

\�S INêYV�Z[KNXtäf\Pã/êYQ[WYXtêHTtã/W/ä ��QTS Z`Xtä�VZIAX7V
tn

2 IAM�åPQ`Mtä(\PWYMB^ INêYV�Z[KNXtä+åJIAO+O�KNU�KNV�!®\YIAXtä�Q[W	ê�INä+K���Z`Q�W_^Pã_e
êYMPV�W�� � ��
�WYVhV�KNMPV�\PWRä�MPZ`V�WXIAåPOHG/ä ������� 3 < a>IAXtähQ[WRê�IN\^O�W!\PWRê/W C�KNO�ç IAQ`Z[ä�çÒW-!4XtKNMtä�\Pã_MtXPZ[ä�ä�KNXtä
ç IAZ`X7V�WYXJIAX7V	MPXtW � � s�u � yzv ��� qYyTw � v¼x v�q/w � y�� <

 5 # �8$Q�%$&��� � & ' ' � ��� � s�u � yzv ��� {tn, An}n∈IN

	 ��x � wNx 
 � �@vzy��7~�����qYy:qYyTw � v¼x v�q/w � y��	q@vLx[� �
� ~ � ���
	 � � u�u � �@��� � u���q 	 ��q�w4u/yzv ��� q � ����������� �Yy 	 � ! ! ��qYy ! � v �

e:X�\�S IAMPV�O�W/ä�V�WYO�çÒW/ä�!0IAåPOHG/ähMPXÒV�WYç#åtä MtXPZtQTS IAQ=S4KNO�Z`VFTPçÒW>IAMPOZI&Q[WRç �YçÒW!ê/KNç#å�KNO�V�WYçÒWYX7V(æ7MtW
QTS IAQ=S4KNO�Z`VFTPçÒW�KNO�Z=S�Z`XtWYQ < i IAåPå�WYQ[KNXtä�æ7MtW�QTS INêYV�Z[KNX � �����������EX�S W/ä�V�W_^Pã/êYMPV�ã/WÒæ7M�S MPXtWÒä�WYMPQ[W]C�KNZ[ä
IAM�åPQ`Mtä�åJIAO+êHTJINæ7MtWRO�KNU�KNV <3b I�åPO�K®êHTJIAZ`XtW	ä�W/êYV�Z[KNX�W/ä�V�ê/KNXtäZINêYO�ã/W
��MPXtW!\PW/ä�êYO�Z`åPV�Z[KNX�Z`XBC�KNO�çÒWYQ`Q[W
\PW�QQI�åPO�WYM9h4W�\^MÄO�ã/ä�MPQ`VZIAV!ä�MPZ=h#IAX7V�!tæ7MPZ�ä�WYOZI�åPO�KNM9h4ã C�KNO�çÒWYQ`Q[WYçÒWYX7V!åJIAORQQI�ä�MPZ`V�W �
�?���J6 �J,%$Q�%$&��� � & � ;fwN�YyTw � y 	 � ��� sYyTw�y 
 � �@x`u ��� 
 � ���fx`w&r'� ��� w � v¼x vzy�s 
 � � ��� �#� � s�u � yzv ��� q8��qYyTw � v �
x v�q8����qYyfs 
4wNx[��� 1 �

�#���1��� � /1:<$ /1$ 
,= ;>8*$�� � $

j	KNMtä�XtKNMtä�O�W/ä�V�O�WYZ`Xt\^O�KNXtä_äZIAXtä�å�WYO�V�Wo\PWRS4ãYXtãYOZIAQ`Z`V�ã �ÔQTS ãYVZIAV�Z`XPZ`V�ZQIAQ�KNUPV�WYX7M IAåPOHG/ä�æ7MtW
êHTJINæ7MtW_O�KNU�KNV IAZ`VÒW_^Pã/êYMPV�ã IAM çÒKNZ`Xtä#MPXtW INêYV�Z[KNX < c+W/êYZRXtKNMtäÒã h®Z`V�WÄ\PW�åPO�WYXt\^O�WÄWYX ê/KNç#åPV�W
QTS INêYV�Z[KNX � ����������� <

d�KNMPV�\�S IAU�KNO�\(!:XtKNMtäÒä�MPåPå�K�ä�KNXtäÒæ7MtW_Q[W�V�WYç#åtä�\�S W_^Pã/êYMPV�Z[KNX \^M ê/K®\PWÄW/ä�V#Z`Xtä�VZIAX7VZIAXtã×WYV
Xtã S�Q`Z=S4W�IAUPQ[WÔåJIAO_OZIAåPå�KNO�V �Iê/WYQ`MPZ�\^M \PãYåPQQINê/WYçÒWYX7V]\PW/ä�O�KNU�KNV�ä < n!Z`Xtä�Z,!(QQIIä�WYMPQ[W ä�KNMPO�ê/WÔ\PW
XtKNX×\PãYV�WYO�ç#Z`XPZ[ä�çÒW�\YIAXtäfXtKNV�O�W]IAQ=S4KNO�Z`VFTPçÒW�W/ä�VRQ[W�êHTtKNZD^_MPXPZDC�KNO�çÒW�\PW�QTS INêYV�Z[KNX�	 � ! !-!PåPMPZ[ä�æ7MtW
V�KNMPV�\PãYåPQQINê/WYçÒWYX7V#\�S MPXÞå�KNZ`X7Vdh4WYO�ä�MPX IAMPV�O�W�åPO�WYXt\ÞW_^YINêYV�WYçÒWYX7V

1u.t.
< J�IAO�ê/KNXtä�ã/æ7MtWYX7V�!LQQI

ä�ãYç IAX7V�Z[æ7MtW�åPO�KNUJIAUPZ`Q`Z[ä�V�W_\PW�QTS IAQ=S4KNO�Z`VFTPçÒW_W/ä�V#\Pã_MtXPZ[W�åJIAO�MPXtW�êHTJI-,[XtW_\PW�m IAO.�4K�h �×V�WYç#åtä
\^Z[ä�êYO�WYV&æ7MtW�XtKNMtä	\Pã/êYO�Z=h4KNXtä�\YIAXtä!QQI�ä�MPZ`V�W 2 ê_C < ä�W/êYV�Z[KNX OB< aB<=; 3 < JLKNMPO&MPXoOZIAåPå�WYQ \PW/ä	ê/KNXtê/WYåPV�ä
\PW�UJINä�W�\PW/äRêHTJI-,[XtW/ä	\PW�m IAO.�4K�h !PQ[W�Q[W/êYV�WYMPORå�KNMPO�OZI#ä�W&O�WYå�KNO�V�WYO�� ��WYçÒWYX3EÄWYV K7XtWYQ`Q 2 ;�U#@ è�3 <
b S ãYVZIAV \�S MPX�O�KNU�KNVLW/ä�VL\Pã_MtXPZ®åJIAOLä�KNX�ä�VZIAV�MPV�!¢åJIAO�QTS Z[\PWYX7V�ZDM�IAX7Vh\PW+ä�KNX�å�KNZ`X7V \PW�O�WYXt\PW * e`h4KNMtä

ê/KNMPOZIAX7V�WYV�åJIAO�ä�KNXÔV�Z`çÒW/KNMPV�æ7MPZhW/ä�V�\^Z=h®Z[ä�ãÒWYXÔMPXtW h#IAQ[WYMPO�WYX7V�ZPGYO�W�WYV�MPXtW h#IAQ[WYMPO�O�ã/ä�Z[\^MtWYQ`Q[W
ê/KNç#åPO�Z[ä�W�WYX7V�O�W

0
WYV

1
< a&W	QQI�ä�KNO�V�W-!^MPX_ãYVZIAVf\PW&QQI�êHTJI-,[XtW�\PW&m IAO.�4K�h�W/ä�V(Q[W	åPO�K®\^MPZ`Vf\PW/äfãYVZIAV

Q[K®ê�IAMB^_\PW�V�KNMtäfQ[W/äfO�KNU�KNV�ä <
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� l !J�J�\$Q� 08/21g' >!x 
 � �@vzy��7~���w � y � �TqYyTw � v¼x v�q/w � y 	 � � � 	
����� w � u��@~�� � y 	 ��q 	 sTr'x`w4u��@~�� � y¼q 	 � ri

� ���",���7Y����13,
N,ni ∈ IN

�
MPi[0 . . . ni − 1] ∈ IN

�
� $ /213�

timeouti ∈ [0 . . . N + 1]
�

(�10�",��J�
positioni ∈ {0, . . . , ni − 1} ∪ {nowhere}

�
�>79�\$&7���l&13,

statuti ∈ {waiting,moving}
�

choicei ∈ {0, 1}
�


 5 ��13!#�%$&��� �81 l ( 0"��/2��l&�'!� "1 � � �������
� ����QTS IAO�O�Z=h4ã/W�\PW&QTS MPX×\PW/äR\PWYMB^_O�KNU�KNV�äRê/KNXtê/WYO�Xtã/ä�!

ri
KNMÄä�KNX TtKNçÒKNQ[K\S�MtW-!

� � IAQ[KNO�äRæ7MtW&QTS IAMPV�O�W�QTS IAV�V�WYXt\
� ��j	ã/ê/W/ä�äZIAZ`O�WYçÒWYX7V

statuti
W/ä�V�� IAZ`V�Z`X9S

�hêHTJIAX9S4W�\PW/äRçÒW/ä�äZI�S4W/ä��
i!ã�IAO�çÒW 2

timeouti
!
1
3��

statuti = moving
�

positioni = (poistioni + 1) mod ni
�

n!Q`Q[WYO��
MPi[positioni]

�

� �-6�$&��7B�%$&��� �� �%$ /213�� -�
,%$

(positioni! = nowhere)
1 �

(statuti == moving)
7Yl&�J��, � � � � ��


� �
ri
h®Z[WYX7V!\�S IAO�O�Z=h4WYO IAM_å�KNZ`X7V!\PW�O�WYXt\PW * e`h4KNMtä

i!ã�IAO�çÒW 2
timeouti

!
N

3��
statuti = waiting

�
# �",%$
,%$

(positioni == nowhere)
7Yl&�J��, � � � �����������

� ��O�W/ê/KNM9h®O�WYçÒWYX7V	\�S MPXtW�åJIAXPXtW�ä�MPOFh4WYX7MtW]IAQ[KNO�äRæ7MtW
ri
ãYVZIAZ`V!WYX×\PãYåPQQINê/WYçÒWYX7V

� ��WYX7V�O�W�\PWYMB^_å�KNZ`X7V�äR\PW�O�WYXt\PW * e`h4KNMtä
i!ã�IAO�çÒW 2

timeouti
!
1
3��

statuti = moving
�

positioni = 0
�

n!Q`Q[WYO �
MPi[positioni]

�
# �",%$
,%$

(positioni! = nowhere)
1 �

(statuti == waiting)
7Yl&�J��, � � 	 � ! !

� ��W_^^åPZ`OZIAV�Z[KNX×\^MÄV�Z`çÒW/KNMPV!\PW
ri
å�WYXt\YIAX7V	æ7M�S Z`Q"IAV�V�WYXt\Ää�KNX TtKNçÒKNQ[K\S�MtW

g!XPZDC�KNO�ç e c TtKNZ[ê/W 2
choicei

3��
! 79,�1 2

choicei
3

è��Pi!ã�IAO�çÒW 2
timeouti

!
1
3��

; �Pi!ã�IAO�çÒW 2
timeouti

!
1
3��

statuti = moving
�

positioni = 0
�

n!Q`Q[WYO �
MPi[positioni]

�
# �"! 79,�1

# �",%$
# �
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j	KNV�KNXtä�æ7MtW�QTS WYXtä�WYç�UPQ[W�\PW/ä�ãYVZIAV�ä�W/ä�V�Z`XBMtXPZ�åPMPZ[ä�æ7MtW#Q[W#\PKNç IAZ`XtW�\PW h#IAQ[WYMPO�ä�O�ã/ä�Z[\^MtWYQ`Q[W/ä�W/ä�V
MPXEZ`X7V�WYOFh#IAQ`Q[W_\YIAXtä

IR
< e:X W_^^V�OZI�E3IAX7VÒQ[W/ä h#IAQ[WYMPO�ä�O�ã/ä�Z[\^MtWYQ`Q[W/ä�! XtKNMtäÒKNUPV�WYXtKNXtä#MPXtW�O�WYQQIAV�Z[KNX

\�S ã/æ7MPZ=h#IAQ[WYXtê/WÒWYX7V�O�W#Q[W/ä�ãYVZIAV�ä�UJINä�ã/W#ä�MPO&Q[W/ä&å�K�ä�Z`V�Z[KNXtä�O�WYQQIAV�Z=h4W/ä�\PW#ê/W/ä>h#IAQ[WYMPO�ä < n!Z`Xtä�Z,!�XtKNMtä
O�ã/\^MPZ[ä�KNXtä XtKNV�O�W(êHTJI-,[XtW �RMPXtW(êHTJI-,[XtWf\PW+m IAO.�4K�h?MtXPZ[W+O�W/ä�å�W/êYVZIAX7V Q[W/ä ê/KNXt\^Z`V�Z[KNXtäh\�S I�S�O�ã S3IAV�Z[KNX
C�KNO�V�W <

e:Xtä�MPZ`V�W-!7XtKNMtä+\Pã_MtXPZ[ä�ä�KNXtä�MPXtW!ê/KNXt\^Z`V�Z[KNX�ä�M ��äZIAX7V�W	\PW!ä�VZIAUPZ`Q`Z`V�ã	ä�MPO�Q[W/ä�ãYVZIAV�ä+\^M�äFE^ä�VHGYçÒW
2 ê_C < ä�W/êYV�Z[KNX OB< aB< ë�3 < j	KNMtä:çÒKNX7V�O�KNXtä(æ7MtW(å�KNMPOhV�KNMPV�W!W_^Pã/êYMPV�Z[KNXÒåJIAO�VZIAX7V(\�S MPX�ãYVZIAV+äZIAV�Z[ä C`IAZ[äZIAX7V
ê/WYV�V�WÔê/KNXt\^Z`V�Z[KNX ! IAMtêYMPXtWÔK®ê/êYMPO�O�WYXtê/WÔ\PW]QTS INêYV�Z[KNX 	 � ! !oX�S W/ä�VÄå�K�ä�ä�Z`UPQ[W < n ê/WYV�V�W MtX !fXtKNMtä
O�WYç IAO�æ7MtKNXtä�æ7MtW#ä�Z MPX ç IAO�æ7MJI�S4W

M
W/ä�V�äZIAXtä�UPQ[K®ê�I�S4W-!"IAQ[KNO�ä�QQI�O�WYQQIAV�Z[KNX

aideM
Z`X7V�O�K®\^MPZ`V�W

\YIAXtä+Q[W	Q[WYç#çÒW OB<=; Z`Xt\^MPZ`V(MPX S�OZIAå9TtW&äZIAXtä(ê E^êYQ[W <Bb I�Q[KNX9S�MtWYMPOR\�S MPX_êHTtWYç#Z`X_ãYVZIAX7VfQ[W!XtKNç�UPO�W
\�S IAO�ê/äfQ[W�ê/KNXtä�V�Z`V�MJIAX7V�!tXtKNMtäR\Pã_MtXPZ[ä�ä�KNXtä

levelM (t)
ê/KNç#çÒW�QQI�Q[KNX9S�MtWYMPO!\^M_åPQ`MtäfQ[KNX9SÒêHTtWYç#Z`X

\�S W_^^V�O�ãYç#Z`V�ã
t
<9b I#ê/KNXt\^Z`V�Z[KNX×ä�M ��äZIAX7V�W�ä8S W_^^åPO�Z`çÒWdIAQ[KNO�äXIAZ`Xtä�Z �

� MPXÄãYVZIAV e
W/ä�VRä�VZIAUPQ[W�ä�Z�ä�KNX_ç IAO�æ7MJI�S4W

M(e)
W/ä�VRäZIAXtäfUPQ[K®ê�I�S4W-!tWYV

� å�KNMPO�V�KNMPV�O�KNU�KNV�WYXdIAV�V�WYX7V�W�\PWhä�KNX>TtKNçÒKNQ[K\S�MtW 2 ê�S W/ä�V e �%e�\^Z`O�W-!8\PKNX7V�Q[W:ä�VZIAV�MPV�W/ä�V
waiting

3 !
QQI]h#IAQ[WYMPO!WYX7V�ZPGYO�W�\PW�ä�KNXÄV�Z`çÒW/KNMPV!W/ä�VRä�MPå�ãYO�Z[WYMPO�W �

levelM (t)
<

e:XBMtX !�XtKNMtä�çÒKNX7V�O�KNXtä�æ7M�S ��åJIAO�V�Z`O�\�S MPXtW#êYQQINä�ä�W#\�S ãYVZIAV�ä�Z`XPZ`V�ZQIAMB^ æ7MtWYQ[ê/KNXtæ7MtW/ä�!�Z`QhW_^^Z[ä�V�W
MPX êHTtWYç#Z`X IAQ`QQIAX7V�\PW�ê/WYV�V�W#êYQQINä�ä�W]h4WYO�ä&QQI�êYQQINä�ä�W�\�S ãYVZIAV�ä�ä�VZIAUPQ[W/ä�\YIAXtä&QQI�êHTJI-,[XtWÒ\PW�m IAO.�4K�h
I�S�O�ã S4ã/W 2 QQI]O�WYQQIAV�Z[KNX \�S ã/æ7MPZ=h#IAQ[WYXtê/W×ãYVZIAX7V�åPQ`Mtä4MtXtWÄæ7MtWÄQQI]O�WYQQIAV�Z[KNX \PWÄä�VZIAUPZ`Q`Z`V�ã 3 < b W×ä�WYMPQ
å�KNZ`X7V&XtKNXoV�O�Z=h®ZQIAQ W/ä�V&æ7MtW�å�KNMPO&\PWYMB^×ãYVZIAV�ä&ã/æ7MPZ=h#IAQ[WYX7V�ä�æ7MtWYQ[ê/KNXtæ7MtW/ä

s
WYV

s′
!
s
W/ä�V&ä�VZIAUPQ[W�ä�Z

WYVRä�WYMPQ[WYçÒWYX7V	ä�Z
s′
W/ä�VRä�VZIAUPQ[W-!PåPMPZ[ä�æ7MtW&QQI�\Pã_MtXPZ`V�Z[KNX×\PW�QQI�ä�VZIAUPZ`Q`Z`V�ã�XtW&åPO�WYXt\ÄWYXÄê/KNç#åPV�W�æ7MtW

Q[W/äXh#IAQ[WYMPO�ä!O�ã/ä�Z[\^MtWYQ`Q[W/ä	ã S3IAQ[W/ä
�
1
< J�IAO>I�S�O�ã S3IAV�Z[KNX !'V�KNMPV	êHTtWYç#Z`X \PKNX7V	QTS ãYVZIAV MtXJIAQ W/ä�V	ä�VZIAUPQ[W

ê/KNO�O�W/ä�å�KNXt\(!-\YIAXtäRQQI#êHTJI-,[XtW>MtXPZ[WdI�S�O�ã S4ã/W-!���MPX×êHTtWYç#Z`Xo\PKNX7V!QTS ãYVZIAV MtXJIAQ�W/ä�VRQTS WYXtä�WYç�UPQ[W�\PW/ä
ãYVZIAV�ä!ä�VZIAUPQ[W/ä <

JLKNMPO�V�O�KNM9h4WYO�ê/W�êHTtWYç#Z`XÔåJIAO�V�Z[êYMPQ`Z[WYO�\YIAXtä&QQI�êHTJI-,[XtWÒ\PW�m IAO.�4K�h !�XtKNMtä M9^PKNXtä&QTS Z[ä�ä�MtW�\^M
êHTtKNZD^ IAQ[ã�IAV�KNZ`O�W �ÒêHTJINæ7MtW�W_^Pã/êYMPV�Z[KNX]\PW�QTS INêYV�Z[KNX 	 � ! ! �tQ[W�êHTtKNZD^×\PW�O�W/ä�V�WYO	ä�MPO!åPQQINê/W]I%MtX]\PW
O�WYåPO�K®\^MPZ`O�W#QTS IAQ=S4KNO�Z`VFTPçÒW�KNO�Z=S�Z`XtWYQ < K7MPåPå�K�ä�KNXtä�æ7MtW�QTS ãYVZIAV�Z`XPZ`V�ZQIAQ,!�XtKNV�ã

e
!�XtW#ä�KNZ`V�åJINä�ä�VZIAUPQ[W <

j	KNMtäRW_^YIAç#Z`XtKNXtä�!tä�WYQ[KNXÄQ[W&ç IAO�æ7MJI�S4W�\PW
e
!PQ[W/äR\PWYMB^_ê�INäfå�K�ä�ä�Z`UPQ[W/ä �

� M(e)
W/ä�V�äZIAXtä�UPQ[K®ê�I�S4W �+\YIAXtä_ê/Woê�INä�!(ä�WYMPQ[W/ä�Q[W/ä�ê/KNX7V�OZIAZ`X7V�W/äÄV�WYç#å�KNO�WYQ`Q[W/ä�å�WYM9h4WYX7V

�YV�O�WRê/KNXtä�V�O�MPZ`V�W/ä �&QTS W_^^åPZ`OZIAV�Z[KNX�\�S MPX�V�Z`çÒW/KNMPV < n MtX�\PWfO�WYåPO�K®\^MPZ`V�WRQ[WRê/KNç#å�KNO�V�WYçÒWYX7Vf\PW
QTS IAQ=S4KNO�Z`VFTPçÒW#KNO�Z=S�Z`XtWYQ,!�XtKNMtä	Z`ç#å�K�ä�KNXtä?IAMB^×O�KNU�KNV�ä&Q[W�êHTtKNZD^]\PW�O�W/ä�V�WYO�ä�MPO	åPQQINê/W < j	KNMtä
åPO�KNM9h4KNXtä�æ7M�S MPXtW]C�KNZ[ä�QQI�ê/KNX7V�OZIAZ`X7V�W�\PW�V�WYç#åtä�äZIAV�Z[ä C`IAZ`V�W�å�KNMPO�MPX O�KNU�KNV�!�WYQ`Q[W#Q[W�O�W/ä�V�W
åJIAORQQI�ä�MPZ`V�W < n!Z`Xtä�Z,!PQTS ãYVZIAV IAV�V�WYZ`X7V IAåPOHG/ä!æ7MtW�êHTJINêYMPXo\PW/äfO�KNU�KNV�ä IAZ`V!W_^Pã/êYMPV�ãdIAMÄçÒKNZ`Xtä
MPXtWdINêYV�Z[KNX �������oW/ä�VRä�VZIAUPQ[W <

� M(e)
W/ä�V I�h4W/ê(UPQ[K®ê�I�S4W ��\YIAXtähê/Wfê�INä�!NXtKNMtähä�Z`ç�MPQ[KNXtähQ[Wfê/KNç#å�KNO�V�WYçÒWYX7V+\PW(QTS IAQ=S4KNO�Z`VFTPçÒW

KNO�Z=S�Z`XtWYQ�A Mtä�æ7M�S IAM çÒKNçÒWYX7V�K��ÔêHTJINæ7MtW#O�KNU�KNV�ä�W�V�O�KNM9h4W#ä�WYMPQhä�MPO�MPX å�KNZ`X7V�\PW�O�WYXt\PW * e
h4KNMtäRWYV I#W_^Pã/êYMPV�ãdIAM_çÒKNZ`XtäRMPXtW C�KNZ[äfQTS INêYV�Z[KNX 	 � ! ! < n"ê/WYVRZ`Xtä�VZIAX7V�!PV�KNMtäRQ[W/äfV�Z`çÒW/KNMPV�ä
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KNX7V+\PW/ä h#IAQ[WYMPO�ähZ`XBC�ãYO�Z[WYMPO�W/ä�KNM�ã S3IAQ[W/ä��
1
!4WYVhXtKNMtähZ`ç#å�K�ä�KNXtä��&êHTJINæ7MtWRO�KNU�KNV�\PWRêHTtKNZ[ä�Z`O

QQI ä�W/ê/KNXt\PW IAQ`V�WYO�XJIAV�Z=h4W \^MPOZIAX7V�QTS W_^Pã/êYMPV�Z[KNX \PWoä�KNX INêYV�Z[KNX 	 � ! ! < n!åPOHG/ä�QQI \PWYO�XPZPGYO�W
W_^Pã/êYMPV�Z[KNX \�S MPXtW4INêYV�Z[KNX 	 � ! !-!�êHTJINêYMPXÞ\PW/ä�O�KNU�KNV�ä�W/ä�V�ä�MPO�Q[W#êHTtWYç#Z`X \PW#ä�KNX åPO�WYç#Z[WYO
å�KNZ`X7V&\PW�O�WYXt\PW * e`h4KNMtä < a>IAXtä	MPX×V�WYQ ãYVZIAV�!-XtKNV�ã

e′
!tQ[W�ç IAO�æ7MJI�S4W

M(e′)
ê/KNO�O�W/ä�å�KNXt\ IAM

ç IAO�æ7MJI�S4WRZ`XPZ`V�ZQIAQ'\^MÒO�ã/ä�W�IAM
N
\PWRQTS IAQ=S4KNO�Z`VFTPçÒW	KNO�Z=S�Z`XtWYQ < J�IAO+ê/KNXtä�ã/æ7MtWYX7V�!7Q[Wfç IAO�æ7MJI�S4W

M(e′)
W/ä�VfäZIAXtä(UPQ[K®ê�I�S4W�WYV(QQI�ä�MPZ`V�W&\^MÄêHTtWYç#Z`X×W/ä�Vfê/KNç#åPQ[ãYV�ã/W�åJIAOfQ[W&êHTtWYç#Z`X×ê/KNXtä�V�O�MPZ`V

\YIAXtäfQ[W�ê�INäfåPO�ã/ê/ã/\PWYX7V 2 ê_C < ä�W/êYV�Z[KNX OB< aB< O 3 <
� ��� � 
 � � � � � � 
 � �������

j	KNMtä�XtKNMtä�O�W/ä�V�O�WYZ`Xt\^O�KNXtä�!:äZIAXtä�å�WYO�V�W�\PW S4ãYXtãYOZIAQ`Z`V�ã-!	�×QTS ãYVZIAV#Z`XPZ`V�ZQIAQfKNUPV�WYX7M IAåPOHG/ä#æ7MtW
êHTJINæ7MtW	O�KNU�KNV IAZ`V(W_^Pã/êYMPV�ã>IAM�çÒKNZ`Xtä(MPXtW INêYV�Z[KNX < c+W/êYZ�XtKNMtä+å�WYO�çÒWYV�V�OZI�\PW!XtW!åJINä+åPO�WYXt\^O�W�WYX
ê/KNç#åPV�W�QTS INêYV�Z[KNX
� ����������� < K®KNMtä�ê/WYV�V�W T3E®å�KNVFTYG/ä�W�WYV�å�KNMPO&UPZ[WYX ê/KNç#åPO�WYXt\^O�W#QTS IAQ=S4KNO�Z`VFTPçÒW-!
Q[W>S�OZIAå9TtW�\�S ãYVZIAV!\�S MPXÄO�KNU�KNV!W/ä�VfåPO�ã/ä�WYX7V�ã�ä�MPOfQQI]MYS�MPO�W OB< ì <

�#���#��� �#:�67=�� '*)�
��1$ ;>8	�� >=
 )�
�)�-3'5$

j	KNMtä�ä�MPåPå�K�ä�KNXtä�æ7MtWÒQTS W_^Pã/êYMPV�Z[KNXI\^MIê/K®\PW�W/ä�V�Z`Xtä�VZIAX7VZIAXtã/W�WYV�Xtã S�Q`Z=S4W�IAUPQ[W�åJIAO�OZIAåPå�KNO�V
V�WYç#åtäR\PW�\PãYåPQQINê/WYçÒWYX7V	\PW/ä(O�KNU�KNV�ä < n!Z`Xtä�Z,!®QQI�ä�WYMPQ[W�ä�KNMPO�ê/W�\PW	XtKNXÄ\PãYV�WYO�ç#Z`XPZ[ä�çÒW�\YIAXtäfXtKNV�O�W
IAQ=S4KNO�Z`VFTPçÒW�W/ä�V	Q[W�êHTtKNZD^×MPXPZDC�KNO�çÒW�\PW�QTS INêYV�Z[KNX 	 � ! !-!-åPMPZ[ä�æ7MtW�V�KNMPV�\PãYåPQQINê/WYçÒWYX7V�\�S MPXoå�KNZ`X7V
h4WYO�ä_MPX IAMPV�O�W]åPO�WYXt\ W_^YINêYV�WYçÒWYX7V

1u.t.
< J�IAO×ê/KNXtä�ã/æ7MtWYX7V�!fQTS INä�å�W/êYV_åPO�KNUJIAUPZ`Q`Z[ä�V�WÔ\PW]XtKNV�O�W

IAQ=S4KNO�Z`VFTPçÒW�W/ä�VRê�IAOZINêYV�ãYO�Z[ä�ã�åJIAOfMPXtW�êHTJI-,[XtW�\PW�m IAO.�4K�h�æ7MtW�XtKNMtäR\Pã/êYO�Z=h4KNXtä!\YIAXtäRQQI�ä�MPZ`V�W <
g!X�ãYVZIAVf\PW&ê/WYV�V�W&êHTJI-,[XtW�W/ä�V(ê/KNç#å�K�ä�ã&\PW/ä(ä�å�ã/êYZDM-ê�IAV�Z[KNXtäf\PW	QTS ãYVZIAV(Q[K®ê�IAQ�\PW	êHTJINæ7MtW&O�KNU�KNV

\^M×äFE^ä�VHGYçÒW <9b S ãYVZIAV!\�S MPXÄO�KNU�KNV
ri
W/ä�VR\Pã_MtXPZ�åJIAORMPX h4W/êYV�WYMPO

< si, `i, toi, αi >
K�� �

� si
W/ä�V�Q[W!ä�VZIAV�MPV(\^M�O�KNU�KNV �>h#IAQ[WYMPO(\YIAXtä

{waiting,moving}
ä�MPZ=h#IAX7V+æ7MtW

ri
IAV�V�WYXt\�ä�MPO

MPX_å�KNZ`X7V	KNMÄä�W�\^Z`O�Z=S4W>h4WYO�äRMPX_å�KNZ`X7V!\PW�O�WYXt\PW * e`h4KNMtä��
� `i

W/ä�VfQTS Z[\PWYX7V�ZDM�IAX7V&\^MÄå�KNZ`X7V!\PW�O�WYXt\PW * e`h4KNMtä!ê/KNMPOZIAX7V	KNM h4WYO�äfQ[W/æ7MtWYQ
ri
ä�W�\^Z`O�Z=S4W �

� toi
W/ä�V&\PKNXPXtã�åJIAO&QQI C�KNO�ç�MPQ[W

btimeoutic
2 K��

bxc
W/ä�V&åPQ`Mtä S�OZIAXt\ WYX7V�Z[WYO�Z`XBC�ãYO�Z[WYMPO�KNM

ã S3IAQ �
x
3+WYVRåPO�WYXt\ÄäZI]h#IAQ[WYMPO!\YIAXtä

{0, . . . , N − 1}
�

� αi
W/ä�V�\PKNXPXtãÒåJIAO�QQI C�KNO�ç�MPQ[W

αi = timeouti − toi
WYV�åPO�WYXt\ äZI h#IAQ[WYMPO�\YIAXtä

]0 . . . 1]
<

j	KNMtäfQTS IAåPå�WYQ`Q[WYO�KNXtä �AwNx[� � ����s�q@v 	�� �@x¼x[� <
J:MPZ[ä�æ7MtW&XtKNMtäfê/KNXtä�Z[\PãYO�KNXtäfQ[W/äfãYVZIAV�ä IAåPOHG/äfQTS W_^Pã/êYMPV�Z[KNXÄ\PW/ä INêYV�Z[KNXtä�!^Q[W/ä h#IAQ[WYMPO�äf\PW/ä(V�Z`çÒW/KNMPV�ä
XtWÄä�KNX7V AHIAç IAZ[äÒX7MPQ`Q[W/ä < c+W/êYZ!W_^^åPQ`Z[æ7MtW�Q[WÄêHTtKNZD^ \PW�QTS Z`X7V�WYOFh#IAQ`Q[W×\PW h#IAQ[WYMPO�äÒ\PW/ä

αi
< JLKNMPO�Q[W

çÒKNçÒWYX7V�!-ê/W/äR\PWYMB^Ä\PWYO�XPZPGYO�W/ä h#IAO�ZQIAUPQ[W/äRXtW�ä�WYOFh4WYX7V	æ7M�S ��QQI#\Pã/ê/KNç#å�K�ä�Z`V�Z[KNXtä!\PW/äfV�Z`çÒW/KNMPV�ä <
g!XÄãYVZIAV

e
\^MÄäFE^ä�VHGYçÒW�ä�W&\Pã_MtXPZ`V!ê/KNç#çÒW�Q[W&åPO�K®\^MPZ`V!\PW/äRãYVZIAV�äfQ[K®ê�IAMB^_\PW&V�KNMtäfQ[W/äfO�KNU�KNV�ä

e =
∏m

i=1 < si, `i, toi, αi >
< j	KNV�KNXtähæ7MtW(QTS WYXtä�WYç�UPQ[W!\PW/ähãYVZIAV�ähW/ä�V:Z`XBMtXPZ-WYVhXtKNXÒ\PãYXtKNç�UPOZIAUPQ[W
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waiting


moving


Uniform

Choice


M
ISS
 : ? Expiration


timeout
i
= 1;


timeout
i
 = 1;

aller à la première location MP
i
[0];
W
AIT
 : ? Expiration
 timeout
i
= N+1;


S
YNC
 : ? detection-pair
 exchange messages;

timeout
i
 = 1;

aller à MP
i 
[0];


Notation : ? Condition
 Actions


������� OB< ì � b W>S�OZIAå9TtW�\�S ãYVZIAV!\PW ri

åPMPZ[ä�æ7MtW+Q[W+\PKNç IAZ`XtWf\PW
αi
W/ä�VLMPX�Z`X7V�WYOFh#IAQ`Q[Wf\YIAXtä

IR
< c+WYå�WYXt\YIAX7V�!�XtKNMtäLå�KNM9h4KNXtä O�ã/\^MPZ`O�W(ê/WYV�V�W

êHTJI-,[XtW×WYX MPXtWÄêHTJI-,[XtWo\PKNX7VÒQTS WYXtä�WYç�UPQ[Wo\�S ãYVZIAV�ä�W/ä�V MtXPZ S�O
�Nê/W&�]QQI]O�WYQQIAV�Z[KNX�\�S ã/æ7MPZ=h#IAQ[WYXtê/W
ä�MPZ=h#IAX7V�W �

 5 # �8$Q�%$&��� � & i � � ��� sYyTw�y¼q e1 =

∏m
i=1 < s1

i , `
1
i , to

1
i , α

1
i > �Yy e2 =

∏m
i=1 < s2

i , `
2
i , to

2
i , α

2
i >

q ��� y(s 
 � v��AwNx[� � y¼q�q@v+{
�
� ∀ i, s1

i = s2
i
�

� � ∀ i, `1
i = `2

i
�

� � ∀ i, to1
i = to2

i
�

3
� ∀ i, j, α1
i < α1

j ⇐⇒ α2
i < α2

j
�Yy α1

i = 1 ⇐⇒ α2
i = 1

g!XtWÄêYQQINä�ä�WÄ\�S ã/æ7MPZ=h#IAQ[WYXtê/W
c
\PWÄê/WYV�V�WÄO�WYQQIAV�Z[KNX�W/ä�V�\Pã_MtXPZ[W_åJIAO �

c =
∏m

i=1 < si, `i, toi >

× position
K��

position
O�WYåPO�ã/ä�WYX7V�W�Q[W/ä+å�K�ä�Z`V�Z[KNXtä(O�WYQQIAV�Z=h4W/äR\PW/ä

αi
< k�Q�W/ä�Vfã h®Z[\PWYX7VRæ7M�S Z`Q�W_^^Z[ä�V�W

IAM_åPQ`Mtä
m! · 2m−1 å�K�ä�Z`V�Z[KNXtäfå�K�ä�ä�Z`UPQ[W/ä�!^WYVfåJIAORê/KNXtä�ã/æ7MtWYX7V	æ7MtW	Q[W&XtKNç�UPO�W�\PW�êYQQINä�ä�W/äf\�S ã/æ7MPZDe

h#IAQ[WYXtê/W/ä!W/ä�V MtXPZ <Yb I�åPO�KNå�K�ä�Z`V�Z[KNXoä�MPZ=h#IAX7V�W�ãYVZIAUPQ`Z`VRQQI�ê/KNXt\^Z`V�Z[KNXo\PW C�KNO�V�W?I�S�O�ã S3IAV�Z[KNX <
�?���J6 �J,%$Q�%$&��� � &  � � vT� � y c �Yy c′ 	 � ��� uYx`wAq�q8��q 	 � s 
 � v��AwNx[� � u���� e1 �Yy e2 	 � ��� sYyTw�y¼q(w�r4rPwN�Yy�� � w � y
�Òx`w�uYx`wAq�q8� c �+wNx � ��q�{

∑

e∈c′

P [e1, e] =
∑

e∈c′

P [e2, e]

�+*
P ��qYy�x`wÒ~Òw�yz�@v�u�� 	 ��yz��w � q@vzyzv ��� 	 ��x`w�u �^w�� � � 	 �
�]wN� .�� ���

�?��10 $+�1'&#c+KNXtä�Z[\PãYO�KNXtä:\PWYMB^�ãYVZIAV�ä ã/æ7MPZ=h#IAQ[WYX7V�ä
e1 =

∏m
i=1 < si, `i, toi, α

1
i >

WYV
e2 =

∏m
i=1 <

si, `i, toi, α
2
i >

< K®KNZ`V
I
MPX ä�KNMtä e�WYXtä�WYç�UPQ[W�\PW/ä�Z`Xt\^Z[ê/W/ä

i
V�WYQ�æ7MtW

α1
i

W/ä�V�QQI h#IAQ[WYMPO�ç#Z`XPZ`ç IAQ[W
åJIAO�ç#Z+Q[W/ä?h#IAQ[WYMPO�ä�O�ã/ä�Z[\^MtWYQ`Q[W/ä�\PW

e1 ��\YIAXtä�QQIÄä�MPZ`V�WÒXtKNMtä�QQI_XtKNV�KNXtä α1
min

< K®KNZ`V
J
MPXÞä�KNMtä e

WYXtä�WYç�UPQ[W�\PW/ä!Z`Xt\^Z[ê/W/ä
j
V�WYQLæ7MtW

α2
j

W/ä�V!QQI4h#IAQ[WYMPO!ç#Z`XPZ`ç IAQ[W�åJIAO�ç#ZLQ[W/äXh#IAQ[WYMPO�ä!O�ã/ä�Z[\^MtWYQ`Q[W/ä&\PW
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e2 �'\YIAXtä	QQI�ä�MPZ`V�W�XtKNMtä&QQIÒXtKNV�KNXtä α2
min

< J:MPZ[ä�æ7MtW
e1 WYV e2 ä�KNX7V&ã/æ7MPZ=h#IAQ[WYX7V�ä�!�IAQ[KNO�ä I = J

WYV

∀ k, α1
min ≤ α1

k

WYV
α2

min ≤ α2
k

KNM
α1

min = 1
WYV

α2
min = 1

< j	KNV�KNXtä
tomin = Min(toi | i ∈ I)

<
n!åPOHG/ä

α1
minu.t.

!4Q[W!äFE^ä�VHGYçÒWRåJINä�ä�W!\PW!QTS ãYVZIAV
e1 � f1 WYV IAåPOHG/ä α2

min u.t.
\PW

e2 � f2 <3b W/ä(ãYVZIAV�ä
f1 WYV f2 XtW�ä�KNX7V�æ7MtW�\PW/ä&ãYVZIAV�ä&Z`X7V�WYO�çÒã/\^ZQIAZ`O�W/ä�åPMPZ[ä�æ7M�S IAMtêYMPXtW INêYV�Z[KNX X�S I�WYMoQ`Z[WYM < K®WYQ[KNX QQI
h#IAQ[WYMPO

tomin
!P\PWYMB^Äê�INäRä�W&åPO�ã/ä�WYX7V�WYX7V��

;#<
tomin > 0

�f\YIAXtä×ê/W ê�INä�!fQTS ãYVZIAV×\PW
ri
å�KNMPO

i ∈ I
\PW h®Z[WYX7V

< si, `i, toi − 1, 1 >
\YIAXtä

f1 WYV f2 < b W/äÄãYVZIAV�äÄ\PW/ä IAMPV�O�W/ä_O�KNU�KNV�ä_O�W/ä�V�WYX7VÄZ`XtêHTJIAX9S4ã/ä�! �ÞQTS W_^Pê/WYåPV�Z[KNX�\PW/ä
h#IAQ[WYMPO�ä&O�ã/ä�Z[\^MtWYQ`Q[W/ä�æ7MPZ:\^Z`ç#Z`X7MtWYX7V�\PW

α1
minu.t.

\YIAXtä
f1 WYV�\PW α2

minu.t.
\YIAXtä

f2 < J�IAO
ê/KNXtä�ã/æ7MtWYX7V�!�Q[W/ä	XtKNM9h4WYQ`Q[W/ä�å�K�ä�Z`V�Z[KNXtä&O�WYQQIAV�Z=h4W/ä�\PW/ä h#IAQ[WYMPO�ä&O�ã/ä�Z[\^MtWYQ`Q[W/ä�ä�KNX7V�Z[\PWYX7V�Z[æ7MtW/ä
\YIAXtä�Q[W/ä�\PWYMB^ ãYVZIAV�ä

f1 WYV f2 < a&KNXtê-!hQ[W/ä�\PWYMB^ ãYVZIAV�äÒZ`X7V�WYO�çÒã/\^ZQIAZ`O�W/ä f1 WYV f2 ä�KNX7V
ã/æ7MPZ=h#IAQ[WYX7V�ä < n!Z`Xtä�Z�\PW�ä�MPZ`V�W-!®XtKNMtä(O�ãYå�ãYV�KNXtäfQ[W/äfKNå�ãYOZIAV�Z[KNXtäR\PW&\Pã/êYO�ãYçÒWYX7VZIAV�Z[KNX4A Mtä�æ7M�S �
ê/W	æ7MtW!XtKNMtä IAO�O�Z=h®Z[KNXtä IAM�ê�INä(ä�MPZ=h#IAX7V 2

tomin = 0
3 < j	KNV�KNXtä(æ7MtW!XtKNMtä(ä�KNç#çÒW/ä(ä.BPO�ä+\�S E

IAO�O�Z=h4WYO�åPMPZ[ä�æ7M�S �ÄêHTJINæ7MtWÒZ`V�ãYOZIAV�Z[KNX !�IAMÔçÒKNZ`Xtä�MPX
toi

W/ä�V�\Pã/êYO�ãYçÒWYX7V�ã�WYV]IAMtêYMPX IAMPV�O�W
X�S W/ä�VRZ`XtêYO�ãYçÒWYX7V�ã <

ë <
tomin = 0

�:ä�KNZ`V
I ′ = {i ∈ I | toi = 0}

< b S WYXtä�WYç�UPQ[W×\PW/ä#O�KNU�KNV�ä
ri
V�WYQRæ7MtW

i ∈ I ′
W/ä�V#W_^YINêYV�WYçÒWYX7V#QTS WYXtä�WYç�UPQ[W_\PW/ä�O�KNU�KNV�ä#\PKNX7V�Q[W/ä�V�Z`çÒW/KNMPV�ä#W_^^åPZ`O�WYX7VÒWYXÞç �YçÒW�V�WYç#åtä
\YIAXtä

f1 WYV f2 < a&KNXtê-!PQ[WYMPO�ä!ãYVZIAV�ä!ä�KNX7V!Z[\PWYX7V�Z[æ7MtW/ä	\YIAXtä f1 WYV f2 < k�Q[äRW_^Pã/êYMPV�WYO�KNX7V&ä�KNZ`V
QTS INêYV�Z[KNX � � ��
 !7ä�KNZ`VhQTS INêYV�Z[KNX�	 � ! ! < b W!êHTtKNZD^ÒåPO�KNUJIAUPZ`Q`Z[ä�V�W	\PWRQTS INêYV�Z[KNX�	 � ! !(åPO�K®\^MPZ`V+MPX
WYXtä�WYç�UPQ[W�\PW#XtKNM9h4W�IAMB^ ãYVZIAV�ä]IAV�V�WYZ`X7V�ä ��åJIAO�V�Z`O�\PW

f1
2 O�W/ä�å <

f2 3 < n V�Z`V�O�W�\�S W_^PWYç#åPQ[W-!
ä�Z

k
O�KNU�KNV�ä�W_^Pã/êYMPV�WYX7V�Q[WYMPO�ä]INêYV�Z[KNXtä 	 � ! !-!�ê/W/êYZ�åPO�K®\^MPZ`V

2k XtKNM9h4W�IAMB^ ãYVZIAV�ä ��åJIAO�V�Z`O
\PW

f1
2 O�W/ä�å <

f2 3 !�êHTJINêYMPX�I�h4W/ê�MPXtW�åPO�KNUJIAUPZ`Q`Z`V�ãÒ\PW 1/2k < j	KNV�KNXtä g1 WYV g2 \PWYMB^oXtKNMBe
h4W�IAMB^_ãYVZIAV�ä(Z`X7V�WYO�çÒã/\^ZQIAZ`O�W/ä	\YIAXtä(Q[W/ä�æ7MtWYQ[ä(Q[W	O�ã/ä�MPQ`VZIAVR\^MÄêHTtKNZD^�MPXPZDC�KNO�çÒW�W/ä�V(Q[W	ç �YçÒW <
n!Q[KNO�ä�!�ê/WYO�VZIAZ`Xtä�O�KNU�KNV�ä

ri
I�h4W/ê

i ∈ I ′
å�WYM9h4WYX7V�W_^Pã/êYMPV�WYO�QTS INêYV�Z[KNX � � ��
 !'åPMPZ[ä&QTS INêYV�Z[KNX

������� I�h4W/ê�Q[WYMPO�ä TtKNçÒKNQ[K\S�MtW/ä < c+W/ä&\PWYO�XPZ[WYO�ä�KNX7V&Q[W/ä&ç �YçÒW/ä�ãYVZIAV�ä?IAMtä�ä�ZLUPZ[WYX \YIAXtä
g1

æ7MtW�\YIAXtä
g2 �ÒQTS W_^Pê/WYåPV�Z[KNX \PW/ä h#IAQ[WYMPO�ä&\PW�Q[WYMPO�ä&V�Z`çÒW/KNMPV�ä < b!O�!-QQI�ê/KNXt\^Z`V�Z[KNXÔ\PW �������

W/ä�V&Z`Xt\PãYå�WYXt\YIAX7V�W#\PW�QQI h#IAQ[WYMPO&\^M]V�Z`çÒW/KNMPV < J�IAO�ê/KNXtä�ã/æ7MtWYX7V�!�QTS W_^Pã/êYMPV�Z[KNXÔ\PW/ä>INêYV�Z[KNXtä
������� ��åJIAO�V�Z`O�\PW/ä�\PWYMB^]ãYVZIAV�ä

g1 WYV g2 åPO�K®\^MPZ`OZI�\PWYMB^oXtKNM9h4W�IAMB^ ãYVZIAV�ä h1 WYV h2 æ7MPZ
ä�KNX7V�êHTtKNZ[ä�Z[ä�åJIAO�ç#Z

2k ãYVZIAV�ä�å�K�ä�ä�Z`UPQ[W/ä�ä�Mtê/ê/W/ä�ä�WYMPO�ä�\PW�O�W/ä�å�W/êYV�Z=h4WYçÒWYX7V e1 WYV e2 \YIAXtä
QQI�êHTJI-,[XtW#\PW�m IAO.�4K�h < k�QLO�W/ä�V�W���åPO�KNM9h4WYO�æ7MtW

h1 WYV h2 ä�KNX7V�ã/æ7MPZ=h#IAQ[WYX7V�ä < J:MPZ[ä�æ7MtW�Q[W/ä
ç �YçÒW/ä INêYV�Z[KNXtäRåPO�K®\^MPZ[ä�WYX7VRQ[W/äfç �YçÒW/ä!W ��WYV�ä�!

h1 WYV h2 XtW�å�WYM9h4WYX7V �YV�O�W�\^Z ��ãYO�WYX7V�ä!æ7MtW
åJIAO�Q[W/ä?h#IAQ[WYMPO�ä�\PW/ä�V�Z`çÒW/KNMPV�ä < e�^YIAç#Z`XtKNXtä�V�KNMtä�Q[W/ä�ê�INä�å�K�ä�ä�Z`UPQ[W/ä < g!XÔO�KNU�KNV

ri
æ7MPZ I

W_^Pã/êYMPV�ã#MPXtW#ä�WYMPQ[W INêYV�Z[KNX !�WYX QTS K®ê/êYMPO�O�WYXtê/W � � ��
 !�I�O�ã�IAO�çÒã#ä�KNX V�Z`çÒW/KNMPV�\PW
N
\YIAXtä

Q[W/ä+\PWYMB^ÒãYVZIAV�ä
h1 WYV h2

2
αi = 1

3 < g!X�O�KNU�KNV+æ7MPZ�I�W_^Pã/êYMPV�ã IAM�çÒKNZ`Xtä�MPXtW INêYV�Z[KNX ! �������
KNM 	 � ! !-!�IÒO�ã�IAO�çÒã#ä�KNX]V�Z`çÒW/KNMPV�\PW

1u.t.
\YIAXtä	Q[W/ä�\PWYMB^]ãYVZIAV�ä

h1 WYV h2
2
αi = 1

3 <+b W
V�Z`çÒW/KNMPV	\�S MPX×O�KNU�KNV!æ7MPZ�X�S I#W_^Pã/êYMPV�ãdIAMtêYMPXtW]INêYV�Z[KNXoW/ä�V!\Pã/êYO�ãYçÒWYX7V�ã�\PW

α1
min

\YIAXtä
h1

WYVÒ\PW
α2

min

\YIAXtä
h2 < J�IAOÒê/KNXtä�ã/æ7MtWYX7V�!:Q[W/ä�å�K�ä�Z`V�Z[KNXtä#O�WYQQIAV�Z=h4W/äÒ\PW/ä�XtKNM9h4WYQ`Q[W/ä4h#IAQ[WYMPO�ä

O�ã/ä�Z[\^MtWYQ`Q[W/ä!ä�KNX7VRQ[W/äfç �YçÒW/ä!\YIAXtä
h1 WYV!\YIAXtä h2 < �
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g!XtW�êHTJI-,[XtW#\PW�m IAO.�4K�h×å�WYMPV �YV�O�W]h®Z[ä�MJIAQ`Z[ä�ã/W�åJIAO&MPX S�OZIAå9TtW�\PKNX7V�Q[W/ä&ä�KNç#çÒWYV�ä�ä�KNX7V&Q[W/ä
ãYVZIAV�ä	WYV!Q[W/ä IAO�ê/ä	ä�KNX7V	Q[W/ä!V�OZIAXtä�Z`V�Z[KNXtä	æ7MPZLä8S W ��W/êYV�MtWYX7V&WYX7V�O�W�ê/W/ä!ãYVZIAV�ä < g!XtW�V�OZIAXtä�Z`V�Z[KNX]WYX7V�O�W
MPX ãYVZIAV

s
WYV�MPX IAMPV�O�W

s′
W/ä�V�å�K�ä�ä�Z`UPQ[W�ä�ZfWYV#ä�WYMPQ[WYçÒWYX7V�ä�Z(QQI×åPO�KNUJIAUPZ`Q`Z`V�ãÄ\PW�V�OZIAXtä�Z`V�Z[KNX \^M

åPO�WYç#Z[WYO>IAM×ä�W/ê/KNXt\×W/ä�V!ä�V�O�Z[êYV�WYçÒWYX7V	å�K�ä�Z`V�Z=h4W 2
P [s, s′] 6= 0

3 <Jb W�Q[WYç#çÒW�ä�MPZ=h#IAX7V�!tMPXPZ[æ7MtWYçÒWYX7V
h#IAQ`Z[\PW	\YIAXtä+Q[W&ê�INä+\PW	êHTJI-,[XtW/ä MtXPZ[W/ä�!3C`INêYZ`Q`Z`V�WYOZI�QQI�åPO�WYM9h4W&\PW	ê/KNO�O�W/êYV�Z[KNX_\PW!XtKNV�O�W>IAQ=S4KNO�Z`VFTPçÒW <
� 10/�/21 � &Q: ����10l l&13��� ' m�� " � � � vzy S′ ��� q ��� q$��� � q8�@~ � x[� 	 �&x � � � q8�@~ � x[� ! � v 	 ��q�sYyTw�y¼q 	 � ��� �
u �^w�� � � 	 � �]wN� .�� ����� � r4r � q ��� q 
 � �!r ��� �#y ��� y!sYyTw�y s �+v¼xh� � v�qYy�� ��� u �P�@~�v � 	 � s � s′ y��@x1
 � �
s′ ∈ S′ ��>!x � ��q 
 � �@x1
 � ��q � vzy+x � sYyTw�y(v � vzyzv�wNx �hx`w�r'� ��� w � v¼x vzy�s 	 � w�y�y��@v �
	 ��� ��� sYyTw�yRw�r4rPwN�Yy�� � w � y �
S′ ��qYy 1 �

�#���#��� ��'5=�'*-!-3'5=
 �
,$�-

a>IAXtä:QQI&ä�MPZ`V�W-!NXtKNMtä:å�K�ä�KNXtä MPXtWRê/KNXt\^Z`V�Z[KNX�æ7MPZPXtKNMtä S3IAOZIAX7V�Z`OZI�æ7MtW-!Nå�KNMPO:V�KNMPV�WRW_^Pã/êYMPV�Z[KNX
åJIAO�VZIAX7V�\�S MPXÞãYVZIAV�äZIAV�Z[ä C`IAZ[äZIAX7V�ê/WYV�V�W�ê/KNXt\^Z`V�Z[KNX !�QTS K®ê/êYMPO�O�WYXtê/W�\�S MPXtW INêYV�Z[KNX 	 � ! !#X�S W/ä�V�åJINä
å�K�ä�ä�Z`UPQ[W < JLKNMPO	ê/WYQQI !PXtKNMtä I�h4KNXtäRU�W/ä�KNZ`X×\PW�æ7MtWYQ[æ7MtW/ä!\Pã_MtXPZ`V�Z[KNXtäRUJINä�ã/W/ä!ä�MPOfQQI�çÒK®\PãYQ`Z[äZIAV�Z[KNX
WYXÄO�ã/ä�W�IAMÄ\PW�JLWYV�O�ZL\PW&QTS IAQ=S4KNO�Z`VFTPçÒW�KNO�Z=S�Z`XtWYQ <

 5 # �8$Q�%$&��� � & � � � vzy e =

∏m
i=1 < si, `i, toi, αi >

��� sYyTw�y 	�� q@|AqYy�}@~�����>!x � ��q�x[��~ÒwN� 
 � w�
7�
M(e)

	 � N ��qYy 	 s ! � v�u � ~�~��+q � vzy�{®q@v `i = f(i, j) wNx � ��q M(e)(pi,j) = 1 �'q@v �
��� M(e)(pi,j) =
0 �

e:XÞW ��WYV�!�Q[W#ç IAO�æ7MJI�S4W
M(e)

X�S W/ä�V�æ7M�S MPXtW IAUtä�V�OZINêYV�Z[KNXI\PW#QTS ãYVZIAV
e
K�� Q[W/ä�Z`XBC�KNO�ç IAV�Z[KNXtä�\PW

V�WYç#åtä!WYVR\^M×ä�VZIAV�MPV!\^M_O�KNU�KNV!ä�KNX7V!KNç#Z[ä�W/ä <

 5 # �8$Q�%$&��� � &  � � vzy N x[�#��s�q8��w � 	 � ;R�Yyz�@vR~ ��	 s@x v�q/w � yRx � wNx 
 � �@vzy��7~����Yy M q ��� ~ÒwN� 
 � w�
7���
M ��qYy 	 vzy:q/w � q � x � u�w�
7��q@vhy ��� q�x[��q�uYv¼��u � vzy¼q 	 � N q ��� yh~ÒwN� 
 � s�q��

a>IAXtä+MPX�ãYVZIAV(äZIAXtä�UPQ[K®ê�I�S4W-!7QTS W_^Pã/êYMPV�Z[KNX_\PW!QTS IAQ=S4KNO�Z`VFTPçÒW�KNO�Z=S�Z`XtWYQ�S3IAOZIAX7V�Z`VRæ7M�S IAMtêYMPX�UPQ[K�e
ê�I�S4W�X�S W/ä�V!å�K�ä�ä�Z`UPQ[W�\YIAXtä!Q[W>CzMPV�MPO < c+WYå�WYXt\YIAX7V�!+I�h4W/ê�Q[W/ä!\^Z ��ãYO�WYX7V�W/ä h#IAQ[WYMPO�ä	\PW/äRV�Z`çÒW/KNMPV�ä�!-Z`Q
ä�W	å�WYMPVfæ7MtW&\YIAXtä(MPX_ãYVZIAV

e
I�h4W/ê

M(e)
äZIAXtä(UPQ[K®ê�I�S4W-!^MPXtW>INêYV�Z[KNX

MISS
ä�KNZ`VfW_^Pã/êYMPV�ã/W 2 åJIAO

W_^PWYç#åPQ[W-!�ä�MPZ`V�W ��QTS W_^^åPZ`OZIAV�Z[KNX \^M V�Z`çÒW/KNMPV�\�S MPX O�KNU�KNV]IAV�V�WYXt\YIAX7V�ä�KNXgTtKNçÒKNQ[K\S�MtW�æ7MPZ:X�S W/ä�V
V�KNM\A�KNMPO�ä�åJINä IAO�O�Z=h4ã 3 < J�IAOÒê/KNXtä�ã/æ7MtWYX7V�! \PW/ä�ê/KNX7V�OZIAZ`X7V�W/äÒ\PW�V�WYç#åtä#\PKNZ=h4WYX7V �YV�O�W I%A�KNMPV�ã/W/ä��
QTS ãYVZIAV

e
<

K7Z
M

W/ä�V�äZIAXtä�UPQ[K®ê�I�S4W-!8IAQ[KNO�ä�QQI_O�WYQQIAV�Z[KNX
aideM

Z`X7V�O�K®\^MPZ`V�W�\YIAXtä�Q[WÒQ[WYç#çÒW OB<=; \Pã_MtXPZ`V�MPX
S�OZIAå9TtW�äZIAXtä&ê E^êYQ[W <�b I�Q[KNX9S�MtWYMPO�\�S MPX êHTtWYç#Z`X ãYVZIAX7V&Q[W�XtKNç�UPO�W�\�S IAO�ê/ä&Q[W�ê/KNXtä�V�Z`V�MJIAX7V�!�XtKNMtä
\Pã_MtXPZ[ä�ä�KNXtä

levelM (t)
ê/KNç#çÒWRQQI�Q[KNX9S�MtWYMPO(\^MÒåPQ`Mtä�Q[KNX9S�êHTtWYç#Z`X�\�S W_^^V�O�ãYç#Z`V�ã

t
< j	KNMtähåPO�ã/ä�WYXBe

V�KNXtä�!-ä�MPO!QQI MYS�MPO�W OB< a !tQ[W�XPZ=h4W�IAM]\PW/ä!V�OZIAXtä�Z`V�Z[KNXtä!å�KNMPO!Q[W�ç IAO�æ7MJI�S4W�Z`XPZ`V�ZQIAQL\^MoO�ã/ä�W�IAMo\PW�QQI
MYS�MPO�W OB< OB< a&ã_MtXPZ[ä�ä�KNXtäR\9G/äRç IAZ`X7V�WYXJIAX7V	QQI�ê/KNXt\^Z`V�Z[KNXo\PW�ä�VZIAUPZ`Q`Z`V�ã�ä�MPORQ[W/äRãYVZIAV�äR\^M×äFE^ä�VHGYçÒW <
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t
1


t
2


t
3


t
4


t
5


t
6


1
 2
 3
 4
Level


������� OB< a � j!Z=h4W�IAM×\PW/äfV�OZIAXtä�Z`V�Z[KNXtä!\YIAXtäRMPX_ç IAO�æ7MJI�S4W�äZIAXtä(UPQ[K®ê�I�S4W


 5 # �8$Q�%$&��� � &Q: � � vzy e =
∏m

i=1 < si, `i, toi, αi >
��� sYyTw�y 	�� q@|AqYy�}@~���� e ��qYyhqYyTw � x[��q@v �$# ��%

��qYyhq/w � q � x � u�w�
7�Ò�Yy ∀i, si = waiting ⇒ toi ≥ levelM(e)(t`i
)
���

(toi + 1 > levelM(e)(t`i
) �Yy

αi = 1) �

b W�Q[WYç#çÒW�ä�MPZ=h#IAX7VRçÒKNX7V�O�W�æ7MtW&QQI#\Pã_MtXPZ`V�Z[KNX×\PW/ä!ãYVZIAV�äRä�VZIAUPQ[W/äRW/ä�V IAåPåPO�KNåPO�Z[ã/W �
� 10/�/21 � & � � w � qRy ��� y��	� � s�u � yzv ��� rPwN�YyTw � y 	 � ��� sYyTw�y�qYyTw � x[���Lw � u ��� � � u�u � �@��� � u�� 	 �fx � w4u/yzv ���
	 � ! !���� ��qYy�r � q�q@v � x[���

�?��10 $+�1'& j	KNMtä+åPO�K®ê/ã/\PKNXtä(åJIAO(O�ã/êYMPO�O�WYXtê/W&ä�MPO(Q[W/ä(ãYVZIAV�ä(\^M�äFE^ä�VHGYçÒW IAMB^�Z`Xtä�VZIAX7V�ä
0, 1, 2, . . .

j	KNV�KNXtä
en QTS ãYVZIAV!\^M×äFE^ä�VHGYçÒW ��QTS Z`Xtä�VZIAX7V n

WYV
e0 QTS ãYVZIAVRZ`XPZ`V�ZQIAQLä�VZIAUPQ[W�\^M×äFE^ä�VHGYçÒW < c+W/ä!ãYVZIAV�ä

XtW ê/KNO�O�W/ä�å�KNXt\PWYX7VÄåJINä IAMB^ ãYVZIAV�ä_ä�Mtê/ê/W/ä�ä�ZDC�ä�\PW]QQIÞêHTJI-,[XtWÔ\PW]m IAO.�4K�h�ç IAZ[ä_ê/WYQQIÞZ`ç#å�KNO�V�W
å�WYM_åPMPZ[ä�æ7M�S IAMtêYMPX IAOFS�MPçÒWYX7V!åPO�KNUJIAUPZ`Q`Z[ä�V�W�XtW�ä�WYOZI�MPV�Z`Q`Z[ä�ã�\YIAXtäRê/WYV�V�W&åPO�WYM9h4W <Yb S T3E®å�KNVFTYG/ä�W �
h4ãYO�ZDM-WYO&W/ä�V!æ7MtW A Mtä�æ7M�S �#QTS Z`Xtä�VZIAX7V

n
!JIAMtêYMPXtW INêYV�Z[KNX 	 � ! !�X�S IAMPOZIÒQ`Z[WYMoWYV!æ7MtW

en W/ä�V!MPX×ãYVZIAV
ä�VZIAUPQ[W <
JLKNMPO

n = 0
!�IAMtêYMPXtW INêYV�Z[KNX
	 � ! !�X�S I�åPM�I�h4KNZ`O�Q`Z[WYMÔWYV

e0 W/ä�V�ä�VZIAUPQ[W < K7MPåPå�K�ä�KNXtä�æ7MtW�QTS T3E3e
å�KNVFTYG/ä�WÒW/ä�V>h®OZIAZ[W���QTS Z`Xtä�VZIAX7V

n
WYV�çÒKNX7V�O�KNXtä�æ7M�S WYQ`Q[W#Q[W#O�W/ä�V�W ��QTS Z`Xtä�VZIAX7V

n + 1
< JLKNMPO�ê/WYQQI !

W_^YIAç#Z`XtKNXtä!ê/W�æ7MPZ�ä�W&åJINä�ä�W�WYX7V�O�W�ê/W/äR\PWYMB^_Z`Xtä�VZIAX7V�ä <
g!X#O�KNU�KNVhWYX IAV�V�WYX7V�WRä�MPO:MPXÒå�KNZ`X7Vh\PWfO�WYXt\PW * e`h4KNMtä��	QTS Z`Xtä�VZIAX7V

n
!AO�W/ä�V�WYOZI�ä�MPO:åPQQINê/W �&QTS Z`Xtä�VZIAX7V

n + 1
< e:XIW ��WYV�! \�S IAåPOHG/ä�QQI×\Pã_MtXPZ`V�Z[KNX \PW�ä�VZIAUPZ`Q`Z`V�ã-!LQQI h#IAQ[WYMPO#\^MÞV�Z`çÒW/KNMPV#\PW�ê/W�O�KNU�KNV�W/ä�V

ä�MPå�ãYO�Z[WYMPO�W �
1
WYV�åJIAO�ê/KNXtä�ã/æ7MtWYX7V�X�S W_^^åPZ`O�WYOZIÔåJINä�WYX åJINä�äZIAX7V � QTS Z`Xtä�VZIAX7V

n + 1
< �hK�E4KNXtä

ç IAZ`X7V�WYXJIAX7V×Q[W ê�INä_\�S MPX O�KNU�KNV_æ7MPZ>h®Z[WYX7VÄ\PW]ä�W]\^Z`O�Z=S4WYO h4WYO�ä�MPX å�KNZ`X7VÄ\PWoO�WYXt\PW * e`h4KNMtä �
QTS Z`Xtä�VZIAX7V

n
< a>IAXtä�ê/W�ê�INä�!�Z`Q IAO�O�Z=h4W ��ê/W�å�KNZ`X7V�\^MPOZIAX7V�QTS Z`X7V�WYOFh#IAQ`Q[WÒ\PW�V�WYç#åtä

[n . . . n + 1]
WYV

O�ã�IAO�çÒW_ä�KNXIV�Z`çÒW/KNMPVÒ\PW
Nu.t.

< a&KNXtê-!	�×QTS Z`Xtä�VZIAX7V
n + 1

ä�KNZ`V�Z`QfW/ä�V�V�KNM\A�KNMPO�ä#ä�MPO�åPQQINê/W_WYX
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IAV�V�WYX7V�W-!�ä�KNZ`V�Z`QhW_^Pã/êYMPV�WÒQTS INêYV�Z[KNX ������� < a>IAXtä�Q[W/ä�\PWYMB^Ôê�INä�\PW MYS�MPO�W-!"IAMtêYMPXtW INêYV�Z[KNX 	 � ! !
X�S W/ä�V!W_^Pã/êYMPV�ã/W�\^MPOZIAX7V	ê/WYVfZ`X7V�WYOFh#IAQ`Q[W�\PW&V�WYç#åtä <
k�Q'O�W/ä�V�W ��\PãYçÒKNX7V�WYO!æ7MtW

en+1 W/ä�V+MPX_ãYVZIAV(ä�VZIAUPQ[W < J:MPZ[ä�æ7M�S IAMtêYMPXtW?INêYV�Z[KNXÄ\PW!V E®å�W 	 � ! !!X�S W/ä�V
W_^Pã/êYMPV�ã/WR\^MPOZIAX7V+ê/WYV:Z`X7V�WYOFh#IAQ`Q[W-!4QTS W_^Pã/êYMPV�Z[KNX�ê/KNO�O�W/ä�å�KNXt\��	MPXtWRW_^Pã/êYMPV�Z[KNX�\PW(QTS IAQ=S4KNO�Z`VFTPçÒW!KNO�ZDe
S�Z`XtWYQ�äZIAXtä�V�WYXPZ`Ofê/KNç#åPV�W&\PW/ä h#IAQ[WYMPO�ä(\PW/ä+V�Z`çÒW/KNMPV�ä < a&KNXtê-!7Q[W CzOZIAXtêHTPZ[ä�ä�WYçÒWYX7VR\�S MPXtW&ä�ã/æ7MtWYXtê/W
\PW&V�OZIAXtä�Z`V�Z[KNXtä���åJIAO�V�Z`O!\PW

M(en)
\PKNXPXtW�MPX_XtKNM9h4W�IAMÄç IAO�æ7MJI�S4W

M(en+1)
\YIAXtäfQ[W/æ7MtWYQ�V�KNMtä

Q[W/äRêYZ`O�êYMPZ`V�ä	ä�KNX7VRç IAO�æ7Mtã/ä < K®KNZ`V
t
MPXtW�V�OZIAXtä�Z`V�Z[KNXo\PW&XPZ=h4W�IAM

1
\YIAXtä

M(en)
<Yb W/ä!\PWYMB^�åPQQINê/W/ä

WYX7V�O�ã/W/ä(\PW
t
ä�KNX7V�ç IAO�æ7Mtã/W/ä+ä�KNZ`VhåJIAO�ê/W!æ7MtWRQ[W/ä�\PWYMB^#O�KNU�KNV�ä+ê/KNO�O�W/ä�å�KNXt\YIAX7V�ä E�ä�KNX7V+\Pã A � !7ä�KNZ`V

åJIAO�ê/W�æ7M�S Z`Q[ä!ä�KNX7V	WYX×\PãYåPQQINê/WYçÒWYX7V h4WYO�ä!ê/W�å�KNZ`X7V	ê/KNç#ç�MPX]\PW�O�WYXt\PW * e`h4KNMtä < J�IAO&ê/KNXtä�ã/æ7MtWYX7V�!
QQI#äFE®XtêHTPO�KNXPZ[äZIAV�Z[KNXRIAMPOZI�Q`Z[WYM ��QTS Z`Xtä�VZIAX7V

n + 1
<

a	Z[ä�êYMPV�KNXtä!\^Moê�INä!\�S MPX×O�KNU�KNV
ri
WYXRIAV�V�WYX7V�W�ä�MPORMPXÄå�KNZ`X7V	\PW�O�WYXt\PW * e`h4KNMtä
��QTS Z`Xtä�VZIAX7V

n + 1
<

a&WYMB^ ê�INä�\PW MYS�MPO�W×ä�W_åPO�ã/ä�WYX7V�WYX7V �:Q[W_O�KNU�KNV IAO�O�Z=h4W �]QQI MtX KNM IAM�\PãYUPMPV�\PW_QTS Z`X7V�WYOFh#IAQ`Q[W
\PW×V�WYç#åtä

[n . . . n + 1]
< a>IAXtä�Q[W×åPO�WYç#Z[WYO_ê�INä�!hZ`Q>I O�ã�IAO�çÒã]ä�KNX V�Z`çÒW/KNMPV_\PW

Nu.t.
WYV�åJIAO

ê/KNXtä�ã/æ7MtWYX7V�! ��QTS Z`Xtä�VZIAX7V
n + 1

!�QQI h#IAQ[WYMPO�WYX7V�ZPGYO�W�\PWÒä�KNXÔV�Z`çÒW/KNMPV
toi

W/ä�V�ã S3IAQ[W �
N − 1

WYV
QQI h#IAQ[WYMPO�O�ã/ä�Z[\^MtWYQ`Q[W

αi
W/ä�V�ã S3IAQ[W �

1
< a>IAXtä�ê/WÒê�INä�!�QTS Z`Xtã S3IAQ`Z`V�ã

toi + 1 > levelM(e)(t`i
)

2 QQI
U�KNO�XtW�ä�MPå�ãYO�Z[WYMPO�W�\PW/äfXPZ=h4W�IAMB^ 3(WYV

αi = 1
W/ä�V h4ãYO�ZDM-ã/W < a>IAXtäfQ[W�ä�W/ê/KNXt\_ê�INä�!^Q[W&V�Z`çÒW/KNMPV	\PW

riW/ä�V!\Pã/êYO�ãYçÒWYX7V�ã�\�S MPXtW�MPXPZ`V�ã�\PW�V�WYç#åtä
��QTS Z`Xtä�VZIAX7V
n + 1

ç IAZ[äRQQI#V�OZIAXtä�Z`V�Z[KNXoê/KNO�O�W/ä�å�KNXt\YIAX7V�W
X�S I#åJINä!ãYV�ã>CzOZIAXtêHTPZ[W�åPMPZ[ä�æ7M�S WYQ`Q[W�ãYVZIAZ`V
�#MPXÄXPZ=h4W�IAMoä�MPå�ãYO�Z[WYMPO
�

1
��QTS Z`Xtä�VZIAX7V

n
< J�IAO	ê/KNX7V�O�W-!

V�KNMPV�W/ä�Q[W/ä�V�OZIAXtä�Z`V�Z[KNXtä�\PWÒXPZ=h4W�IAM
1
ä�KNX7V?CzOZIAXtêHTPZ[W/ä���QTS Z`Xtä�VZIAX7V

n + 1
!�WYV�åJIAO�ê/KNXtä�ã/æ7MtWYX7V�Q[W

XPZ=h4W�IAMÞ\PW#V�KNMPV�W/ä�Q[W/ä]IAMPV�O�W/ä�V�OZIAXtä�Z`V�Z[KNXtä�XtKNX2CzOZIAXtêHTPZ[W/ä�W/ä�V�\Pã/êYO�ãYçÒWYX7V�ã�\PW
1
< a>IAXtä�ê/WÒê�INä�!

QTS Z`Xtã S3IAQ`Z`V�ã
toi ≥ levelM(e)(t`i

)
O�W/ä�V�W h4ãYO�ZDM-ã/W-!-WYVfåJIAO!ê/KNXtä�ã/æ7MtWYX7V

en+1 W/ä�VfMPX×ãYVZIAV!ä�VZIAUPQ[W < �

�#���#��� � � � � : '5=�' )��>) '*),=�
�� � � : '5=�' -3'5=
 �
,$

a>IAXtä�ê/WYV�V�W#ä�W/êYV�Z[KNX !�XtKNMtä&çÒKNX7V�O�KNXtä�æ7M�S ��åJIAO�V�Z`O�\�S MPXÔãYVZIAV�Z`XPZ`V�ZQIAQ�æ7MtWYQ[ê/KNXtæ7MtW-!�Z`QhW_^^Z[ä�V�W
MPX�êHTtWYç#Z`X IAQ`QQIAX7V�\PW×ê/WYV�ãYVZIAV h4WYO�äÒMPX�ãYVZIAV�ä�VZIAUPQ[W×\YIAXtä�QQIÔêHTJI-,[XtWo\PW×m IAO.�4K�h < n!Z`Xtä�Z,!hQQI
åPO�KNå�K�ä�Z`V�Z[KNX OB< O \Pã/ê/KNMPQ[W�Z`ç#çÒã/\^ZQIAV�WYçÒWYX7V�\PW/ä�\PWYMB^ Q[WYç#çÒW/ä OB< a WYV OB< @B<8b W�ä�WYMPQ+å�KNZ`X7V�XtKNX
V�O�Z=h®ZQIAQ-W/ä�V�æ7MtW(å�KNMPO�\PWYMB^ÒãYVZIAV�ä�ã/æ7MPZ=h#IAQ[WYX7V�ä+æ7MtWYQ[ê/KNXtæ7MtW/ä

s
WYV

s′
!
s
W/ä�V�ä�VZIAUPQ[WRä�ZtWYV�ä�WYMPQ[WYçÒWYX7V

ä�Z
s′
W/ä�V�ä�VZIAUPQ[WÒåPMPZ[ä�æ7MtW�QQIÄ\Pã_MtXPZ`V�Z[KNXE\PWÒQQI×ä�VZIAUPZ`Q`Z`V�ã�XtWÒåPO�WYXt\ÞWYXÞê/KNç#åPV�W�æ7MtWÒQ[W/ädh#IAQ[WYMPO�ä

O�ã/ä�Z[\^MtWYQ`Q[W/ä�WYX7V�ZPGYO�W/ä�ã S3IAQ[W/ä �
1
< J�IAO I�S�O�ã S3IAV�Z[KNX !:V�KNMPV�êHTtWYç#Z`X�\PKNX7VÒQTS ãYVZIAV MtXJIAQ!W/ä�VÒä�VZIAUPQ[W

ê/KNO�O�W/ä�å�KNXt\(!-\YIAXtäRQQI#êHTJI-,[XtW>MtXPZ[WdI�S�O�ã S4ã/W-!���MPX×êHTtWYç#Z`Xo\PKNX7V!QTS ãYVZIAV MtXJIAQ�W/ä�VRQTS WYXtä�WYç�UPQ[W�\PW/ä
ãYVZIAV�ä!ä�VZIAUPQ[W/ä <
� 10/�/21 � & � > rPwN�Yyzv¼� 	 � ��� sYyTw�y�v � vzyzv�wNx(
 � �@x`u ��� 
 � ���fv¼x�� � v�qYy�� ��� u �P�@~�v � 	 w � q�x`w�u �^w�� � � 	 ��]wN� .�� �ÒwNx¼x`w � y 	 ��u��YyRsYyTw�y �N�@��q ��� sYyTw�yhqYyTw � x[���
�?��10 $+�1'&ÞJ:MPZ[ä�æ7MtW&XtKNMtäfêHTtWYO�êHTtKNXtä!MPX_êHTtWYç#Z`XÄåJIAO�V�Z[êYMPQ`Z[WYO!\YIAXtäfQQI�êHTJI-,[XtW�\PW�m IAO.�4K�h !^XtKNMtä
ä�MPåPå�K�ä�KNXtä!æ7M�S �ÒêHTJINæ7MtW�W_^Pã/êYMPV�Z[KNXo\PW�QTS INêYV�Z[KNX 	 � ! !&XtKNMtä M9^PKNXtäRQTS Z[ä�ä�MtW�\^M×êHTtKNZD^RIAQ[ã�IAV�KNZ`O�W <
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a>IAXtä QQI&ä�MPZ`V�W-!AXtKNMtäh\^Z`O�KNXtähæ7M�S MPX�O�KNU�KNV:O�WYåPO�K®\^MPZ`V:Q[W(ê/KNç#å�KNO�V�WYçÒWYX7V+\PW+QTS IAQ=S4KNO�Z`VFTPçÒW!KNO�Z=S�Z`XtWYQ
Q[KNO�ä�æ7M�S Z`Q�êHTtKNZ[ä�Z`V!\PW�O�W/ä�V�WYORä�MPOfåPQQINê/W <
b W�ê�INäRV�O�Z=h®ZQIAQ�W/ä�V!ê/WYQ`MPZLK��ÄQTS ãYVZIAV!Z`XPZ`V�ZQIAQLW/ä�V!ä�VZIAUPQ[W < K7MPåPå�K�ä�KNXtä	æ7MtW�QTS ãYVZIAV!Z`XPZ`V�ZQIAQ,!tXtKNV�ã

e
!tXtW

ä�KNZ`VfåJINä!ä�VZIAUPQ[W < e�^YIAç#Z`XtKNXtä�!-ä�WYQ[KNX_Q[W�ç IAO�æ7MJI�S4W�\PW
e
!^Q[W/äR\PWYMB^Äê�INäRä�MPZ=h#IAX7V�ä �

;#<
M(e)

W/ä�V q/w � q � x � u�w�
7� �®QTS ãYVZIAV e
X�S ãYVZIAX7VRåJINäfä�VZIAUPQ[W-!^QQI�ê/KNX7V�OZIAZ`X7V�W�\PW	V�WYç#åtäfX�S W/ä�V(åJINä

äZIAV�Z[ä C`IAZ`V�W < j	KNMtähO�WYåPO�K®\^MPZ[ä�KNXtä IAQ[KNO�ähQ[Wfê/KNç#å�KNO�V�WYçÒWYX7V(\PWfQTS IAQ=S4KNO�Z`VFTPçÒW	KNO�Z=S�Z`XtWYQ'WYVhXtKNMtä
I �ÒO�çÒKNXtä	æ7M�S MPXÄãYVZIAV!ä�VZIAUPQ[W�ä�WYOZI IAV�V�WYZ`X7V <
d�KNMPV&\�S IAU�KNO�\(!tV�KNMtä!Q[W/äRç IAO�æ7MJI�S4W/ä&ä�Mtê/ê/W/ä�ä�ZDC�äRä�WYO�KNX7V&äZIAXtäRUPQ[K®ê�I�S4W�åPMPZ[ä�æ7M�S Z`Q[ä!ä�KNX7V>IAV e
V�WYZ`X7V�ä
��åJIAO�V�Z`O!\PW

M(e)
\YIAXtäfQ[W�O�ã/ä�W�IAM

N
<

e:Xtä�MPZ`V�W-!4XtKNMtä+\Pã/ê/KNç#å�K�ä�KNXtähQ[WfV�WYç#åtä+WYX�\PW/ähZ`X7V�WYOFh#IAQ`Q[W/ä+ã S3IAMB^�\PWfMPXtWfMPXPZ`V�ã!\PWRV�WYç#åtä
êHTJINêYMPX < a	MPOZIAX7V+êHTJINæ7MtWRZ`X7V�WYOFh#IAQ`Q[W-!7V�KNMtähQ[W/ä:å�KNZ`X7V�ä+\PWfO�WYXt\PW * e`h4KNMtä+ê/KNO�O�W/ä�å�KNXt\YIAX7V IAMB^
V�OZIAXtä�Z`V�Z[KNXtä�\PW_XPZ=h4W�IAM

1
C�WYO�KNX7V�QTS KNUBA�WYV�\PW/ä INêYV�Z[KNXtä ������� < g!XEO�KNU�KNV�æ7MPZ!W_^Pã/êYMPV�WYOZI

MPXtW�V�WYQ`Q[W]INêYV�Z[KNX]äZIAV�Z[ä C�WYOZI�QQIÒê/KNX7V�OZIAZ`X7V�W#\PW�V�WYç#åtä!åPMPZ[ä�æ7M�S Z`QLä�WYOZIÒWYXo\PãYåPQQINê/WYçÒWYX7V < g!X
OZIAZ[ä�KNXPXtWYçÒWYX7V IAXJIAQ[K\S�MtW��&ê/WYQ`MPZt\PW(QQI	åPO�WYM9h4WR\^M#Q[WYç#çÒW OB< @ å�WYO�çÒWYV�\PW(çÒKNX7V�O�WYO�æ7M�S MPXtW
C�KNZ[ä�QQI�ê/KNX7V�OZIAZ`X7V�W�\PW#V�WYç#åtä�äZIAV�Z[ä C`IAZ`V�W�å�KNMPO�MPX O�KNU�KNV�!�WYQ`Q[W�Q[W#O�W/ä�V�W�åJIAO�QQI�ä�MPZ`V�W < J�IAO
ê/KNXtä�ã/æ7MtWYX7V�!:QTS ãYVZIAV IAV�V�WYZ`X7V IAåPOHG/ä#æ7MtW_êHTJINêYMPX \PW/ä�O�KNU�KNV�ä IAZ`VÒW_^Pã/êYMPV�ã IAMEçÒKNZ`Xtä�MPXtW
INêYV�Z[KNX �������oW/ä�VRä�VZIAUPQ[W <

ë <
M(e)

W/ä�V w��N��u � x � u�w�
7� �8åPMPZ[ä�æ7M�S Z`Q®W_^^Z[ä�V�WhMPXtW�ä�ã/æ7MtWYXtê/W+\PWhå�KNZ`X7V�äL\PWhO�WYXt\PW * e`h4KNMtäLO�WYQ`ZQIAX7V
X�S Z`ç#å�KNO�V�W�æ7MtWYQ`Q[W�åJIAZ`O�W�\PW�O�KNU�KNV�ä�!tQQIÒO�WYåPO�K®\^MtêYV�Z[KNX \PW�QTS IAQ=S4KNO�Z`VFTPçÒW�KNO�Z=S�Z`XtWYQ IAU�KNMPV�Z`OZI
�oMPXEUPQ[K®ê�I�S4W_V�KNVZIAQ < n!Z`Xtä�Z,!LXtKNMtä#O�WYåPO�K®\^MPZ[ä�KNXtäÒQTS IAQ=S4KNO�Z`VFTPçÒWÄKNO�Z=S�Z`XtWYQ A Mtä�æ7M�S IAMEå�KNZ`X7V
K��]êHTJINæ7MtW�O�KNU�KNV	ä�W�V�O�KNM9h4W�ä�WYMPQ ä�MPO!MPX×å�KNZ`X7V&\PW�O�WYXt\PW * e`h4KNMtä�WYV IÒW_^Pã/êYMPV�ã IAMoçÒKNZ`Xtä
MPXtW C�KNZ[ä�QTS INêYV�Z[KNX 	 � ! ! < a>IAXtä#ê/W�ê�INä�!�V�KNMtä�Q[W/ä�V�Z`çÒW/KNMPV�äÒKNX7V#\PW/ä h#IAQ[WYMPO�ä�Z`XBC�ãYO�Z[WYMPO�W/ä
KNMoã S3IAQ[W/ä��

1
< n"åJIAO�V�Z`O!\PW�ê/W�çÒKNçÒWYX7V�!-êHTJINæ7MtW�O�KNU�KNV!êHTtKNZ[ä�Z`OZIÒQQI#ä�W/ê/KNXt\PWdIAQ`V�WYO�XJIAV�Z=h4W

\^MPOZIAX7V�QTS W_^Pã/êYMPV�Z[KNXÞ\PWÒä�KNX�INêYV�Z[KNX 	 � ! ! < d�KNMPV�W/ä�ä�W/ädINêYV�Z[KNXtä�ä8S W_^Pã/êYMPV�WYO�KNX7V�WYXÔçÒKNZ`Xtä
\PW

1u.t.
< n!åPOHG/äRQQIÒ\PWYO�XPZPGYO�W�W_^Pã/êYMPV�Z[KNX]\�S MPXtW]INêYV�Z[KNX 	 � ! !-!têHTJINêYMPX]\PW/ä!O�KNU�KNV�ä!W/ä�V	ä�MPO

Q[W#êHTtWYç#Z`X \PW#ä�KNX]åPO�WYç#Z[WYO�å�KNZ`X7V�\PW�O�WYXt\PW * e`h4KNMtä < a>IAXtä&MPX V�WYQ:ãYVZIAV�!�XtKNV�ã
e′
!�Q[W�ç IAO e

æ7MJI�S4W
M(e′)

ê/KNO�O�W/ä�å�KNXt\ IAM×ç IAO�æ7MJI�S4W�Z`XPZ`V�ZQIAQL\^M×O�ã/ä�W�IAM
N
\PW�QTS IAQ=S4KNO�Z`VFTPçÒW�KNO�Z=S�Z`XtWYQ <

J�IAO�ê/KNXtä�ã/æ7MtWYX7V�!
M(e′)

W/ä�V	äZIAXtä!UPQ[K®ê�I�S4W�WYV!QQIÒä�MPZ`V�W�\^MoêHTtWYç#Z`X W/ä�V	ê/KNç#åPQ[ãYV�ã/W�åJIAO	Q[W
êHTtWYç#Z`X S4ãYXtãYO�ã�åJIAORQ[W�ê�INäfåPO�ã/ê/ã/\PWYX7V <

�

� ��� � ����� ���	
������

a>IAXtäLê/W�êHTJIAåPZ`V�O�W-!¢XtKNMtä�I�h4KNXtä ãYV�WYXt\^M IAM�äFE^ä�VHGYçÒW/ä�\PWhO�KNU�KNV�ä�çÒKNUPZ`Q[W/ä�Q[W�\PKNç IAZ`XtW+\�S IAåPåPQ`ZDe
ê�IAV�Z[KNX�\PWfQTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX !�A Mtä�æ7MtW_eTQ �	O�ã/ä�WYOFh4ã/WXIAMB^ÒäFE^ä�VHGYçÒW/ä�MtQQIAZ`O�W < j	KNMtä I�h4KNXtä�åPO�ã/ä�WYX7V�ã
MPX IAQ=S4KNO�Z`VFTPçÒW&\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7VfXtKNX IAMPV�K�e�äZIAUPZ`Q`Z[äZIAX7V < n MtX�\�S ãYVZIAUPQ`Z`O+MPX�KNO�\PKNXPXJIAXtê/WYçÒWYX7V�!
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MPXtWhX7MPçÒãYO�KNVZIAV�Z[KNX4IAO�UPZ`V�OZIAZ`O�W(\PW/ä�å�KNZ`X7V�äL\PWhO�WYXt\PW * e`h4KNMtä W/ä�VLêHTtKNZ[ä�Z[W�WYVLêHTJINæ7MtW�O�KNU�KNV�åJIAO�ê/KNMPO�V
ä�W/ä&å�KNZ`X7V�ä�\PW�O�WYXt\PW * e`h4KNMtä�\YIAXtä&QTS KNO�\^O�WÒêYO�KNZ[ä�äZIAX7V�\PW�Q[WYMPO�ä�X7MPçÒãYO�K�ä < k�Q:ä8S I�S�Z`V�\PW�åJIAO�V�Z`O�\^M
å�KNZ`X7VR\PW&O�WYXt\PW * e`h4KNMtä I�E3IAX7V!Q[W&åPQ`Mtä(å�WYV�Z`VfX7MPçÒãYO�K !PåPMPZ[äR\PW h®Z[ä�Z`V�WYO(V�KNMtäfQ[W/äXIAMPV�O�W/äfå�KNZ`X7V�äR\PW
ç IAXPZPGYO�W�MPXPZ[\^Z`O�W/êYV�Z[KNXPXtWYQ`Q[W�WYVfO�ãYå�ãYV�Z`V�Z=h4W < j	KNMtä I�h4KNXtäRçÒK®\PãYQ`Z[ä�ã&Q[W�ê/KNç#å�KNO�V�WYçÒWYX7V	\PW�êHTJINæ7MtW
O�KNU�KNV+åJIAO(MPX�O�ã/ä�W�IAM_\PW	JLãYV�O�Z�Q[K®ê�IAQ�WYV+Q[W	ê/KNç#å�KNO�V�WYçÒWYX7V!\^M�äFE^ä�VHGYçÒW!åJIAO+MPX�O�ã/ä�W�IAM�\PW	JLãYV�O�Z
S�Q[KNUJIAQ�KNUPV�WYX7MÄåJIAO CzMtä�Z[KNX_\PW/äfV�OZIAXtä�Z`V�Z[KNXtä <9b W S�OZIAå9TtW S�Q[KNUJIAQ�KNUPV�WYX7M×ãYVZIAX7VRMPX S�OZIAå9TtW�\�S ã h4ã_e
XtWYçÒWYX7V�ä�!�XtKNMtä I�h4KNXtä:MPV�Z`Q`Z[ä�ãf\PW/ä åPO�KNåPO�Z[ãYV�ã/ähåPO�KNåPO�W/ä)�	ê/WYV�V�W C`IAç#Z`Q`Q[Wf\PW S�OZIAå9TtW/ä:å�KNMPO:åPO�KNM9h4WYO
QTS IAUtä�WYXtê/W�\PW�UPQ[K®ê�I�S4W�åJIAO�V�Z[WYQ�WYV S�Q[KNUJIAQ�\PW&QTS IAQ=S4KNO�Z`VFTPçÒW <

e:Xtä�MPZ`V�W-!-XtKNMtä I�h4KNXtä&\Pã/êYO�Z`VXC�KNO�çÒWYQ`Q[WYçÒWYX7V&QQI#V�OZIAXtä C�KNO�ç IAV�Z[KNX \PW�QTS IAQ=S4KNO�Z`VFTPçÒW�åPO�ã/ê/ã/\PWYX7V
WYX]MPX2IAQ=S4KNO�Z`VFTPçÒW4IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä�KNMtä	MPX]\PãYçÒKNX åPO�KNUJIAUPZ`Q`Z[ä�V�W < c+WYV?IAQ=S4KNO�Z`VFTPçÒW-!�UJINä�ã�ä�MPO
MPXtW(ä�V�OZIAV�ã S�Z[W+\PW h®Z[ä�Z`V�W/äL\PW/äLå�KNZ`X7V�ä \PW+O�WYXt\PW * e`h4KNMtä�!#INä�ä�MPO�W+æ7M�S IAåPOHG/äLQQIRå9TJINä�W(\PW+ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX
êHTJINæ7MtW h®Z[ä�Z`V�W ��MPX�å�KNZ`X7Vf\PW!O�WYXt\PW * e`h4KNMtäXIAU�KNMPV�Z`V ��MPXtW&ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX <Jb W&ê/KNç#å�KNO�V�WYçÒWYX7V
\�S MPX�O�KNU�KNV W/ä�VLã h4ãYXtWYçÒWYX7V�Z[WYQ��8QTS K®ê/êYMPO�O�WYXtê/W(\�S MPX�ã h4ãYXtWYçÒWYX7Vh\Pã/êYQ[WYXtêHTtW+QTS W_^Pã/êYMPV�Z[KNX#\�S MPX�ê/K®\PW
\PãYå�WYXt\YIAX7V&\PW�QTS ãYVZIAV	ê/KNMPOZIAX7V&\^MÄO�KNU�KNV <Yb W�ê/KNç#å�KNO�V�WYçÒWYX7V&\PW�ê/W�XtKNM9h4WYQ�IAQ=S4KNO�Z`VFTPçÒW�ä�W&çÒK�e
\PãYQ`Z[ä�W	åJIAO+MPXtW&êHTJI-,[XtW&\PW	m IAO.�4K�h ��V�WYç#åtäf\^Z[ä�êYO�WYV <0b W/ä(O�ã/ä�MPQ`VZIAV�ä+VFTtã/KNO�Z[æ7MtW/äf\PW	ê/W	\PKNç IAZ`XtW-!
V�WYQ[ä#æ7MtW�Q[W/ä#ê/KNXt\^Z`V�Z[KNXtä�\�S I�S�O�ã S3IAV�Z[KNX C�KNO�V�W-!LXtKNMtäÒKNX7VÒä�WYOFh®Z �oçÒK®\PãYQ`Z[ä�WYO�Q[W_ê/KNç#å�KNO�V�WYçÒWYX7V
\PW�QTS IAQ=S4KNO�Z`VFTPçÒWÒWYX]MPXtW#êHTJI-,[XtWÒ\PW�m IAO.�4K�h ! � vT� WYV ��ãYVZIAUPQ`Z`O�QQI�åPO�WYM9h4W#\PW�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX \PW
QTS IAQ=S4KNO�Z`VFTPçÒW < JLKNMPOhê/WYQQI !NXtKNMtä I�h4KNXtäh\Pã_MtXPZPMPXtWfê/KNXt\^Z`V�Z[KNX�ä�M ��äZIAX7V�Wf\PWfä�VZIAUPZ`Q`Z`V�ãfä�MPO Q[W/ähãYVZIAV�ä
\^M äFE^ä�VHGYçÒW#WYV�XtKNMtä]I�h4KNXtä�çÒKNX7V�O�ã�æ7M�S ��åJIAO�V�Z`O�\�S MPXtWÒêYQQINä�ä�W#\�S ãYVZIAV�ä�Z`XPZ`V�ZQIAMB^Ôæ7MtWYQ[ê/KNXtæ7MtW/ä�!
Z`Q:W_^^Z[ä�V�W�MPX êHTtWYç#Z`X�IAQ`QQIAX7V�\PW�ê/WYV�V�W�êYQQINä�ä�Wdh4WYO�ä&QQI�êYQQINä�ä�W�\�S ãYVZIAV�ä�ä�VZIAUPQ[W/ä&\YIAXtä&QQI�êHTJI-,[XtW#\PW
m IAO.�4K�h I�S�O�ã S4ã/W <

a>IAXtä Q[WfêHTJIAåPZ`V�O�WRä�MPZ=h#IAX7V�!NXtKNMtä IAU�KNO�\PKNXtä:MPX4IAMPV�O�W(V E®å�Wf\PW+åPO�KNV�K®ê/KNQ[Wf\PWfê/KNç#ç�MPXPZ[ê�IAV�Z[KNX
Xtã/ê/W/ä�äZIAZ`O�W�\YIAXtäfQ[W/ä!äFE^ä�VHGYçÒW/äf\PW�O�KNU�KNV�äfçÒKNUPZ`Q[W/ä �^Q[W�O�KNMPVZI�S4W <
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N��w�r �P���#u � �@����qTr ���
	 w � y��Iu �^w4u ��� 	 �ou���q
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u �P�@~�v � q�u ��� qYyz� � vzy��(rPwN��x � wNx 
 � �@vzy��7~����

? � BLR��+[/_
X EOYAB�IJ] [/_
_
K
X B�BJG-_+[4YOEAX B�IOKUY�SUBJI<YANJIOK
Z E�[4EAI�_UYANJIOBJGQEANJI�S
[/G
I�
2Z ��[HS
S
[HSbB�E���[HS
S
[HS����������HV ��d



" i � 0"796�$Q����1  & � �� -��7�!J1 7Y -�����Z,���7���$ l $&,�7Y���
� ��� ���	��

���������������

K7MPOhMPX#O�ã/ä�W�IAM !�Z`QPå�WYMPV�W_^^Z[ä�V�WYO:åPQ`Mtä�Z[WYMPO�ähêHTtWYç#Z`Xtä�å�K�ä�ä�Z`UPQ[W/ä å�WYO�çÒWYV�VZIAX7V+\PW C`IAZ`O�W(V�OZIAXtä�Z`V�WYO
QTS Z`XBC�KNO�ç IAV�Z[KNX A Mtä�æ7M�S �#äZIÒ\PW/ä�V�Z`XJIAV�Z[KNX <�b W�O�KNMPVZI�S4W�W/ä�VRQQI#V
�NêHTtW�æ7MPZ�ê/KNXtä�Z[ä�V�W �#V�OZIAXtä C�ãYO�WYO!Q[W/ä
çÒW/ä�äZI�S4W/ä(WYX C�KNXtêYV�Z[KNX�\PW/ä�Z`XBC�KNO�ç IAV�Z[KNXtäfê/KNX7V�WYX7MtW/äR\YIAXtä+QQI�VZIAUPQ[W&\PW!O�KNMPVZI�S4W <0b W/ä+åPO�KNV�K®ê/KNQ[W/ä
\PW�O�KNMPVZI�S4W�ä�KNX7V#\PW/ä�åPO�K\S�OZIAç#çÒW/äÒæ7MPZ+ã/êHTJIAX9S4WYX7V�\PW/ä�Z`XBC�KNO�ç IAV�Z[KNXtä�MPV�Z`Q`Z[ä�ã/W/ä I%MtXI\PW�êYO�ã/WYO
Q[W/ä�VZIAUPQ[W/ä�\PWÒO�KNMPVZI�S4W < d�KNMtä�Q[W/ä�åPO�KNV�K®ê/KNQ[W/ä�\PWÒO�KNMPVZI�S4W�W_^Pã/êYMPV�WYX7V�Q[W/ä�ç �YçÒW/ä?C�KNXtêYV�Z[KNXtä�\PW
UJINä�W < k�Q[ä+\PãYV�WYO�ç#Z`XtWYX7VRQQI 	 çÒWYZ`Q`Q[WYMPO�W � O�KNMPV�W h4WYO�ä(êHTJINæ7MtW&\PW/ä�V�Z`XJIAV�Z[KNXÄWYV(\^Z[ä�V�O�Z`UPMtWYX7VfQ[W/ä(Z`XBC�KNO e
ç IAV�Z[KNXtä!\�S INêHTtWYç#Z`XtWYçÒWYX7V�WYX7V�O�W�Q[W/äfåPO�K®ê/W/ä�ä�WYMPO�äR\^M×äFE^ä�VHGYçÒW <Yb W/äRçÒK®\YIAQ`Z`V�ã/ä!\�S W_^Pã/êYMPV�Z[KNXo\PW
ê/W/ä C�KNXtêYV�Z[KNXtä�!PWYX_åJIAO�V�Z[êYMPQ`Z[WYORQ[W/äfåPO�K®ê/ã/\^MPO�W/äR\PW�ä�ãYQ[W/êYV�Z[KNX×\PW/ä(çÒWYZ`Q`Q[WYMPO�W/äRO�KNMPV�W/ä�!YIAåPå�WYQ[ã ~�s$�
yz�@v 
 � ��q !Nå�WYO�çÒWYV�V�WYX7V+\PW(\^Z[ä�V�Z`X9S�MtWYOhQ[W/ä:\^Z ��ãYO�WYX7V�ä:åPO�KNV�K®ê/KNQ[W/ä < c TJINæ7MtW(çÒãYV�O�Z[æ7MtWfO�WYåPO�ã/ä�WYX7V�WfMPX
ãYQ[ãYçÒWYX7V!\�S Z`XBC�KNO�ç IAV�Z[KNXÄå�WYO�çÒWYV�VZIAX7V IAM_äFE^ä�VHGYçÒW&\PW�êHTtKNZ[ä�Z`OfQQI�çÒWYZ`Q`Q[WYMPO�W�O�KNMPV�W < k�Q�å�WYMPVRä8S I�S�Z`O
\�S MPX×XtKNç�UPO�W�\PW�V�O�KNX')/KNXtä 2 \PW�QTS IAX9S�QQIAZ[ä � � rIu ����� y 3 !-\�S MPXo\PãYQQIAZL\�S INêHTtWYç#Z`XtWYçÒWYX7V�KNMoWYXtê/KNO�W
\�S MPXtW]h#IAQ[WYMPO?IAO�UPZ`V�OZIAZ`O�W#\Pã_MtXPZ[W�åJIAO&QTS IN\^ç#Z`XPZ[ä�V�OZIAV�WYMPO < JLKNMPO�V�KNMPV�W/ä�ê/W/ä	çÒãYV�O�Z[æ7MtW/ä�!'QQI�ä�å�ã/êYZDe
M-ê�IAV�Z[KNX \�S MPXtW h#IAQ[WYMPO�UJINä�ä�W�W/ä�V�åPO�ã_C�ãYOZIAUPQ[W���ê/WYQ`Q[WÒ\�S MPXtW h#IAQ[WYMPO�ãYQ[W h4ã/W < n V�Z`V�O�WÒ\�S W_^PWYç#åPQ[W-!
Q[W�åPO�KNV�K®ê/KNQ[W_\PW�O�KNMPVZI�S4W_i!k�J¡ä�ãYQ[W/êYV�Z[KNXPXtW_QQI×O�KNMPV�W_K ��OZIAX7V x[� �
� ~ � ��� 	 �_yz� ����� ��� q�x[��r'x � q
rt�Yyzvzy < j	KNMtä	OZIAåPå�WYQ[KNXtä�UPO�ZPG h4WYçÒWYX7V�êYZDe�\PW/ä�ä�KNMtä�ê/WYO�VZIAZ`XtädIAQ=S4KNO�Z`VFTPçÒW/ä�\PW�O�KNMPVZI�S4W#æ7MPZ:KNX7V�ãYV�ã
åPO�KNå�K�ä�ã/äR\YIAXtäRQ[W�\PKNç IAZ`XtW�\PW&QTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX <

� ��1 % 5 ��7B�]�81 l (=79�%�-& e:X ;�U#U N !7a&KNQ[W h4I&åPO�ã/ä�WYX7V�ãRMPXÒåPO�KNV�K®ê/KNQ[W!\PWfO�KNMPVZI�S4W IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V
UJINä�ã�ä�MPO!QQI#çÒãYV�O�Z[æ7MtW ~�v � v¼~�v�q8�@��x[� �
� ~ � ��� 	 ��� ��� y�� � ��q 	 w � q�x[��q�u �P�@~�v � q < c+WYV�V�W�çÒãYV�O�Z[æ7MtW
W/ä�V�ä�Z`ç#Z`QQIAZ`O�W���QQI�çÒãYV�O�Z[æ7MtW r'x � qÒu ��� �Yy&u �P�@~�v �Þ\YIAXtä�Q[W�ê�INä�K�� V�KNMtä�Q[W/ä&Q`Z[WYXtä�\PW#ê/KNç#ç�MPXPZDe
ê�IAV�Z[KNXtä�KNX7V�Q[W#ç �YçÒW�ê/KCBPV < JLKNMPO�ê/WYV�V�WÒçÒãYV�O�Z[æ7MtW-!�n!O�KNOZIÄWYV IAQ < 2 ;�U#U è�3�KNX7V�åPO�ã/ä�WYX7V�ã/ä�\PWYMB^
åPO�KNV�K®ê/KNQ[W/ä IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�äÒ\PW�O�KNMPVZI�S4W < a&W�ç �YçÒW-! o KNMt\YI×WYV4K®êHTPXtWYZ[\PWYO 2 ;�U#U#U 3�KNX7V�åPO�ã_e
ä�WYX7V�ã�MPX]åPO�KNV�K®ê/KNQ[W IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V?S4ãYXtãYO�Z[æ7MtW#\PW�ê/KNXtä�V�O�MtêYV�Z[KNX \PW�VZIAUPQ[W/ä�\PW�O�KNMPVZI�S4W#\YIAXtä
\PW/ä�O�ã/ä�W�IAMB^]MPXPZDC�KNO�çÒW/ä < JLKNMPO�QQI�çÒãYV�O�Z[æ7MtWÒ\^MÔ\PãYUPZ`V�ç I%^^Z`ç IAQ,! o KNMt\YI�WYV]K®êHTPXtWYZ[\PWYO 2 ë�è�è O 3
KNX7V+åPO�ã/ä�WYX7V�ã!MPX�åPO�KNV�K®ê/KNQ[W IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V(å�KNMPO+ê/KNXtä�V�O�MPZ`O�W	WYV�ç IAZ`X7V�WYXPZ`O(\PW/ä�VZIAUPQ[W/ä+\PWRO�KNMBe
VZI�S4W�\YIAXtä	\PW/ä S�OZIAå9TtW/ä	\PW�V�KNå�KNQ[K\S�Z[W�æ7MtWYQ[ê/KNXtæ7MtW < J:Q`Mtä!O�ã/ê/WYç#çÒWYX7V�!�c+KNUPUoWYV o KNMt\YI 2 ë�è�è�ë�3
KNX7V+åPO�ã/ä�WYX7V�ã	MPX�åPO�KNV�K®ê/KNQ[W IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V S4ãYXtãYO�Z[æ7MtW	\PW!ê/KNXtä�V�O�MtêYV�Z[KNX_\PW!VZIAUPQ[W/ä+\PW!O�KNMPVZI�S4W
V�KNQ[ãYOZIAX7V�Q[W�êHTJIAX9S4WYçÒWYX7VÒ\PW/ä 	 h#IAQ[WYMPO�ä � \PW/ä�ê�IAXJIAMB^ < JLKNMPO#ê/W C`IAZ`O�W-!�Q[W/ä�åPO�K®ê/W/ä�ä�WYMPO�ä�\PKNZ=h4WYX7V
ê/KNXPXJI-,[V�O�W�MPXtW�U�KNO�XtW�ä�MPå�ãYO�Z[WYMPO�W�ä�MPOfQQI�VZIAZ`Q`Q[W�\^M_O�ã/ä�W�IAM <

JLKNMPO(\PW/ähäFE^ä�VHGYçÒW/ä�� S�OZIAXt\PW!ã/êHTtWYQ`Q[W-!7Q[WfO�KNMPVZI�S4W TPZ[ãYOZIAO�êHTPZ[æ7MtW!å�WYO�çÒWYV�\PWfO�ã/\^MPZ`O�WRQQI&VZIAZ`Q`Q[W
\PW/ä(VZIAUPQ[W/äR\PW	O�KNMPVZI�S4W�WYVf\PKNXtê&Q[W	V�WYç#åtäfXtã/ê/W/ä�äZIAZ`O�W	å�KNMPOfO�KNMPV�WYOfQ[W/ä(çÒW/ä�äZI�S4W/ä < g!X�åPO�KNV�K®ê/KNQ[W
IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�\PW�O�KNMPVZI�S4W TPZ[ãYOZIAO�êHTPZ[æ7MtW#å�KNMPO	QQI�çÒãYV�O�Z[æ7MtW�\PW/ä&åPQ`Mtä&ê/KNMPO�V�ä�êHTtWYç#Z`XtädI�ãYV�ã
åPO�ã/ä�WYX7V�ãoåJIAO�a>IAV�VZI WYV IAQ < 2 ë�è�è�è�3 < JLKNMPO�Q[W×O�KNMPVZI�S4W×Z`X7V�WYO e�\PKNç IAZ`XtW-!fMPX IAQ=S4KNO�Z`VFTPçÒWgIAMPV�K�e
ä�VZIAUPZ`Q`Z[äZIAX7V I�ãYV�ã�åPO�KNå�K�ä�ã&åJIAO&c TtWYX×WYVXIAQ < 2 ë�è�è�ë�3 <

JLKNMPO�\PW/ä�äFE^ä�VHGYçÒW/ä&äZIAXtä MtQ,!�j	W/ä�V�WYO�WYX �4K_WYV�n!O�KNOZI 2 ë�è�è ; 3	KNX7V�åPO�KNå�K�ä�ã�\PWYMB^oåPO�KNV�K®ê/KNQ[W/ä
IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�äÒ\PW�O�KNMPVZI�S4W�å�KNMPO�MPXIäFE^ä�VHGYçÒW INäFE®XtêHTPO�KNXtW�WYV�ä�WYç#ZDeTMPXPZDC�KNO�çÒW_WYXÞMPV�Z`Q`Z[äZIAX7V
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\PWYMB^]V�W/êHTPXPZ[æ7MtW/ä�KNåPå�K�ä�ã/W/ä <�b I�åPO�WYç#ZPGYO�WÒê/KNXtä�Z[ä�V�W ��\PãYV�O�MPZ`O�WÒWYV ��O�W/ê/KNXtä�V�O�MPZ`O�W#å�ãYO�Z[K®\^Z[æ7MtW_e
çÒWYX7V#QTS IAO�UPO�W�\PW/ä�åPQ`Mtä#ê/KNMPO�V#êHTtWYç#Z`Xtä <�b Ioä�W/ê/KNXt\PW�ê/KNXtä�Z[ä�V�W��×ê/KNXtä�V�O�MPZ`O�W�åPO�K\S�O�W/ä�ä�Z=h4WYçÒWYX7V
QTS IAO�UPO�W&å�KNMPOfQQI�çÒãYV�O�Z[æ7MtW x[�+r'x � q+rt�Yyzvzy �
� ~ � ��� 	 ��yz� ����� ��� q < J:Q`MtäfO�ã/ê/WYç#çÒWYX7V�!t\YIAXtäfQ[W&ê�IN\^O�W
\�S MPX�çÒK®\9GYQ[W �RO�W S�Z[ä�V�O�W/ä�!An!O�KNOZIRWYV �JTJIAX9S 2 ë�è�è O 3�KNX7VLåPO�KNå�K�ä�ã�MPX IAQ=S4KNO�Z`VFTPçÒW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V
WYV×ê/KNXBMtXJIAX7VoQ[W/ä C`IAMPV�W/äÄå�KNMPO×\PW/ä×äFE^ä�VHGYçÒW/ä_MPXPZDC�KNO�çÒW/ä < c+WYVRIAQ=S4KNO�Z`VFTPçÒWÞW/ä�VÄê/KNç#å�K�ä�ã \PW
V�O�KNZ[ä h#I�S�MtW/ä��LQQI h#I�S�MtW�\PW�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX ! QQI h#I�S�MtW�\PW�ê/KNXBMtXtWYçÒWYX7V�WYV�QQI h#I�S�MtW�\PW�ä�MPå�WYO e
ê/KNXBMtXtWYçÒWYX7V�\PW C`IAMPV�W/ä < c TJINêYMPXtW×\PW_ê/W/ä4h#I�S�MtW/ä I�h#IAXtê/W �]MPXtW h®Z`V�W/ä�ä�W_\^Z ��ãYO�WYX7V�W-!hQQI]åPQ`Mtä
Q[WYX7V�WoãYVZIAX7V�QQIgh#I�S�MtW×\PW×ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX < c+WYV�V�Wo\PWYO�XPZPGYO�W×X�S W/ä�V IAMPV�O�W×æ7M�S MPXtW IN\YIAåPVZIAV�Z[KNX \PW
QTS IAQ=S4KNO�Z`VFTPçÒW�\PWÒåPQ`Mtä�ê/KNMPO�V�êHTtWYç#Z`XI\PW �(WYQ`Q`ç IAXBe�ltKNO�\ 2 W < S < !�d�WYQ,! ;�U#U ì�3 !�Q`MPZ�å�WYO�çÒWYV�VZIAX7V�\PW
ê/K®KNå�ãYO�WYOXI�h4W/ê�QTS IAQ=S4KNO�Z`VFTPçÒW�\PW�ê/KNXBMtXtWYçÒWYX7V	\PW C`IAMPV�W/ä < e:Q`Q[W�å�WYO�çÒWYVR\PW&åPO�KNåJI�S4WYOfQ[W/ä h#IAQ[WYMPO�ä
ê/KNO�O�W/êYV�W/ä I%MtXÄæ7MtW&Q[W�äFE^ä�VHGYçÒW�ê/KNX3h4WYOFS4W>h4WYO�äfMPXÄãYVZIAVRQ[ã S�Z`V�Z`çÒW < c+WYå�WYXt\YIAX7V�!tMPXtW&V�WYQ`Q[W h#I�S�MtW-!
Z`XPZ`V�Z[ã/W(åJIAO MPX#åPO�K®ê/W/ä�ä�WYMPO8C`IAMPV�ZDC !AåPO�KNåJI�S4Wf\PW C`IAMtä�ä�W/ä8h#IAQ[WYMPO�ä:\YIAXtä Q[W(äFE^ä�VHGYçÒW < JLKNMPOhO�WYçÒã/\^Z[WYO
��ê/WYQQI !7QQI>h#I�S�MtW!\PW	ê/KNXBMtXtWYçÒWYX7Vf\PW C`IAMPV�W/ä I�ãYV�ã!Z`X7V�O�K®\^MPZ`V�W < e:Q`Q[W	ä�WRåPO�KNåJI�S4W	ä�MPO�Q[W/ä+êHTtWYç#Z`Xtä
ãYVZIAUPQ`Z[ähåJIAO�QQI h#I�S�MtWR\PWRä�VZIAUPZ`Q`Z[äZIAV�Z[KNX !4ç IAZ[ähåPQ`MtähOZIAåPZ[\PWYçÒWYX7V(\PW C`I�)/KNX �&OZIAV�V�OZIAå�WYOhMPXtW h#I�S�MtW
Z`XPZ`V�Z[ã/W�åJIAO�MPX åPO�K®ê/W/ä�ä�WYMPO?C`IAMPV�ZDC!WYV � IAO�O �YV�WYO IAZ`Xtä�Z�QQI_åPO�KNåJI�S3IAV�Z[KNXE\PW C`IAMtä�ä�W/ä?h#IAQ[WYMPO�ä < a&W
ç �YçÒW-!�å�KNMPO&O�WYçÒã/\^Z[WYO ��MPXtW]h#I�S�MtW#\PW#ê/KNXBMtXtWYçÒWYX7V�\PW]C`IAMPV�W/ä&Z`XPZ`V�Z[ã/W�åJIAO�WYO�O�WYMPO�!�QQI h#I�S�MtW
\PW�ä�MPå�WYO e�ê/KNXBMtXtWYçÒWYX7V�\PWdC`IAMPV�W/ä>I�ãYV�ã�Z`X7V�O�K®\^MPZ`V�W < e:Q`Q[W�ä�W�åPO�KNåJI�S4W#ä�MPO	Q[W/ä&ç �YçÒW/ä�êHTtWYç#Z`Xtä
æ7MtW�QQI4h#I�S�MtW�\PW�ê/KNXBMtXtWYçÒWYX7V�\PW?C`IAMPV�W�ç IAZ[ä	åPQ`Mtä	OZIAåPZ[\PWYçÒWYX7V�\PW?C`I�)/KNX �ÒQQI#OZIAV�V�OZIAå�WYO�WYV �
QTS IAO�O �YV�WYO <
b I ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX WYX7V�O�WoO�KNU�KNV�ä�ãYVZIAX7V_ä�MPåPå�K�ä�ã/W×ä.BPO�W-!�QQI çÒKNUPZ`Q`Z`V�ãoå�K�ä�WÄQ[WÄåPO�KNUPQPGYçÒW

\PW�QTS INêHTtWYç#Z`XtWYçÒWYX7V�\PW/ä�çÒW/ä�äZI�S4W/ä < e:XÔW ��WYV�!'QQI�å�K�ä�Z`V�Z[KNX \�S MPX O�KNU�KNVdIAM]çÒKNçÒWYX7V�\�S ãYçÒWYV�V�O�W
MPX çÒW/ä�äZI�S4WÒW/ä�V�MPX åJIAOZIAç4GYV�O�W�Z`ç#å�KNO�VZIAX7V < j	KNV�O�W�ê/KNX7V�O�Z`UPMPV�Z[KNXEê/KNXtä�Z[ä�V�W���åPO�KNå�K�ä�WYO�MPX IAQDe
S4KNO�Z`VFTPçÒW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�\PW�O�KNMPVZI�S4W�å�KNMPO�MPXIäFE^ä�VHGYçÒW INäFE®XtêHTPO�KNXtW_WYV#ä�WYç#ZDeTMPXPZDC�KNO�çÒW_\PW
O�KNU�KNV�ä+çÒKNUPZ`Q[W/ä < c+WYV IAQ=S4KNO�Z`VFTPçÒW&O�WYå�K�ä�W	ä�MPO+QQI�çÒãYV�O�Z[æ7MtW x[��r'x � q�u ��� �Yy+u �P�@~�v �×\YIAXtä(Q[W	ê�IN\^O�W
\�S MPXÄçÒK®\9GYQ[W ��åJINä�äZI�S4W�\PW&çÒW/ä�äZI�S4W/ä <
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n!åPOHG/ä I�h4KNZ`O�åPO�K®\^MPZ`VÒMPX KNO�\PKNXPXJIAXtê/WYçÒWYX7V�\PW/ä�\PãYåPQQINê/WYçÒWYX7V�ä�\PW/ä#O�KNU�KNV�ä�\YIAXtä#Q[WÄêHTJI%e
åPZ`V�O�W O !'XtKNMtä�XtKNMtä&Z`X7V�ãYO�W/ä�ä�KNXtädIAM]O�KNMPVZI�S4WÒ\YIAXtä&MPX]V�WYQhäFE^ä�VHGYçÒW < j	KNMtä�\Pã/êYO�Z=h4KNXtä�MPX2IAQ=S4K�e
O�Z`VFTPçÒW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�!9IN\YIAåPV�ã!\PW!ê/WYQ`MPZ'\PWRa&KNQ[W h !7k�ä�OZINWYQ`Z-WYV+moKNOZIAX 2 ;�U é U 3 !4O�W/ä�å�KNXtäZIAUPQ[W!\PW
QQI S4ãYXtãYOZIAV�Z[KNXoWYVR\PW�QQI�ç IAZ`X7V�WYXJIAXtê/W�\PW/äfVZIAUPQ[W/ä!\PW&O�KNMPVZI�S4W�\PW/äfO�KNU�KNV�ä <

�1���#��� ��$ 6 � /14�
,$

JLKNMPO!ê�IAQ[êYMPQ[WYOfQ[W/äf\^Z[ä�VZIAXtê/W/äfê/KNO�O�W/ä�å�KNXt\YIAX7V IAMB^�åPQ`Mtäfê/KNMPO�V�äfêHTtWYç#Z`Xtä�!^XtKNMtäfê/KNXtä�V�O�MPZ[ä�KNXtä
Q[W S�OZIAå9TtWÄ\PW_ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX�\^M äFE^ä�VHGYçÒW �×åJIAO�V�Z`O�\PW/ä�å�KNZ`X7V�äÒ\PW�O�WYXt\PW * e`h4KNMtä < g!XIå�KNZ`X7V
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\PW�O�WYXt\PW * e`h4KNMtä#ãYVZIAX7V�åJIAO�VZI�S4ã�åJIAO#\PWYMB^ O�KNU�KNV�ä�!�XtKNMtä�Q`MPZ INä�ä�K®êYZ[KNXtä�\PWYMB^ XtK®WYMt\Pä�\YIAXtä�Q[W
S�OZIAå9TtW-!PMPXÄå�KNMPORêHTJINæ7MtW�O�KNU�KNV < n!Z`Xtä�Z,!^MPXÄXtK®WYMt\_\PW�ê/W S�OZIAå9TtW�W/ä�VfMPX×ê/KNMPåPQ[W

(ri,mp)
\PKNX7V

Q[W�åPO�WYç#Z[WYO	ãYQ[ãYçÒWYX7V&W/ä�VRQTS Z[\PWYX7V�Z`V�ã�\�S MPX×O�KNU�KNV!WYVRQ[W�ä�W/ê/KNXt\×ãYQ[ãYçÒWYX7V	W/ä�VRQTS Z[\PWYX7V�ZDM�IAX7V�\�S MPXo\PW
ä�W/äfå�KNZ`X7V�äR\PW�O�WYXt\PW * e`h4KNMtä < a>IAXtäRê/W>S�OZIAå9TtW�KNO�Z[WYX7V�ã-!-\PWYMB^�V E®å�W/äR\�S IAO�ê/ä!W_^^Z[ä�V�WYX7V �

� Q[W�åPO�WYç#Z[WYO	V E®å�W�\�S IAO�ê�O�WYQ`Z[W�MPXoXtK®WYMt\ (ri,mp)
�#MPXoXtK®WYMt\

(ri,mp′)
ä�Z�Z`QLW_^^Z[ä�V�W�MPX

j
V�WYQ�æ7MtW

mp = MPi[j]
WYV

mp′ = MP [(j + 1) mod ni]
�

� b W!ä�W/ê/KNXt\#V E®å�W!\�S IAO�êfO�WYQ`Z[WRMPX�XtK®WYMt\ (ri,mp)
�&MPX�XtK®WYMt\

(rj ,mp)
< c+WR\Pã/\PKNMPUPQ[WYçÒWYX7V

\PW/ä	å�KNZ`X7V�ä&\PW�O�WYXt\PW * e`h4KNMtä�\^M]äFE^ä�VHGYçÒW IAM9S�çÒWYX7V�W�Q[W�XtKNç�UPO�W�\PW/ä	Q`Z[WYXtä&\^M S�OZIAå9TtW�\PW
ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX <

i!WYç IAO�æ7MtKNXtä+æ7MtWfV�KNMPV IAO�ê!\^M�åPO�WYç#Z[WYO�V E®å�W-!4O�WYåPO�ã/ä�WYX7VZIAX7V(Q[W!\PãYåPQQINê/WYçÒWYX7V(\�S MPX�å�KNZ`X7V(\PW
O�WYXt\PW * e`h4KNMtä ��MPX2IAMPV�O�W-!-IAM9S�çÒWYX7V�W�QQI�\^Z[ä�VZIAXtê/W#\PW

1
< a&W�ç �YçÒW-!�V�KNMPV?IAO�ê�\^M ä�W/ê/KNXt\]V E®å�W-!

O�WYåPO�ã/ä�WYX7VZIAX7V�QTS ã/êHTJIAX9S4W�\PWÒçÒW/ä�äZI�S4WÒWYX7V�O�W�MPX O�KNU�KNV
ri
WYV�ä�KNX2TtKNçÒKNQ[K\S�MtW

rj
!"IAM9S�çÒWYX7V�W�QQI

\^Z[ä�VZIAXtê/W	\PW
1
< J�IAO(ê/KNXtä�ã/æ7MtWYX7V�!®QQI>h#IAQ[WYMPO+\�S MPXtW	\^Z[ä�VZIAXtê/W	\YIAXtä�MPX�V�WYQ�S�OZIAå9TtW!XtW!\Pã/ä�Z=S�XtW!åJINä

QQIÒ\^Z[ä�VZIAXtê/W�O�ã/WYQ`Q[W�ç IAZ[ä!MPXtW�\^Z[ä�VZIAXtê/W�æ7MtW�XtKNMtä IAåPå�WYQ[KNXtäXh®Z`O�V�MtWYQ`Q[W�åPMPZ[ä�æ7MtW�XtKNMtä!ä�MPåPå�K�ä�KNXtä
æ7MtW!QTS ã/êHTJIAX9S4W�\PW!çÒW/ä�äZI�S4W/ä(ä�MPO+MPX�å�KNZ`X7Vf\PW!O�WYXt\PW * e`h4KNMtäRW/ä�V+Z`Xtä�VZIAX7VZIAXtã < n V�Z`V�O�W&\�S W_^PWYç#åPQ[W-!
Q[W S�OZIAå9TtW×\PW×ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX \^M�äFE^ä�VHGYçÒWÄ\Pã/êYO�Z`V�\YIAXtäÒQTS W_^PWYç#åPQ[W OB<=; W/ä�VÒåPO�ã/ä�WYX7V�ã×ä�MPO�QQI
MYS�MPO�W�ì <=;#<

g!XtWÒWYX7V�O�ã/W�\YIAXtä�QQI�VZIAUPQ[WÒ\PW#O�KNMPVZI�S4WÒ\�S MPX O�KNU�KNV�W/ä�V�Z`Xt\^Z[ê/ã/W#åJIAO�MPX ê/KNMPåPQ[W 2 å�KNZ`X7V�\PW
O�WYXt\PW * e`h4KNMtä�!�Z[\PWYX7V�Z`V�ã!\^M#O�KNU�KNVh\PW/ä�V�Z`XJIAV�Z[KNX43 < c+WYV�V�WRWYX7V�O�ã/WfZ`Xt\^Z[æ7MtWXIAM#O�KNU�KNV�!NQ[KNO�ä�æ7M�S Z`QJIAO�O�Z=h4W
IAM å�KNZ`X7V�\PW�O�WYXt\PW * e`h4KNMtä�ê/KNO�O�W/ä�å�KNXt\YIAX7V�!�ä8S Z`QR\PKNZ`VÒV�OZIAXtä�çÒWYV�V�O�W×KNMEXtKNX �]ä�KNX TtKNçÒKNQ[K\S�MtW
Q[W/äRçÒW/ä�äZI�S4W/ä!\PW�QQIÒ\PW/ä�V�Z`XJIAV�Z[KNXoê/KNO�O�W/ä�å�KNXt\YIAX7V�W < e:XoW ��WYV�!PQ[W�êHTtWYç#Z`XoQ[W�åPQ`Mtä!ê/KNMPO�VXh4WYO�äRMPXtW
\PW/ä�V�Z`XJIAV�Z[KNX�\PãYå�WYXt\#\PWfQQI	å�K�ä�Z`V�Z[KNX�\^M#O�KNU�KNV IAM#çÒKNçÒWYX7V+K��ÒZ`Qt\Pã/êYZ[\PWR\�S ãYçÒWYV�V�O�WRMPXÒçÒW/ä�äZI�S4W <
b S IAQ=S4KNO�Z`VFTPçÒW�æ7MtW�XtKNMtäRåPO�KNå�K�ä�KNXtä!ê/KNXtä�V�O�MPZ`V�!��#åJIAO�V�Z`O	\�S MPXÄå�KNZ`X7V	\PW�O�WYXt\PW * e`h4KNMtä M9^Pã�\�S MPX
O�KNU�KNV�!PQ[W/äfåPQ`MtäRê/KNMPO�V�ä!êHTtWYç#Z`Xtä
��QTS WYXtä�WYç�UPQ[W�\PW/äfå�KNZ`X7V�ä!\PW&O�WYXt\PW * e`h4KNMtä	\PW/äXIAMPV�O�W/äRO�KNU�KNV�ä <

JLKNMPORä�Z`ç#åPQ`ZDM-WYO(QQI�åPO�ã/ä�WYX7VZIAV�Z[KNX !PXtKNMtä+XtKNMtä(O�W/ä�V�O�WYZ=S�XtKNXtä ��MPXtW&\PW/ä�V�Z`XJIAV�Z[KNX_åJIAO�V�Z[êYMPQ`ZPGYO�W-!
QQIgS4ãYXtãYOZIAQ`Z[äZIAV�Z[KNX ãYVZIAX7V�Z`ç#çÒã/\^ZQIAV�W < j	KNMtä�ê/KNXtä�Z[\PãYO�KNXtä

r0
!:Q[WÄO�KNU�KNV �2IAV�V�WYZ`Xt\^O�W < e:X åPQ`Mtä

\PW/ä!ê/KNXtä�VZIAX7V�W/ä	WYV!\PW/ä h#IAO�ZQIAUPQ[W/ä!åPO�ã/ê/ã/\PWYX7V�W/ä�!-êHTJINæ7MtW�O�KNU�KNVRå�K�ä�äHG/\PW�MPXtW�Z[\PWYX7V�Z`V�ã�MPXPZ[æ7MtW
riåPQQINê/ã/W�\YIAXtä�äZIÄçÒãYçÒKNZ`O�W�Z`Xtê/KNO�O�MPåPV�Z`UPQ[W-! IAZ`Xtä�Z(æ7MtW�Q[W/ä]h#IAO�ZQIAUPQ[W/ä�ä�MPZ=h#IAX7V�W/ä�Xtã/ê/W/ä�äZIAZ`O�W/ä��ÄQQI

ê/KNXtä�V�O�MtêYV�Z[KNXoWYVXIAMÄç IAZ`X7V�Z[WYXo\PW�äZI�VZIAUPQ[W�\PW&O�KNMPVZI�S4W �
� distancei[0 . . . ni − 1]

�-MPX]ãYQ[ãYçÒWYX7V
distancei[j]

\PW�ê/W�VZIAUPQ[W�IAM W/ä�V!QTS W/ä�V�Z`ç IAV�Z[KNX ê/KNMBe
OZIAX7V�W�åJIAO

ri
\PW�QQIÒ\^Z[ä�VZIAXtê/W�ç#Z`XPZ`ç IAQ[W�ä�ãYåJIAOZIAX7V&ä�KNX×å�KNZ`X7V&\PW�O�WYXt\PW * e`h4KNMtä

MPi[j]
\PW

r0
<Yb S Z`X7V�WYOFh#IAQ`Q[W�\PW/ä h#IAQ[WYMPO�äRå�K�ä�ä�Z`UPQ[W�å�KNMPO!ê/WYV�V�W?h#IAO�ZQIAUPQ[W�W/ä�V

[0 . . . 2N − 1]
!-K��

N
W/ä�V

Q[W&XtKNç�UPO�W�V�KNVZIAQ�\PW/äfå�KNZ`X7V�ä!\PW�O�WYXt\PW * e`h4KNMtä!\YIAXtäRQ[W�äFE^ä�VHGYçÒW <
� sortiei[0 . . . ni − 1]

�7VZIAUPQ[W�IAMÄ\PW!U�K®KNQ[ã/WYXtä(Z`Xt\^Z[ê/ã	åJIAO(Q[W/ä+å�KNZ`X7V�äf\PW	O�WYXt\PW * e`h4KNMtäR\PW
ri
<

p!MJIAXt\
sortiei[j]

W/ä�V � �8��wNv WYV�æ7MtW ri
IAO�O�Z=h4W IAMoå�KNZ`X7V�\PW�O�WYXt\PW * e`h4KNMtä�!'Z`QLåJINä�ä�WYOZIÒQ[W/ä
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Graphe 
G
 correspondant au système S


Le système S composé de 6 robots et 6 points

de rendez-vous
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�������Pì <=; � o OZIAå9TtW�\PW/äfå�KNZ`X7V�ä!\PW�O�WYXt\PW * e`h4KNMtä
çÒW/ä�äZI�S4W/ä���\PW/ä�V�Z`XJIAV�Z[KNX�\PW

r0
��ä�KNX4TtKNçÒKNQ[K\S�MtW h®ZQI�ê/Wfå�KNZ`X7V+\PWfO�WYXt\PW * e`h4KNMtä+ê/KNç#ç�MPX <

j	KNV�KNXtäRæ7M�S MPXÄO�KNU�KNVfå�WYMPV I�h4KNZ`ORåPQ`Mtä�Z[WYMPO�ä IAV�V�O�Z`UPMPV�ä
sortie

å�K�ä�Z`V�Z[KNXPXtã/W/ä��]h®OZIAZ <
J:Q`Mtä!åPO�ã/êYZ[ä�ãYçÒWYX7V�!-MPXtW�WYX7V�O�ã/W�\YIAXtäRQQI#VZIAUPQ[W�\PW�O�KNMPVZI�S4W�\�S MPX×O�KNU�KNV!W/ä�V	ê/KNXtä�V�Z`V�Mtã/W�\PW

4
êHTJIAç#åtä��
;#< QQI�å�K�ä�Z`V�Z[KNXÄ\^MÄO�KNU�KNV!ãYçÒWYV�V�WYMPO!\^MÄçÒW/ä�äZI�S4W-!
ë < QTS Z[\PWYX7V�Z`V�ã�\^M_O�KNU�KNV!\PW/ä�V�Z`XJIAV�Z[KNX !
OB< QQI&\^Z[ä�VZIAXtê/Wfê/KNO�O�W/ä�å�KNXt\YIAX7V IAM�åPQ`Mtähê/KNMPO�VhêHTtWYç#Z`X�WYX7V�O�WfQ[W(O�KNU�KNV:ãYçÒWYV�V�WYMPO 2 ä�W(V�O�KNM9h#IAX7V
ä�MPORQQI�å�K�ä�Z`V�Z[KNX×ê/KNX7V�WYX7MtW�\YIAXtäRQ[W&åPO�WYç#Z[WYO	êHTJIAç#å43(WYVRQ[W&O�KNU�KNV!\PW/ä�V�Z`XJIAV�Z[KNX !

ì < Q[W�å�KNZ`X7V	\PW�O�WYXt\PW * e`h4KNMtä&ä�MPZ=h#IAX7V	ä�MPORQ[W�åPQ`Mtä!ê/KNMPO�V	êHTtWYç#Z`XRh4WYO�ä!QQI#\PW/ä�V�Z`XJIAV�Z[KNX]\Pã/\^MPZ`V
\PW�QQI]h#IAQ[WYMPO!\PW�QTS IAV�V�O�Z`UPMPV

sortie
<

� �-10/26�l&1  & ' � ��� q@v 	 s@� ��� q�x[� 
N��w�r �P� 	 �#x`w ! 
 � ��� 3
� � �fx[��q�� � yz��s���q 	 �#x`w×yTw � x[� 	 �#� ��� yTw�
7�
	 � r1

�N�@��q�x`w 	 ��qYyzv � w�yzv ��� r6
q ��� yhx[��q&q � v��Aw � y���q�{
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distance1 sortie1

(r1, 1) 6 vrai
(r1, 3) 5 vrai
(r1, 5) 7 faux

����� �tì <=; � b W/äRWYX7V�O�ã/W/ä	\PW&QQI�VZIAUPQ[W�\PW&O�KNMPVZI�S4W�\PW r1
��\PW/ä�V�Z`XJIAV�Z[KNXo\PW

r6

� w � q]u��Yy�y�� yTw � x[����q@v�x[�o� ��� � y r1
	 s�q@v¼���Ô� � � � |7�@� ��� ~���q�q/w�
7� w � � ��� � y r6

��v¼x&u � � v�q@v¼��w 	 �
x � � � � � |7�@�!q � vzy �8v�w r3

q � v¼x���qYyhw ��� r � v � y¼q 	 �	��� �
	 ����� � ��� q 1
���

5 ��q � vzy �8v�w r4
q � v¼xPq8�&yz� ��� �N�	q � �

x[��r � v � y 	 �&��� �
	 ����� � ��� q 3 � �R�@~ÒwN� 
 � ��� q 
 � ��x � wNx 
 � �@vzy��7~���yz� ��� �N��x[��r'x � q�u ��� �Yy+u �P�@~�v � � � yz���
x[��q(r � v � y¼q 	 ����� �
	 ����� � ��� q 	 � ��� � ��� � y ri

�Yyhx � ��� 
 � �@x`u ��� 
 � � 	�� � ��� � y 	 ��qYyzv � w�yzv ��� �

�1���#��� � 
�����8 ) '	�>67$

a>IAXtä�QQI�ä�MPZ`V�W-!4XtKNMtä�MPV�Z`Q`Z[ä�KNXtä�QQI�V�W/êHTPXPZ[æ7MtW	\PW!ê/KNç#å�K�ä�Z`V�Z[KNX�ã/æ7MPZ`VZIAUPQ[W!Z`X7V�O�K®\^MPZ`V�W!åJIAO+a&K�e
Q[W h#WYV V	WYO�ç IAX 2 ;�U#U#U 3 <3b S Z[\Pã/WRê/KNXtä�Z[ä�V�W ��ê/KNç#å�K�ä�WYO�\PWYMB^ IAQ=S4KNO�Z`VFTPçÒW/ä IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä�!4QTS MPX
\�S WYMB^�MPV�Z`Q`Z[äZIAX7VRQ[W�ê/KNç#å�KNO�V�WYçÒWYX7V	ä�VZIAUPZ`Q`Z[ä�ã�\PW&QTS IAMPV�O�W�ê/KNç#çÒW�å�K�ä�V�MPQQIAVR\PW�\PãYåJIAO�V < j	KNMtä IAåBe
åPQ`Z[æ7MtKNXtä+ê/WYV�V�WRV�W/êHTPXPZ[æ7MtW IAMB^ IAQ=S4KNO�Z`VFTPçÒW/ä(\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7VRWYV+\PWRO�KNMPVZI�S4W < c TJINæ7MtW!O�KNU�KNV
W_^Pã/êYMPV�W�WYXÄåJIAOZIAQ`QPGYQ[W�MPXtW?INêYV�Z[KNXo\PW�êHTJINêYMPX×\PW�ê/W/äR\PWYMB^ IAQ=S4KNO�Z`VFTPçÒW/ä <Jb S IAQ=S4KNO�Z`VFTPçÒW�\PW&O�KNMBe
VZI�S4W�ä�MPåPå�K�ä�W�æ7MtW�ê/WYQ`MPZL\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7V�ä8S W/ä�V!ä�VZIAUPZ`Q`Z[ä�ã-!-WYV	æ7MtW�êHTJINæ7MtWdh®Z[ä�Z`V�W ��MPX×å�KNZ`X7V
\PW�O�WYXt\PW * e`h4KNMtä]IAU�KNMPV�Z`V ��MPXtW#ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXÞå�KNZ`X7V e �%eTå�KNZ`X7V�\^MPOZIAX7V�QQINæ7MtWYQ`Q[W�Q[W/ä�\PWYMB^]O�K�e
U�KNV�ä:ê/KNXtê/WYO�Xtã/ä�ã/êHTJIAX9S4WYX7V�Q[WYMPOhW/ä�V�Z`ç IAV�Z[KNXÒ\PW(QQI&\^Z[ä�VZIAXtê/W(Q[W/ä:ä�ãYåJIAOZIAX7V�\^M#O�KNU�KNV:\PW/ä�V�Z`XJIAV�Z[KNX <
a>IAXtä�Q[W�ê�INä�ê/KNX7V�OZIAZ`O�W-!8IAMPV�O�WYçÒWYX7V�\^Z`V�ä�Z QTS IAQ=S4KNO�Z`VFTPçÒW�\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7V�X�S W/ä�V�åJINä�ä�VZIAUPQ[W-!
IAQ[KNO�ä!QTS IAQ=S4KNO�Z`VFTPçÒW�\PW�O�KNMPVZI�S4W�XtW>S3IAOZIAX7V�Z`V	åJINäRQQIÒê/KNO�O�W/êYV�Z[KNX]\PW/ä!WYX7V�O�ã/W/ä	\PW/äRVZIAUPQ[W/ä	\PW�O�KNMBe
VZI�S4W <

b S IAQ=S4KNO�Z`VFTPçÒW�\PW&O�KNMPVZI�S4W�æ7MtW&XtKNMtä(åPO�KNå�K�ä�KNXtäRW/ä�Vf\PKNXPXtã�êYZDe IAåPOHG/ä 2 n!Q=S4KNO�Z`VFTPçÒW�ë�3 < K7Z�ê/W
ê/K®\PW	W/ä�V(W_^Pã/êYMPV�ã!åJIAO(Q[W!O�KNU�KNV(\PW/ä�V�Z`XJIAV�Z[KNX

r0
!0IAQ[KNO�ä(ê/W&\PWYO�XPZ[WYO M9^PWRQ[W/ä(\^Z[ä�VZIAXtê/W/ä(\PW	V�KNMtä(ä�W/ä

å�KNZ`X7V�ä�\PW�O�WYXt\PW * e`h4KNMtä �
0
< J�IAO�ê/KNXtä�ã/æ7MtWYX7V�!'Q[W/ä h#IAQ[WYMPO�ä&\^M]êHTJIAç#å

distance
\YIAXtä	QQIÒVZIAUPQ[W

\PW�O�KNMPVZI�S4W_\PW
r0
ä�KNX7VÒê/KNO�O�W/êYV�W/ä IAåPOHG/ä#MPXtW_ä�WYMPQ[W�Z`V�ãYOZIAV�Z[KNX < JLKNMPOÒMPXIO�KNU�KNV

ri 6= r0
!LMPXtW

WYX7V�O�ã/W INä�ä�K®êYZ[ã/W ��MPXÒå�KNZ`X7V(\PWfO�WYXt\PW * e`h4KNMtä
MPi[j]

\YIAXtä+äZI&VZIAUPQ[W!\PWRO�KNMPVZI�S4W!W/ä�V�ç#Z[ä�W � A�KNMPO
ê/KNç#çÒW�ä�MPZ`VRQ[KNO�äR\PW�QQI�äFE®XtêHTPO�KNXPZ[äZIAV�Z[KNX I�h4W/ê�ä�KNX TtKNçÒKNQ[K\S�MtW

rk

�

� ri
WYV

rk

ã/êHTJIAX9S4WYX7V�Q[WYMPO�ä	W/ä�V�Z`ç IAV�Z[KNXtä&ê/KNMPOZIAX7V�W/ä&\PW�QQIÒ\^Z[ä�VZIAXtê/W�Q[W/ä	ä�ãYåJIAOZIAX7V&\PW
r0
WYX

åJIAO�VZIAX7V	\PW
MPi[j]

!
� ��QQI�O�ã/ê/WYåPV�Z[KNXI\PW#QQI_\^Z[ä�VZIAXtê/W�ê/KNMPOZIAX7V�W d

\PW�ä�KNX2TtKNçÒKNQ[K\S�MtW-!
ri
ê�IAQ[êYMPQ[W�äZI�XtKNM9h4WYQ`Q[W

W/ä�V�Z`ç IAV�Z[KNX×WYX_åPO�WYXJIAX7V!QQI]h#IAQ[WYMPOfç#Z`XPZ`ç IAQ[W�WYX7V�O�W
d + 1

WYVfQQI h#IAQ[WYMPOfZ`XtêYO�ãYçÒWYX7V�ã/W�\PW
1

\PW!QQI�\^Z[ä�VZIAXtê/W>INä�ä�K®êYZ[ã/W IAM�å�KNZ`X7Vf\PW!O�WYXt\PW * e`h4KNMtäfä�MPZ=h#IAX7V < K7Z'QQI�\^Z[ä�VZIAXtê/W	ç#Z`XPZ`ç IAQ[W&W/ä�V
ê/WYQ`Q[W�åPO�KNå�K�ä�ã�åJIAO&ä�KNXRTtKNçÒKNQ[K\S�MtW-!�IAQ[KNO�ä

ri
M9^PW�QQI�ä�KNO�V�Z[W�ê/KNO�O�W/ä�å�KNXt\YIAX7V�W

sortiei[j]
�

�8��wNv <



 & � �?��10 $+�1 �81 ,���7���$ l $&,�7B�%$&��� " �

� l !J�J�\$Q� 08/21 i >!x 
 � �@vzy��7~�� 	 ��� ��� yTw�
7��w � y � �TqYyTw � v¼x v�q/w � y��M;+� � 
N��wN~�~�� 	 � ��� � ��� � y ri
�>79�\$&7���l&13, �

distancei[1 . . . ni] ∈ [0 . . . 2N − 1]
�

sortiei[1 . . . ni]
�

JLKNMPO!Q[W&O�KNU�KNV
r0��536 5 ��13��å�ãYO�Z[K®\^Z[æ7MtWYçÒWYX7V

6 �� "�
j = 0 � n0 − 1

% 7Y$&��1
distance0[j] = 0

�
# �"��536 5 ��13�

K3E®XtêHTPO�KNXPZ[äZIAV�Z[KNXgI�h4W/ê�Q[W&O�KNU�KNV
r′
ä�MPOfQ[W�å�KNZ`X7V!\PW&O�WYXt\PW * e`h4KNMtä

MPi[j]e:X3h4K�E4WYO
�
� 2

r′
!
distancei[j]

3��
i!W/ê/W h4KNZ`O

�
\PW 2

r′
!
d
3��

,%$ 2
ri! = r0

3 7Yl&�J��,
d′ = min(d, distancei[(j + 1) mod ni])

�
,%$ 2

d′ < 2N − 1
3 7Yl&�J��,

distancei[j] = d′ + 1
�

sortiei[j] = (d == d′)
�

# �",%$
# �",%$

# �
� �-10/26�l&1  & i � ��� q@v 	 s@� ��� qfx[�fq@|AqYy�}@~��Lr'��s�q8� � y�sRq � �Rx`w ! 
 � ���M3
� � �Lu � ~!r � q8s 	 � 6 � ��� � y¼q��Yy 6
r � v � y¼q 	 ����� �
	 ����� � ��� q�� ��� ����� ��u/yzv � 	 ��u��YyR� � �@~!r'x[�#��qYy 	 ��~ ��� yz���@� ��� ��� � s�u � yzv ��� r � q�q@v � x[� 	 �
x � wNx 
 � �@vzy��7~�� �ow��N��uÒx[��� ��� � y r6

u � ~�~�� 	 ��qYyzv � w�yzv ��� � � wÄu ��� ! 
 � ��w�yzv ��� v � vzyzv�wNx[�Ò��qYyfy��@x¼x[� 
 � �
x[��� ��� � y r6

wNvzy(~�v�q�� 0 x`w �AwNx[� � � 	 ��x`w 	 v�qYyTw � u�� 	 ��q ��� r � v � y 	 ����� �
	 ����� � ��� q 	 � v 	 � � yzv !+w � y
6 �Yy � faux q/w��AwN�@v�w � x[� sortie �

� w]u ��� ! 
 � ��w�yzv ��� v � vzyzv�wNx[����qYy:r'��s�q8� � y�s���q � �Òx`w�! 
 � ��� 3
� � �
� �^w�
 � ��� ��� � y ri

	 v�qTr � q8� 	 � ��� � �AwN�@v�w � x[� distance ���AwNx[� � � 	 w � q [0 . . . 2N − 1] r ��� ��u �^w�
 � �
r � v � y 	 �&��� �
	 ����� � ��� q����h�Yy�y�� �AwN�@v�w � x[�����Tr'��s�q8� � y���x`w 	 v�qYyTw � u�� 	�� r'x � q�u ��� �Yy+u �P�@~�v � q8sTrPwN��w � y
u���r � v � y 	 �	��� �
	 ����� � ��� q 	�� � ��� � y 	 ��qYyzv � w�yzv ��� r6

�T' � ��� � s�u � yzv ��� r � q�q@v � x[� 	 �	x � wNx 
 � �@vzy��7~�� 	 �
� ��� yTw�
7����qYy 	 s�uY�@vzy��&q � �	x`w ! 
 � ��� 3
� � � ��� � � s�u � yzv ��� ��qYy 	 v��8v�q8s���� � � ���
	 ��q�� � � ��w � y ��� �&� ���
	 ���
u �^w�
 � ��� ��� � y'�/wNvzy ��� y ��� ��u � ~!r'x[�Yy 	 �	q8��q�r � v � y¼q 	 �&��� �
	 ����� � ��� q�� � � ��u �^w4u ��� 	 �	q8��q�r � v � y¼q��
��� � ��� � y ri

u�wNx`u � x[��x`w �
��� �N�@x¼x[����qYyzv¼~Òw�yzv ����	 �	x`w 	 v�qYyTw � u���wNv � q@v�
 � �&x`w �
��� �N�@x¼x[� �AwNx[� � � 	 �!q/w
�AwN�@v�w � x[� sortiei

#T���Tr'��s�q8� � y�s���rPwN� ��� wN��u � s�u �Ps�%
� �R�@~ÒwN� 
 � ��� q+
 � �!x[��q r � v � y¼q 	 �R��� �
	 ����� � ��� q
q8�RqYyTw � v¼x v�q8� 	 �:r'� � u �P��� � r'� � u �P��� � rPwN�YyTw � y 	 ��q r � v � y¼q 	 �!��� �
	 ����� � ��� q 	�� � ��� � y 	 ��qYyzv � w�yzv ��� �
, � � �	�Yy ��w�r'��}�q�x`wÒr'���@~�vT}@����� ���
	 ���&x � � � q8�@~ � x[� 	 ��q �
� � � 	 q � 	 v�qYyTw � u���v � �8s@�@vT� � ��� ��� s 
4wNx[�
� 1 ��qYy � � 
4w � v�q8s×� � ��� �ÄwN� � � ����q/u�� � u�� 	 ��q�r'x � q_u ��� �Yy¼q×u �P�@~�v � q��M>!v � q@v 	 ��q � vzy�����w�r'��}�q�x`w
� � vzyzvT}@~���� ���
	 ���+x � � � q8�@~ � x[� 	 ��q �
� � � 	 q � 	 v�qYyTw � u���v � �8s@�@vT� � ��� ��� s 
4wNx[��� 8 ��qYy � � 
4w � v�q8sÒ� �
��� ��wN� � � ����q/u�� � u�� 	 ��q+r'x � q�u ��� �Yy¼q�u �P�@~�v � q��

� ��� � 
 � � � � �	� 
 ��� � ������

� �������

i IAåPå�WYQ[KNXtä�æ7MtW_å�KNMPO�ê�IAQ[êYMPQ[WYO�Q[W/ä�\^Z[ä�VZIAXtê/W/ä�ê/KNO�O�W/ä�å�KNXt\YIAX7V IAMB^EåPQ`Mtä�ê/KNMPO�V�ä�êHTtWYç#Z`Xtä�!
XtKNMtä I�h4KNXtä�ê/KNXtä�V�O�MPZ`V�MPX�S�OZIAå9TtW

G
\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX \PKNX7V�Q[W/ä�XtK®WYMt\Pä�ä�KNX7V�\PW/ä�ê/KNMPåPQ[W/ä
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Avant le premier tour
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5


�������Pì < ë � c+KNXBMYS�MPOZIAV�Z[KNX×Z`XPZ`V�ZQIAQ[W

(ri,mp)
< a>IAXtä�QQI_ä�MPZ`V�W-!�XtKNMtä�\Pã_MtXPZ[ä�ä�KNXtä�MPX ä�KNMtä e`S�OZIAå9TtW

SG
ê/KNç#çÒW#MPXgS�OZIAå9TtW�\PKNX7V�Q[W/ä

XtK®WYMt\PäRä�KNX7VRQ[W/äfç �YçÒW/ä!æ7MtW�ê/WYMB^Ä\PW
G
WYVfå�K�ä�ä�ã/\YIAX7V!\PWYMB^_V E®å�W/äR\�S IAO�ê/ä �

� Q[W/ädIAO�ê/ä�O�WYQ`ZQIAX7V�MPX XtK®WYMt\ (ri,mp)
��MPX XtK®WYMt\

(ri,mp′)
ä�ZhWYV�ä�WYMPQ[WYçÒWYX7V�ä�Z:Z`QhW_^^Z[ä�V�W

MPX
j
V�WYQ�æ7MtW

mp = MPi[j]
!
mp′ = MP [(j + 1) mod ni]

WYV
sortiei[j] = faux

!
� Q[W/ä IAO�ê/ä+O�WYQ`ZQIAX7V(MPX�XtK®WYMt\ (ri,mp)

��MPX�XtK®WYMt\
(rj ,mp)

ä�Z'WYV(ä�WYMPQ[WYçÒWYX7Vfä�Z-Z`Q�W_^^Z[ä�V�W!MPX
j
V�WYQ�æ7MtW

mp = MPi[j]
WYV

sortiei[j] = vrai
<

a>IAXtä&ê/WYV�V�W�ä�W/êYV�Z[KNX !-XtKNMtä	åPO�KNM9h4KNXtä�æ7MtW�Q[W�ä�KNMtä e`S�OZIAå9TtW�KNO�Z[WYX7V�ã#ä�W�ä�VZIAUPZ`Q`Z[ä�W�WYX C�KNO�ç IAX7V
MPXtW C�KNO �YV�\�S IAO�U�KNO�W/ä�ê/WYXtê/W/ä�\PKNX7V�Q[W/ä�OZINêYZ`XtW/ä�ä�KNX7V�Q[W/ä�å�KNZ`X7V�ä�\PWÒO�WYXt\PW * e`h4KNMtä�\^M O�KNU�KNV�\PW/ä e
V�Z`XJIAV�Z[KNX < n V�Z`V�O�W�\�S W_^PWYç#åPQ[W-!�Q[W�ä�KNMtä e`S�OZIAå9TtW�ê/KNO�O�W/ä�å�KNXt\YIAX7V]IAM S�OZIAå9TtW#\PW�QQI4MYS�MPO�W�ì <=; W/ä�V
åPO�ã/ä�WYX7V�ã×ä�MPOÒQQI MYS�MPO�WÄì < ì < a>IAXtäÒQQI ä�MPZ`V�W-!:XtKNMtä C�KNO�ç IAQ`Z[ä�KNXtä�ê/WYV IAOFS�MPçÒWYX7V�å�KNMPOÒåPO�KNM9h4WYO
QQI_ê/KNO�O�W/êYV�Z[KNXÞ\PW#QTS IAQ=S4KNO�Z`VFTPçÒW <"b IÄä�V�O�MtêYV�MPO�WÒ\�S MPXtW IAO�U�KNO�W/ä�ê/WYXtê/W�W/ä�V�\Pã/\^MPZ`V�W�\PW/ä>h#IAO�ZQIAUPQ[W/ä
distancei[j]

WYV
sortiei[j]

å�KNMPOfV�KNMtäfQ[W/äRXtK®WYMt\Pä
(ri,MPi[j])

IAåPåJIAO�V�WYXJIAX7V ��QTS IAO�U�KNO�W/ä�ê/WYXtê/W <
j	KNMtä Z`X7V�O�K®\^MPZ[ä�KNXtä�æ7MtWYQ[æ7MtW/ä:ê/KNXtê/WYåPV�ä INä�ä�K®êYZ[ã/ä	�	MPXtW(W_^Pã/êYMPV�Z[KNX < g!XtW(W_^Pã/êYMPV�Z[KNX�ä�W(\^Z=h®Z[ä�W

WYX_O�KNXt\PW/äfä�Mtê/ê/W/ä�ä�Z=h4W/ä < c TJINæ7MtW&O�KNXt\PW�\PãYUPMPV�W ��QQIdMtX_\PW&QQI�O�KNXt\PW&åPO�ã/ê/ã/\PWYX7V�W�WYVRä�W	V�WYO�ç#Z`XtW
Q[KNO�ä�æ7MtW�V�KNMtä�Q[W/ä&O�KNU�KNV�ä�KNX7V�O�ã�IAQ`Z[ä�ã4IAM çÒKNZ`Xtä�MPX V�KNMPO�ê/KNç#åPQ[WYV�\PW�Q[WYMPO�ä�å�KNZ`X7V�ä�\PW�O�WYXt\PW * e
h4KNMtä <9b I�åPO�WYç#ZPGYO�W&O�KNXt\PW�\PãYUPMPV�W?IAåPOHG/äRæ7MtW	QTS IAQ=S4KNO�Z`VFTPçÒW�\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7V!åPO�ã/ê/ã/\PWYX7V	ä�KNZ`V
ä�VZIAUPZ`Q`Z[ä�ã�WYVRæ7MtW	Q[W&O�KNU�KNVR\PW/ä�V�Z`XJIAV�Z[KNX

r0
IAZ`V M9^Pã	Q[W/äR\^Z[ä�VZIAXtê/W/äR\PW	V�KNMtäRä�W/ä(å�KNZ`X7V�äR\PW&O�WYXt\PW * e

h4KNMtä��
0
<


 5 # �8$Q�%$&���  & '�� yTw � y 	
����� s ��� ��u ��� ! 
 � ��w�yzv ��� � ��� � 6 h#IAQ[WYMPO C`IAMtä�ä�W 7	��qYy ��� � 	 v�qYyTw � u���wAq$�
q@v�
 � s���� ��� � �AwN�@v�w � x[���Yy � ��u � �@����qTr ���
	 w � y�rPwAq �Òx`w 	 v�qYyTw � u�����s��@x¼x[���

j	KNV�KNXtä
ppvf

QQI�åPQ`Mtä�å�WYV�Z`V�WXh#IAQ[WYMPO C`IAMtä�ä�WRåPO�ã/ä�WYX7V�W&\YIAXtä�MPXtW	ê/KNXBMYS�MPOZIAV�Z[KNX < K'S Z`Q'X�S W_^^Z[ä�V�W
åJINäÒ\PW h#IAQ[WYMPO C`IAMtä�ä�W_\YIAXtä#MPXtW_ê/KNXBMYS�MPOZIAV�Z[KNX ! IAQ[KNO�ä#XtKNMtä#å�K�ä�KNXtä

ppvf = ∞
< b W_Q[WYç#çÒW

ä�MPZ=h#IAX7V!ãYVZIAUPQ`Z`VRQQI�åPO�KNåPO�Z[ãYV�ã_e�êYQ[W_C�\PW&XtKNV�O�WdIAQ=S4KNO�Z`VFTPçÒW�\PW�O�KNMPVZI�S4W �
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La première ronde


3


3


3


3


3
7


2


1


1


0


2


1


La deuxième ronde


2


3


3


2


2
4


4


4


4


0


4


1


La troisième  ronde


5


5


4


2


5
3


4


3


3


0


3


1


La quatrième ronde


4


4


5


2


4
6


5


3


3


0


5


1


La cinquième ronde
 La sixième ronde


La huitième ronde


4


6


5


2


4
5


6


3


3


0


5


1


4


6


5


2


4
5


6


3


3


0


5


1


4


6


7


2


4
5


8


3


3


0


5


1


La septième ronde


4


6


7


2


4
5


8


3


3


0


5


1


�������tì < O � g!XtW�W_^Pã/êYMPV�Z[KNXÄå�K�ä�ä�Z`UPQ[W�\PW�QTS IAQ=S4KNO�Z`VFTPçÒW�\PW�O�KNMPVZI�S4W
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(R
5
,5)
 (R
1
,5)


(R
1
,1)


(R
1
,3)


(R
3
,1)
 (R
3
,2)


(R
4
,3)
 (R
4
,4)


(R
2
,4)


(R
2
,2)


(R
2
,6)
 (R
6
,6)


Arborescence enracinée par le point de rendez-vous d'identifiant 6


�������Pì < ì � b W]K®KNMtä e`S�OZIAå9TtW SG
ä�VZIAUPZ`Q`Z[ä�ã

� 10/�/21  & ' ; ��� ��y ��� y k ≥ 0 �Yy-r ��� ��y ��� y���u ��� ! 
 � ��w�yzv ��� 
 � vLq � vzy x[��qhr'���@~�vT}@����q k � ���
	 ��q���
��� q�w�� ��� q�{
�
� ppvf ≥ k �

� ��x � � � q8�@~ � x[� 	 ��q �
� � � 	 q�� 	 v�qYyTw � u���v � �8s@�@vT� � ��� ��� s 
4wNx[� � k ��qYy � � 
4w � v�q8s�� � ��� � � � � �Yy
	 � wN� � � ����q/u�� � u���q 	 ��q+r'x � q�u ��� �Yy¼q�u �P�@~�v � q��

�?��10 $+�1'&_j	KNV�KNXtä
ppvfk !�QQI ppvf

�&QQI MtX�\PWRQQI
kième O�KNXt\PW!WYV ppvf0 QQI ppvf

Z`XPZ`V�ZQIAQ[W < j	KNMtä
IAQ`Q[KNXtäRåPO�KNM9h4WYORQ[W�Q[WYç#çÒW�åJIAORO�ã/êYMPO�O�WYXtê/W�ä�MPO

k
<

JLKNMPO
k = 1

!t\�S IAåPOHG/ä!QQI#\Pã_MtXPZ`V�Z[KNXo\PW�QQIÒ\^Z[ä�VZIAXtê/W-!PV�KNMPV�W/ä!Q[W/ä h#IAQ[WYMPO�ä!ê/KNX7V�WYX7MtW/ä&\YIAXtäRV�KNMPV�W/ä
Q[W/ä h#IAO�ZQIAUPQ[W/ä&\^Z[ä�VZIAXtê/W/ä&ä�KNX7V�ä�V�O�Z[êYV�WYçÒWYX7V�å�K�ä�Z`V�Z=h4W/ä < J�IAO�ê/KNXtä�ã/æ7MtWYX7V�!

ppvf0 ≥ 0
< a	MPOZIAX7V&QQI

åPO�WYç#ZPGYO�WfO�KNXt\PW-!4êHTJINæ7MtWfO�KNU�KNV�C`IAZ`V:Q[W(V�KNMPOh\PWfä�W/ä å�KNZ`X7V�ä�\PW(O�WYXt\PW * e`h4KNMtä�WYVhê�IAQ[êYMPQ[WfV�KNMPV�W/ä:Q[W/ä
\^Z[ä�VZIAXtê/W/ä+O�W/ä�å�W/êYV�Z=h4W/ä < a	MPOZIAX7Vfê/WYV�V�W!O�KNXt\PW-!7MPX�O�KNU�KNV h4KNZ[ä�Z`X

ri
O�W/ê/W h#IAX7V(MPXtW	\^Z[ä�VZIAXtê/W

ppvf0

\�S MPXI\PW�ä�W/ä?h4KNZ[ä�Z`Xtä
rj
ä�MPO�Q[WÒå�KNZ`X7V�\PWÒO�WYXt\PW * e`h4KNMtä

MPi[j]
!�O�W_e�ê�IAQ[êYMPQ[WYOZIoäZIÄ\^Z[ä�VZIAXtê/W < K'S Z`Q

V�O�KNM9h4W�æ7MtW
ppvf0 W/ä�V	MPXtW�\^Z[ä�VZIAXtê/W�ç#Z`XPZ`ç IAQ[W-!�IAQ[KNO�ä	QQI�XtKNM9h4WYQ`Q[W]h#IAQ[WYMPO&\PW distancei[j]

W/ä�V

ppvf0+1
< n!Z`Xtä�Z,!Aä�MPZ`V�W �!QQIRåPO�WYç#ZPGYO�W(O�KNXt\PW-!#IAMtêYMPXtW(\PW/ä�h#IAO�ZQIAUPQ[W/ä \^M�VZIAUPQ[W�IAM

distancei
\�S MPX

O�KNU�KNV
ri
\^Z ��ãYO�WYX7V�\PW

r0
XtW�å�KNO�V�W�MPXtW]h#IAQ[WYMPO�ã S3IAQ[W �

0
< c+W/êYZ:åPO�KNM9h4W�æ7M�S IAåPOHG/ä�QQI�åPO�WYç#ZPGYO�W

O�KNXt\PW
ppvf1 ≥ 1

<
a�S IAMPV�O�W�åJIAO�V�!-QQI#åPO�WYç#ZPGYO�W�O�KNXt\PW�\PãYUPMPV�W IAåPOHG/ä&æ7MtW�QTS IAQ=S4KNO�Z`VFTPçÒW�\�S KNO�\PKNXPXJIAXtê/WYçÒWYX7V�åPO�ã/ê/ã_e
\PWYX7V�ä�KNZ`V&ä�VZIAUPZ`Q`Z[ä�ã�WYV�æ7MtW�Q[W�O�KNU�KNV&\PW/ä�V�Z`XJIAV�Z[KNX

r0
IAZ`V M9^Pã�Q[W/ä&\^Z[ä�VZIAXtê/W/ä�\PW�V�KNMtä�ä�W/ä!å�KNZ`X7V�ä

\PW�O�WYXt\PW * e`h4KNMtä �
0
< n!MPV�O�WYçÒWYX7V	\^Z`V�!�I�h#IAX7V!Q[W�\PãYUPMPV	\PW�QQI�åPO�WYç#ZPGYO�W�O�KNXt\PW-!tV�KNMtäRQ[W/äRXtK®WYMt\Pä

(r0,MP0[j])
\^M�ä�KNMtä e`S�OZIAå9TtW

SG
KNX7V�Q[WYMPO�ä"h#IAO�ZQIAUPQ[W/ä

distance0[j]
M9^Pã/W/ä �

0
WYV�Q[WYMPO�ä-h#IAO�ZQIAUPQ[W/ä

sortie0[j]
M9^Pã/W/ä�� �/w ��� < c+W/ä"h#IAQ[WYMPO�äLä�KNX7VLê/KNO�O�W/êYV�W/ä WYV�XtW�êHTJIAX9S4WYO�KNXtä åJINä�IAM�ê/KNMPO�ä \PW/ä�O�KNXt\PW/ä

ä�MPZ=h#IAX7V�W/ä < J�IAO+ê/KNXtä�ã/æ7MtWYX7V�!7êHTJINæ7MtW!XtK®WYMt\
(r0,MPi[j])

ê/KNXtä�V�Z`V�MtWRMPXtWROZINêYZ`XtW!\�S MPXtW IAO�U�KNO�W/ä e
ê/WYXtê/W < e:X#KNMPV�O�W-!NêHTJINæ7MtW+O�KNU�KNV

rj
åJIAO�VZI�S4W�IAX7VhMPX�å�KNZ`X7Vh\PW�O�WYXt\PW * e`h4KNMtä

MPj [0]
I�h4W/ê(Q[W+O�KNU�KNV

r0
!¢O�W/ê/W h®OZI!\^MPOZIAX7Vhê/WYV�V�W�åPO�WYç#ZPGYO�W(O�KNXt\PW+QQI!\^Z[ä�VZIAXtê/W

0
\PW

r0
< J:MPZ[ä�æ7MtW

ppvf0 ≥ 0
!¢QQI!XtKNM9h4WYQ`Q[W
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h#IAQ[WYMPO!\^M_XtK®WYMt\
(rj ,MPj [0])

W/ä�Vfã S3IAQ[W �
1
WYV

sortiej[0]
W/ä�V M9^Pã/W � �8��wNv < n!Z`Xtä�Z,!^QTS WYXtä�WYç�UPQ[W

\PW/äfXtK®WYMt\Pä���\^Z[ä�VZIAXtê/W�Z`XBC�ãYO�Z[WYMPO�W�KNM×ã S3IAQ[W �
1
W/ä�VRKNOFS3IAXPZ[ä�ã�WYXÄMPXtW C�KNO �YV!\�S IAO�U�KNO�W/ä�ê/WYXtê/W/ä <

K7MPåPå�K�ä�KNXtä�æ7MtW_Q[W/äÒåPO�KNåPO�Z[ãYV�ã/ä�ä�KNX7V h#IAQ`Z[\PW/äÒå�KNMPOÒQQI
kième O�KNXt\PW×WYVÒçÒKNX7V�O�KNXtä�æ7M�S WYQ`Q[W/äÒQ[W

O�W/ä�V�WYX7V	å�KNMPO!QQI
(k + 1)ième O�KNXt\PW < e:XoW ��WYV�!�IAMoê/KNMPO�ä	\PW�QQI (k + 1)ième O�KNXt\PW-!tQQIÒ\^Z[ä�VZIAXtê/W

O�W/ê�IAQ[êYMPQ[ã/W#\�S MPX XtK®WYMt\
(ri,MPi[j])

W/ä�V�ä�KNZ`V�W_^YINêYV�W-!�ä�KNZ`V�ä�MPå�ãYO�Z[WYMPO�W�KNM ã S3IAQ[W��
ppvfk + 1

<
e:X W ��WYV�! ê/KNXtä�Z[\PãYO�KNXtäÒMPXIXtK®WYMt\

(ri,MPi[j])
h4KNZ[ä�Z`XE\�S MPXEXtK®WYMt\

(rj ,MPj [i])
I�E3IAX7V

ppvk

ê/KNç#çÒW h#IAQ[WYMPOh\PWRäZI&\^Z[ä�VZIAXtê/W 2 h4KNZ`O MYS�MPO�Wfì < a 3 < n!M�ê/KNMPO�äh\PWfQQI
(k+1)ième O�KNXt\PW-!4Q[W(O�KNU�KNV riO�W/ê�IAQ[êYMPQ[W	äZI�\^Z[ä�VZIAXtê/W	ä�MPOhQ[WRX��&Mt\

(ri,MPi[j])
<0b I�XtKNM9h4WYQ`Q[WXh#IAQ[WYMPO+\PW

distancei[j]
W/ä�V�\PKNXtê

ä�KNZ`V!ê/KNO�O�W/êYV�W�ä�KNZ`VRã S3IAQ[W �
ppvfk + 1

< a&W�ç �YçÒW-!PQ[W�O�KNU�KNV
rj
O�W/ê�IAQ[êYMPQ[W�QQI#\^Z[ä�VZIAXtê/W�\^MÄX��&Mt\

(rj ,MPj [i])
æ7MPZtW/ä�Vhä�KNZ`Vhã S3IAQ[W��

distancei[j]+1
!7ä�KNZ`V�ã S3IAQ[W �

distancej [(i+1) mod nj)]+1I�h4W/ê
distancej [(i + 1) mod nj)]

å�KNM9h#IAX7V �YV�O�W_ã S3IAQ[W �
ppvfk < a>IAXtä�Q[W/ä#\PWYMB^Iê�INä�! ppvfk

W/ä�V	Z`XtêYO�ãYçÒWYX7V�ã/W ��QQI MtX]\PW�QQI
(k + 1)ième O�KNXt\PW < c+W/êYZLåPO�KNM9h4W#æ7MtW ppvf ≥ k + 1

IAåPOHG/ä&QQI
(k + 1)ième O�KNXt\PW <

r
j
,
mp
 r
j
,mp'


ppvf 
k
 d' >= ppvf 
k


r
i
,mp


d


r
j
,
mp
 r
j
,mp'


d+1 ou d'+1


r
i
,mp


ppvf 
k
 + 1


�������Pì < a � n!åPOHG/äfQQI (k + 1)ième O�KNXt\PW ppvf ≥ k + 1

K7MPåPå�K�ä�KNXtä�QQI \PWYMB^^ZPGYçÒWoåPO�KNåPO�Z[ãYV�ã]\^M�Q[WYç#çÒW]ãYVZIAUPQ`Z[W �ÔQQI
kième O�KNXt\PWoWYV�W_^YIAç#Z`XtKNXtä�QQI

(k + 1)ième O�KNXt\PW < n!MÞê/KNMPO�ä�\PW�ê/WYV�V�W�O�KNXt\PW-!�QQI ppvf
W/ä�V�ä�MPå�ãYO�Z[WYMPO�W�KNMÞã S3IAQ[W �

k
< a&KNXtê

Q[W/ä+XtK®WYMt\Pä ��\^Z[ä�VZIAXtê/W	Z`XBC�ãYO�Z[WYMPO�W&KNM�ã S3IAQ[W �
k
ê/KNXtä�WYOFh4WYX7VfQ[WYMPO�ä IAV�V�O�Z`UPMPV�ä

distance
WYV

sortie
Z`XtêHTJIAX9S4ã/ä < g!XIXtK®WYMt\

(ri,MPi[j])
h4KNZ[ä�Z`XE\�S MPXIXtK®WYMt\I\PW�\^Z[ä�VZIAXtê/W�ã S3IAQ[W �

k
O�W/ê�IAQ[êYMPQ[W_äZI

\^Z[ä�VZIAXtê/W?IAMÄê/KNMPO�äR\PW&ê/WYV�V�W&O�KNXt\PW < k�Q�Q`MPZ-I ��W/êYV�W&QQI]h#IAQ[WYMPOfç#Z`XPZ`ç IAQ[W�WYX7V�O�W
k + 1

WYVfQQIdh#IAQ[WYMPO
Z`XtêYO�ãYçÒWYX7V�ã/W�\PW

1
\PW�QQIÒ\^Z[ä�VZIAXtê/W]INä�ä�K®êYZ[ã/WdIAMÄX��&Mt\oä�MPZ=h#IAX7V!WYX×åJINä�äZIAX7V!åJIAO!MPXRIAO�ê�\^MÄåPO�W_e

ç#Z[WYO�V E®å�W 2 Z < W < !
distancei[(j + 1) mod ni] + 1

!-h4KNZ`O?MYS�MPO�W�ì < @ 3 < K®KNZ`V�QQIÄ\^Z[ä�VZIAXtê/W INä�ä�K®êYZ[ã/W
IAMoX��&Mt\]ä�MPZ=h#IAX7V&W/ä�V&W_^YINêYV�W�WYV&ê/KNO�O�W/ä�å�KNXt\gIAQ[KNO�ä �ÒMPXoXtK®WYMt\ ��\^Z[ä�VZIAXtê/W

k
\YIAXtä	Q[WdS�OZIAå9TtW

\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX ! ä�KNZ`V�WYQ`Q[W�W/ä�V>C`IAMtä�ä�WÒWYV]I IAQ[KNO�ä�MPXtW4h#IAQ[WYMPO
> k

< a>IAXtä�Q[W/ä�\PWYMB^Ôê�INä�!�QQI
\^Z[ä�VZIAXtê/W�O�W/ê�IAQ[êYMPQ[ã/W INä�ä�K®êYZ[ã/W IAMIX��&Mt\

(ri,MPi[j])
W/ä�V�ã S3IAQ[W �

k + 1
WYV�ê/W�X��&Mt\ÞO�W A�KNZ`X7V

QTS MPXtW�\PW/äXIAO�U�KNO�W/ä�ê/WYXtê/W/ä!\PW�QQIdC�KNO �YV <
�
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r
i
,
mp
 r
j
,mp


d '
 k


r
i
,mp'


ppvf 
 k+1


ou d > k


r
i
,
mp
 r
j
,mp


k+1
 k


r
i
,mp'


ppvf 
 k+1


ou d > k


�������7ì < @ � b W/ä�ç#Z[ä�W�� A�KNMPO+\PW/ä�XtK®WYMt\Pä ��\^Z[ä�VZIAXtê/W	ã S3IAQ[W
� k +1
\^MPOZIAX7V+QQI

(k +1)ième O�KNXt\PW

b W�ê/KNO�KNQ`QQIAZ`O�W�ä�MPZ=h#IAX7V!\Pã/ê/KNMPQ[W�Z`ç#çÒã/\^ZQIAV�WYçÒWYX7V&\^MÄQ[WYç#çÒW�ì <=;#<
� �J����l l&7Y$&��1  & i > � � ��� y 	 � 2N � ���
	 ��q���x[��� ��� yTw�
7�Ò��qYy:qYyTw � v¼x v�q8s 	 w � q�y ��� y�x[�&q@|AqYy�}@~����
� ��� � ����� ���	
������

a>IAXtä_ê/W êHTJIAåPZ`V�O�W-!fXtKNMtä_XtKNMtä_ä�KNç#çÒW/ä�Z`X7V�ãYO�W/ä�ä�ã/ä IAM åPO�KNUPQPGYçÒWÔ\PWoO�KNMPVZI�S4WÔ\YIAXtä_\PW/ä
O�ã/ä�W�IAMB^ \PW�O�KNU�KNV�ä�çÒKNUPZ`Q[W/ädI�h4W/ê#å�KNZ`X7V�ä�\PW�O�WYXt\PW * e`h4KNMtä>M9^PW/ä < j	KNMtä?I�h4KNXtä�OZIAçÒWYXtã#ê/W�åPO�K�e
UPQPGYçÒW �fQQIRO�W/êHTtWYO�êHTtWf\PW�åPQ`MtäLê/KNMPO�V�ä êHTtWYç#Z`Xtä:\YIAXtäLMPX]S�OZIAå9TtW < JLKNMPO:ê/W C`IAZ`O�W-!¢XtKNMtä I�h4KNXtäLV�KNMPV
\�S IAU�KNO�\_ê/KNXtä�V�O�MPZ`VRQ[W S�OZIAå9TtW�\PW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNXoZ`Xt\^MPZ`VfåJIAOfQTS KNO�\PKNXPXJIAXtê/WYçÒWYX7V&\PW/äR\PãYåPQQINê/W_e
çÒWYX7V�ä(\PW/ä�O�KNU�KNV�ä < a>IAXtä+ê/W S�OZIAå9TtW-!7MPX�å�KNZ`X7V+\PW!O�WYXt\PW * e`h4KNMtä(ê/KNO�O�W/ä�å�KNXt\ ��\PWYMB^ÒX��&Mt\Pä�!7MPX
å�KNMPO�êHTJINæ7MtWÒO�KNU�KNV�Z`ç#åPQ`Z[æ7Mtã�\YIAXtä�Q[WÒO�WYXt\PW * e`h4KNMtä <8b S IAQ=S4KNO�Z`VFTPçÒW�æ7MtWÒXtKNMtä]I�h4KNXtä�åPO�KNå�K�ä�ã
W/ä�V�MPXtW IN\YIAåPVZIAV�Z[KNX_\PW	ê/WYQ`MPZ�\PW!a&KNQ[W h !®k�ä�OZINWYQ`Z'WYV+moKNOZIAX 2 ;�U é U 3 !®WYV(ä�MPåPå�K�ä�W!æ7MtWRV�KNMPV�WXh®Z[ä�Z`V�W
��MPX�å�KNZ`X7Vf\PW	O�WYXt\PW * e`h4KNMtäXIAU�KNMPV�Z`V ��MPXtW&ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX < k�Q�ê/KNXtä�V�O�MPZ`V�! ��åJIAO�V�Z`Of\�S MPX�å�KNZ`X7V
\PW�O�WYXt\PW * e`h4KNMtä M9^Pã�\�S MPX]O�KNU�KNV�!'Q[W/ä	åPQ`Mtä&ê/KNMPO�V�ä�êHTtWYç#Z`XtädIAQ`QQIAX7V h4WYO�ä&X�S Z`ç#å�KNO�V�W�æ7MtWYQ IAMPV�O�W
å�KNZ`X7V�\PWÄO�WYXt\PW * e`h4KNMtä < c+W/ä�åPQ`Mtä�ê/KNMPO�V�ä�êHTtWYç#Z`Xtä�ê/KNXtä�V�Z`V�MtWYX7V�Q[W/ä�VZIAUPQ[W/ä�\PW×O�KNMPVZI�S4W < g!XtW
WYX7V�O�ã/W�\YIAXtä�QQI_VZIAUPQ[W�\PWÒO�KNMPVZI�S4W�\�S MPX O�KNU�KNV�W/ä�V�Z`Xt\^Z[ê/ã/WÒåJIAO�MPXÞê/KNMPåPQ[W 2 å�KNZ`X7V�\PWÒO�WYXt\PW * e
h4KNMtä�!�O�KNU�KNV#\PW/ä�V�Z`XJIAV�Z[KNX43 < c+WYV�V�W�WYX7V�O�ã/W�Z`Xt\^Z[æ7MtW-!LQ[KNO�ä�æ7MtW�Q[W�O�KNU�KNV#ä�W�V�O�KNM9h4W�ä�MPO�MPXÞå�KNZ`X7V
\PW�O�WYXt\PW * e`h4KNMtä�!�ä8S Z`Q:\PKNZ`V�KNM XtKNX]V�OZIAXtä�çÒWYV�V�O�W#Q[W�çÒW/ä�äZI�S4W���ä�KNX TtKNçÒKNQ[K\S�MtW <-b I�åPO�WYM9h4WÒ\PW
ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX�\PWRQTS IAQ=S4KNO�Z`VFTPçÒW&ê/KNXtä�Z[ä�V�W��&çÒKNX7V�O�WYOf\�S MPXtWRåJIAO�V+QQI�\^Z[ä�åJIAO�Z`V�Z[KNX�\PW/ä h#IAQ[WYMPO�ä+WYO�O�K�e
Xtã/W/äfã h4WYX7V�MtWYQ`Q[WYçÒWYX7V&ê/KNX7V�WYX7MtW�\YIAXtä(Q[W/ä h#IAO�ZQIAUPQ[W/äf\PW�\^Z[ä�VZIAXtê/W-!P\�S IAMPV�O�W&åJIAO�V(QQI�ê/KNXtä�V�O�MtêYV�Z[KNX
\�S MPXtW C�KNO �YV�\�S IAO�U�KNO�W/ä�ê/WYXtê/W/ä(ê/KNM9h®OZIAX7V�QTS WYXtä�WYç�UPQ[W	\PW/ähX��&Mt\Pä+\^M4S�OZIAå9TtW!\PW!ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX <
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� 53,% 8/25'& �h��u �^w�r'vzyz���×��qYy�u ��� q/w4uY��sÄw � u ��� ! � �@~�� � y 	 ���/w � y���q 	 w � qÒx[��r'� ��� x[}@~�� 	 �
x � s@x[��u/yzv ��� �Yy 	 ��x � wN� � ����u ��� �8��w � y � � ��� q �
��� q&q � ~�~���q � � u�wNx v�q8s�q�q � ��x � wNx 
 � �@vzy��7~�� 	 �->��8� .
�Yy:wNx ��# ����� �/% � yzv¼x v�q/w � y 	 ��q:r'��s 	 v�u�w�y¼q�x � u�w ��� r ��� � ��� � 	 sYy���u/yzv ��� 	 ��q 	 s �/wNv¼x¼x`w � u���q 
Nx ��� wNx[��q��
� xArt�@�@~��Yy 	 �R��s�q ��� 	 ���!x[� r'� ��� x[}@~�� 	 �Rx � s@x[��u/yzv ��� � � u ��� qYyz� � v�q/w � y ��� wN� � ����
 � vLu ��� �8���&y ��� q
x[��q r'� � u���q�q8� � ��q 	�� ��s�q8��w � �Yy 	
��� y�x`w���w4uYv � ����qYy�x[�:r'� � u���q�q8� � � 	 � v 	 � � yzvzy�sR~Òw � v¼~ÒwNx[���2>�r'��}�q
w�� � v¼��v � yz� ��	�� vzy1� � �@~��@x¼x[�@~�� � y�u��Yy�wNx 
 � �@vzy��7~���� �
��� qo� � r'��s�q8� � y ��� q ��� � �AwN�@v�w � y�� 	
� y�s��
	 � ��� ~�s�u�w � v�q@~�� 	 �Äu ��� ! � �@~�� � y 	 �+�/w � y���q�� � ��� q�r'��s�uYv�q ��� q ��� � �7|�r � y��P}�q8� � s�u���q�q/wNv¼���
r ��� ��x`wÔu ��� u��Tr�yzv ��� 	 ��x � wNx 
 � �@vzy��7~��_{ ��� r'� � u���q�q8� � ��rt� � y�x v¼����x[��q �AwN�@v�w � x[��q 	 ��q�� � v�q@v � q
	 �&q8��q � � v�q@v � q��(� ��� q�u��Yy�y�� �7|�r � y��P}�q8��� �
��� q�u ��� qYyz� � v�q ��� q�x � wNx 
 � �@vzy��7~�� 	 �1�/w � ��� ��u�� 
 � �
q8� � x q�x[�Rr'� � u���q�q8� � � �/w � yzv �#�Yy+q8��q � � v�q@v � q�q � vT� � y�q � q/u��Tr�yzv � x[��q 	 � � � s�u � y��@� 	 ��q���} 
Nx[��q�� � ��� q
r'� ��� � ��� q�x`w�r'� � r'�@vTsYy�s 	 ��u ��� ! � �@~�� � y 	 �1�/w � y���q�� � ~ ��� yz��w � y 
 � ��x`w�r'� � rPw�
4w�yzv ��� 	 � ��� �
�/w � y���q@v � 
 � x vT}@����q8����s 	�� vzy ��� v 
 � �@~�� � yfw ��� � � v�q@v � q 	�� r'� � u���q�q8� � � �/w � yzv ��� � ��� q(r'� ��� � ��� q
� � ! � x � w � y � �TqYyTw � v¼x v�q/w�yzv ��� 	 ��x � wNx 
 � �@vzy��7~���� � ~ ��� yz��w � y({
8 x`w 	 v�qTrPwN�@vzyzv ��� 	 ��q1�/w � q�q8��q�v 	 � � yzvzy�s�q��
8 x[��~ÒwNv � yzvT� � 	 ��q���� 
 � �Yy���q��
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e:XRh®MtW�\PW�ê/KNX7V�O �NQ[WYO&MPX]äFE^ä�VHGYçÒW-!tZ`Q W/ä�V	ä�KNM9h4WYX7V&Xtã/ê/W/ä�äZIAZ`O�W�\�S IAçÒWYXtWYO	Q[W/ä	åPO�K®ê/W/ä�ä�WYMPO�ä
�
ä8S WYX7V�WYXt\^O�W�ä�MPO(MPXtWXh#IAQ[WYMPOfê/KNç#ç�MPXtW�KNM���ä�W	äFE®XtêHTPO�KNXPZ[ä�WYO < J�IAO�ç#Z�Q[W/ä+åPO�KNUPQPGYçÒW/ä ��O�ã/ä�KNMt\^O�W
å�KNMPO�IAV�V�WYZ`Xt\^O�W(ê/WYVLKNUBA�W/êYV�ZDC !AKNX�V�O�KNM9h4W�Q[WhåPO�KNUPQPGYçÒW(\PWhQTS ãYQ[W/êYV�Z[KNX�\�S MPX�Q[W�IN\PWYO WYV�Q[W/ä�åPO�KNV�K®ê/KNQ[W/ä
� h#I�S�MtW/ä <�b W+åPO�KNUPQPGYçÒW(\PW�QTS ãYQ[W/êYV�Z[KNXÒê/KNXtä�Z[ä�V�W �!ê/W+æ7M�S MPX�WYXtä�WYç�UPQ[Wf\PW�åPO�K®ê/W/ä�ä�WYMPO�ä êHTtKNZ[ä�Z[ä�ä�WYX7V
MPX \PW/ä	Q[WYMPO�ä&ê/KNç#çÒW�Q[W�IN\PWYO < c+W�åPO�KNUPQPGYçÒW#W/ä�V&ä�KNM9h4WYX7V�Q`Z[ã IAM]åPO�KNUPQPGYçÒW�\PW�QQI�ê/KNXtä�V�O�MtêYV�Z[KNX
\�S MPX IAO�UPO�W&ê/KNM9h®OZIAX7V < g	ä�MtWYQ`Q[WYçÒWYX7V�!^Q[W	åPO�K®ê/W/ä�ä�WYMPO(ãYQ`M_W/ä�V+QQI�OZINêYZ`XtW&\PW!QTS IAO�UPO�W�ê/KNM9h®OZIAX7V <9b W/ä
åPO�KNV�K®ê/KNQ[W/ä �>h#I�S�MtW/ä+ä�KNX7V(WYç#åPQ[K�E4ã/äf\YIAXtä�QQI�O�ã/ä�KNQ`MPV�Z[KNX�\PW!XtKNç�UPO�WYMB^�åPO�KNUPQPGYçÒW/äf\PW!äFE®XtêHTPO�K�e
XPZ[äZIAV�Z[KNXÒê/KNç#çÒW(QTS IAQ`Q[K®ê�IAV�Z[KNX�\PW+O�W/ä�ä�KNMPO�ê/W/ähKNM�QQI&\^Z ��Mtä�Z[KNX#\�S Z`XBC�KNO�ç IAV�Z[KNXtä < b W/ä:\PWYMB^]C`IAç#Z`Q`Q[W/ä
\PW�åPO�KNV�K®ê/KNQ[W/ä � h#I�S�MtW/äLQ[W/ä�åPQ`MtäLMPV�Z`Q`Z[ä�ã/ä ä�KNX7VLQQI uYv¼��u � x`w�yzv ��� 	 � ��� � �Yy ���ÒWYVLQQI r'� � rPw�
4w�yzv ��� 	 � v � �
� � �@~Òw�yzv ��� w��N��u����Yy ��� � < J:Q`Mtä�Z[WYMPO�ä(åPO�KNV�K®ê/KNQ[W/äf\PW!åPO�KNåJI�S3IAV�Z[KNXÄ\�S Z`XBC�KNO�ç IAV�Z[KNX I�h4W/ê&O�WYV�KNMPOfä�MPO
\PW/ä4IAO�UPO�W/äÒê/KNM9h®OZIAX7V�ä�!	�oQQI C�KNZ[ä#KNåPV�Z`ç IAMB^EWYXEW/ä�åJINê/W_WYV#Z`Xtä�VZIAX7VZIAXtãYçÒWYX7V�ä�VZIAUPZ`Q`Z[äZIAX7V�ä�!:KNX7V
ãYV�ãÒåPO�KNå�K�ä�ã/ä�åJIAO �+MPZ+WYV]IAQ < 2 ;�U#U#U I ! U43 < a>IAXtä�ê/W/ä�åPO�KNV�K®ê/KNQ[W/ä�!�Q[KNO�ä�æ7M�S MPX åPO�K®ê/W/ä�ä�WYMPO�\Pã/êYZ[\PW
\�S WYX3h4K�E4WYOfMPX�çÒW/ä�äZI�S4W
��V�KNMtä+Q[W/ä IAMPV�O�W/ä+åPO�K®ê/W/ä�ä�WYMPO�ä(\^M�O�ã/ä�W�IAM�WYX�Z`XPZ`V�ZQIAQ`Z[äZIAX7V(MPXtW h#I�S�MtW	\PW
åPO�KNåJI�S3IAV�Z[KNXÄ\�S Z`XBC�KNO�ç IAV�Z[KNX I�h4W/ê!O�WYV�KNMPO�!®Z`Q'W/ä�V(ä.BPO+æ7MtW!Q[KNO�ä�æ7MtWRQQI?h#I�S�MtW	ä�WRV�WYO�ç#Z`XtW-!®V�KNMtä�Q[W/ä
åPO�K®ê/W/ä�ä�WYMPO�ä IAMPO�KNX7VfUPZ[WYX_O�W )YM_ä�KNX�çÒW/ä�äZI�S4W < a>IAXtäfê/W&æ7MPZ�ä�MPZ`V�!®XtKNMtä(åPO�ã/ä�WYX7V�KNXtäRê/WYO�VZIAZ`XtäR\PW/ä
V�OZI�h#IAMB^_çÒWYXtã/ä!WYX IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX×å�KNMPORO�ã/ä�KNMt\^O�W�Q[W&åPO�KNUPQPGYçÒW�\PW�QTS ãYQ[W/êYV�Z[KNX <

� ��1 % 5 ��7B���81 l (=79�%�-& a&W�XtKNç�UPO�WYMB^IV�OZI�h#IAMB^IKNX7V�çÒKNX7V�O�ã�QTS Z`ç#å�KNO�VZIAXtê/W_\PW/ä]T3E®å�KNVFTYG/ä�W/ä
æ7M�S KNXEå�KNM9h#IAZ`V]C`IAZ`O�W�ä�MPO�Q[W�çÒK®\9GYQ[W-!:ê/KNç#çÒW�QQIoåPO�ã/ä�WYXtê/W�\�S Z[\PWYX7V�Z`V�ã×KNMIQ[W�V E®å�W�\PW_\PãYçÒKNX !
\YIAXtä	QQI�ê/KNXtê/WYåPV�Z[KNXÔ\PW/ä>IAQ=S4KNO�Z`VFTPçÒW/ä < j	KNMtä	åPO�ã/ä�WYX7V�KNXtä&Z[êYZ Q[W/ä	åPO�Z`XtêYZ`åJIAMB^oO�ã/ä�MPQ`VZIAV�ä&\YIAXtä&Q[W
\PKNç IAZ`XtW-!�ä�WYQ[KNX Q[W/ä�\^Z ��ãYO�WYX7V�W/ä4T3E®å�KNVFTYG/ä�W/ä C`IAZ`V�W/ä�ä�MPO#Q[W_çÒK®\9GYQ[W < a>IAXtä#Q[W/ä�äFE^ä�VHGYçÒW/ä I�h4W/ê
Z[\PWYX7V�ZDM�IAX7V�ä�!RZ`Q�W_^^Z[ä�V�WoåPQ`Mtä�Z[WYMPO�ä_åPO�KNV�K®ê/KNQ[W/äÄ\PãYV�WYO�ç#Z`XPZ[ä�V�W/ä IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä�!Rê/KNç#çÒWÔê/WYMB^
åPO�KNå�K�ä�ã/ä�åJIAO n C�W ��WYV IAQ < 2 ;�U#U è�3 !NnXS#S3IAO � IAQ^WYV �&MPV�V�WYX 2 ;�U#U#O 3�WYV n!O�KNOZIRWYV o KNMt\YI 2 ;�U#U ì�3�å�KNMPO
Q[W/ä�æ7MtWYQ[ä!QTS W/ä�åJINê/W�çÒãYçÒKNZ`O�W IAQ`Q[KNMtã�\PãYå�WYXt\×\PW�QQI#VZIAZ`Q`Q[W�\^M×O�ã/ä�W�IAM < K7MPO!MPXgIAXPXtW�IAM IAXtKNX3E®çÒW-!
MPX IAQ=S4KNO�Z`VFTPçÒW&\�S ãYQ[W/êYV�Z[KNX_å�WYMPV �YV�O�W	ê/KNX')YM�MPXPZ[æ7MtWYçÒWYX7VRä�Z'QTS IAXPXtW�IAMÄW/ä�V(\PW!VZIAZ`Q`Q[W	åPO�WYç#ZPGYO�W�WYV
æ7MtW&Q[W&\PãYçÒKNX×W/ä�Vfê/WYX7V�OZIAQ`Z[ä�ã 2 W < S < !Pn!X9S�Q`MPZ`X ! ;�U é�è����+MPO�XtäRWYVRJ�INêHTPQ,! ;�U é U 3 < d�KNM\A�KNMPO�äfå�KNMPOfQ[W
ç �YçÒW�åPO�KNUPQPGYçÒW-!��(W�IAMtæ7MPZ[WYO�! o OZIN\^Z`XJIAO�Z`M]WYV �4K\TPXtWYX 2 ;�U#U#U U43RKNX7V	åPO�KNM9h4ã�æ7M�S MPX IAQ=S4KNO�Z`VFTPçÒW
\PãYV�WYO�ç#Z`XPZ[ä�V�WgIAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V_\�S ãYQ[W/êYV�Z[KNX å�KNMPO�Q[W/ä IAXPXtW�IAMB^ MPXPZ[\^Z`O�W/êYV�Z[KNXPXtWYQ[ä�Xtã/ê/W/ä�ä�Z`V�W IAM
çÒKNZ`Xtä

log2(N)
UPZ`V�ähä�MPO�êHTJINæ7MtWRãYQ[ãYçÒWYX7V+\^M�äFE^ä�VHGYçÒW 2

N
ãYVZIAX7V�QQI	VZIAZ`Q`Q[W!\^MÒäFE^ä�VHGYçÒW 3 < j	KNV�KNXtä

æ7MtW:Q[W/ä�IAQ=S4KNO�Z`VFTPçÒW/ä-C�KNXtêYV�Z[KNXPXJIAX7V:ä�MPO�\PW/ä�äFE^ä�VHGYçÒW/ä8IAXtKNX3E®çÒW/äLä�KNX7VLWYXdS4ãYXtãYOZIAQ7åPO�KNUJIAUPZ`Q`Z[ä�V�W/ä �
�(W�IAMtæ7MPZ[WYO�! o OZIN\^Z`XJIAO�Z`M�WYV �4K\TPXtWYX 2 ;�U#U#U ê 3�KNX7V_åPO�ã/ä�WYX7V�ã]MPX IAQ=S4KNO�Z`VFTPçÒW�IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V
\�S ãYQ[W/êYV�Z[KNX#ä�MPOLMPX IAXPXtW�IAM#WYV a&KNQ[W h !Ak�ä�OZINWYQ`Z^WYV moKNOZIAX 2 ;�U#U N U43�MPX IAQ=S4KNO�Z`VFTPçÒW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V
å�KNMPO�\PW/ä�äFE^ä�VHGYçÒW/ä)�&QQI&V�KNå�KNQ[K\S�Z[W!æ7MtWYQ[ê/KNXtæ7MtW < J:Q`MtähO�ã/ê/WYç#çÒWYX7V�!®\YIAXtähQQI�ê�IN\^O�W!\PW/ä�äFE^ä�VHGYçÒW/ä
äZIAXtä>MtQ,!�� I#IAQQI_WYV]IAQ < 2 ë�è�è O 3�KNX7V�åPO�KNå�K�ä�ã#MPX IAQ=S4KNO�Z`VFTPçÒW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�\PWÒê/KNXtä�V�O�MtêYV�Z[KNX
\�S IAO�UPO�W×ê/KNM9h®OZIAX7V < JLKNMPO�åPQ`Mtä�\PWÄ\PãYVZIAZ`Q[ä�ä�MPOÒQ[W/äÒO�ã/ä�MPQ`VZIAV�ä�KNUPV�WYX7Mtä�å�KNMPOÒQQI O�ã/ä�KNQ`MPV�Z[KNX�\^M
åPO�KNUPQPGYçÒW&\PW!QTS ãYQ[W/êYV�Z[KNX_WYV(\PW!QTS IAO�UPO�W	ê/KNM9h®OZIAX7V�!^Q[WRQ[W/êYV�WYMPO(å�KNMPO�OZI�ä�WRO�WYå�KNO�V�WYO IAMB^ IAO�V�Z[êYQ[W/äf\PW
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äFE®X7VFTYG/ä�W�\PW o�� O�V�XtWYO 2 ë�è�è O 3fWYV��4K\TPXtWYX !-JLWYV�Z`V	WYVRd(ZD^PWYMPZ`Q 2 ë�è�èAì�3 <
J�IAO IAZ`Q`Q[WYMPO�äÒê/W/ä#\PWYMB^ÞåPO�KNUPQPGYçÒW/ä 2 \PW�QTS ãYQ[W/êYV�Z[KNX WYV#\PW�QTS IAO�UPO�W_ê/KNM9h®OZIAX7V 3�KNX7V C`IAZ`V�QTS KNUBe

A�WYV!\PW�XtKNç�UPO�WYMtä�W/ä	ãYV�Mt\PW/ä	\YIAXtäRQ[W�\PKNç IAZ`XtW�\^Moê/KNXBMtXtWYçÒWYX7V&\PW>C`IAMPV�W/ä < J�IAO�ç#Z ê/W/äRV�OZI�h#IAMB^(!
o TtK�äFT�WYV o MPåPVZI�KNX7VhåPO�KNå�K�ä�ã!\PW/ä IAQ=S4KNO�Z`VFTPçÒW/ä(ê/KNXBMtXJIAX7V�Q[W/ä C`IAMPV�W/ähå�KNMPOhQ[W/ähV�O�KNZ[ähåPO�KNUPQPGYçÒW/ä
ä�MPZ=h#IAX7V�ä��AQTS ãYQ[W/êYV�Z[KNX !�QTS IAO�UPO�Wfê/KNM9h®OZIAX7VhWYV Q[W+åPQ`Mtä:ê/KNMPO�VhêHTtWYç#Z`XÒ\�S IAU�KNO�\ < JLKNMPO:Q[W+åPO�WYç#Z[WYO:åPO�K�e
UPQPGYçÒW-! o TtK�äFT�WYV o MPåPVZI 2 ;�U#U#@ 3håPO�KNå�K�ä�WYX7V(MPXtWXh4WYO�ä�Z[KNX_ê/KNXBMtXJIAX7VfQ[W/ä C`IAMPV�W/ä(\PW!QTS IAQ=S4KNO�Z`VFTPçÒW
\�S ãYQ[W/êYV�Z[KNXÞä�MPO�MPX IAXPXtW�IAMÞKNO�Z[WYX7V�ã�\PW b Z`X WYV o TtK�äFT 2 ;�U#UB; 3 < JLKNMPO�Q[WÒä�W/ê/KNXt\(!�Z`Q[ä�åPO�KNå�K�ä�WYX7V
MPXtW h4WYO�ä�Z[KNXEê/KNXBMtXJIAX7V#Q[W/ä]C`IAMPV�W/ä�\PW�QTS IAQ=S4KNO�Z`VFTPçÒW_\PW�ê/KNXtä�V�O�MtêYV�Z[KNXE\�S IAO�UPO�W_ê/KNM9h®OZIAX7VÒ\YIAXtä
MPXÞäFE^ä�VHGYçÒW�ä�WYç#ZDeTMPXPZDC�KNO�çÒW�\PW�c TtWYXIWYV IAQ < 2 ;�U#UB; 3 < i!ã/ê/WYç#çÒWYX7V�! o TtK�äFT WYV]V	W 2 ë�è�è�è�3�KNX7V
Z`X7V�O�K®\^MPZ`V(\PW/ä+\PãYçÒKNXtä�åPQ`Mtä C�KNO�V�ähå�KNMPO+ä�Z`ç#åPQ`ZDM-WYO�QQI�ê/KNXtê/WYåPV�Z[KNX_WYVhQQI�åPO�WYM9h4W	\PW/ä IAQ=S4KNO�Z`VFTPçÒW/ä
ê/KNXBMtXJIAX7V�Q[W/ä C`IAMPV�W/ä < JLKNMPO�ê/WYQQI !�Z`Q[ädI ��W/êYV�WYX7V�\PW/ä�åPO�Z[KNO�Z`V�ã/ä]IAMB^ \^Z ��ãYO�WYX7V�W/ä�OHG S�Q[W/ä�\PW C`I�)/KNX
�oê/W�æ7MtW�Q[W�åPO�K®ê/W/ä�ä�WYMPO]C`IAMPV�ZDC!åPMPZ[ä�ä�W�W_^Pã/êYMPV�WYO#ä�W/ä�OHG S�Q[W/ä4I�h#IAX7V�Q[W/ä4IAMPV�O�W/ä�åPO�K®ê/W/ä�ä�WYMPO�ä#\^M
äFE^ä�VHGYçÒW < k�Q[ä(Z`Q`Q`Mtä�V�O�WYX7VRQ[WYMPOfV�W/êHTPXPZ[æ7MtW�ä�MPOfQTS IAQ=S4KNO�Z`VFTPçÒW�\PW�c TtWYXÄWYVXIAQ < 2 ;�U#UB; 3 < JLKNMPORQ[W&V�O�KNZDe
ä�ZPGYçÒW!åPO�KNUPQPGYçÒW-! o TtK�äFT ! o MPåPVZI�WYV+JLWYç#ç IAOZI%A M 2 ;�U#U N 3:åPO�KNå�K�ä�WYX7V(MPXtWXh4WYO�ä�Z[KNX�ê/KNXBMtXJIAX7V(Q[W/ä
C`IAMPV�W/ä#\PW�QTS IAQ=S4KNO�Z`VFTPçÒWÄ\PW_ê/KNXtä�V�O�MtêYV�Z[KNX \^MIåPQ`MtäÒê/KNMPO�VÒêHTtWYç#Z`X \�S IAU�KNO�\E\YIAXtä#MPXEäFE^ä�VHGYçÒW
ä�WYç#ZDeTMPXPZDC�KNO�çÒW�\PW>V!MJIAX9S�WYV	c TtWYX 2 ;�U#U ë�3 <
b W/ä(V�OZI�h#IAMB^�åPO�ã/ê/ã/\PWYX7V�äRä�MPO(Q[W	åPO�KNUPQPGYçÒW�\PW	QTS ãYQ[W/êYV�Z[KNX_å�KNO�V�WYX7VRä�MPOf\PW/äfäFE^ä�VHGYçÒW/ä ��V�KNå�K�e

Q[K\S�Z[WÒ\�S IAXPXtW�IAM !�WYV�ê/WYMB^ ä�MPO�Q[W�åPO�KNUPQPGYçÒW�\PW�QTS IAO�UPO�WÒê/KNM9h®OZIAX7V�ä�W�åPQQINê/WÒ\YIAXtä�Q[W#ê�IN\^O�W#\�S MPX
äFE^ä�VHGYçÒW_ä�WYç#ZDeTMPXPZDC�KNO�çÒW < j	KNMtä I�h4KNXtä�êHTtKNZ[ä�ZfQTS IAQ=S4KNO�Z`VFTPçÒW×\PW_n C�W �ÞWYV IAQ < ê�IAO#Z`QRä8S IAåPåPQ`Z[æ7MtW
\YIAXtä�Q[W�ê�IN\^O�W_\�S MPXEäFE^ä�VHGYçÒW�XtKNXIMPXPZDC�KNO�çÒW �×V�KNå�KNQ[K\S�Z[W_æ7MtWYQ[ê/KNXtæ7MtW < c+W�V E®å�W�\PW�äFE^ä�VHGYçÒW
ãYVZIAX7V C`INêYZ`Q[WYçÒWYX7V�O�WYXtê/KNX7V�O�ã#\YIAXtä	Q[W/ä	O�ã/ä�W�IAMB^ �4S�OZIAXt\PW�ã/êHTtWYQ`Q[W-!�Z`Q XtKNMtä&ä�WYç�UPQ[W#ä�KNM9TJIAZ`VZIAUPQ[W
\�S E]\Pã h4WYQ[KNåPå�WYO�\PW/ädIAQ=S4KNO�Z`VFTPçÒW/ä�ê/KNXBMtXJIAX7V�Q[W/ä C`IAMPV�W/ä < j	KNV�O�WÒê/KNX7V�O�Z`UPMPV�Z[KNXIê/KNXtä�Z[ä�V�W#\PKNXtê��
Z`X7V�O�K®\^MPZ`O�W_QQIoåPO�KNåPO�Z[ãYV�ã_\PW_ê/KNXBMtXtWYçÒWYX7V�\PW C`IAMPV�W/ä#\YIAXtä#QTS IAQ=S4KNO�Z`VFTPçÒWÄ\PW_n C�W � ! �&MPV�V�WYX WYV
�hMPX9S <

����� � ���	
 ��

����������� ���,��� � 
 ��
 � � ��� � 
 ���	�

a>IAXtä�Q[WÒê�IN\^O�WÒ\PW/ä�äFE^ä�VHGYçÒW/ädINäFE®XtêHTPO�KNXtW/ä�!�n C�W � ! �&MPV�V�WYX WYV �hMPX9S 2 ;�U#U è�3&KNX7V�åPO�ã/ä�WYX7V�ã
MPX2IAQ=S4KNO�Z`VFTPçÒWÒ\�S ãYQ[W/êYV�Z[KNX�I�h4W/ê#ê/KNXtä�V�O�MtêYV�Z[KNX \�S IAO�UPO�W#ê/KNM9h®OZIAX7V�\YIAXtä&MPX]çÒK®\9GYQ[W ��O�W S�Z[ä�V�O�W/ä
åJIAO�VZI�S4ã/ä < b S Z[\Pã/W \PW×QTS IAQ=S4KNO�Z`VFTPçÒW ê/KNXtä�Z[ä�V�W �ÔMPV�Z`Q`Z[ä�WYO�MPX ê/KNX7V�O �NQ[W ê/WYX7V�OZIAQ`Z[ä�ã ��MPX åPO�K®ê/W/ä e
ä�WYMPO�MPXPZ[æ7MtW-!�Q[W x[��w 	 �@� !8h4ãYO�ZDM-W�QQI×ê/KNXtä�Z[ä�VZIAXtê/W�\^MIäFE^ä�VHGYçÒW h®Z[ä e �%e`h®Z[ä�\PW�QQI×ä�å�ã/êYZDM-ê�IAV�Z[KNXE\^M
åPO�KNUPQPGYçÒW ��O�ã/ä�KNMt\^O�W < e:X_ê�INä(\�S Z`Xtê/KNXtä�Z[ä�VZIAXtê/W-!^Q[W	Q[W�IN\PWYOf\Pã/êYQ[WYXtêHTtW�MPXtW	O�ã_eTZ`XPZ`V�ZQIAQ`Z[äZIAV�Z[KNX S�Q[K�e
UJIAQ[WÄ\^M äFE^ä�VHGYçÒW < b I \PãYV�W/êYV�Z[KNX Q[K®ê�IAQ[W_ê/KNXtä�Z[ä�V�W&�Rh4ãYO�ZDM-WYOÒQ[W/äÒê/KNXt\^Z`V�Z[KNXtäÒQ[K®ê�IAQ[W/ä�!:êHTJINêYMPXtW
UJINä�ã/W_MPXPZ[æ7MtWYçÒWYX7V�ä�MPO#QTS ãYVZIAV�\�S MPX åPO�K®ê/W/ä�ä�WYMPOÒWYV�\PW_ä�W/ä h4KNZ[ä�Z`Xtä#åPO�K®êHTtW/ä < b WÄäFE^ä�VHGYçÒW_W/ä�V
\YIAXtä�MPX ãYVZIAV�ê/KNO�O�W/êYV�ä�Z�WYV�ä�WYMPQ[WYçÒWYX7V�ä�Z�\PW/ä�ê/KNXt\^Z`V�Z[KNXtä�Q[K®ê�IAQ[W/ä�ä�KNX7V�äZIAV�Z[ä C`IAZ`V�W/ä�å�KNMPO�V�KNMPV
åPO�K®ê/W/ä�ä�WYMPO�� MPXIV�WYQRäFE^ä�VHGYçÒW�W/ä�V#\^Z`V x � u�wNx[�@~�� � y 	 sYy���u/yTw � x[� < b Io\PãYV�W/êYV�Z[KNX Q[K®ê�IAQ[W_\Pã/êYQ[WYXtêHTtW
MPXtW�O�ã_eTZ`XPZ`V�ZQIAQ`Z[äZIAV�Z[KNX S�Q[KNUJIAQ[W < J�IAO IAZ`Q`Q[WYMPO�ä�!-QTS IAQ=S4KNO�Z`VFTPçÒW�V�Z[WYX7V&ê/KNç#åPV�W�\PW/äRV�KNå�KNQ[K\S�Z[W/ä&\BE®XJI%e
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ç#Z[æ7MtW/ä+WYV+å�WYO�çÒWYV+\PW	êYZ`O�ê/KNXtä�êYO�Z`O�W IAM h4KNZ[ä�Z`XJI�S4W!Q[WRåPQ`Mtä+åPO�K®êHTtW!QTS W ��WYV+\PW!QTS Z`Xtê/K\TtãYO�WYXtê/W	Q`Z[ã IAM
êHTJIAX9S4WYçÒWYX7V&\PW�V�KNå�KNQ[K\S�Z[W <

�#���#��� ��$�- � 2 ; ��'	�14�-%$�- / �@6 � /14�
,$

j	KNMtä(åPO�K®ê/ã/\PKNXtäfV�KNMPVR\�S IAU�KNO�\&��QQI�\Pã_MtXPZ`V�Z[KNX×\PW/ä h#IAO�ZQIAUPQ[W/äfQ[K®ê�IAQ[W/ä(MPV�Z`Q`Z[ä�ã/W/äfåJIAORêHTJINæ7MtW
åPO�K®ê/W/ä�ä�WYMPO < j	KNMtä&OZIAåPå�WYQ[KNXtä�WYXtä�MPZ`V�W�Q[W�çÒK®\9GYQ[W#\PWdC�KNXtêYV�Z[KNXPXtWYçÒWYX7V�\PW�QTS WYX3h®Z`O�KNXPXtWYçÒWYX7V�\PW
QTS IAQ=S4KNO�Z`VFTPçÒW < c TJINæ7MtWhåPO�K®ê/W/ä�ä�WYMPO

pi
\^Z[ä�å�K�ä�W�\PW�\PWYMB^�ê/KNXtä�VZIAX7V�W/ä �¢ä�KNX�Z[\PWYX7V�Z`V�ã-!AMPXPZ[æ7MtWhåJIAO�ç#Z

Q[W/äÒåPO�K®ê/W/ä�ä�WYMPO�ä�WYV�æ7MtW_QTS KNX Z[\PWYX7V�ZDM-WYOZI �
i
!hWYVÒQTS WYXtä�WYç�UPQ[Wo\PWÄä�W/ä h4KNZ[ä�Z`Xtä�!:XtKNV�ã

V oisinsi
<

d�KNMPV�W/äRQ[W/äfZ[\PWYX7V�Z`V�ã/ä	\^M_O�ã/ä�W�IAM C�KNO�çÒWYX7V!MPX_Z`X7V�WYOFh#IAQ`Q[W>MtXPZ�\PW
IN

!^XtKNV�ã
INf
< J�IAO	ê/KNXtä�ã/æ7MtWYX7V�!

Q[W	\^ZQIAç4GYV�O�W�\^M�O�ã/ä�W�IAM�W/ä�V(ê/KNXPX7M < a&W!åPQ`Mtä�!®êHTJINæ7MtW	åPO�K®ê/W/ä�ä�WYMPO
pi
\^Z[ä�å�K�ä�W	\�S IAMPV�O�W/ä h#IAO�ZQIAUPQ[W/ä

\^Z=h®Z[ä�ã/W/äRWYX×\PWYMB^ S�O�KNMPå�W/ä <
;#< b W/ä h#IAO�ZQIAUPQ[W/äRO�WYQQIAV�Z=h4W/ä���QQI]h4ãYO�ZDM-ê�IAV�Z[KNX]\PW&QQI#ê/K\TtãYO�WYXtê/W�\PW�QTS IAO�UPO�W �
� rooti

h#IAO�ZQIAUPQ[W�\Pã/ä�Z=S�XJIAX7VLQTS Z[\PWYX7V�Z`V�ã�\PWhQQI(OZINêYZ`XtW�\PW:QTS IAO�UPO�W < e:Q`Q[W�W/ä�V � h#IAQ[WYMPOL\YIAXtä
INf
<

� disti
h#IAO�ZQIAUPQ[W�çÒW/ä�MPOZIAX7V!QQI#\^Z[ä�VZIAXtê/W�\PW

i
��QQI�OZINêYZ`XtW < e:Q`Q[W�W/ä�V �]h#IAQ[WYMPO!\YIAXtä

INf
<

� pari
h#IAO�ZQIAUPQ[W�\Pã/ä�Z=S�XJIAX7V&Q[W�å+GYO�W�\^M×åPO�K®ê/W/ä�ä�WYMPO

pi
\YIAXtä!QTS IAO�UPO�W < K7Z

pi
W/ä�V!QQIÒOZINêYZ`XtW-!

IAQ[KNO�ä
pari

W/ä�V+ã S3IAQ[W��
i
< K7Z`XtKNX !

pari
\PKNZ`V �YV�O�WRMPX�\PW/ä h4KNZ[ä�Z`Xtä < e:X�ê/KNXtä�ã/æ7MtWYXtê/W-!

pariW/ä�V � h#IAQ[WYMPOR\YIAXtä
V oisinsi ∪ {i}

<

ë < b W/ä h#IAO�ZQIAUPQ[W/äRO�WYQQIAV�Z=h4W/ä���QQI�\PWYç IAXt\PW�\PW�OZIAV�VZINêHTtWYçÒWYX7V ��MPXRIAO�UPO�W �
� reqi

h#IAO�ZQIAUPQ[W�ê/KNX7V�WYXJIAX7V&QTS Z[\PWYX7V�Z`V�ã�\PW�QTS Z`XPZ`V�ZQIAV�WYMPO&\PW�QQI#O�W/æ7M��YV�W�WYXoê/KNMPO�ä	\PW�V�OZIAZ`V�W_e
çÒWYX7V�ä�MPO

i
��WYQ`Q[W#åPO�WYXt\Ôä�W/ä h#IAQ[WYMPO�ä�\YIAXtä

INf ∪ {⊥ � K�� ⊥
W/ä�V�MPXtW h#IAQ[WYMPO�ä�å�ã/êYZQIAQ[W

IAåPå�WYQ[ã/W>h#IAQ[WYMPORZ`Xt\Pã_MtXPZ[W <
� fromi

h#IAO�ZQIAUPQ[Wfê/KNX7V�WYXJIAX7VhQTS Z[\PWYX7V�Z`V�ãR\^M�åPO�K®ê/W/ä�ä�WYMPO åJIAOhæ7MPZPW/ä�V V�OZIAXtä�ç#Z[ä�W+QQI!O�W/æ7M��YV�W
WYX×ê/KNMPO�äR\PW�V�OZIAZ`V�WYçÒWYX7V	ä�MPO

i
�tWYQ`Q[W�åPO�WYXt\Ää�W/ä h#IAQ[WYMPO�ä!\YIAXtä

V oisinsi ∪ {i,⊥}
<

� toi
h#IAO�ZQIAUPQ[W�ê/KNX7V�WYXJIAX7VÒQTS Z[\PWYX7V�Z`V�ã_\^MIåPO�K®ê/W/ä�ä�WYMPO��oæ7MPZ(W/ä�V IN\^O�W/ä�ä�ã/W�QQI×O�W/æ7M��YV�W�WYX

ê/KNMPO�äR\PW�V�OZIAZ`V�WYçÒWYX7V	ä�MPO
i
2 XtKNO�ç IAQ[WYçÒWYX7V&ê/W�\PKNZ`V �YV�O�W

pari
3��PWYQ`Q[W�åPO�WYXt\_ä�W/ä h#IAQ[WYMPO�ä

\YIAXtä
V oisinsi ∪ {i,⊥}

<
� diri

h#IAO�ZQIAUPQ[W�Z`Xt\^Z[æ7MJIAX7V�QTS ãYVZIAV�\PW�QQIÒO�W/æ7M��YV�W-!�WYXgIAV�V�WYX7V�W#\�S �YV�O�W INê/æ7MPZ`V�V�ã/W 2
ask

3RKNM
INê/æ7MPZ`V�V�ã/W 2

grant
3��tWYQ`Q[W&åPO�WYXt\Ää�W/ä h#IAQ[WYMPO�äR\YIAXtä

{ask, grant,⊥}
<

b W/ä h#IAO�ZQIAUPQ[W/ä�\PWfêHTJINæ7MtWRåPO�K®ê/W/ä�ä�WYMPO:XtWRä�KNX7VhçÒK®\^ZDM�IAUPQ[W/ä�æ7MtWfåJIAO:QTS W_^Pã/êYMPV�Z[KNX�\�S MPXtWfOHG S�Q[W
\PW&ê/W!åPO�K®ê/W/ä�ä�WYMPO < d�KNMPV�W&OHG S�Q[W	Z`Xtä�VZIAXtêYZ[ã/W 2 Z < W < !^\PKNX7V(Q[W/ä(åJIAOZIAç4GYV�O�W/äRKNX7V(MPXtW h#IAQ[WYMPOf\PKNXPXtã/W 3
\PKNX7VLQQIfåPO�ã/ê/KNXt\^Z`V�Z[KNX�W/ä�V"h4ãYO�ZDM-ã/W�W/ä�VL\^Z`V�W w�r4r'x v�u�w � x[� < b!X IAåPå�WYQ`Q[WYOZI r � qYy � u ���
	 vzyzv ���Ò\�S MPXtWhOHG S�Q[W
Z`Xtä�VZIAXtêYZ[ã/W�QQIÒê/KNXt\^Z`V�Z[KNX]Z`Xt\^MPZ`V�W�åJIAO	QTS ãYVZIAV&\PW/ä h#IAO�ZQIAUPQ[W/ä	çÒK®\^ZDM-ã/W/ä	åJIAO	QTS INêYV�Z[KNX \PW�QQIÒOHG S�Q[W <
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d�KNMPV�W	OHG S�Q[WRZ`Xtä�VZIAXtêYZ[ã/W&\PKNX7V+QQI�åPO�ã/ê/KNXt\^Z`V�Z[KNX_W/ä�V h4ãYO�ZDM-ã/W	WYV(\PKNX7V+QQI�å�K�ä�V e�ê/KNXt\^Z`V�Z[KNX�X�S W/ä�V�åJINä
h4ãYO�ZDM-ã/W+W/ä�V�\^Z`V�W � � s�u � yTw � x[� <#b S W_^Pã/êYMPV�Z[KNX#\�S MPXtWhOHG S�Q[W�W/ä�V�IAV�KNç#Z[æ7MtW < e:X�ê/KNXtä�ã/æ7MtWYXtê/W-!¢MPXtW�W_^Pã_e
êYMPV�Z[KNX�\PW+QTS IAQ=S4KNO�Z`VFTPçÒW!W/ä�V MPXtWfä�ã/æ7MtWYXtê/W(ç I%^^Z`ç IAQ[W MtXPZ[WfKNM#Z`XBMtXPZ[W

σ = s0a0s1a1 . . . snan . . .
K��

sn
W/ä�VfMPX×ãYVZIAV!\PW�QTS IAQ=S4KNO�Z`VFTPçÒW-!

an
W/ä�VRMPXtW�OHG S�Q[W�Z`Xtä�VZIAXtêYZ[ã/W�W_^Pã/êYMPVZIAUPQ[W�\YIAXtä

sn
WYV

sn+1QTS ãYVZIAV&O�ã/ä�MPQ`VZIAX7V�\PW�QTS W_^Pã/êYMPV�Z[KNX \PW
an
<�b I h#IAQ[WYMPO&\�S MPXtW]h#IAO�ZQIAUPQ[W

v
\YIAXtä&QTS ãYVZIAV

sn
W/ä�V	XtKNV�ã/W

vn <
d�KNMPV�W�ä�ã/æ7MtWYXtê/W&\�S W_^Pã/êYMPV�Z[KNX×\PKNZ`V(O�W/ä�å�W/êYV�WYOfQQI�ê/KNX7V�OZIAZ`X7V�W�\�S ã/æ7MPZ`V�ã �^ä�Z�MPXtW	OHG S�Q[W&Z`Xtä�VZIAXBe

êYZ[ã/W I×äZIÄåPO�ã/ê/KNXt\^Z`V�Z[KNXEZ`XBMtXPZ`çÒWYX7VÒä�KNM9h4WYX7V h4ãYO�ZDM-ã/W�\YIAXtä�Q[W/ä�ãYVZIAV�ä�\PW�QTS W_^Pã/êYMPV�Z[KNX IAQ[KNO�ä�äZI
å�K�ä�V e�ê/KNXt\^Z`V�Z[KNXIW/ä�V IAMtä�ä�ZhZ`XBMtXPZ`çÒWYX7V#ä�KNM9h4WYX7V]h4ãYO�ZDM-ã/W < g!XtW�ä�ã/æ7MtWYXtê/W�\�S W_^Pã/êYMPV�Z[KNXEä�WÒ\^Z=h®Z[ä�W
WYXoO�KNXt\PW/ä&ä�Mtê/ê/W/ä�ä�Z=h4W/ä�!-êHTJINæ7MtW�O�KNXt\PW�ãYVZIAX7V&MPXtW�ä�KNMtä e�ä�MPZ`V�W�\PW�QQI�ä�MPZ`V�W�\PW/ä

an
\Pã_MtXPZ[W�\PW�QQI

C`I�)/KNX×ä�MPZ=h#IAX7V�W �
� b IÄåPO�WYç#ZPGYO�W�O�KNXt\PW�\PãYUPMPV�W�åJIAO�QTS ãYVZIAV s0

<"b I
n + 1ème O�KNXt\PW�\PãYUPMPV�W�åJIAO�QTS ãYVZIAV�æ7MPZ

V�WYO�ç#Z`XtW�QQI
nème O�KNXt\PW <

� b I	ä�MPZ`V�W+\�S INêYV�Z[KNXtähæ7MPZ^W/ä�V ê/KNX7V�WYX7MtWR\YIAXtäLMPXtW+O�KNXt\PW(W/ä�V QQIRåPQ`MtäLå�WYV�Z`V�W(ä�MPZ`V�W(\PãYç IAO�OZIAX7V
\YIAXtäÒQTS ãYVZIAV�\PWÄ\PãYUPMPV�\PW_QQI O�KNXt\PW_V�WYQ`Q[W×æ7MtWÄä�Z

I0
\Pã/ä�Z=S�XtWÄQTS WYXtä�WYç�UPQ[W×\PW/ä�ä�Z`V�W/ä�æ7MPZ

X�S W_^Pã/êYMPV�WYO�KNX7V�åPQ`Mtä�\�S INêYV�Z[KNX � åJIAO�V�Z`O�\PW×ê/WYV�ãYVZIAV�WYV
I1
Q[W×ä�KNMtä e�WYXtä�WYç�UPQ[Wo\PW/ä�ä�Z`V�W/ä

X�S IAåPåJIAO�V�WYXJIAX7V!åJINä �
I0
WYV(X�S I�E3IAX7VRåJINäfW_^Pã/êYMPV�ã&\�S INêYV�Z[KNXtäR\YIAXtäfê/WYV�V�W�ä�MPZ`V�W>IAQ[KNO�ä(å�KNMPO

V�KNMPV!ä�Z`V�W�\PW
I1
IAMtêYMPXtWdINêYV�Z[KNXo\�S MPXÄV�WYQ�ä�Z`V�W�X�S ãYVZIAZ`VRå�K�ä�ä�Z`UPQ[W�\YIAXtä IAMtêYMPX×\PW/ä!ãYVZIAV�ä!K��

QTS MPXtW�\PW/äXINêYV�Z[KNXtä!\PW�ê/WYV�V�W�ä�MPZ`V�W?I�ãYV�ã�W_^Pã/êYMPV�ã/W <
k�Q�W/ä�VRO�WYQQIAV�Z=h4WYçÒWYX7V	Z`ç#çÒã/\^ZQIAV	\PW>h4ãYO�ZDM-WYO!æ7MtW�QQI�XtKNV�Z[KNX×\PW�O�KNXt\PW�W/ä�VRUPZ[WYX×\Pã_MtXPZ[W <Jb S Z`X7V�ãYO �YV
\PW&ê/WYQ`Q[W_e�êYZ�W/ä�V(\PW!çÒW/ä�MPO�WYO(QQI�ê/KNç#åPQ[W_^^Z`V�ã�WYX�WYX3h®Z`O�KNXPXtWYçÒWYX7V INäFE®XtêHTPO�KNXtW ��QTS IAZ[\PW&\^M�XtKNç�UPO�W
ç I%^^Z`ç IAQ�\PW�O�KNXt\PW/ä!\�S MPXtW�W_^Pã/êYMPV�Z[KNX <

�#���#��� � 
�����8 ) '	�>67$ )��>) '*),=�


b S IAO�UPO�W×ê/KNM9h®OZIAX7V�W/ä�VÒ\Pã_MtXPZRåJIAOÒMPXtW�MPXPZ[æ7MtW h#IAO�ZQIAUPQ[W
pari

å�KNMPOÒV�KNMtä#Q[W/ä#åPO�K®ê/W/ä�ä�WYMPO�ä

pi
\^MÞäFE^ä�VHGYçÒW < j	KNMtä IAåPå�WYQ`Q[WYO�KNXtä�\YIAXtä�QQIÄä�MPZ`V�W

pari
!
rooti

WYV
disti

!�Q[W/ä �AwN�@v�w � x[��q 	 � wN� � ���
åPMPZ[ä�æ7M�S WYQ`Q[W/äRå�WYO�çÒWYV�V�WYX7V	\PW h4ãYO�ZDM-WYO!QQI�ê/K\TtãYO�WYXtê/W�\PW�QTS IAO�UPO�W>S�O
�Nê/WdIAMB^�åPO�ã/\^Z[ê�IAV�ä!ä�MPZ=h#IAX7V�ä �
Root(i) ≡ rooti = i ∧ disti = 0

Child(i, j) ≡ rooti = rootj > i ∧ pari = j ∈ Neighi ∧ disti = distj + 1

Tree(i) ≡ root(i) ∨ ∃j : Child(i, j)

Lmax(i) ≡ ∀j ∈ Neighi : rootp ≥ rootj

Sat(i) ≡ Tree(i) ∧ Lmax(i)

JLKNMPO+ä�W(OZIAV�VZINêHTtWYO �	MPX IAO�UPO�W-!�MPX#åPO�K®ê/W/ä�ä�WYMPO�WYX3h4KNZ[WfMPXtWfO�W/æ7M��YV�W �	MPX4h4KNZ[ä�Z`XÒWYXÒMPV�Z`Q`Z[äZIAX7V
Q[W/ädIAMPV�O�W/ä?h#IAO�ZQIAUPQ[W/ä�!�æ7MtW#XtKNMtädIAåPå�WYQ[KNXtä�\YIAXtä�QQI�ä�MPZ`V�W �AwN�@v�w � x[��q 	 �#��� 
 � �Yy�� < c+W/ä>h#IAO�ZQIAUPQ[W/ä
å�WYO�çÒWYV�V�WYX7V	\PW�\Pã_MtXPZ`ORQ[W/äRê/KNXt\^Z`V�Z[KNXtä	\PW&OZIAV�VZINêHTtWYçÒWYX7V&ä�MPZ=h#IAX7V�W/ä �
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Idle(i) ≡ reqi = fromi = toi = diri = ⊥

Asks(i, j) ≡ ((root(i) ∧ reqi = i) ∨ Child(i, j)) ∧ toi = j ∧ diri = ask

Forw(i, j) ≡ reqi = reqj ∧ fromi = j ∧ toj = i ∧ toi = pari

Grant(i, j) ≡ Forw(i, j) ∧ diri = grant

g!XtW�\PW/ä�êYO�Z`åPV�Z[KNX�C�KNO�çÒWYQ`Q[W�\PWÒQTS IAQ=S4KNO�Z`VFTPçÒW�W/ä�V�\PKNXPXtã�å�KNMPO�Q[W#çÒK®\9GYQ[W �ÄãYVZIAV 	 O�W�IN\0e IAQ`Q �2 n!Q=S4KNO�Z`VFTPçÒW O 3 < JLKNMPO INä�ä�MPO�WYO QTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX�\YIAXtä:QQI	ê/KNXtä�V�O�MtêYV�Z[KNX�\PW(QTS IAO�UPO�Wfê/KNM9h®OZIAX7V�!
V�KNMtäLQ[W/äLåPO�K®ê/W/ä�ä�WYMPO�ä \PKNZ=h4WYX7V h4ãYO�ZDM-WYO QQI!ê/KNXt\^Z`V�Z[KNX#Q[K®ê�IAQ[W+\Pã_MtXPZ[W+åJIAO�!

∀i : Sat(i)
< g!X�åPO�ã/\^Z[ê�IAV

Sat(i)
� �/w ���_Z`Xt\^MPZ`VRQTS Z`Xtê/K\TtãYO�WYXtê/W�\^M h4KNZ[ä�Z`XJI�S4W�\^M_åPO�K®ê/W/ä�ä�WYMPO pi

!Pæ7MPZ�\Pã/êYQ[WYXtêHTtW]IAQ[KNO�äfMPXtW
O�ã_eTZ`XPZ`V�ZQIAQ`Z[äZIAV�Z[KNX S�Q[KNUJIAQ[W!\^M�äFE^ä�VHGYçÒW < JLKNMPO(ê/WYQQI !�Q[WfåPO�K®ê/W/ä�ä�WYMPO

pi
ä�WR\Pã/ê/KNXPXtW/êYV�W	WYX�\PW h4WYXJIAX7V

OZINêYZ`XtW�\PW#QTS IAO�UPO�W�O�ã/\^MPZ`V �_Q`MPZDeTç �YçÒW 2 Z < W < !8INêYV�Z[KNXÞ\PW#QQI�OHG S�Q[W �
i
3&WYV�êHTtWYO�êHTtW �]A�KNZ`Xt\^O�WÒMPX

IAMPV�O�W IAO�UPO�Wf\^M�O�ã/ä�W�IAM �	V�OZI�h4WYO�ä:QTS MPX#\PW(ä�W/ä�h4KNZ[ä�Z`Xtä < JLKNMPO�ê/WYQQI !AZ`QPêHTtKNZ[ä�Z`V:Q[W h4KNZ[ä�Z`X
pj
OZIAV�VZINêHTtã

�_QTS IAO�UPO�W�\PKNX7V�QTS Z[\PWYX7V�Z`V�ã�\PW�QQI_OZINêYZ`XtW�W/ä�V�QQIÄåPQ`MtädS�OZIAXt\PW <8b W�OZIAV�VZINêHTtWYçÒWYX7VÒä�W�\PãYO�KNMPQ[W�WYX
\PWYMB^EãYVZIAå�W/ä < d�KNMPV�\�S IAU�KNO�\(!

pi
C�KNO�ç�MPQ[WÄäZIo\PWYç IAXt\PWÄ\PW�OZIAV�VZINêHTtWYçÒWYX7V 2 Z < W < ! INêYV�Z[KNX \PW�QQI

OHG S�Q[W �
i
3 < e:Xtä�MPZ`V�W-!tZ`QLä�W�OZIAV�VZINêHTtW �#QTS IAO�UPO�W�\9G/ä!Q[KNO�ä!æ7M�S Z`Q�O�W )/KNZ`V	QTS INê/ê/KNO�\×\PW

pj

2 Z < W < !�INêYV�Z[KNX
\PW	QQI�OHG S�Q[W �

i
3 <Bb W/ä(æ7MJIAV�O�W/ä INêYV�Z[KNXtä(O�W/ä�VZIAX7V�W/ä 2 Z < W < !®Q[W/ä INêYV�Z[KNXtäf\PW/ä+OHG S�Q[W/ä �

i
! �

i
! �

i
WYV �

i
3

\Pã/êYO�Z=h4WYX7V�Q[W(çÒã/ê�IAXPZ[ä�çÒW!\PW(V�OZIAXtä�ç#Z[ä�ä�Z[KNX�\PW/ä O�W/æ7M��YV�W/ä�\PW(OZIAV�VZINêHTtWYçÒWYX7V+Z`XPZ`V�Z[ã/W/ähMPXPZ[æ7MtWYçÒWYX7V
åJIAO!\PW/äfåPO�K®ê/W/ä�ä�WYMPO�ä

pi
\PKNX7V!Q[W h4KNZ[ä�Z`XJI�S4W�W/ä�VRê/K\TtãYO�WYX7V 2 Z < W < !

Sat(i)
W/ä�V h®OZIAZ 3 <

� l !J�J�\$Q� 08/21 � >!x 
 � �@vzy��7~���>����×r ��� ��x`w�u ��� qYyz� � u/yzv ��� 	 � ��� wN� � ����u ��� �8��w � y
�

iJ:O�ã/ê/KNXt\^Z`V�Z[KNX �
¬Tree(i)nfêYV�Z[KNX �

rooti = pari = i; disti = 0; reqi = fromi = toi = diri = ⊥;

�
iJ:O�ã/ê/KNXt\^Z`V�Z[KNX �

Tree(i) ∧ ¬Lmax(i)
nfêYV�Z[KNX �-c TtKNZ[ä�Z`O

j ∈ V oisinsi
\PKNX7VRQQI�OZINêYZ`XtW

rootj
W/ä�Vfç I%^^Z`ç IAQ[W

reqi = i; fromi = i; toi = j; diri = ask;

�
iJ:O�ã/ê/KNXt\^Z`V�Z[KNX �

Tree(i) ∧ ¬Lmax(i) ∧ Grant(toi, i)nfêYV�Z[KNX �
rooti = rootj; pari = j; disti = distj + 1; reqi = fromi = toi = diri = ⊥;

�
iJ:O�ã/ê/KNXt\^Z`V�Z[KNX �

Sat(i) ∧ ¬∃j : Forw(i, j) ∧ ¬Idle(i)nfêYV�Z[KNX �
reqi = fromi = toi = diri = ⊥;

�
iJ:O�ã/ê/KNXt\^Z`V�Z[KNX �

Sat(i) ∧ Idle(i) ∧ Asks(j, i)nfêYV�Z[KNX �
reqi = reqj; fromi = j; toi = pari; diri = ask;
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�
iJ:O�ã/ê/KNXt\^Z`V�Z[KNX �

Sat(i) ∧ Root(i) ∧ Forw(i, j) ∧ diri = ask
nfêYV�Z[KNX �

diri = grant;

�
iJ:O�W/ê/KNX �

Sat(i) ∧ Grants(pari, i) ∧ diri = ask
nfêYV�Z[KNX �

diri = grant;

# �

����� � ����� �	� � � �	� �	� � ��� ����
 �	���	
 ��� � ���	
 ��

����������� ���,��� � 
 ��
 �
� ��� � 
 ���	�

a>IAXtä�ê/WYV�V�Whä�W/êYV�Z[KNX !8XtKNMtä�XtKNMtä�Z`X7V�ãYO�W/ä�ä�KNXtä �(QQI(V�OZIAXtä C�KNO�ç IAV�Z[KNX�\PW:QTS IAQ=S4KNO�Z`VFTPçÒW�åPO�ã/ê/ã/\PWYX7V
WYXÔMPX�IAQ=S4KNO�Z`VFTPçÒW�ê/KNXBMtXJIAX7V�Q[W/ä C`IAMPV�W/ä�\PWÒê/KNXtä�V�O�MtêYV�Z[KNXÞ\�S IAO�UPO�WÒê/KNM9h®OZIAX7V < j	KNMtä�åPO�ã/êYZ[ä�KNXtä
MPXtW T3E®å�KNVFTYG/ä�W�Xtã/ê/W/ä�äZIAZ`O�W�å�KNMPO �×QQI×ç#Z[ä�W�WYXIåPQQINê/W_\PW�QTS IAQ=S4KNO�Z`VFTPçÒW �LMPXIåPO�K®ê/W/ä�ä�WYMPO#\PKNZ`V
å�KNM9h4KNZ`O�Q`Z`O�W!Q[W/ä h#IAO�ZQIAUPQ[W/ä 	 ��q � � v�q@v � q 	 �Rq8��qhr'� � r'����q � � v�q@v � q < n!Z`Xtä�Z,!4Q[W/ä h#IAO�ZQIAUPQ[W/ä+\PW/ä h4KNZ[ä�Z`Xtä
\�S MPXEåPO�K®ê/W/ä�ä�WYMPO#WYV#ê/WYQ`Q[W/ä#\PW/ä h4KNZ[ä�Z`Xtä#\PW_ä�W/ä�åPO�KNåPO�W/ä h4KNZ[ä�Z`Xtä�å�WYM9h4WYX7V IAåPåJIAOZI-,[V�O�WÄ\YIAXtä�QQI
S3IAO�\PW \�S MPXtW \PW ä�W/ä�OHG S�Q[W/ä < n åJIAO�V�Z`OÄ\PW/ä_\^Z ��ãYO�WYX7V�W/ä h#IAO�ZQIAUPQ[W/ä_\�S MPX åPO�K®ê/W/ä�ä�WYMPO

pi
!+XtKNMtä

Z`X7V�O�K®\^MPZ[ä�KNXtäRQ[W/ä IAUPO�ã h®ZQIAV�Z[KNXtä!ä�MPZ=h#IAX7V�W/ä�!PMPV�Z`Q[W/äR\YIAXtäRQQI�ä�MPZ`V�W �
� b S WYXtä�WYç�UPQ[W�\PW/äRä�Z`V�W/äRæ7MPZ�KNX7VRQ[W&åPO�K®ê/W/ä�ä�WYMPO pi

å�KNMPOfå+GYO�W �
� $ l&, �F$ �

≡ {k | k ∈ V oisinsi ∧ park = i}

� b I#ê/K\TtãYO�WYXtê/W�Q[K®ê�IAQ[W�\PW�QQI�ä�V�O�MtêYV�MPO�W�\�S IAO�UPO�W�\PW pi� ��131 �F$ �
≡ (rooti = i ∧ disti = 0 ∧ pari = i) ∨

(pari 6= i ∧ rooti = rootpari
> i ∧ disti = distpari

+ 1)

� b W�åPO�KNåPO�Z[ãYVZIAZ`O�W�\PW�QQI#åPQ`Mtä S�OZIAXt\PW�OZINêYZ`XtW�åJIAO�ç#Z pi
WYV&ä�W/ä h4KNZ[ä�Z`Xtä 2 WYX]ê�INä	\�S ã S3IAQ`Z`V�ã-!

i
\�S IAU�KNO�\_åPMPZ[äfQ[W/ä h4KNZ[ä�Z`XtäRV�O�Z[ã/äfåJIAO!KNO�\^O�W�êYO�KNZ[ä�äZIAX7V!\PW/äfZ[\PWYX7V�Z`V�ã/ä 3
��� �"�\/27�� �F$ �

≡ i
ä�Z

∀k ∈ V oisinsi rooti ≥ rootk	 Q[W&åPQ`MtäRå�WYV�Z`V
j ∈ V oisinsi � ∀k ∈ V oisinsi

!
rootj ≥ rootk

� ä�Z`XtKNX
� b I#ê/K\TtãYO�WYXtê/W�\PW h4KNZ[ä�Z`XJI�S4W�\PW�QQI�ä�V�O�MtêYV�MPO�W�\�S IAO�UPO�W�\PW pi(�7B� �F$ �

≡ Tree(i) ∧ ownrmax(i) = i

� b S IAUtä�WYXtê/W�\PW�V�OZIAZ`V�WYçÒWYX7V	\PW�O�W/æ7M��YV�W�WYXÄê/KNMPO�ä!ä�MPO i� ��l&1 �F$ �
≡ reqi = ⊥ ∧ fromi = ⊥ ∧ toi = ⊥ ∧ diri = ⊥

� b I�O�W/æ7M��YV�W�\PW&OZIAV�VZINêHTtWYçÒWYX7V�\PW pi
IN\^O�W/ä�ä�ã/W �

pj� ,���, �F$ � � �
≡ j ∈ V oisinsi ∧ reqi = i ∧ fromi = i ∧ toi = j ∧

diri = ask ∧ Sat(j) ∧ rooti = i < rootj ∧ pari = j ∧

∀k ∈ Filsi, rootk = rootj ⇒ distk = distj + 2
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� b I�V�OZIAXtä�ç#Z[ä�ä�Z[KNX×\�S MPXtW�O�W/æ7M��YV�W�XtKNXÄWYXtê/KNO�W]INê/æ7MPZ`V�V�ã/W�\PW pi
h4WYO�ä

pj
���J� �]79���8, � 7 �F$ � � � ≡ j ∈ V oisinsi ∪ {i} ∧ toi = j ∧ pari = j ∧ diri = ask ∧ Sat(i)∧

fromi 6= i ∧ reqi 6= i ∧ reqi 6= ⊥ ∧ reqi = reqfromi
∧

∀k ∈ Filsi, (rootk = rooti ⇒ distk = disti + 1)

� b I�V�OZIAXtä�ç#Z[ä�ä�Z[KNX×\�S MPXtW�O�W/æ7M��YV�WdINê/æ7MPZ`V�V�ã/W�\PW pi
h4WYO�ä

pj
���J� �]79���8, � �F$ � � �

≡ j ∈ V oisinsi ∪ {i} ∧ toi = j ∧ pari = j ∧ diri = grant ∧

Sat(i) ∧ fromi 6= i ∧ reqi 6= i ∧ reqi 6= ⊥ ∧ reqi = reqfromi
∧

∀k ∈ Filsi, rootk = rooti ⇒ distk = disti + 1

� b I#ê/K\TtãYO�WYXtê/W�\PW/ä h#IAO�ZQIAUPQ[W/äR\PW�O�W/æ7M��YV�W�ä�MPO i
� !J! �J����13!#� �F$ �

≡ Idle(i) ∨ ∃j| ForwardsNa(i, j) ∨

(∃j| ForwardsA(i, j) ∧ dirfromi
= ask)

� b S INê/æ7MPZ`V�V�WYçÒWYX7V&\�S MPXtW�O�W/æ7M��YV�W>h4WYXJIAX7V	\PW pj
åJIAO

pi
� ��7Y����, �F$ � � �

≡ fromi = j ∧ diri = grant

�#���#��� � $�-C&�8 ),;1'*)�� � )��1+ ��8 67$�
�
,$

b S KNUBA�W/êYV�ZDC!\PW#QTS IAQ=S4KNO�Z`VFTPçÒW�O�W/êHTtWYO�êHTtã�W/ä�V�QQI_ê/KNXtä�V�O�MtêYV�Z[KNXÞ\�S MPX IAO�UPO�WÒê/KNM9h®OZIAX7V�\PKNX7V�QQI
OZINêYZ`XtWfä�WYOZIRQ[W(ä�Z`V�W(\PW�åPQ`Mtä�S�OZIAXt\PW(Z[\PWYX7V�Z`V�ã < n"h#IAX7V:\PW(\Pã/êYO�Z`O�W+QTS IAQ=S4KNO�Z`VFTPçÒW-!�XtKNMtä Z`X7V�O�K®\^MPZ[ä�KNXtä
\PW/ä�\Pã_MtXPZ`V�Z[KNXtä�ê�IAOZINêYV�ãYO�Z[äZIAX7V�Q[W/ä�ê/KNç#å�KNO�V�WYçÒWYX7V�ä]IAV�V�WYXt\^Mtä�\�S MPX V�WYQ IAQ=S4KNO�Z`VFTPçÒW < J:O�ã/êYZ[ä�KNXtä
V�KNMPV�\�S IAU�KNO�\(!�æ7MtW�å�KNMPO	V�KNMPV&åPO�K®ê/W/ä�ä�WYMPO

pi
!-QQI4h#IAO�ZQIAUPQ[W/ä

pari
ê/KNXtä�V�Z`V�MtW�QQI�åJIAO�V�Z[W�åPO�Z`ç IAZ`O�W

\PW�ä�KNX ãYVZIAV�!�IAQ[KNO�ä�æ7MtW�Q[W/ä h#IAO�ZQIAUPQ[W/ä
rooti

!
disti

WYV&Q[W/ä h#IAO�ZQIAUPQ[W/ä�\PW�O�W/æ7M��YV�W�ê/KNXtä�V�Z`V�MtWYX7V�QQI
åJIAO�V�Z[W(ä�W/ê/KNXt\YIAZ`O�Wf\PW+ä�KNX#ãYVZIAV < a�S IAåPOHG/äLQQI	\Pã_MtXPZ`V�Z[KNX�ë < O è !AXtKNMtäLZ`X7V�O�K®\^MPZ[ä�KNXtä QQI!XtKNV�Z[KNX#\�S ãYVZIAV
ä�Z`ç#åPQ[WYçÒWYX7V	ê/KNO�O�W/êYV	WYVR\�S ãYVZIAV!ê/KNO�O�W/êYV <

 5 # �8$Q�%$&��� : & ' � � vzy ��� wNx 
 � �@vzy��7~�� 	
��� yhx[��q �AwN�@v�w � x[��q�q ��� y 	
����� s���q�uYv � 	 ��q�q � q��

8 ' � �	� � s�u � yzv ��� w�y�y��@v � y ��� sYyTw�y ä�Z`ç#åPQ[WYçÒWYX7V�ê/KNO�O�W/êYV q@v �(rPwN�Yyzv¼� 	 �	u��Yy:sYyTw�y�x[��q �AwN�@v�w � x[��q
pari

����qYy�� � y:v � u �^w � 
7s���q��Yy 	 s ! � v�q�q8� � y ��� wN� � ����u ��� �8��w � y 	
��� y x`w���w4uYv � ����qYy x[�!q@vzy�� 	 �
r'x � q�
N��w �
	 ��v 	 � � yzvzy�s��

8 ' � �#� � s�u � yzv ��� w�y�y��@v � y ��� sYyTw�y ê/KNO�O�W/êYV q@v+u��Yy	sYyTw�yR��qYy�q@v¼~!r'x[�@~�� � yfu � �@����u/y � ∀i Idle(i)
��qYy
�Ns@�@v !(s�� disti

u � �@����qTr ���
	 �	x`w 	 v�qYyTw � u��R� �	��u/yzv��N� �	x`w	��w4uYv � �����Yy rooti ��qYy4r � q@vzyzv ����� s���Òx � v 	 � � yzvzy�s 	 ��x`w���w4uYv � ���

a&W#åPQ`Mtä�!�MPXtWÒW_^Pã/êYMPV�Z[KNX IAV�V�WYZ`X7V�MPX ãYVZIAV qYyTw � x[� ä�Z�WYV�ä�WYMPQ[WYçÒWYX7V�ä�Z:QTS W_^Pã/êYMPV�Z[KNXÞW/ä�V>MtXPZ[W
WYV	ê/WYV	ãYVZIAV	W/ä�VRQ[W�\PWYO�XPZ[WYO	ãYVZIAV&\PW�QTS W_^Pã/êYMPV�Z[KNX < n¡ê/W�V�Z`V�O�W-!tMPX IAQ=S4KNO�Z`VFTPçÒW�\PKNX7V	Q[W/ä h#IAO�ZQIAUPQ[W/ä
ä�KNX7V�\PKNXPXtã/W/ä&êYZDe�\PW/ä�ä�Mtä&W/ä�V>IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä�Z WYV&ä�WYMPQ[WYçÒWYX7V�ä�Z�V�KNMPV�W�W_^Pã/êYMPV�Z[KNX W/ä�VXMtXPZ[W�WYV
ä�KNXÄ\PWYO�XPZ[WYO	ãYVZIAV!W/ä�VRê/KNO�O�W/êYV <

 5 # �8$Q�%$&��� : & i � � vzy ��� wNx 
 � �@vzy��7~�� 	
��� yhx[��q �AwN�@v�w � x[��q�q ��� y 	
����� s���q�uYv � 	 ��q�q � q��

8 ' � sYyTw�y � C`IAMPV�W�MPXPZ[æ7MtW ��qYy ��� sYyTw�y(v�q�q � 	 � ��� sYyTw�yfu � �@����u/y rPwN� ��� u �^w � 
7�@~�� � y�
 � �@x �
u ��� 
 � � 	 ��q �AwN�@v�w � x[��q 	 � ��� ��� v 
 � ��q@vzy����
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8 ��� wNx 
 � �@vzy��7~�� 6 x, y ��~Òw��zyz�@v�q8�+7�x[��q+�/w � y���q ��� v 
 � ��q�q@v��Yy&q8� � x[�@~�� � y�q@v&y ��� y��o� � s�u � yzv ���
v�q�q � � 	 � ��� sYyTw�y � �/w � y�� ��� v 
 � �Ä~ ��	 v !(�_x`w �AwN�@v�w � x[� pari

	 � w � r'x � q ��� ��� v 
 � ��q@vzy����
w�y�y��@v � y ��� sYyTw�y�q@v¼~!r'x[�@~�� � y�u � �@����u/y w�r'��}�q!w � r'x � q x � � s�u � yzv ��� q 	 �(��} 
Nx[��q�� �Yy�q8�fy��@�@~�v � �
w�r'��}�q�w � r'x � q y � � s�u � yzv ��� q 	 ����} 
Nx[��q 	 w � q ��� sYyTw�y(u � �@����u/y �

j	KNMtä I�h4KNXtä�ê/KNX')YM�MPX IAQ=S4KNO�Z`VFTPçÒW 	
1, θ(n)

eTç I-,[V�O�Z[ä�W � æ7MtWfXtKNMtäh\Pã/êYO�Z=h4KNXtähZ`XBC�KNO�çÒWYQ`Q[WYçÒWYX7V
��V�OZI�h4WYO�ä!Q[W/äR\^Z ��ãYO�WYX7V�W/äROHG S�Q[W/ä IAåPåPQ`Z[ê�IAUPQ[W/ä
��MPX_åPO�K®ê/W/ä�ä�WYMPO

pi
�

� �
i(j)

�4QQI�OHG S�Q[W!æ7M�S W_^Pã/êYMPV�W!Q[WRåPO�K®ê/W/ä�ä�WYMPO
pi
Q[KNO�ä�æ7M�S Z`Q'W/ä�V�Z`çÒW!æ7M�S Z`Q�W/ä�V+ä�WYMPQYC`IAMPV�ZDC !7æ7M�S Z`Q

X�S W/ä�V:åJINähOZINêYZ`XtWR\PW(QTS IAO�UPO�WRê/KNM9h®OZIAX7V+WYVhæ7MtW
pj
\PW h®OZIAZ`V �YV�O�WRä�KNX#å+GYO�W 2 ê_C < Q[WfV�OZIAZ`V�WYçÒWYX7V

\�S MPXtW C`IAMPV�W�MPXPZ[æ7MtW�\Pã/êYO�Z`V!\YIAXtäRQQI�ä�W/êYV�Z[KNX aB< ì�3 <
� �

i
� QQI×OHG S�Q[W_æ7M�S W_^Pã/êYMPV�W�Q[W�åPO�K®ê/W/ä�ä�WYMPO

pi
Q[KNO�ä�æ7M�S Z`Qf\PãYV�W/êYV�WÄæ7MtW�äZIoä�V�O�MtêYV�MPO�W_Q[K®ê�IAQ[W

\�S IAO�UPO�WRW/ä�VhZ`Xtê/K\TtãYO�WYX7V�W < a&W(åPQ`Mtä�!4ê/WYV�V�WfOHG S�Q[WRW/ä�V IAåPåPQ`Z[ê�IAUPQ[WRMPXPZ[æ7MtWYçÒWYX7V+ä�Zt\�S MPXtWfåJIAO�V
QQI_OHG S�Q[W �

i
X�S W/ä�V�åJINä IAåPåPQ`Z[ê�IAUPQ[W�WYV�ä�Z+\�S IAMPV�O�W�åJIAO�V

pi
X�S W/ä�V�Z`çÒW�åJINä�æ7MtW

pari (6= i)
W/ä�V&Q[W#ä�WYMPQ:åPO�K®ê/W/ä�ä�WYMPO C`IAMPV�ZDCf\^M]O�ã/ä�W�IAM < K®KNX�INêYV�Z[KNX ê/KNXtä�Z[ä�V�W ��ä�W�\Pã/êYQQIAO�WYO�OZINêYZ`XtWÒ\PW
QTS IAO�UPO�W�WYV���O�ã_eTZ`XPZ`V�ZQIAQ`Z[ä�WYO!Q[W/ä h#IAO�ZQIAUPQ[W/ä!\PW&O�W/æ7M��YV�W <

� �
i
�'QQI�OHG S�Q[W#æ7M�S W_^Pã/êYMPV�W�MPX åPO�K®ê/W/ä�ä�WYMPO

pi
\PKNX7V�QQI�ä�V�O�MtêYV�MPO�W#\�S IAO�UPO�WÒW/ä�V&Q[K®ê�IAQ[WYçÒWYX7V

ê/K\TtãYO�WYX7V�W WYV_æ7MPZ	V�O�KNM9h4WoMPX h4KNZ[ä�Z`X \PKNX7V�QQIÔOZINêYZ`XtW2IÔMPXtWoZ[\PWYX7V�Z`V�ã ä�MPå�ãYO�Z[WYMPO�W � äZI
åPO�KNåPO�W�OZINêYZ`XtW < JLKNMPO�æ7M�S WYQ`Q[W�ä�KNZ`V>IAåPåPQ`Z[ê�IAUPQ[W-!�Z`Q"C`IAMPV�\PW�åPQ`Mtä�æ7MtW

pi
X�S W/ä�V�Z`çÒW�åJINä&æ7MtW

ê/W h4KNZ[ä�Z`X ä�KNZ`V�Q[W#ä�WYMPQ:åPO�K®ê/W/ä�ä�WYMPO>C`IAMPV�ZDCf\^M O�ã/ä�W�IAM < k�Q:\Pã_MtXPZ`V�MPXtW�O�W/æ7M��YV�WÒWYX�IAV�V�WYX7V�W
\�S INê/æ7MPZ`V�V�WYçÒWYX7V�!t\PKNX7V(Z`Q�W/ä�V+QTS Z`XPZ`V�ZQIAV�WYMPORWYVfæ7MPZ�W/ä�V IN\^O�W/ä�ä�ã/W ��ê/WXh4KNZ[ä�Z`X < a&W!åPQ`Mtä�!®å�KNMPO
æ7MtW�ê/WYV�V�W�OHG S�Q[W�ä�KNZ`V>IAåPåPQ`Z[ê�IAUPQ[W-!�Z`Q8C`IAMPV�æ7MtW�Q[W/ä	åPO�K®ê/W/ä�ä�WYMPO�ä�\Pã/êYQQIAOZIAX7V �YV�O�W�Q[W/äXMtQ[ä�\PW
pi
å�KNMPORê/WYV�V�W�XtKNM9h4WYQ`Q[W�OZINêYZ`XtW�ä�KNZ[WYX7V���QQI�U�KNXPXtW�\^Z[ä�VZIAXtê/W <

� �
i
�^QQI�OHG S�Q[W�æ7M�S W_^Pã/êYMPV�W�Q[W&åPO�K®ê/W/ä�ä�WYMPO

pi
Q[KNO�ä�æ7MtW�äZI�O�W/æ7M��YV�W�W/ä�VXINê/æ7MPZ`V�V�ã/W <

� �
i
� QQI×OHG S�Q[W_æ7M�S W_^Pã/êYMPV�W�Q[W�åPO�K®ê/W/ä�ä�WYMPO

pi
Q[KNO�ä�æ7MtW_ä�W/ä]h#IAO�ZQIAUPQ[W/äÒ\PW�O�W/æ7M��YV�W�XtW�ê/KNO e

O�W/ä�å�KNXt\PWYX7VÄåJINä �ÞMPXtW]O�W/æ7M��YV�W WYX ê/KNMPO�äÄKNM æ7MtW ê/WYQ`Q[W_e�êYZ�W/ä�V INê/æ7MPZ`V�V�ã/W WYVÄæ7MtW ê/WYV
INê/æ7MPZ`V�V�WYçÒWYX7V I_ãYV�ã#O�ãYå�WYO�êYMPV�ã#åJIAO�ê/WYQ`MPZ�æ7MPZ I IN\^O�W/ä�ä�ã��

pi
ê/WYV�V�W#O�W/æ7M��YV�W < JLKNMPO�æ7MtW

ê/WYV�V�WROHG S�Q[WRä�KNZ`V IAåPåPQ`Z[ê�IAUPQ[W-!7Z`Q9C`IAMPV�æ7MtWfQQI�ä�V�O�MtêYV�MPO�W!\�S IAO�UPO�W!\PW h4KNZ[ä�Z`XJI�S4W!ä�KNZ`V�ê/KNO�O�W/êYV�W <
c+WYV�V�W�ê/KNXt\^Z`V�Z[KNXoä8S IAåPåPQ`Z[æ7MtWdIAMtä�ä�Z"IAMB^�OHG S�Q[W/ä!æ7MPZ�ä�MPZ=h4WYX7V <

� �
i(j)

� QQI]OHG S�Q[WÄæ7M�S W_^Pã/êYMPV�W_Q[W�åPO�K®ê/W/ä�ä�WYMPO
pi
Q[KNO�ä�æ7MtW_ä�W/ä h#IAO�ZQIAUPQ[W/ä�\PW�O�W/æ7M��YV�WÄä�KNX7V

Z`Xt\Pã_MtXPZ[W/ä�WYV�æ7M�S MPXtW_O�W/æ7M��YV�W×\�S MPX�\PW×ä�W/ä MtQ[ä�!
pj

!:Q`MPZ	W/ä�V IN\^O�W/ä�ä�ã/W < e:Q`Q[W×ê/KNXtä�Z[ä�V�W �
çÒK®\^ZDM-WYORQ[W/ä h#IAO�ZQIAUPQ[W/ä!\PW&O�W/æ7M��YV�W/ä!WYXÄê/KNXtä�ã/æ7MtWYXtê/W <

� �
i
�tQQI#OHG S�Q[W�æ7M�S W_^Pã/êYMPV�W�Q[W�åPO�K®ê/W/ä�ä�WYMPO

pi
Q[KNO�ä�æ7M�S Z`Q W/ä�VROZINêYZ`XtW�WYV	æ7MtW�ä�W/ä h#IAO�ZQIAUPQ[W/ä&\PW

O�W/æ7M��YV�WR\Pã_MtXPZ[ä�ä�WYX7V�MPXtWfO�W/æ7M��YV�W!WYX IAV�V�WYX7V�W!\�S INê/æ7MPZ`V�V�WYçÒWYX7V < e:Q`Q[WRê/KNXtä�Z[ä�V�WRä�Z`ç#åPQ[WYçÒWYX7V
��å�K�ä�Z`V�Z[KNXPXtWYO

diri
�

grant
< k�QJC`IAMPVf\PW	åPQ`Mtäfæ7MtW	Q[W/ä+åPO�K®ê/W/ä�ä�WYMPO�äfæ7MPZ�\Pã/êYQQIAO�WYX7V �YV�O�W�ä�W/ä

MtQ[äXI�h4W/ê
pi
ê/KNç#çÒW�OZINêYZ`XtW�ä�KNZ[WYX7V���U�KNXPXtW�\^Z[ä�VZIAXtê/W <
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� �
i
�®QQI�OHG S�Q[W�æ7M�S W_^Pã/êYMPV�W&Q[W	åPO�K®ê/W/ä�ä�WYMPO

pi
Q[KNO�ä�æ7MtW&ä�W/ä h#IAO�ZQIAUPQ[W/äR\PW	O�W/æ7M��YV�W�\Pã_MtXPZ[ä�ä�WYX7V

MPXtW�O�W/æ7M��YV�W#WYX2IAV�V�WYX7V�WÒ\�S INê/æ7MPZ`V�V�WYçÒWYX7V�WYV�æ7MtW�ä�KNX]å+GYO�W I INê/æ7MPZ`V�V�ã#äZIÒO�W/æ7M��YV�W < e:Q`Q[W
ê/KNXtä�Z[ä�V�W�ä�Z`ç#åPQ[WYçÒWYX7V �#å�K�ä�Z`V�Z[KNXPXtWYO

diri
�

grant
< k�Q-C`IAMPV	\PW�åPQ`Mtä	æ7MtW�Q[W/ä!åPO�K®ê/W/ä�ä�WYMPO�ä

æ7MPZ�\Pã/êYQQIAO�WYX7V �YV�O�W�ä�W/ä MtQ[äXI�h4W/ê�QQI�ç �YçÒW�OZINêYZ`XtW�æ7MtW
pi
ä�KNZ[WYX7V
��U�KNXPXtW�\^Z[ä�VZIAXtê/W <

a>IAXtäÒQQIÔä�MPZ`V�W-!:XtKNMtä�åPO�ã/êYZ[ä�KNXtä�ê/KNç#çÒWYX7V�QTS IAQ=S4KNO�Z`VFTPçÒW S GYO�WÄQQI]åPO�ã/ä�WYXtê/W×\�S MPXtWÄMPXPZ[æ7MtW
C`IAMPV�W < K7ZtQ[WfåPO�K®ê/W/ä�ä�WYMPO C`IAMPV�ZDC�W/ä�VhQQI&OZINêYZ`XtW-!0IAQ[KNO�ä:Xtã/ê/W/ä�äZIAZ`O�WYçÒWYX7V+QQI&OHG S�Q[W �

i
ä�WYOZI�W_^Pã/êYMPVZIAUPQ[W

WYV!ä�KNXÄW_^Pã/êYMPV�Z[KNX×ä�VZIAUPZ`Q`Z[ä�WYOZI�QTS IAQ=S4KNO�Z`VFTPçÒW <
K7Z&Q[WoåPO�K®ê/W/ä�ä�WYMPO C`IAMPV�ZDC�X�S W/ä�V�åJINä�QQI OZINêYZ`XtW-!(Z`Q C`IAMPV�\Pã A � O�W/ê/KNXPXJI-,[V�O�W]QQIÞä�Z`V�MJIAV�Z[KNX KNM

V�KNMPV IAM_çÒKNZ`XtäfWYX I�h4KNZ`OfMPXtW&W/ä�V�Z`ç IAV�Z[KNX h®OZIAZ[ä�WYç�UPQQIAUPQ[W <Yb S W/ä�V�Z`ç IAV�Z[KNX_O�WYå�K�ä�W&ä�MPO(Q[W	åPO�ã/\^Z[ê�IAV
Onelocalfault(i, d, j)

\PKNX7VRQ[W&åPO�WYç#Z[WYORåJIAOZIAç4GYV�O�W�W/ä�VfQ[W&åPO�K®ê/W/ä�ä�WYMPORæ7MPZ�ã h#IAQ`MtW&Q[W&åPO�ã/\^Z[ê�IAV�!
Q[W�\PWYMB^^ZPGYçÒWÒåJIAOZIAç4GYV�O�W�W/ä�V�QQI_\^Z[ä�VZIAXtê/W�ä�MPåPå�K�ä�ã/W �YV�O�W�ê/KNO�O�W/êYV�W�WYV�Q[WÒV�O�KNZ[ä�ZPGYçÒWÒåJIAOZIAç4GYV�O�W
W/ä�V+MPX h4KNZ[ä�Z`X�ä�MPåPå�K�ä�ã �YV�O�W	Q[W!å+GYO�W	WYV(\PKNXtê ��\^Z[ä�VZIAXtê/W

d− 1
< k�QYC`IAMPV(V�KNMPV(\PW&ä�MPZ`V�W!XtKNV�WYOfæ7MtW

ä�Z
Filsi

W/ä�V h®Z[\PWdIAQ[KNO�äRåPQ`Mtä�Z[WYMPO�ä	ê/KNMPåPQ[W/ä
(d, j)

ä�KNX7V!å�K�ä�ä�Z`UPQ[W/ä!WYV!ä�Z
Filsi

W/ä�VRXtKNX h®Z[\PW-!PMPXtW
ä�WYMPQ[W>h#IAQ[WYMPO

d
W/ä�Vfå�K�ä�ä�Z`UPQ[W&ç IAZ[äfåPQ`Mtä�Z[WYMPO�ä h#IAQ[WYMPO�äR\PW

j
ä�KNX7VRå�K�ä�ä�Z`UPQ[W/ä <

m IAZ`X7V�WYXJIAX7V�!®XtKNMtä�ãYX7MPçÒãYO�KNXtä+Q[W/ä�ê/KNXt\^Z`V�Z[KNXtä �&O�WYç#åPQ`Z`O�å�KNMPO+æ7MtWfQTS W/ä�V�Z`ç IAV�Z[KNX�ä�KNZ`V h®OZIAZ[W <
d�KNMtä�Q[W/ä>h4KNZ[ä�Z`Xtä�\PW

pi
\PKNZ=h4WYX7V I�h4KNZ`O�ç �YçÒWÒOZINêYZ`XtW

r
æ7MPZ�\PKNZ`V �YV�O�W�ä�V�O�Z[êYV�WYçÒWYX7V�ä�MPå�ãYO�Z[WYMPO�W

�
i
WYV�ä�MPå�ãYO�Z[WYMPO�WÒKNM ã S3IAQ[W IAMB^]Z[\PWYX7V�Z`V�ã/ä�\PW#V�KNMtä�Q[W/ä>h4KNZ[ä�Z`Xtä�\PW

pi
< d�KNMtä�Q[W/ä>h4KNZ[ä�Z`Xtä�\PW

pi\^Z ��ãYO�WYX7V�ä�\^M åPO�K®ê/W/ä�ä�WYMPO�OZINêYZ`XtW
pr
\PKNZ=h4WYX7V I�h4KNZ`O�MPX å+GYO�WÄ\^Z ��ãYO�WYX7V�\�S WYMB^0eTç �YçÒW/ä�WYVÒMPXtW

\^Z[ä�VZIAXtê/W�ä�V�O�Z[êYV�WYçÒWYX7V�å�K�ä�Z`V�Z=h4W < K7Z ê/W�å+GYO�W�W/ä�V>IAMtä�ä�Z�MPXRh4KNZ[ä�Z`X !+IAQ[KNO�ä!Q[W/ä	\^Z[ä�VZIAXtê/W/ä&WYX7V�O�W�ê/W/ä
\PWYMB^]h4KNZ[ä�Z`Xtä:\PKNZ=h4WYX7V �YV�O�Wfê/K\TtãYO�WYX7V�W/ä < K7Z

pr
C`IAZ`V åJIAO�V�Z[W(\PW/ä�h4KNZ[ä�Z`Xtä IAQ[KNO�ä:äZI!\^Z[ä�VZIAXtê/Wf\PKNZ`V �YV�O�W

X7MPQ`Q[W!WYVhZ`Q-\PKNZ`V �YV�O�WRä�KNXÒåPO�KNåPO�Wfå+GYO�W < b I&åPO�ã/ä�WYXtê/W!\�S MPXtW C`IAMPV�WRä�MPO
pi
\PKNZ`V�Z`ç#åPQ`Z[æ7MtWYO�æ7MtWRä�KNZ`V

QQIdh#IAQ[WYMPOf\PW	äZI�OZINêYZ`XtW&X�S W/ä�V+åJINäfã S3IAQ[W �
r
!®ä�KNZ`V(QQI?h#IAQ[WYMPOf\PW&äZI�\^Z[ä�VZIAXtê/W	X�S W/ä�V(åJINä(ê/K\TtãYO�WYX7V�W

I�h4W/ê&ê/WYQ`Q[W&\PW&ä�KNX�å+GYO�W-!®ä�KNZ`VfWYQ`Q[W!X�S W/ä�V(åJINä(ê/K\TtãYO�WYX7V�W?I�h4W/ê&ê/WYQ`Q[W&\�S MPX_\PW&ä�W/ä MtQ[ä < d�KNMtä(ä�W/ä MtQ[ä
\PKNZ=h4WYX7V I�h4KNZ`OhMPXtW h#IAQ[WYMPOh\PWR\^Z[ä�VZIAXtê/W

d+1
WYV

pj
\PKNZ`V I�h4KNZ`OhMPXtWR\^Z[ä�VZIAXtê/WRã S3IAQ[W �

d−1
< e:XBMtX

ä�Z
pi
I#ê/KNç#çÒW>h#IAQ[WYMPO!\PW�äZI�OZINêYZ`XtW

r
WYV!æ7M�S Z`Q�ä�W&V�O�KNM9h4W ��MPXtW�\^Z[ä�VZIAXtê/W�ê/K\TtãYO�WYX7V�W I�h4W/ê�ê/WYQ`Q[W

\PW�ä�KNX×å+GYO�W-!tZ`QLä�W�å�WYMPV	æ7MtW�QQI C`IAMPV�W�åPO�K�h®Z[WYXPXtW�\�S MPX MtQ[ä < c+W/êYZLW/ä�V	W_^PêYQ`Moä�Z�Q[W�åPO�K®ê/W/ä�ä�WYMPO
piI#åPQ`Mtä&\�S MPX MtQ[ä�!-KNMoæ7MtW�ä�KNXoMPXPZ[æ7MtW>MtQ[ä IÒQ`MPZDeTç �YçÒW�MPX MtQ[ä
�#U�KNXPXtW�\^Z[ä�VZIAXtê/W 2 ê�S W/ä�V!Q[W�ä�WYMPQ

ê�INäfK���QTS W/ä�V�Z`ç IAV�Z[KNX_å�KNO�V�W&ä�MPO(Q[W/ä h#IAO�ZQIAUPQ[W/äR\�S MPX h4KNZ[ä�Z`X !®Q`MPZDeTç �YçÒW>h4KNZ[ä�Z`X_\^M�åPO�K®ê/W/ä�ä�WYMPO
pi

3 <
k�Q�O�W/ä�V�W�WYXtê/KNO�W �Òã h®Z`V�WYO	æ7M�S MPXRh4KNZ[ä�Z`Xo\^M×åPO�K®ê/W/ä�ä�WYMPOXC`IAMPV�ZDChW ��W/êYV�MtW�MPXtW�O�W/æ7M��YV�W�\PW�OZIAV e

VZINêHTtWYçÒWYX7V4h4WYO�ä�ê/WYQ`MPZDe�êYZRä8S Z`Q IÄMPXtW�Z[\PWYX7V�Z`V�ã_\YIAXtä�äZI h#IAO�ZQIAUPQ[W�OZINêYZ`XtW 2 Z`XtW_^^Z[ä�VZIAX7V�W 3�\PW�åPQ`Mtä
S�OZIAXt\PW�Z[\PWYX7V�Z`V�ã�æ7MtW�QTS Z[\PWYX7V�Z`V�ã�\^M_åPO�K®ê/W/ä�ä�WYMPOROZINêYZ`XtW�\PW�QTS IAO�UPO�W <
Equalroot(i) ≡ ∃r ≥ i : ∀k ∈ V oisinsi, rootk = r

Coherent(i) ≡ Tree(i) ∧ ∀k ∈ Filsi, distk = disti + 1 ∧ ∀k ∈ V oisinsi, rootk = rooti

Incoherent(i) ≡ ¬Coherent(i)

Onelocalfault(i, d, j) ≡ j ∈ V oisinsi ∧ ∃r > i :
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;#<
Incoherent(i)

2�� MPXtW C`IAMPV�W�ä�MPOfQ[W�åPO�K®ê/W/ä�ä�WYMPO
pi

� 3
ë <

∀k ∈ V oisinsi :
2�� h4KNZ[ä�Z`XJI�S4W�ê/K\TtãYO�WYX7V � 3

• rootk = r ∧ k ≤ r ∧ (k = r ⇒ distr = 0 ∧ parr = r)

• k 6= r ⇒ park 6= k ∧ distk > 0

OB<
∃k : V oisinsi = {k} ⇒

2�� ê�INä!\�S MPXÄMPXPZ[æ7MtW>h4KNZ[ä�Z`X � 3
• ∀k′ ∈ V oisinsk \ {i} : rootk′ = r ∧ k′ ≤ r ∧ (k′ = r ⇒ distr = 0 ∧ parr = r)

• (k 6= r ∧ park 6= i) ⇒ distk = distpark
+ 1

• ∀ k′ 6= i ∈ Filsk : distk′ = distk + 1

ì < 2�� å�K�ä�ä�Z`UPZ`Q`Z`V�ã�\�S MPXtW�ê/KNO�O�W/êYV�Z[KNX ��QTS IAZ[\PW�\PW
pj

� 3
∀k ∈ Filsi : distk = d + 1 ∧ distj = d − 1

aB< 2�� ãYQ`Z`ç#Z`XJIAV�Z[KNX]\�S MPXtW C`IAMtä�ä�W�\PãYV�W/êYV�Z[KNX×\�BtW ��MPXtW�MPXPZ[æ7MtW C`IAMPV�W�\�S MPX MtQ[ä � 3
rooti = r ∧ disti = distpari

+ 1 ∧ Idle(i) ⇒

• |Filsi| > 1∨

• ∃k : Filsi = {k} ∧ ∃k′ 6= i ∈ Filsk ∧ (∀k′ 6= i ∈ Filsk : distk′ = distk + 1 ∨

pari = k)

@B< 2�� ãYQ`Z`ç#Z`XJIAV�Z[KNX]\�S MPXtW C`IAMtä�ä�W�\PãYV�W/êYV�Z[KNX×\�BtW ��MPXtW�MPXPZ[æ7MtW C`IAMPV�W�\^M_å+GYO�W � 3
(rooti = r ∧ ∀k ∈ Filsi : distk = disti + 1 ∧ Idle(i) ∧ parpari

6= i) ⇒

(distpari
= distparpari

+ 1 ∧ ∀k′ 6= i ∈ Filspari
: distk′ = distpari

+ 1)

N0< 2�� ãYQ`Z`ç#Z`XJIAV�Z[KNX]\PW/äfå+GYO�W/äRêYO�KNZ[ä�ã/ä � 3
(rooti = r ∧ Idle(i) ∧ parpari

= i ∧ pari 6= i) ⇒ ∀ k ∈ Filspari
\ {i} : distk =

distpari
+ 1

K7Z
Onelocalfault(i, d, j)

!¢QQI(OHG S�Q[W �
i(j)

ê/KNXtä�Z[ä�V�W IAQ[KNO�ä � IN\^O�W/ä�ä�WYO�MPXtW:O�W/æ7M��YV�WhåPO�K®ê/W/ä�ä�WYMPO
pj
< c+WYå�WYXt\YIAX7V�! Q[W�å�KNZ`X7V e�êYQ[W_C&ê/KNXtä�Z[ä�V�W �ÄQQIAZ[ä�ä�WYO�Z`XtêHTJIAX9S4ã/W�QQI×\^Z[ä�VZIAXtê/W�WYV��Äå�K�ä�Z`V�Z[KNXPXtWYO�QQI

h#IAQ[WYMPOf\PW!QQI�OZINêYZ`XtW �
i
< c+KNç#çÒW�ê/WYV�V�W	OHG S�Q[W!å�WYMPV �YV�O�W IAåPåPQ`Z[æ7Mtã/W?I�h4W/ê&\^Z ��ãYO�WYX7V�ä(åPO�K®ê/W/ä�ä�WYMPO�ä

pj
!7KNX�Z`ç#å�K�ä�W!ê/KNç#çÒW	ê/KNX7V�OZIAZ`X7V�W&ä�MPåPåPQ[ãYçÒWYX7VZIAZ`O�W�æ7MtW!\YIAXtä�QTS ãYVZIAV(ê/KNMPOZIAX7V+MPXtW!V�WYQ`Q[WRO�W/æ7M��YV�W

X�S W/ä�VRåJINäR\Pã A ��åPO�ã/ä�WYX7V�W ��QTS IAZ[\PW�\^MÄåPO�ã/\^Z[ê�IAV
∀k Not Asks(i, k)

<
c+WYå�WYXt\YIAX7V�Q[KNO�ä�\PWÄQQI åPO�ã/ä�WYXtê/Wo\�S MPXtW C`IAMPV�W-!�Z`Q C`IAMPV�WYç#å �/êHTtWYO�Q[W/ä4MtQ[ä�\^M åPO�K®ê/W/ä�ä�WYMPO

C`IAMPV�ZDCL\PW!ä�W	\PãYVZINêHTtWYOf\PW!QTS IAO�UPO�W!åJIAO+QTS W_^Pã/êYMPV�Z[KNX_\PW!QQI�OHG S�Q[W �
i
< c+W!æ7MPZ�ê/KNXt\^MPZ`V ��Z`X7V�O�K®\^MPZ`O�W

Q[WÒåPO�ã/\^Z[ê�IAV
Onelocalparfault(i, d, j)

V�W/ä�V�ã#åJIAO�Q[WÒåPO�K®ê/W/ä�ä�WYMPO
pi
å�KNMPOdh4ãYO�ZDM-WYO�ä�Z�ä�KNX å+GYO�W

W/ä�V�Z`çÒW �YV�O�W>h®Z[êYV�Z`çÒW�\�S MPXtW>C`IAMPV�W�MPXPZ[æ7MtW 2
d
WYV

j
ä�KNX7VRO�WYQQIAV�ZDC�ä��

pari
3(\YIAXtä!MPXRIAO�UPO�W�\PKNX7V!Z`Q

X�S W/ä�VRåJINäfOZINêYZ`XtW <
Onelocalparfault(i, d, j) ≡ pari 6= i ∧ j ∈ V oisinspari

∧ ∃r > pari :

;#<
Incoherent(pari)

2�� MPXtW C`IAMPV�W�ä�MPO
pari

� 3
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ë <
∀k ∈ V oisinspari

:
2�� h4KNZ[ä�Z`XJI�S4W�ê/K\TtãYO�WYX7V � 3

• rootk = r ∧ k ≤ r ∧ (k = r ⇒ distr = 0 ∧ parr = r)

• k 6= r ⇒ park 6= k ∧ distk > 0

OB<
V oisinspari

= {i} ⇒
2�� ê�INä!\�S MPXÄMPXPZ[æ7MtW h4KNZ[ä�Z`X � 3

• ∀k′ ∈ V oisinsi \ {pari} : rootk′ = r ∧ k′ ≤ r ∧ (k′ = r ⇒ distr = 0 ∧ parr = r)

• ∀k′ 6= pari ∈ Filsi : distk′ = disti + 1

ì < 2�� å�K�ä�ä�Z`UPZ`Q`Z`V�ã�\�S MPXtW�ê/KNO�O�W/êYV�Z[KNX ��QTS IAZ[\PW�\PW
pj

� 3
∀k ∈ Filspari

: distk = d + 1 ∧ distj = d − 1

aB< 2�� ãYQ`Z`ç#Z`XJIAV�Z[KNX]\�S MPXtW C`IAMtä�ä�W�\PãYV�W/êYV�Z[KNX×\�BtW ��MPXtW�MPXPZ[æ7MtW C`IAMPV�W�\�S MPX MtQ[ä � 3
(rootpari

= r ∧ distpari
= distparpari

+ 1 ∧ Idle(pari)) ⇒

• |Filspari
| > 1∨

• Filspari
= {i} ∧ ∃k′ 6= pari ∈ Filsi ∧ (∀k′ 6= pari ∈ Filsi : distk′ = disti + 1 ∨

parpari
= i)

@B< 2�� ãYQ`Z`ç#Z`XJIAV�Z[KNX]\PW/äfå+GYO�W/äRêYO�KNZ[ä�ã/ä � 3
(rootpari

= r ∧ Idle(pari) ∧ parpari
= i ∧ pari 6= i) ⇒ ∀k ∈ Filsi \ {pari} :

distk = disti + 1

k�QYC`IAMPV�MPX�åPO�ã/\^Z[ê�IAV IAXJIAQ[K\S�MtW	å�KNMPO�Q[W	ê�INä+K��
pari

W/ä�V�Q[W!åPO�K®ê/W/ä�ä�WYMPO�OZINêYZ`XtWXh®Z[êYV�Z`çÒW	\�S MPXtW
C`IAMPV�W�MPXPZ[æ7MtW <

Onerootparfault(i) ≡ pari 6= i∧

∀k ∈ V oisinspari
: k < pari ∧ rootk = pari ∧

∀k ∈ V oisinsi \ {pari} : k < pari ∧ rootk = pari ∧

∀k ∈ Filspari
: distk = 1

g!XÄ\PWYO�XPZ[WYORåPO�ã/\^Z[ê�IAV	ê/KNç�UPZ`XtW�Q[W/äR\PWYMB^_åPO�ã/ê/ã/\PWYX7V�äRå�KNMPO!ã h®Z`V�WYOfMPXÄ\PãYVZINêHTtWYçÒWYX7V&\^MÄåPO�K®ê/W/ä e
ä�WYMPO

pi
WYX]ê�INä�\�S MPXtWdC`IAMPV�W�MPXPZ[æ7MtW�\^M]åPO�K®ê/W/ä�ä�WYMPO	å+GYO�W�\PKNX7V&QTS Z[\PWYX7V�Z`V�ãÒê/KNX7V�WYX7MtWÒ\YIAXtä

pariW/ä�VR\^Z ��ãYO�WYX7V�W�\PW
i
<

Oneparfault(i) ≡ Onerootparfault(i) ∨ ∃(d, j) : Onelocalparfault(i, d, j)

� 10/�/21 : & ' � � vzy pi
��� r'� � u���q�q8� � �]y��@x�
 � � pari 6= i � pari 6= rooti

�Yy ¬ Tree(i) wNx � ��q
Oneparfault(i) ⇔ ∃(d, j) Onelocalfault(pari, d, j)

�?��10 $+�1'& a&W/ä#ê/KNXt\^Z`V�Z[KNXtäÒä�MPO
pari

!LKNX \Pã/\^MPZ`V#æ7MtW
∃(d, j) Onelocalparfault(i, d, j)

< b!O
Q[W/äfê/KNXt\^Z`V�Z[KNXtä!\PW&ê/W	åPO�ã/\^Z[ê�IAV!ä�KNX7VfZ[\PWYX7V�Z[æ7MtW/äXIAMB^�ê/KNXt\^Z`V�Z[KNXtä!\PW

Onelocalfault(pari, d, j)
!

W_^Pê/WYåPV�ã/WRQQI�ä�ZD^^ZPGYçÒWRæ7MPZ-W/ä�V h4ãYO�ZDM-ã/WRåPMPZ[ä�æ7MtWfQTS KNX I
Oneparfault(i) ∧ ¬ Tree(i) ⇒ disti 6=

distpari
+ 1 ∨ rooti 6= rootpari

<
�
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g!XtWÒ\PW/ä�êYO�Z`åPV�Z[KNXgC�KNO�çÒWYQ`Q[WÒ\PW/ä�OHG S�Q[W/ä�\PW#QTS IAQ=S4KNO�Z`VFTPçÒW�ê/KNXBMtXJIAX7V�Q[W/ä C`IAMPV�W/ä�å�KNMPO�Q[W�åPO�K�e
UPQPGYçÒW�\PW�QTS IAO�UPO�W�ê/KNM9h®OZIAX7V	W/ä�VR\PKNXPXtã/W�êYZDe IAåPOHG/ä 2 n!Q=S4KNO�Z`VFTPçÒW�ì�3 <
� l !J�J�\$Q� 08/21  >!x 
 � �@vzy��7~���u ��� ! � w � yhx[��q��/w � y���q+r ��� ��x`w�u ��� qYyz� � u/yzv ��� 	 � ��� wN� � ����u ��� �8��w � y

�
i(j)

2�� ê/KNO�O�W/êYV�Z[KNX]\�S MPXtW�MPXPZ[æ7MtW C`IAMPV�W � 3
J:O�ã/ê/KNXt\^Z`V�Z[KNX �

∃d Onelocalfault(i, d, j) ∧ ∀k ¬ Asks(i, k)nfêYV�Z[KNX �
rooti = i; pari = j; reqi = i; fromi = i; toi = j; diri = ask;

�
i

2�� \PW h4WYXPZ`O!OZINêYZ`XtW � 3
J:O�ã/ê/KNXt\^Z`V�Z[KNX �

∀(k, d) ¬Onelocalfault(i, d, k)) ∧ ¬ Tree(i) ∧ ∀k, ¬ Asks(i, k) ∧
¬ Oneparfault(i)nfêYV�Z[KNX �

rooti = pari = i; disti = 0; reqi = fromi = toi = diri = ⊥;

�
i

2�� O�W/æ7M��YV�W�\PW&å�WYO�ç#Z[ä�ä�Z[KNX×\PW&OZIAV�VZINêHTtWYçÒWYX7V � 3
J:O�ã/ê/KNXt\^Z`V�Z[KNX �

Tree(i) ∧ ownrmax(i) 6= i ∧ Sat(ownrmax(i)) ∧
∀k ∈ Filsi, (rootk = rootownrmax(i) ⇒ distk = distownrmax(i) + 2)nfêYV�Z[KNX �

reqi = i; fromi = i; toi = ownrmax(i); diri = ask; rooti = i; pari = ownrmax(i)

�
i

2�� OZIAV�VZINêHTtWYçÒWYX7V ��QTS IAO�UPO�W � 3
J:O�ã/ê/KNXt\^Z`V�Z[KNX �

∃j Asks(i, j) ∧ Grants(j, i) ∧ distj + 1 ∈ INfnfêYV�Z[KNX �
rooti = rootj; pari = j; disti = distj + 1; reqi = fromi = toi = diri = ⊥;

�
i

2�� Z`XPZ`V�ZQIAQ`Z[äZIAV�Z[KNXo\PW/ä h#IAO�ZQIAUPQ[W/ä!\PW�O�W/æ7M��YV�W � 3
J:O�ã/ê/KNXt\^Z`V�Z[KNX �

∀(k, d) ¬ Onelocalfault(i, d, j)) ∧ Sat(i) ∧ ¬Rgcorrect(i)nfêYV�Z[KNX �
reqi = fromi = toi = diri = ⊥;

�
i(j)

2�� V�OZIAXtä�ç#Z[ä�ä�Z[KNX×\�S MPXtW�O�W/æ7M��YV�W � 3
J:O�ã/ê/KNXt\^Z`V�Z[KNX �

Sat(i) ∧ Idle(i) ∧ (Asks(j, i) ∨ ForwardsNa(j, i))nfêYV�Z[KNX �
reqi = reqj; fromi = j; toi = pari; diri = ask;

�
i

2�� INê/æ7MPZ`V�V�WYçÒWYX7V	\�S MPXtW�O�W/æ7M��YV�W � 3
J:O�ã/ê/KNXt\^Z`V�Z[KNX �

Sat(i) ∧ i = rooti ∧ ForwardsNa(i, i)nfêYV�Z[KNX �
diri = grant;

�
i

2�� V�OZIAXtä�ç#Z[ä�ä�Z[KNXo\�S MPXRINê/æ7MPZ`V�V�WYçÒWYX7V � 3
J:O�ã/ê/KNXt\^Z`V�Z[KNX �

Sat(i) ∧ ∃j (ForwardsNa(i, j) ∧ Grants(j, i))nfêYV�Z[KNX �
diri = grant;

# �
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K7MPåPå�K�ä�KNXtäfæ7MtW	QTS IAQ=S4KNO�Z`VFTPçÒW�ä�KNZ`Vf\YIAXtä(MPX_ãYVZIAV(Z`Xtê/KNO�O�W/êYVRKNUPV�WYX7M ��åJIAO�V�Z`Of\�S MPXÄãYVZIAVfê/KNO e
O�W/êYV�åJIAO�MPXtW C`IAMPV�W�ä�MPO�Q[WhåPO�K®ê/W/ä�ä�WYMPO

pi
< K®WYMPQ[ä�Q[WhåPO�K®ê/W/ä�ä�WYMPO

pi
WYVLä�W/ä-h4KNZ[ä�Z`Xtä�ä�KNX7VLä�Mtä�ê/WYåPV�Z`UPQ[W/ä

\�S W_^Pã/êYMPV�WYO�\PW/ä�OHG S�Q[W/ä < j	KNMtä�ê�IAOZINêYV�ãYO�Z[ä�KNXtä�Q[W/ä�\^Z ��ãYO�WYX7V�W/ä�å�K�ä�ä�Z`UPZ`Q`Z`V�ã/ä�\�S INêYV�Z[KNXI\YIAXtä�QTS ãYVZIAV
C`IAMPV�ZDC åJIAORMPXtW�ä�MPZ`V�W�\PW�Q[WYç#çÒW/ä <
� 10/�/21 : & i � � vzy ��� sYyTw�y v � u � �@����u/y ��� y�� ��� �!rPwN�Yyzv¼� 	 � ��� sYyTw�yhu � �@����u/y�rPwN� ��� � �/w � y��!q � � pi

�
>!x � ��q�w � u ��� � 	 ��q���} 
Nx[��q��

i
���

i
�	�

i
�Yy�


i
��� ��qYyfw�r4r'x v�u�w � x[����;fwN��wNv¼x¼x[� � ��q��+q � vzy pj

��� � � v�q@v �
 � �@x`u ��� 
 � � 	 � pi
��wNx � ��q�w � u ��� � 	 ��q&��} 
Nx[��q��

j
�
�

j
���

j
���

j
�Yy



j
��� ��qYy�w�r4r'x v�u�w � x[��� � �+r'x � q��

q@v parj 6= i wNx � ��q�� j
��� ��qYy�rPwAq�w�r4r'x v�u�w � x[�Ò�Yy:q@v pari 6= j wNx � ��q�� j

��� ��qYy'rPwAq�w�r4r'x v�u�w � x[���

�?��10 $+�1'& a�S MPXtWÄåJIAO�V�!:å�KNMPOÒQ[W_åPO�K®ê/W/ä�ä�WYMPO
pi
IAMtêYMPXtW×\PW/ä#OHG S�Q[W/ä �

i
! �

i
! �

i
WYV �

i
X�S W/ä�V

IAåPåPQ`Z[ê�IAUPQ[W�åPMPZ[ä�æ7MtW&å�KNMPORV�KNMPVRåPO�K®ê/W/ä�ä�WYMPO
pj
h4KNZ[ä�Z`XÄ\PW

pi
!
Idle(j)

W/ä�V h4ãYO�ZDM-ã <
a�S IAMPV�O�WÒåJIAO�V�!�WYXÔOZIAZ[ä�KNX \PW/ä>h#IAQ[WYMPO�ä�\PW/ä>h#IAO�ZQIAUPQ[W/ä�\PW#O�W/æ7M��YV�W 2 V�KNMPV�W/ä�Z`Xt\Pã_MtXPZ[W/ä

⊥
3 !�å�KNMPO

V�KNMPV
pj
MPX h4KNZ[ä�Z`Xoæ7MtWYQ[ê/KNXtæ7MtW�\PW

pi
!JIAMtêYMPXtW�\PW/äROHG S�Q[W/ä �

j
! �

j
! �

j
WYV �

j
X�S W/ä�V IAåPåPQ`Z[ê�IAUPQ[W <

a&W�åPQ`Mtä�!-QQI h#IAQ[WYMPO&\PW
ownrmax(j)

W/ä�V&ã S3IAQ[W��
j
KNM �

i
!'ä�WYQ[KNX]QQI4h#IAQ[WYMPO�\PW

rooti
2 ê/KNç#çÒW

Z`Q`Q`Mtä�V�O�ã�ä�MPOfQQI]MYS�MPO�W aB<=; 3 �
� r′ < r

�P\YIAXtäRê/W�ê�INä�!
ownrmax(j) = j

WYVR\PKNXtê
ownrmax(j) 6= j

X�S W/ä�VRåJINä h4ãYO�ZDM-ã �
� r′ > r

� \YIAXtä#ê/W�ê�INä�!
ownrmax(j) = i

< a&W�åPQ`Mtä�! ä�Z
pari = i

IAQ[KNO�ä
rooti = r′

XtW
å�WYMPV �YV�O�WRã S3IAQ[W��

i
åPMPZ[ä�æ7MtW

r′
W/ä�V:MPXtWRZ[\PWYX7V�Z`V�ã!ä�MPå�ãYO�Z[WYMPO�W��

r
2 QQI&åPQ`Mtä S�OZIAXt\PWRZ[\PWYX7V�Z`V�ã

\^M O�ã/ä�W�IAM43 < K7Z`XtKNX !�I�h4W/ê
pari 6= i

XtKNMtä I�h4KNXtä
rootpari

= r 6= r′ = rooti
< a>IAXtä�Q[W/ä

\PWYMB^ ê�INä�!hQ[WÄåPO�ã/\^Z[ê�IAV
Tree(ownrmax(j))

W/ä�V C`IAMB^ WYV�åJIAO�ê/KNXtä�ã/æ7MtWYX7V�Q[WÄåPO�ã/\^Z[ê�IAV
Sat(ownrmax(j))

W/ä�V C`IAMB^ <
a>IAXtähQ[W/äh\PWYMB^Òê�INä 2 Z < W < !

ownrmax(j)
W/ä�Vhã S3IAQ[W��

j
KNM �

i
3 !�QQI&OHG S�Q[W �

j
X�S W/ä�V:åJINä IAåPåPQ`Z[ê�IAUPQ[W <

J�IAO IAZ`Q`Q[WYMPO�ä�!�ä�MPåPå�K�ä�KNXtä�æ7MtW�Q[WÒåPO�K®ê/W/ä�ä�WYMPO
pj
XtWÒä�KNZ`V�åJINä�MPXgMtQ[ä�\PW

pi
!"IAQ[KNO�ä�\PWYMB^Ôê�INä�ä�W

åPO�ã/ä�WYX7V�WYX7V �
� ä�Z pj

I!MPXtW(\^Z[ä�VZIAXtê/Wfê/K\TtãYO�WYX7V�WXI�h4W/êRê/WYQ`Q[W(\PWfä�KNX#ã h4WYX7V�MtWYQPå+GYO�W
parj 6= i

!#IAQ[KNO�ä
Tree(j)

W/ä�V h4ãYO�ZDM-ã�WYV �
j
X�S W/ä�VRåJINäXIAåPåPQ`Z[ê�IAUPQ[W <

� ä�Zh\PW#åPQ`Mtä pj
X�S W/ä�V�åJINä�Q[W#å+GYO�WÒ\PW

pi
!-IAQ[KNO�ä�\PWYMB^Ôê�INä�ä�KNXÔå�K�ä�ä�Z`UPQ[W/ä < K®KNZ`V

rooti 6= r
!

WYVXIAQ[KNO�äfQQI�\PWYMB^^ZPGYçÒW�ê/KNXt\^Z`V�Z[KNX×\^M_åPO�ã/\^Z[ê�IAV
Onelocalfault(j, d, j ′)

X�S W/ä�VfåJINä h4ãYO�ZDM-ã/W
Z`Xt\PãYå�WYXt\YIAç#çÒWYX7V&\PW

d
WYV!\PW

j′
< K®KNZ`V

rooti = r
!tWYV

Coherent(j)
W/ä�V h4ãYO�ZDM-ã < a>IAXtäRQ[W/ä

\PWYMB^_ê�INä�! �
j
X�S W/ä�VRåJINäXIAåPåPQ`Z[ê�IAUPQ[W <

�

� �J����l l&7Y$&��1R: & � � � vzy ��� sYyTw�y�v � u � �@����u/y ��� y�� ��� �_rPwN�Yyzv¼� 	 � ��� sYyTw�y#u � �@����u/y!rPwN� ��� ���/w � y��
q � � pi

��>!x � ��q�x[��q�q8� � x[��q���} 
Nx[��qÒs �N� � y � �@x¼x[�@~�� � y	� � s�u � yTw � x[��q�q ��� yf{��
i
���

i
���

i
���

i
���

k
r ��� �

k ∈ V oisinsi
���

k
r ��� � k ∈ V oisinsi

y��@x1
 � � park = i �	�Yy	� k
r ��� � k ∈ V oisinsi

y��@x1
 � �
pari = k

���
park = i �



: &  �?��10 $+�1 �81Rl&72/27�� ���\$&,�1 �)(P 8�"1 % 7Y -��1R 8�8$ "- "1 '�� �

j

r


r


r


i

r '


������� aB<=; � g!XÄêHTJIAX9S4WYçÒWYX7V&\PW�OZINêYZ`XtW

� 10/�/21 : &  � � vzy ��� sYyTw�y v � u � �@����u/y ��� y�� ��� �!rPwN�Yyzv¼� 	 � ��� sYyTw�yhu � �@����u/y�rPwN� ��� � �/w � y��!q � � pi
�� � r4r � q ��� q 
 � � 	 w � q�u��Yy!sYyTw�y ���/w � y�� ��� v 
 � ��� Coherent(i) q � vzy �Ns@�@v !(s��fwNx � ��q�x`w�q8� � x[����} 
Nx[�

w�r4r'x v�u�w � x[�#��qYy Ci
�Yyhq ��� w�r4r'x v�u�w�yzv ��� u ���
	�� vzy�� ��� sYyTw�y(u � �@����u/y �

�?��10 $+�1'&ÒJ:MPZ[ä�æ7MtW
Coherent(i)

W/ä�V�h4ãYO�ZDM-ã-!NV�KNMtä:Q[W/ä ä�Z`V�W/ä:KNX7V:MPXtWfä�V�O�MtêYV�MPO�Wf\�S IAO�UPO�Wfê/KNO�O�W/êYV�W
2 å+GYO�W�WYV MtQ[ä 3 < a&KNXtê�Q[W�OZIAZ[ä�KNXPXtWYçÒWYX7V&\^M×Q[WYç#çÒW�åPO�ã/ê/ã/\PWYX7V&ä8S ãYV�WYXt\ �

i
!tä�KNX×å+GYO�W 2 ã h4WYX7V�MtWYQ 3

WYV�ä�W/ä 2 ã h4WYX7V�MtWYQ[ä 3XMtQ[ä�!'ê/W�æ7MPZ ä�Z=S�XPZDM-W�æ7MtW�Q[W/ä&OHG S�Q[W/ä
O
WYV

B
XtW�ä�KNX7V&åJINä>IAåPåPQ`Z[ê�IAUPQ[W/ä ��ê/W/ä

ä�Z`V�W/ä < a&W#åPQ`Mtä�!�Q[W C`IAZ`V�æ7MtW
Coherent(i)

ä�KNZ`Vdh®OZIAZhZ`ç#åPQ`Z[æ7MtW�æ7MtW
pi
WYV�V�KNMtä�ä�W/ä?h4KNZ[ä�Z`Xtä�KNX7V

QQI�ç �YçÒW4h#IAQ[WYMPO�ê/KNç#çÒW#OZINêYZ`XtW-!�åJIAO�ê/KNXtä�ã/æ7MtWYX7V
ownrmax(i)

W/ä�V�ã S3IAQ[W �
i
WYV�QQI�OHG S�Q[W �

iX�S W/ä�V+åJINä IAåPåPQ`Z[ê�IAUPQ[W < JLKNMPO(V�KNMPV+åPO�K®ê/W/ä�ä�WYMPO
pj
h4KNZ[ä�Z`X�\PW

pi
!7QQI�OHG S�Q[W �

j
X�S W/ä�V+åJINä IAåPåPQ`Z[ê�IAUPQ[W

åPMPZ[ä�æ7MtW
Asks(i, j)

X�S W/ä�V(åJINä(äZIAV�Z[ä C`IAZ`V < e:XBMtX !®QTS MPXtW�\PW/ä h#IAO�ZQIAUPQ[W/äf\PW	O�W/æ7M��YV�W&\PW
pi
\PKNZ`V �YV�O�W

\Pã_MtXPZ[W 2 ä�Z`XtKNXÄQTS ãYVZIAV	KNUPV�WYX7Moä�WYOZIAZ`V!ê/KNO�O�W/êYV 3fç IAZ[ä!\YIAXtä!ê/W�ê�INä�!^åJIAO!MPX×ä�Z`ç#åPQ[W�W_^YIAçÒWYXo\PW�QQI
åPO�ã/ê/KNXt\^Z`V�Z[KNX�WYV:WYX�MPV�Z`Q`Z[äZIAX7V:Q[W C`IAZ`V:æ7MtW+Q[W/ä�h#IAO�ZQIAUPQ[W/ä:\PW/ä IAMPV�O�W/ä:ä�Z`V�W/ä:ä�KNX7V Z`Xt\Pã_MtXPZ[W/ä�!�KNX h4ãYO�ZDe
M-W(æ7MtW �

i
W/ä�V IAåPåPQ`Z[ê�IAUPQ[W < K®KNX4IAåPåPQ`Z[ê�IAV�Z[KNXÒê/KNXt\^MPZ`Vh\PW�ç IAXPZPGYO�Wfã h®Z[\PWYX7V�W �RMPX#ãYVZIAV:ê/KNO�O�W/êYV <

�

� 10/�/21 : &Q: � � vzy ��� sYyTw�y v � u � �@����u/y ��� y�� ��� �!rPwN�Yyzv¼� 	 � ��� sYyTw�yhu � �@����u/y�rPwN� ��� � �/w � y��!q � � pi
�� � r4r � q ��� q 
 � � 	 w � q#u��Yy	sYyTw�y � Coherent(i)

� ��q � vzy�rPwAq �Ns@�@v !(s��Yy�
 � � pi
q � vzy(x[�Rr'� � u���q�q8� � �

	 �(r'x � q�
N��w �
	 ��v 	 � � yzvzy�s��(wNx � ��q�x`wÒq8� � x[����} 
Nx[�#w�r4r'x v�u�w � x[�Ò��qYy Bi
�Yyhq ��� w�r4r'x v�u�w�yzv ��� u ���
	�� vzy��

��� sYyTw�y(u � �@����u/y �

�?��10 $+�1'& J:MPZ[ä�æ7MtW
pi
W/ä�V�Q[W�åPO�K®ê/W/ä�ä�WYMPO#\PW�åPQ`Mtä]S�OZIAXt\PW�Z[\PWYX7V�Z`V�ã_\YIAXtä�Q[W�O�ã/ä�W�IAM ! IAQ[KNO�ä�Q[W

åPO�ã/\^Z[ê�IAV
Onelocalfault(i, d, j)

XtWhå�WYMPVYAHIAç IAZ[ä �YV�O�W+äZIAV�Z[ä C`IAZ`V < a&KNXtê �
i
X�S W/ä�V�åJINä W_^Pã/êYMPVZIAUPQ[W <

J�IAO�ê/KNX7V�O�W-!
Onerootparfault(k)

W/ä�V�äZIAV�Z[ä C`IAZ`V	å�KNMPO&V�KNMPV
k ∈ Filsi

WYV&åJIAO�ê/KNXtä�ã/æ7MtWYX7V �
kX�S W/ä�V	åJINä	W_^Pã/êYMPVZIAUPQ[W < a&W�ç �YçÒW�å�KNMPO

pk

h4KNZ[ä�Z`X]\PW
pi

!
Onelocalfault(k, d, j)

XtW�å�WYMPV �YV�O�W
äZIAV�Z[ä C`IAZ`V�WYX OZIAZ[ä�KNXÞ\PW�QQIÄ\PWYMB^^ZPGYçÒW�ê/KNXt\^Z`V�Z[KNXIæ7MPZ�XtWÒå�WYMPV �YV�O�W h4ãYO�ZDM-ã/W�åJIAO

pi

2 åPMPZ[ä�æ7M�S KNX
I

Incoherent(i)
3#WYV#åJIAO�ê/KNXtä�ã/æ7MtWYX7V �

k(i)
X�S W/ä�V#åJINä�W_^Pã/êYMPVZIAUPQ[W < JLKNMPO�QQIoç �YçÒW_OZIAZ[ä�KNX !

Sat(i)
X�S W/ä�V	åJINä	äZIAV�Z[ä C`IAZ`V	WYV �

i
X�S W/ä�V	åJINä	W_^Pã/êYMPVZIAUPQ[W <+b IÒOHG S�Q[W �

k(i)
X�S W/ä�V!åJINä&W_^Pã/êYMPVZIAUPQ[W
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������� aB< ë � g!X_OZIAV�VZINêHTtWYçÒWYX7V ��åJIAO�V�Z`O!\�S MPX×ãYVZIAVRZ`Xtê/KNO�O�W/êYV	\^M_Q[WYç#çÒW aB< @

ê�IAO
Tree(i)

X�S W/ä�VhåJINä�äZIAV�Z[ä C`IAZ`V < e:XBMtX !4Q[WfåPO�ã/\^Z[ê�IAV
Coherent(i)

W/ä�V C`IAMB^#\^M4C`IAZ`Vhæ7MtW
Tree(i)

W/ä�V C`IAMB^(!Pä�KNZ`V
� ∃k ∈ Filsi

V�WYQLæ7MtW
distk 6= disti + 1

<Jb I C`IAMPV�W�ãYVZIAX7V&ä�MPO!Q[W�åPO�K®ê/W/ä�ä�WYMPOROZINêYZ`XtW
pi

!-KNX
I

disti 6= 0
WYVRåJIAORê/KNXtä�ã/æ7MtWYX7V

Tree(i)
W/ä�V C`IAMB^ <

� ∃k ∈ V oisinsi
V�WYQRæ7MtW

rootk = rooti
< a>IAXtäÒê/WÄê�INä�!

rooti 6= i
WYV#åJIAO�ê/KNXtä�ã/æ7MtWYX7V

Tree(i)
W/ä�V C`IAMB^ <

e:X O�ã/ä�MPçÒã-!'Q[WdC`IAZ`V�æ7MtW
Coherent(i)

ä�KNZ`V C`IAMB^×å�KNMPO
i = r

Z`Xt\^MPZ`V�\YIAXtä&V�KNMtä&Q[W/ä&ê�INä�æ7MtW�Q[W
åPO�ã/\^Z[ê�IAV

Tree(i)
W/ä�V C`IAMB^ < J�IAO!ê/KNXtä�ã/æ7MtWYX7V!QQI�OHG S�Q[W �

i
X�S W/ä�VRåJINäRW_^Pã/êYMPVZIAUPQ[W <

e�^YIAç#Z`XtKNXtä�QQIÄåPO�ã/ê/KNXt\^Z`V�Z[KNX \PW �
i
�
Onelocalfault(i, d, j)

XtW�å�WYMPVXAHIAç IAZ[ä �YV�O�W�äZIAV�Z[ä C`IAZ`V�!
Tree(i)

X�S W/ä�VhåJINä�äZIAV�Z[ä C`IAZ`V�!
Asks(i, k)

XtWfå�WYMPV �YV�O�WRäZIAV�Z[ä C`IAZ`V�ê�IAO
i = rootk

!
Oneparfault(i)

X�S W/ä�VfåJINäfäZIAV�Z[ä C`IAZ`V(åPMPZ[ä�æ7MtW&å�KNMPO
pk

h4KNZ[ä�Z`XÄ\PW
pi

!
Onelocalfault(k, d, j)

XtW&å�WYMPV �YV�O�W�äZIAV�Z[ä e
C`IAZ`V!WYV

Onerootparfault(k)
X�S W/ä�VfåJINä!äZIAV�Z[ä C`IAZ`VRWYXÄOZIAZ[ä�KNX×\PW�QQI h#IAQ[WYMPO!\PW

i
< e:Xoê/KNXtêYQ`Mtä�Z[KNX !

�
i
W/ä�VRW_^Pã/êYMPVZIAUPQ[W�WYVRä�KNXRIAåPåPQ`Z[ê�IAV�Z[KNXoê/KNXt\^MPZ`V!\PW�ç IAXPZPGYO�W�ã h®Z[\PWYX7V�W ��MPX×ãYVZIAVRê/KNO�O�W/êYV <
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pi
� � � r4r � q ��� q 
 � � Coherent(i)

� �Òq � vzyhrPwAq��Ns@�@v !(sÄ�Yy 
 � � i 6= r # r sYyTw � y	x`wÒr'x � q 
N��w �
	 �
v 	 � � yzvzy�s 	 w � q�x[����s�q8��w � %
�1� � vzy pj

��� � � v�q@v � 
 � �@x`u ��� 
 � � 	 � pi
�fwNx � ��q��

j(i)
��qYyRw�r4r'x v�u�w � x[��q@v
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�Yy q8� � x[�@~�� � y q@v Asks(i, j) ��qYy �Ns@�@v !(s�� � w � q�u�� 	 �@� � vT�@��u�wAq�� x � sYyTw�y:v � u � �@����u/yf��qYyLq@v¼~!r'x[�@~�� � y
u � �@����u/yR�Yy:x`w�q � vzy�� 	 �&��} 
Nx[��q 
 � vLq � � � s�u � y��@��w � � q 
 � � �Òx � ��� y�� � yzv ��� 	 � ��� sYyTw�y�u � �@����u/y�q8�@��w�u � ~
�
r � q8s�� 	 � �

k
r ��� � pk

q � �!x[��u �P�@~�v ��	 � pj
� pr

�h� � q � vzy�� �
r
�Yyh� � ! � 


k
q � �!x[��u �P�@~�v ��	 � pr

� pj
q � v��8vT� 	 � �

i
��u��Yy�y�� 	 �@� � vT}@����q � vzy�� 	 � v � qYyz� � u/yzv ��� q!q8��yz� ��� �Aw � yh~�v � s���w��N��u�x[��q��

k
q � �&x[�

u �P�@~�v ��	 � pr
� pj

#Tx � � � 	 ���hrPwN�YyzvT�@x�������qTrt��u/y��@�+rPwN�!x[�	~�s@x`w � 
7����qYyLv �
	 v 
 � sRq � �!x`w ! 
 � ��� � � �Q%
�
�?��10 $+�1'&�K7MPåPå�K�ä�KNXtä�æ7MtW�QQI�åPO�ã/ê/KNXt\^Z`V�Z[KNX \PW �

j(i)
ä�KNZ`V h4ãYO�ZDM-ã/W < a>IAXtä&ê/W�ê�INä�!'Q[W�åPO�ã/\^Z[ê�IAV

ForwardsNa(i, j)
XtW_å�WYMPV �YV�O�W h4ãYO�ZDM-ãÄåPMPZ[ä�æ7MtW_ä�Z

fromi 6= i
IAQ[KNO�ä

reqfromi
= ⊥

< J�IAO
ê/KNXtä�ã/æ7MtWYX7V�!

Asks(i, j)
W/ä�V h4ãYO�ZDM-ã <

K7MPåPå�K�ä�KNXtä�æ7MtW
Asks(i, j)

ä�KNZ`V h4ãYO�ZDM-ã < a>IAXtä�ê/WRê�INä�!�Q[WfåPO�K®ê/W/ä�ä�WYMPO
pi
XtWfå�WYMPV �YV�O�WfQ[WRå+GYO�WR\^M

åPO�K®ê/W/ä�ä�WYMPO
pj
ê�IAO!ê/WYQQI�ê/KNX7V�O�W/\^Z`OZIAZ`V	QQI#ê/KNXt\^Z`V�Z[KNX×ä�MPORQ[W/äR\^Z[ä�VZIAXtê/W/äR\^MÄåPO�ã/\^Z[ê�IAV

Asks
< a&KNXtê

Tree(j)
W/ä�V h4ãYO�ZDM-ã#WYV�åPMPZ[ä�æ7MtW

rooti = i
!-IAQ[KNO�ä�Q[W�åPO�ã/\^Z[ê�IAV

Sat(j)
W/ä�V?IAMtä�ä�Z�h4ãYO�ZDM-ã < e:XBMtX !

Idle(j)
W/ä�V h4ãYO�ZDM-ã < J�IAO!ê/KNXtä�ã/æ7MtWYX7V �

j(i)
W/ä�VRW_^Pã/êYMPVZIAUPQ[W <

J:MPZ[ä�æ7MtW
Asks(i, j)

W/ä�V?h4ãYO�ZDM-ã-!�QQI_ä�V�O�MtêYV�MPO�W�WYX9S4WYXt\^O�ã/WÒåJIAO�Q[W/ä?h#IAO�ZQIAUPQ[W/ä
park

W/ä�V�UPZ[WYX MPX
IAO�UPO�W!\PW!ê/KNM9h4WYO�V�MPO�W I�E3IAX7V(å�KNMPOhOZINêYZ`XtW!Q[WfåPO�K®ê/W/ä�ä�WYMPO+\�S Z[\PWYX7V�Z`V�ã

r
< a&WfåPQ`Mtä�!4åJIAO+W_^YIAçÒWYX�\PW/ä

åPO�ã/\^Z[ê�IAV�ä�!
Onelocalfault(i, d, j)

W/ä�V h4ãYO�ZDM-ã 2 å�KNMPO
d
QQI�\^Z[ä�VZIAXtê/W�\PW

pi
�

pr
\YIAXtäfQTS IAO�UPO�W 3(WYV

Oneparlocalfault(k, d, j)
W/ä�V h4ãYO�ZDM-ã!å�KNMPO�V�KNMPV

k ∈ Filsi
< �+Z[WYX�WYX7V�WYXt\^M !

Tree(i)
X�S W/ä�V�åJINä

h4ãYO�ZDM-ã�åPMPZ[ä�æ7MtW
pari 6= i

WYV
rooti = i < rootj = rootpari

< e:XBMtX !
Onelocalfault(k, d, k′)

XtW
å�WYMPV AHIAç IAZ[ä �YV�O�W h4ãYO�ZDM-ã#å�KNMPO

k ∈ V oisinsi
ê�IAO

rooti = i 6= r
< J�IAO�ê/KNXtä�ã/æ7MtWYX7V�XPZ �

i
!�XPZ

�
i
!-XPZ �

i
!-XPZ �

i
!tXPZ �

k

!-XPZ �
k

å�KNMPO
k ∈ V oisinsi

XtW�ä�KNX7V>IAåPåPQ`Z[ê�IAUPQ[W/ä < e:XgIAåPåPQ`Z[æ7MJIAX7V�QQI
åPO�WYç#ZPGYO�W�åJIAO�V�Z[W�\PW�QQI�åPO�WYM9h4W�KNXRI IAMtä�ä�Z�æ7MtW �

k

X�S W/ä�VRåJINäXIAåPåPQ`Z[ê�IAUPQ[W�å�KNMPO
k 6= j

h4KNZ[ä�Z`X×\PW
pi
< e:X×ê/KNXtêYQ`Mtä�Z[KNX �

j
W/ä�VfQQI�ä�WYMPQ[W�OHG S�Q[WdIAåPåPQ`Z[ê�IAUPQ[W <

b IÒä�V�O�MtêYV�MPO�W�\PW�QQIÒä�MPZ`V�W�\PW�QTS W_^Pã/êYMPV�Z[KNX]ä�W?h4ãYO�ZDM-W�\PW�ç IAXPZPGYO�W�Z`ç#çÒã/\^ZQIAV�W �#åJIAO�V�Z`O&\PW/ä!\Pã_M9e
XPZ`V�Z[KNXtä!\PW/äfOHG S�Q[W/ä <
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� 10/�/21 : & � � � vzy ��� sYyTw�y v � u � �@����u/y ��� y�� ��� �!rPwN�Yyzv¼� 	 � ��� sYyTw�yhu � �@����u/y�rPwN� ��� � �/w � y��!q � � pi
�� � r4r � q ��� q 
 � � Coherent(i)

� ��q � vzy�rPwAq �Ns@�@v !(s�� 
 � � i 6= r # r sYyTw � yhx`w�r'x � q�
N��w �
	 ��v 	 � � yzvzy�s
	 w � q�x[����s�q8��w � %_�Yy 
 � �fr ��� ��y ��� y pj

� � v�q@v � 	 � pi
� Asks(i, j)

� �&q � vzy�rPwAq �Ns@�@v !(s��
�
�+�-v rooti 6= r �	wNx � ��q ∃j y��@x 
 � � � i(j)

q � vzy&� � s�u � yTw � x[�����Yy��
i
��qYy	x`w_q8� � x[�_w � yz������} 
Nx[�

s �N� � y � �@x¼x[�@~�� � yL� � s�u � yTw � x[��� ��� � � s�u � yzv ��� 	 �hx � ��� � 	 �+u���q 	 � ��� ��} 
Nx[��q(��� �
	 ��w	x`w 	 � ��� vT}@~��
�
��� w�r4r'x v�u�w � x[�Ò�Yy+u ���
	�� v¼��w�x[��q@|AqYy�}@~���� ��� sYyTw�y 	�� x[�@~�~�� � ��"
�

� �+�-v rooti = r �Yy pari = i ��wNx � ��q ∃j y��@x%
 � � � i(j)
q � vzy+� � s�u � yTw � x[���+q8� � x[��x`w#��} 
Nx[� �

i
��qYy

� � s�u � yTw � x[���Yy+u��Yy�y�����} 
Nx[�#u ���
	�� vzy�� ��� sYyTw�y 	�� x[�@~�~�� � ��"
�
� �+�-v rooti = r � pari 6∈ Filsi ∪ {i} �Yy disti 6= distpari

+ 1 ��wNx � ��q ∃j y��@x�
 � � �
i(j)q � vzy&� � s�u � yTw � x[���&q8� � x[�Òx`wÄ��} 
Nx[� �

i
��qYy�� � s�u � yTw � x[�×�Yy	u��Yy�y�����} 
Nx[�_u ���
	�� vzy � ��� sYyTw�y 	��

x[�@~�~�� � ��"
�
3
�+�-v rooti = r � pari 6∈ Filsi ∪ {i} �Yy disti = distpari

+ 1 �+wNx � ��q�{
#�wH%��-v |Filsi| > 1 ��wNx � ��q ∃j y��@x+
 � � �

i(j)
q � vzy#� � s�u � yTw � x[����q8� � x[�×x`w ��} 
Nx[� �

i
��qYy

� � s�u � yTw � x[���Yy+u��Yy�y�����} 
Nx[�#u ���
	�� vzy�� ��� sYyTw�y 	�� x[�@~�~�� � ��"
�
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# � %��-v Filsi = {k} �Yy |Filsk| = ∅ �fwNx � ��q ∃j y��@x 
 � � � k(j)
q � vzyR� � s�u � yTw � x[���Rq8� � x[��x`w

��} 
Nx[� �
k
��qYyf� � s�u � yTw � x[���Yy+u��Yy�y�����} 
Nx[�#u ���
	�� vzy�� ��� sYyTw�y 	�� x[�@~�~�� � ��"
�

#�u�%��-v Filsi = {k} �Yy |Filsk| > 0 �(wNx � ��q � i
��qYyf� � s�u � yTw � x[���Yy �

k
��qYy�x`wÒq8� � x[��w � yz���

��} 
Nx[�#s �N� � y � �@x¼x[�@~�� � yf� � s�u � yTw � x[��� ��� � � s�u � yzv ��� 	 ��x � ��� � 	 ��u���q 	 � ��� ��} 
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	 ��w
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 � ���
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Nx[� � i
��qYy
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Nx[��s �N� � �
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Nx[��qo��� �
	 ��w x`w
	 � ��� vT}@~�� �
��� w�r4r'x v�u�w � x[�×�Yy�u ���
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 � ���

i(k) q � vzy+� � s�u � yTw � x[���+q8� � x[��x`wÒ��} 
Nx[� � i
��qYy
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�
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��qYy�� � s�u � yTw � x[� �Yy �
j
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Nx[�

s �N� � y � �@x¼x[�@~�� � y�� � s�u � yTw � x[��� ��� � � s�u � yzv ��� 	 ��x � ��� � 	 �Òu���q 	 � ��� ��} 
Nx[��q#��� �
	 ��w
x`w 	 � ��� vT}@~�� �
��� w�r4r'x v�u�w � x[���Yy�u ���
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#�u�%��-v disti 6= distj + 1 �Yy distj 6= disti + 1 �+wNx � ��q�{
v ���-v |Filsi| > 1 �+wNx � ��q ∃k y��@x%
 � ���
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�
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j
��qYyfx`w�q8� � x[�
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Nx[�Þs �N� � y � �@x¼x[�@~�� � y�� � s�u � yTw � x[��� ��� � � s�u � yzv ��� 	 �]x � ��� � 	 � u���q 	 � ���
��} 
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;#< K7MPåPå�K�ä�KNXtä#æ7MtW
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XPZ �

i
!'XPZ �

i
XtW�ä�KNX7V�W_^Pã/êYMPVZIAUPQ[W/ä < e:X h4WYO�V�MÔ\^M]Q[WYç#çÒW aB<=; ! �

k

X�S W/ä�V&åJINä>IAåPåPQ`Z[ê�IAUPQ[W
å�KNMPO+MPX

k ∈ Filsi
< a&WRåPQ`Mtä�! �

k

X�S W/ä�V�åJINä IAåPåPQ`Z[ê�IAUPQ[W	å�KNMPO�MPX
k ∈ V oisinsi \ {Filsi}ê�IAO

Tree(k)
W/ä�V h4ãYO�ZDM-ã < a&W×åPQ`Mtä�!

rooti 6= r
Z`ç#åPQ`Z[æ7MtW]æ7MtW×QQI \PWYMB^^ZPGYçÒW]ê/KNXt\^Z`V�Z[KNX

KNM�QQI V�O�KNZ[ä�ZPGYçÒWoä�KNX7V C`IAMtä�ä�W×WYV�\PKNXtê
Onelocalfault(k, d, k′)

X�S W/ä�V�åJINä h4ãYO�ZDM-ã < J�IAO
ê/KNXtä�ã/æ7MtWYX7V �

k

X�S W/ä�VXIAåPåPQ`Z[ê�IAUPQ[W�å�KNMPO IAMtêYMPX h4KNZ[ä�Z`X_\PW
pi
< e:XBMtX !Pä�Z�ê/WYV�V�W C`IAMPV�W&ä�MPO

piWYX7V�OZI-,[XtWRæ7MtW
Tree(i)

\PW h®Z[WYX7V�C`IAMB^(!\IAQ[KNO�ä QQI!OHG S�Q[W �
i
X�S W/ä�V åJINä:W_^Pã/êYMPVZIAUPQ[W < a>IAXtä Q[W(ê�INä

ê/KNX7V�OZIAZ`O�W-! �
i
W/ä�V�QQI	ä�WYMPQ[W IAMPV�O�W�OHG S�Q[W(ã h4WYX7V�MtWYQ`Q[WYçÒWYX7V�W_^Pã/êYMPVZIAUPQ[W <#b S W_^Pã/êYMPV�Z[KNX#\PW�QTS MPXtW

\PW#ê/W/ä&\PWYMB^oOHG S�Q[W/ä�O�WYXt\^OZI�\�S MPXtW�åJIAO�V�Q[W�åPO�ã/\^Z[ê�IAV
Asks(i, j)

h®OZIAZ:WYV&åJIAO�ê/KNXtä�ã/æ7MtWYX7V
QQI#\PWYMB^^ZPGYçÒW�OHG S�Q[W�XtKNXRIAåPåPQ`Z[ê�IAUPQ[W-!-WYV!ê/KNXt\^MPZ`OZIÒ\�S IAMPV�O�W�åJIAO�VRQ[W�äFE^ä�VHGYçÒW ��MPXÄãYVZIAV	\^M
Q[WYç#çÒW aB< @B< g!X×W_^PWYç#åPQ[W�W/ä�VfO�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQIdMYS�MPO�W aB< OB<

ë < K7MPåPå�K�ä�KNXtä#æ7MtW
rooti = r

WYV
pari = i

< a>IAXtä�Q[W�åPO�ã/\^Z[ê�IAV
Onelocalfault(i, d, j)

!:QQI
êYZ`Xtæ7MPZPGYçÒW�ê/KNXt\^Z`V�Z[KNXÔW/ä�VXh4ãYO�ZDM-ã/W�ê�IAO

disti 6= disti + 1 = distpari
+ 1

!-QQI�ä�ZD^^ZPGYçÒW�W/ä�V
h4ãYO�ZDM-ã/Woê�IAO

parpari
= i

WYV�QQIÔä�WYåPV�ZPGYçÒW×W/ä�V h4ãYO�ZDM-ã/Woê�IAO
pari = i

< J�IAO�ê/KNXtä�ã/æ7MtWYX7V
�

i(j)
W/ä�V�W_^Pã/êYMPVZIAUPQ[WÒWYV&XPZ �

i
!'XPZ �

i
XtW�ä�KNX7VdIAåPåPQ`Z[ê�IAUPQ[W/ä < JLKNMPO�V�KNMPV

k ∈ V oisinsi
!

Onelocalfault(k, d, k′)
X�S W/ä�V�åJINä h4ãYO�ZDM-ãÄê�IAO

Coherent(k)
W/ä�V h4ãYO�ZDM-ãÄWYV�åJIAO#ê/KNXtä�ã_e

æ7MtWYX7V �
k

X�S W/ä�V:åJINä IAåPåPQ`Z[ê�IAUPQ[W < e:XBMtX ! �
k

X�S W/ä�V:åJINä IAåPåPQ`Z[ê�IAUPQ[W!ê�IAO
Tree(k)

W/ä�V h4ãYO�ZDM-ã
å�KNMPOÒV�KNMPV

k ∈ V oisinsi
< a&KNXtê_QQI]ä�WYMPQ[W_OHG S�Q[W_W_^Pã/êYMPVZIAUPQ[W×W/ä�V �

i
WYVÒä�KNX W_^Pã/êYMPV�Z[KNX

å�KNMPO�MPXÞåPO�K®ê/W/ä�ä�WYMPO
j
æ7MtWYQ[ê/KNXtæ7MtW�ê/KNXt\^MPZ`V�XJIAV�MPO�WYQ`Q[WYçÒWYX7V �_MPXIãYVZIAV�\^MÞQ[WYç#çÒW aB< @B<

g!XÄW_^PWYç#åPQ[W�W/ä�VfO�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQIdMYS�MPO�W aB< ì <
OB< K7MPåPå�K�ä�KNXtä	æ7MtW

rooti = r
WYV

pari 6∈ Filsi ∪ {i}
WYV

disti 6= distpari
+ 1
< a>IAXtä!ê/W�ê�INä�!

QQI]êYZ`Xtæ7MPZPGYçÒWÄê/KNXt\^Z`V�Z[KNX�\^MEåPO�ã/\^Z[ê�IAV
Onelocalfault(i, d, j)

W/ä�V h4ãYO�ZDM-ã/WÄê�IAO
disti 6=

distpari
+ 1
< J:MPZ[ä�æ7MtW

parpari
6= i

!LQQI×ä�V�O�MtêYV�MPO�W�Q[K®ê�IAQ[W�\�S IAO�UPO�W�\PW
pari

W/ä�V#ê/KNO�O�W/êYV�W
W_^Pê/WYåPV�ã h®Z[ä e �%e`h®Z[äh\PWRä�KNX MtQ[ä

pi
!�WYVhåJIAO+ê/KNXtä�ã/æ7MtWYX7V�QQI�ä�ZD^^ZPGYçÒWRWYVhQQI�ä�WYåPV�ZPGYçÒWRê/KNXt\^Z`V�Z[KNX

ä�KNX7V h4ãYO�ZDM-ã/W/ä < a&KNXtê �
i(j)

W/ä�V�W_^Pã/êYMPVZIAUPQ[W_WYV�XPZ �
i
!LXPZ �

i
XtW�ä�KNX7V4IAåPåPQ`Z[ê�IAUPQ[W/ä < a&W

åPQ`Mtähå�KNMPO:V�KNMPV
k ∈ V oisinsi \Filsi \{pari}

!
Onelocalfault(k, d, k′)

X�S W/ä�VhåJINä h4ãYO�ZDM-ã
ê�IAO

Coherent(k)
W/ä�V?h4ãYO�ZDM-ã < JLKNMPO

pari
!
Onelocalfault(pari, d, k′)

X�S W/ä�V�åJINä?h4ãYO�ZDM-ã
ê�IAO�QQI_êYZ`Xtæ7MPZPGYçÒW�ê/KNXt\^Z`V�Z[KNX X�S W/ä�V�åJINä?h4ãYO�ZDM-ã/WÒ\YIAXtä�Q[WÒê�INä�K��

|Filspari
| = {i}

!�WYV�QQI
æ7MJIAV�O�ZPGYçÒW�XtWÒQTS W/ä�V�åJINä�\YIAXtä�Q[W�ê�INä�K��

|Filspari
| > 1

< e:XBMtX !Lå�KNMPO�V�KNMPV
k ∈ Filsi

!
Onelocalfault(k, d, k′)

X�S W/ä�V�åJINädh4ãYO�ZDM-ã�ê�IAO�QQIÄä�ZD^^ZPGYçÒW�ê/KNXt\^Z`V�Z[KNXIX�S W/ä�V�åJINädh4ãYO�ZDM-ã/W
\YIAXtä�Q[W_ê�INä�K��

|V oisinsk| > 1
! WYV�QQI×V�O�KNZ[ä�ZPGYçÒW_ê/KNXt\^Z`V�Z[KNX XtW�QTS W/ä�V�åJINä#\YIAXtä�Q[W�ê�INä

K��
V oisinsk = {i}

< e:Xgh4WYO�V�MÔ\^M Q[WYç#çÒW aB<=; ! �
k

X�S W/ä�V�åJINä?IAåPåPQ`Z[ê�IAUPQ[W#å�KNMPO�MPX
k ∈

Filsi
< a&W!åPQ`Mtä�! �

k

X�S W/ä�V+åJINä IAåPåPQ`Z[ê�IAUPQ[W&å�KNMPO+MPX
k ∈ V oisinsi \ {Filsi}

ê�IAO
Tree(k)

W/ä�V h4ãYO�ZDM-ã < e:X KNMPV�O�W-!
¬Onelocalfault(k, d, k′)

Z`ç#åPQ`Z[æ7MtW æ7MtW �
k

X�S W/ä�V IAåPåPQ`Z[ê�IAUPQ[W
å�KNMPO IAMtêYMPX h4KNZ[ä�Z`X�\PW

pi
< e:XBMtX QTS W_^Pã/êYMPV�Z[KNX \PW �

i
å�KNMPOÒMPX

j
æ7MtWYQ[ê/KNXtæ7MtW×ê/KNXt\^MPZ`V

XJIAV�MPO�WYQ`Q[WYçÒWYX7V ��MPXÄãYVZIAVR\^M_Q[WYç#çÒW aB< @B< g!X_W_^PWYç#åPQ[W�W/ä�VfO�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQIdMYS�MPO�W aB< aB<
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Etat Correct


r,d

i


p


j
 k


v

r,d


r,d-1


r,d+1


r,d-1


r,d+1


Etat à faute unique


r,d

i


p


j
 k


v

r'
,d


r,d-1


r,d+1


r,d-1


r,d+1


Ou


Etat simplement correct après exécution de O
i


r,d

i


p


j
 k


v

i
,d


r,d-1


r,d+1


r,d-1


r,d+1


r,d

i


p


j
 k


v

i
,d


r,d-1


r,d+1


r,d-1


r,d+1


 peut exister


 doit exister


Etat Correct


r,d

i


p


j
 k


v

r,d


r,d-1


r,d+1


r,d-1


r,d+1


Etat à faute unique


r,d

i


p


j
 k


v

i
, 0


r,d-1


r,d+1


r,d-1


r,d+1


Ou


Etat simplement correct après exécution de A 
i


r,d

i


p


j
 k


v

i
,0


r,d-1


r,d+1


r,d-1


r,d+1


r,d

i


p


j
 k


v

i
,0


r,d-1


r,d+1


r,d-1


r,d+1


������� aB< O � g!XÄW_^PWYç#åPQ[W�\^MÄê�INä 1
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Etat correct


r,d

i


p


j
 k


v

r,d


r,d-1


r,d+1


r,d-1


r,d+1


Etat à faute unique sur p
i


r,d

i


p


j
 k


v

r,d


r,d-1


r,d+1


r,d-1


r,d+1


Ou


Etat simplement correct après exécution de la règle O
i


r,d

i


p


j
 k


v

i
,d


r,d-1


r,d+1


r,d-1


r,d+1


r,d

i


p


j
 k


v

i
,d


r,d-1


r,d+1


r,d-1


r,d+1


������� aB< ì � g!XÄW_^PWYç#åPQ[W�\^MÄê�INä 2

ì < K7MPåPå�K�ä�KNXtä#æ7MtW
rooti = r

!
pari 6∈ Filsi ∪ {i}

WYV
disti = distpari

+ 1
< j	ã/ê/W/ä�äZIAZ`O�W_e

çÒWYX7V
|Filsi| > 0

ä�Z`XtKNX QQI ä�V�O�MtêYV�MPO�WÄQ[K®ê�IAQ[WÄ\�S IAO�UPO�W×\PW
pi
IAZ`Xtä�Z!æ7MtW_QTS ãYVZIAV�\^M äFE^ä e

VHGYçÒW]ä�WYOZIAZ[WYX7V_ê/KNO�O�W/êYV�ä < d�KNMPV_\�S IAU�KNO�\(!�å�KNMPO�Q[W×åPO�K®ê/W/ä�ä�WYMPO�å+GYO�Wo\PW
pi

!�Q[W×åPO�ã/\^Z[ê�IAV
Onelocalfault(pari, d, j)

X�S W/ä�V�åJINä-h4ãYO�ZDM-ã�ê�IAO
Coherent(pari)

W/ä�V-h®OZIAZ < JLKNMPOLQQI(ç �YçÒW
OZIAZ[ä�KNX !

Onelocalfault(k, d, j)
X�S W/ä�V�åJINä?h4ãYO�ZDM-ã#å�KNMPO�V�KNMPV

k ∈ V oisinsi \ {Filsi} \

{pari}
< J�IAO�ê/KNXtä�ã/æ7MtWYX7V�QQI_OHG S�Q[W �

k

X�S W/ä�V�åJINä]IAåPåPQ`Z[ê�IAUPQ[W IAZ`Xtä�Z�æ7MtWÒQQI�OHG S�Q[W �
k

ê�IAO
Tree(k)

W/ä�V h4ãYO�ZDM-ã-!7å�KNMPO+V�KNMPV
k ∈ V oisinsi \ {Filsi}

< J�IAO IAZ`Q`Q[WYMPO�ä�!7XtKNMtä(\^Z[ä�V�Z`X9S�MtKNXtä
V�O�KNZ[ä!ê�INäRä�MPZ=h#IAX7VRQ[W&XtKNç�UPO�W�\PW MtQ[äR\PW

pi
�

2 I�3
|Filsi| > 1

�AåPMPZ[ä�æ7MtW
parpari

6= i
!NQQI	ä�V�O�MtêYV�MPO�W+Q[K®ê�IAQ[W(\�S IAO�UPO�Wf\PW

pari
W/ä�V:ê/KNO�O�W/êYV�W

W_^Pê/WYåPV�ãRh®Z[ä e �%e`h®Z[ä�\PWoä�KNX MtQ[ä
pi
WYV�åJIAO�ê/KNXtä�ã/æ7MtWYX7V�QQI ä�ZD^^ZPGYçÒWoWYV�QQI ä�WYåPV�ZPGYçÒW

ê/KNXt\^Z`V�Z[KNX ä�KNX7V h4ãYO�ZDM-ã/W/ä < a&W�åPQ`Mtä�!�QQI×êYZ`Xtæ7MPZPGYçÒW�ê/KNXt\^Z`V�Z[KNX W/ä�V]h4ãYO�ZDM-ã/W�åPMPZ[ä�æ7MtW
Q[W/ä�\PWYMB^ INä�ä�WYO�V�Z[KNXtä�\PW�QTS Z`ç#åPQ`Z[ê�IAV�Z[KNX ä�KNX7V4h®OZIAZ[W/ä < J�IAO�ê/KNXtä�ã/æ7MtWYX7V�!hQ[W_åPO�ã/\^Z[ê�IAV
Onelocalfault(i, d, j)

W/ä�V h4ãYO�ZDM-ã-! IAQ[KNO�äÒæ7MtW�å�KNMPOÒV�KNMPV
k ∈ Filsi

! Q[W_åPO�ã/\^Z[ê�IAV
Onelocalfault(k, d, k′)

X�S W/ä�V�åJINä?h4ãYO�ZDM-ã�ä�KNZ`V�åJIAO�ê/W�æ7MtWÒQQI�V�O�KNZ[ä�ZPGYçÒW�ê/KNXt\^Z`V�Z[KNX
XtWfQTS W/ä�VhåJINä�ä�Z

V oisinsk = {i}
!7ä�KNZ`VhåJIAO�ê/W!æ7MtW(QQI�ä�ZD^^ZPGYçÒWfXtWfQTS W/ä�VhåJINä�\YIAXtähQ[WRê�INä

ê/KNX7V�OZIAZ`O�W < J�IAORê/KNXtä�ã/æ7MtWYX7V�!På�KNMPO(V�KNMPV
k ∈ Filsi

!®QQI�OHG S�Q[W �
k

X�S W/ä�V IAåPåPQ`Z[ê�IAUPQ[W�WYV
QQI!OHG S�Q[W �

k

XtKNX#åPQ`Mtä:WYX h4WYO�V�MÒ\^M�Q[WYç#çÒW aB<=;#< n!Z`Xtä�Z,!AQQI!OHG S�Q[W �
i(j)

W/ä�V:W_^Pã/êYMPVZIAUPQ[W
WYV	åJIAO&ê/KNXtä�ã/æ7MtWYX7V	XPZ �

i
!tXPZ �

i
XtW�ä�KNX7V&W_^Pã/êYMPVZIAUPQ[W/ä <�b I�ä�WYMPQ[W�OHG S�Q[W�W_^Pã/êYMPVZIAUPQ[W

W/ä�Vf\PKNXtê �
i
WYVfä�KNX_W_^Pã/êYMPV�Z[KNXÄê/KNXt\^MPZ`V���MPX_ãYVZIAVR\^M�Q[WYç#çÒW aB< @B< g!X_W_^PWYç#åPQ[W�W/ä�V

O�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQI]MYS�MPO�W aB< @B<
2 U43

Filsi = {k}
WYV

|Filsk| = ∅
�(\YIAXtä_ê/W ê�INä�!

Onelocalfault(i, d, j)
X�S W/ä�V�åJINä
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Etat Correct


r,d

i


p


j
 k


v

r,d


r,d-1


r,d+1


r,d-1


r,d+1


Etat à faute unique


r,d

i


p


j
 k


v

r,
d'


r,d-1


r,d+1


r,d-1


r,d+1


Ou


Etat simplement correct après exécution de O
i


r,d

i


p


j
 k


v

i
,
d'


r,d-1


r,d+1


r,d-1


r,d+1


r,d

i


p


j
 k


v

i
,
d'


r,d-1


r,d+1


r,d-1


r,d+1


������� aB< a � g!XÄW_^PWYç#åPQ[W�\^MÄê�INä 3

Etat à faute unique


r,d
i


p


j
 k


r,
d'+1


r,d-1


r,d+1


r,d'


r,d+1


v


Etat Correct


r,d
i


p


j
 k


r,d


r,d-1


r,d+1


r,d'


r,d+1


v


Etat simplement correct après

exécution de O
i


r,d
i


p


j
 k


i
,
d'+1


r,d-1


r,d+1


r,d'


r,d+1


v


������� aB< @ � g!XÄW_^PWYç#åPQ[W�\^MÄê�INä 4a

h4ãYO�ZDM-ãÒê�IAO�QTS INä�ä�WYO�V�Z[KNX � S3IAMtêHTtW�\PW�QTS Z`ç#åPQ`Z[ê�IAV�Z[KNX !�\YIAXtä�QQI�êYZ`Xtæ7MPZPGYçÒWÒê/KNXt\^Z`V�Z[KNX !
W/ä�V h®OZIAZ[W�WYV�ê/WYQ`Q[W�æ7MPZ:W/ä�V ��\^O�KNZ`V�W#W/ä�V C`IAMtä�ä�W < J�IAO�ê/KNXtä�ã/æ7MtWYX7V�QQI�OHG S�Q[W �

i
X�S W/ä�V

åJINädIAåPåPQ`Z[ê�IAUPQ[W < k�Q:WYX W/ä�V�\PW#ç �YçÒW�å�KNMPO �
i
WYV �

i
æ7MPZ:XtW#ä�KNX7V�åJINädIAåPåPQ`Z[ê�IAUPQ[W/ä

ê�IAO
Tree(i)

W/ä�V h4ãYO�ZDM-ã < JLKNMPO(V�KNMPV
k ∈ Filsi

!4Q[W!åPO�ã/\^Z[ê�IAV
Onelocalfault(k, d, k′)

W/ä�V h4ãYO�ZDM-ã#WYV�åJIAO�ê/KNXtä�ã/æ7MtWYX7V�QQI�OHG S�Q[W �
k

W/ä�V�W_^Pã/êYMPVZIAUPQ[W4IAQ[KNO�ä�æ7MtW�QQI�OHG S�Q[W �
kXtW�QTS W/ä�V�åJINä < J�IAO#ê/KNXtä�ã/æ7MtWYX7V�! Z`QfW_^^Z[ä�V�W�MPX

j
V�WYQfæ7MtW �

k(j)
ä�KNZ`V�QQI×ä�WYMPQ[W�OHG S�Q[W

W_^Pã/êYMPVZIAUPQ[W�WYV�\PKNX7V�QTS W_^Pã/êYMPV�Z[KNXIê/KNXt\^MPZ`V���MPXÞãYVZIAV�\^M Q[WYç#çÒW aB< @B< g!X W_^PWYç#åPQ[W
W/ä�VRO�WYåPO�ã/ä�WYX7V�ã�ä�MPORQQIdMYS�MPO�W aB< N0<

2 ê 3
Filsi = {k}

WYV
|Filsk| > 0

�'\YIAXtä	ê/W�ê�INä�!-QTS INä�ä�WYO�V�Z[KNX �Ò\^O�KNZ`V�W�\PW�QTS Z`ç#åPQ`Z[ê�IAV�Z[KNX !
\YIAXtä:QQI&êYZ`Xtæ7MPZPGYçÒWfê/KNXt\^Z`V�Z[KNX�\^M#åPO�ã/\^Z[ê�IAV

Onelocalfault(i, d, j)
!4W/ä�V h®OZIAZ[W < a&KNXtê

QQIN\^Z`V�W�ê/KNXt\^Z`V�Z[KNXÔW/ä�V h4ãYO�ZDM-ã/W IAZ`Xtä�Z æ7MtW�Q[W/ä&\PWYMB^oä�MPZ=h#IAX7V�W/ä&ê�IAO
distk 6= disti + 1

WYV
parpari

6= i
< J�IAO�ê/KNXtä�ã/æ7MtWYX7V�!

Onelocalfault(i, d, j)
W/ä�V4h4ãYO�ZDM-ãoWYV�QQI OHG S�Q[W

�
i(j)

W/ä�V#W_^Pã/êYMPVZIAUPQ[W�ç IAZ[ä�Q[W/ä�OHG S�Q[W/ä �
i
WYV �

i
XtW�Q[W�ä�KNX7V�åJINä < a&W�åPQ`Mtä�!Lå�KNMPO
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Etat correct


r,d
i


p


k


r,d


r,d-1
r,d'


r,d+1


v


Etat à faute unique


r,d
i


p


r,
d'+1


r,d-1
r,d'
 v


k
 r,d+1


Etat correct


r,d
i


p


k


r,d


r,d-1


r,d'


r,d+1


v


r,d"


Etat à faute unique


r,d
i


p


r,
d'+1


r,d-1


r,d'

v


k
 r,d+1

r,d"


Ou


Etat simplement correct après exécution de la règle O
k


r,d
i


p


k


r,d'+1


r,d-1


r,d'


k
,d+1


v


r,d"


r,d
i


p


k


r,d'+1


r,d-1


r,d'


k
,d+1


v


r,d"


r,d
i


p


k


r,d'+1


r,d-1
r,d'


k
,d+1


v


Etat simplement correct après

exécution de la règle O
k


������� aB< N � g!XÄW_^PWYç#åPQ[W�\^M×ê�INä 4b

V�KNMPV
k ∈ Filsi

!�Q[WRåPO�ã/\^Z[ê�IAV
Onelocalfault(k, d, k′)

W/ä�V h4ãYO�ZDM-ã!WYV�åJIAO+ê/KNXtä�ã/æ7MtWYX7V
QQIoOHG S�Q[W �

k

W/ä�V#QQI]ä�WYMPQ[W IAMPV�O�W�OHG S�Q[WÄã h4WYX7V�MtWYQ`Q[WYçÒWYX7V�W_^Pã/êYMPVZIAUPQ[W IAQ[KNO�äÒæ7MtW �
kXtW#QTS W/ä�V�åJINä <-b S W_^Pã/êYMPV�Z[KNXÞ\PW�QTS MPXtWÒ\PWÒê/W/ä�\PWYMB^ OHG S�Q[W/ä�O�WYXt\^OZI_QQI�\PWYMB^^ZPGYçÒW#XtKNX

IAåPåPQ`Z[ê�IAUPQ[W�WYV	ê/KNXt\^MPZ`OZIÒQ[W�äFE^ä�VHGYçÒW ��MPXoãYVZIAV	\^MÄQ[WYç#çÒW aB< @ h®Z[ä e �%e`h®Z[ä!\PW
i
KNMo\PW

k
< g!XÄW_^PWYç#åPQ[W�W/ä�VfO�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQI]MYS�MPO�W aB< é <

aB< K7MPåPå�K�ä�KNXtäÄæ7MtW
rooti = r

WYV
pari = j ∈ Filsi

< j	ã/ê/W/ä�äZIAZ`O�WYçÒWYX7V
|Filsi| > 0

WYV

|Filsj | > 0
< JLKNMPO�V�KNMPV

k ∈ V oisinsi \Filsi
!�Q[WfåPO�ã/\^Z[ê�IAV

Onelocalfault(k, d, k′)
X�S W/ä�V

åJINä h4ãYO�ZDM-ãÄê�IAO
Coherent(k)

W/ä�V h4ãYO�ZDM-ãÄWYV#åJIAO�ê/KNXtä�ã/æ7MtWYX7VÒQ[W/ä#OHG S�Q[W/ä �
k

WYV �
k

XtW
ä�KNX7V�åJINädIAåPåPQ`Z[ê�IAUPQ[W/ä < j	KNMtä�\^Z[ä�V�Z`X9S�MtKNXtä�V�O�KNZ[ä�ê�INä�ä�MPZ=h#IAX7V�QQI h#IAQ[WYMPO�\PW

disti
WYV�ê/WYQ`Q[W

\PW
distj

�

2 I�3
distj = disti +1

�7\YIAXtä+ê/WRê�INä�!4Q[WRåPO�ã/\^Z[ê�IAV
Onelocalfault(i, d, k)

W/ä�V h4ãYO�ZDM-ã < e:X
W ��WYV�!�QQI�ä�WYåPV�ZPGYçÒW#ê/KNXt\^Z`V�Z[KNXÔW/ä�V h4ãYO�ZDM-ã/W-!

parpari
= i

O�WYXt\oQQI�ä�ZD^^ZPGYçÒW�ê/KNXt\^Z`V�Z[KNX
h®OZIAZ[W!WYV

disti 6= distpari
+1

O�WYXt\ÒQQI�êYZ`Xtæ7MPZPGYçÒW	ê/KNXt\^Z`V�Z[KNX h®OZIAZ[W < J�IAO(ê/KNXtä�ã/æ7MtWYX7V�!
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Etat Correct


r,d
i


p


k


r,d


r,d-1


r,d'


r,d+1


v


r,d


r,d+2
r,d+2


Etat à faute unique


r,d
i


p


r,
d'+1


r,d-1


r,d'

v


k
 r,d+1

r,d


r,d+2
r,d+2


Ou


Etat simplement correct après

exécution de O
k


Etat simplement correct après

exécution de O
i


r,d
i


p


k


i
,d'+1


r,d-1


r,d'


r,d+1


v


r,d


r,d+2
r,d+2


r,d
i


p


k


r,d'+1


r,d-1


r,d'


k
,d+1


v


r,d


r,d+2
r,d+2


������� aB< é � g!XÄW_^PWYç#åPQ[W�\^M×ê�INä 4c

�
i
W/ä�V W_^Pã/êYMPVZIAUPQ[W+ç IAZ[äLQ[W/äLOHG S�Q[W/ä �

i
WYV �

i
XtW+Q[W+ä�KNX7VLåJINä < a&W�åPQ`Mtä�!¢å�KNMPOLV�KNMPV

k ∈

Filsi \ j
!PQ[W�åPO�ã/\^Z[ê�IAV

Onelocalfault(k, d, k′)
X�S W/ä�VfåJINä h4ãYO�ZDM-ã�ê�IAO

Coherent(k)
W/ä�V h4ãYO�ZDM-ãRWYV:åJIAO�ê/KNXtä�ã/æ7MtWYX7VhXPZ �

k

XPZ �
k

XtWfä�KNX7V IAåPåPQ`Z[ê�IAUPQ[W/ä < J�IAO IAZ`Q`Q[WYMPO�ä�!�XtKNMtä
\^Z[ä�V�Z`X9S�MtKNXtä	\PWYMB^_ê�INäRä�MPZ=h#IAX7VRQ[W&XtKNç�UPO�W�\PW MtQ[äR\PW

pj
�

Z <
|Filsj | > 1

�t\YIAXtä&ê/W�ê�INä�!
Onelocalfault(j, d, k′)

X�S W/ä�V!åJINäXh4ãYO�ZDM-ã�åPMPZ[ä�æ7MtW
QQI]æ7MJIAV�O�ZPGYçÒWÄê/KNXt\^Z`V�Z[KNX XtW�QTS W/ä�V#åJINä < n!Z`Xtä�Z,!LXtKNMtä#XtKNMtä#V�O�KNM9h4KNXtä�\YIAXtä#MPX
ê�INä IAXJIAQ[K\S�MtW �#ê/WYQ`MPZ�\Pã/êYO�Z`V	\YIAXtä

4(a)
< n"äZI�h4KNZ`O�!tZ`Q�W_^^Z[ä�V�W

k
V�WYQ�æ7MtW&QQI�OHG S�Q[W

�
i(k)

ä�KNZ`V�W_^Pã/êYMPVZIAUPQ[W�WYV�ä�KNX W_^Pã/êYMPV�Z[KNXÞê/KNXt\^MPZ`V���MPX ãYVZIAV�\^MÔQ[WYç#çÒW aB< @B<
g!XÄW_^PWYç#åPQ[W�W/ä�VfO�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQIdMYS�MPO�W aB< UB<

Z`Z <
Filsj = {i}

�N\YIAXtähê/Wfê�INä�!
Onelocalfault(j, d, k′)

W/ä�V�h4ãYO�ZDM-ãfWYV:XtKNMtä:O�WYV�O�KNMBe
h4KNXtä�Q[W�ç �YçÒW�O�ã/ä�MPQ`VZIAV�æ7MtW�ê/WYQ`MPZh\^M ê�INä

4(c)
< n äZI�h4KNZ`O�! �

i
W/ä�V�W_^Pã/êYMPVZIAUPQ[W

WYV �
j
W/ä�V�QQI_ä�WYMPQ[W IAMPV�O�WÒOHG S�Q[W�ã h4WYX7V�MtWYQ`Q[WYçÒWYX7VÒW_^Pã/êYMPVZIAUPQ[W <8b S W_^Pã/êYMPV�Z[KNXI\PW

QTS MPXtW�\PW�ê/W/äR\PWYMB^_OHG S�Q[W/äRO�WYXt\^OZI�QQI�\PWYMB^^ZPGYçÒW�XtKNXRIAåPåPQ`Z[ê�IAUPQ[W�WYV!ê/KNXt\^MPZ`OZI#Q[W
äFE^ä�VHGYçÒW �_MPXIãYVZIAV�\^MÞQ[WYç#çÒW aB< @ h®Z[ä e �%e`h®Z[ä�\PW

i
KNMÞ\PW

j
< g!XIW_^PWYç#åPQ[W�W/ä�V

O�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQI]MYS�MPO�W aB< UB<
2 U43

disti = distj + 1
WYV

distj 6= disti + 1
��å�KNMPO�V�KNMPV

k ∈ Filsi \ {j}
!
distk

W/ä�V
\^Z ��ãYO�WYX7V�W�\PW

disti + 1
< c+WYV�V�W&Z`Xtã S3IAQ`Z`V�ã&O�WYXt\ C`IAMtä�ä�W&ä�KNZ`V(QQI�ä�ZD^^ZPGYçÒW&ê/KNXt\^Z`V�Z[KNX×\^M

åPO�ã/\^Z[ê�IAV
Onelocalfault(k, d, k′)

!�ä�KNZ`V&äZIÒV�O�KNZ[ä�ZPGYçÒW�ê/KNXt\^Z`V�Z[KNX ä�ZLQ[W]h4KNZ[ä�Z`XJI�S4W�\PW
pk

W/ä�V(O�ã/\^MPZ`V �
pi
< J�IAO!ê/KNXtä�ã/æ7MtWYX7V�!^QQI�OHG S�Q[W �

k

X�S W/ä�V(åJINäXIAåPåPQ`Z[ê�IAUPQ[W-!PWYVfQQI�OHG S�Q[W
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Etat Correct


r,d
i


p


r,d


r,d-1


r,d'


j
 r,d+1

r,d+1


r,d-2
 k


r,d+2
r,d+2


Etat simplement correct après

exécution de O
i


r,d
i


p


i
,d


r,d-1


r,d'


j
 r,d+1

r,d+1


r,d-2
 k


r,d+2
r,d+2


Etat à faute unique avec |Fils
j
 | > 1


r,d
i


p


r,d


r,d-1


r,d'


j
 r,d+1

r,d+1


r,d-2
 k


r,d+2
r,d+2


Etat Correct


r,d
i


p


r,d


r,d-1


r,d'


j
 r,d+1

r,d+1


r,d-2
 k


Etat à faute unique avec Fils
j
 ={i}


r,d
i


p


r,d


r,d-1


r,d'


j
 r,d+1

r,d+1


r,d-2
 k


Ou


Etat simplement correct après

exécution de O
j


Etat simplement correct après

exécution de O
i


r,d
i


p


i
,d


r,d-1


r,d'


j
 r,d+1

r,d+1


r,d-2
 k


r,d
i


p


r
,d


r,d-1


r,d'


j
 r,d+1

j
,d+1


r,d-2
 k


������� aB< U � g!XÄW_^PWYç#åPQ[W�\^MÄê�INä 5a
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Etat Correct


r,d
i


p


r,d


r,d-1


r,d


j
 r,d+1

r,d+1


r,d-2
 k


r,d+2
r,d+2


Etat à faute unique


r,d
i


p


r,
d+2


r,d-1


r,d


j
 r,d+1

r,d+1


r,d-2
 k


r,d+2
r,d+2


Etat simplement correct après exécution de O
i


r,d
i


p


i
,d+2


r,d-1


r,d


j
 r,d+1

r,d+1


r,d-2
 k


r,d+2
r,d+2


r,d
i


p


i
,d+2


r,d-1


r,d


j
 r,d+1

r,d+1


r,d-2
 k


r,d+2
r,d+2


Ou


Etat Correct


r,d
i


p


r,d


r,d-1


r,d'


j
 r,d+1
r,d
 k


Etat à faute unique


r,d
i


p


r,
d+2


r,d-1


r,d'


Ou


Etat simplement correct après

exécution de O
j


Etat simplement correct après

exécution de O
i


r,d
i


p


i
,d+2


r,d-1


r,d'

r,d
i


p


r
,d+2


r,d-1


r,d'


r,d+2
r,d+2


j
 r,d+1
r,d
 k


r,d+2
r,d+2


j
 r,d+1
r,d
 k


r,d+2
r,d+2


j
 j
,d+1
r,d
 k


r,d+2
r,d+2


������� aB<=; è � g!XÄW_^PWYç#åPQ[W�\^MÄê�INä 5b
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�
k

XtKNX_åPQ`Mtä!ê�IAO
Tree(k)

W/ä�V h4ãYO�ZDM-ã < e:XÄKNMPV�O�W-!PXtKNMtä!ê/KNXtä�VZIAV�KNXtäRæ7MtW�QQI�ä�ZD^^ZPGYçÒW
WYV+QQI�ä�WYåPV�ZPGYçÒW	ê/KNXt\^Z`V�Z[KNX_\PW

Onelocalfault(i, d, k)
ä�KNX7V h4ãYO�ZDM-ã/W/ä < e:X�W ��WYV�!7å�KNMPO

V�KNMPV
k ∈ Filsi

!
distk 6= disti + 1

WYV&Q[W/ä&\PWYMB^gINä�ä�WYO�V�Z[KNXtä&\PW�QTS Z`ç#åPQ`Z[ê�IAV�Z[KNXÔ\PW�QQI
ä�WYåPV�ZPGYçÒW�ê/KNXt\^Z`V�Z[KNXoä�KNX7V h®OZIAZ[W/ä < j	KNMtäR\^Z[ä�V�Z`X9S�MtKNXtä!\PWYMB^Äê�INäRä�WYQ[KNX_Q[W�XtKNç�UPO�W�\PW
MtQ[ä!\PW

i
�

Z <
|Filsi| > 1

��\�S MPXtW#åJIAO�V�!�Q[W�åPO�ã/\^Z[ê�IAV
Onelocalfault(i, d, k)

W/ä�V>h4ãYO�ZDM-ãÒê�IAO
QTS INä�ä�WYO�V�Z[KNX��R\^O�KNZ`V�W(\PWhQTS Z`ç#åPQ`Z[ê�IAV�Z[KNX#\PW�QQIRêYZ`Xtæ7MPZPGYçÒW+ê/KNXt\^Z`V�Z[KNX#W/ä�V"h®OZIAZ[W < J�IAO
ê/KNXtä�ã/æ7MtWYX7V�!-QQI#OHG S�Q[W �

i
W/ä�V	W_^Pã/êYMPVZIAUPQ[W�ç IAZ[ä!Q[W/ä!OHG S�Q[W/ä �

i
WYV �

i
XtW�Q[W�ä�KNX7V

åJINä < a�S IAMPV�O�W�åJIAO�V�!'Q[W�åPO�ã/\^Z[ê�IAV
Onelocalfault(j, d, k′)

X�S W/ä�V	åJINä h4ãYO�ZDM-ã#ê�IAO
QQI�ä�WYåPV�ZPGYçÒW#ê/KNXt\^Z`V�Z[KNXÔXtW�QTS W/ä�V�åJINä < e:X C`IAZ`V�!'QTS INä�ä�WYO�V�Z[KNX � S3IAMtêHTtW#\PW�QQIN\^Z`V�W
Z`ç#åPQ`Z[ê�IAV�Z[KNX�W/ä�V h®OZIAZ[W�ç IAZ[äÒê/WYQ`Q[W_\PW�\^O�KNZ`V�W_XtW�QTS W/ä�V#åJINä < n!Z`Xtä�Z,!LXtKNMtä#XtKNMtä
V�O�KNM9h4KNXtäf\YIAXtä�MPX�ê�INä IAXJIAQ[K\S�MtW ��ê/WYQ`MPZ�\Pã/êYO�Z`Vf\YIAXtä

4(a)
< J�IAOfê/KNXtä�ã/æ7MtWYX7V�!®Z`Q

W_^^Z[ä�V�W!MPX
k
V�WYQ�æ7MtWRQQI�OHG S�Q[W �

i(k)
ä�KNZ`V(W_^Pã/êYMPVZIAUPQ[W&WYV(ä�KNX�W_^Pã/êYMPV�Z[KNX_ê/KNXt\^MPZ`V

��MPXÄãYVZIAV!\^MÄQ[WYç#çÒW aB< @B< g!XÄW_^PWYç#åPQ[W�W/ä�VfO�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQI]MYS�MPO�W aB<=; è <
Z`Z <

Filsi = {j}
�:\YIAXtäÒê/WÄê�INä�! Q[W/äÒ\PWYMB^IåPO�ã/\^Z[ê�IAV�ä

Onelocalfault(j, d, k′)
WYV

Onelocalfault(i, d, k)
ä�KNX7Vhã h#IAQ`Mtã/ä)� h®OZIAZ < JLKNMPOhQ[Wf\PWYMB^^ZPGYçÒWfåPO�ã/\^Z[ê�IAV�!4ê�S W/ä�V

QTS INä�ä�WYO�V�Z[KNX&��\^O�KNZ`V�W�\PW	QTS Z`ç#åPQ`Z[ê�IAV�Z[KNX×\PW	QQI�êYZ`Xtæ7MPZPGYçÒW�ê/KNXt\^Z`V�Z[KNX×æ7MPZ�W/ä�V+V�KNMBe
A�KNMPO�ä>h®OZIAZ[W#åPMPZ[ä�æ7MtW

pari = j
< J�IAO�ê/KNXtä�ã/æ7MtWYX7V�!�QQI�OHG S�Q[W �

i
W/ä�V�W_^Pã/êYMPVZIAUPQ[W

ç IAZ[ä�Q[W/ä�OHG S�Q[W/ä �
i
WYV �

i
XtW�Q[W�ä�KNX7V�åJINä < a&W4C`I�)/KNX IAXJIAQ[K\S�MtW IAMIê�INä

4(c)
!

QQI×OHG S�Q[W �
i
W/ä�V�W_^Pã/êYMPVZIAUPQ[W_WYV �

j
W/ä�V�QQI×ä�WYMPQ[W IAMPV�O�W�OHG S�Q[W�ã h4WYX7V�MtWYQ`Q[WYçÒWYX7V

W_^Pã/êYMPVZIAUPQ[W < b S W_^Pã/êYMPV�Z[KNX�\PW�QTS MPXtWÄ\PWÄê/W/äÒ\PWYMB^EOHG S�Q[W/ä#O�WYXt\^OZI]QQI \PWYMB^^ZPGYçÒW
XtKNX IAåPåPQ`Z[ê�IAUPQ[W�WYV(ê/KNXt\^MPZ`OZI�Q[W&äFE^ä�VHGYçÒW
��MPX_ãYVZIAVf\^M�Q[WYç#çÒW aB< @ h®Z[ä e �%e`h®Z[ä(\PW
i
KNMÄ\PW

j
< g!XÄW_^PWYç#åPQ[W�W/ä�VfO�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQI]MYS�MPO�W aB<=; è <

2 ê 3
disti 6= distj + 1

WYV
distj 6= disti + 1

��XtKNV�KNXtä�æ7MtW�\YIAXtä�ê/W�ê�INä�!�XtKNMtä�ê/KNXtä�ZDe
\PãYO�KNXtäÄæ7MtW

|distj − disti| 6= 1
< JLKNMPOÄV�KNMPV

k ∈ Filsi \ j
!(QQIÞ\^Z[ä�VZIAXtê/W

distkW/ä�V�\^Z ��ãYO�WYX7V�W_\PW
disti + 1

< c+WYV�V�W�Z`Xtã S3IAQ`Z`V�ã�O�WYXt\�C`IAMtä�ä�W�ä�KNZ`V�QQIoä�ZD^^ZPGYçÒW�ê/KNXt\^ZDe
V�Z[KNXI\PW

Onelocalfault(k, d, k′)
!Lä�KNZ`V�äZIÄV�O�KNZ[ä�ZPGYçÒW�ê/KNXt\^Z`V�Z[KNXEä�Z�Q[W4h4KNZ[ä�Z`XJI�S4W�\PW

pk

W/ä�V!O�ã/\^MPZ`V �
pi
< J�IAO&ê/KNXtä�ã/æ7MtWYX7V&QQI#OHG S�Q[W �

k

X�S W/ä�V	åJINä IAåPåPQ`Z[ê�IAUPQ[W�WYV �
k

XtKNX
åPQ`Mtä�ê�IAO

Tree(k)
W/ä�Vdh4ãYO�ZDM-ã < e:XIKNMPV�O�W-!LXtKNMtä�ê/KNXtä�VZIAV�KNXtä�æ7MtW�QQI×êYZ`Xtæ7MPZPGYçÒW-!LQQI

ä�ZD^^ZPGYçÒWÄWYV#QQI]ä�WYåPV�ZPGYçÒWÄê/KNXt\^Z`V�Z[KNX \PW
Onelocalfault(i, d, k)

ä�KNX7V h4ãYO�ZDM-ã/W/ä < e:X
W ��WYV�!

disti 6= distj + 1
!
∀k ∈ Filsi distj 6= disti + 1

!-WYV!Q[W/ä!\PWYMB^RINä�ä�WYO�V�Z[KNXtä	\PW
QTS Z`ç#åPQ`Z[ê�IAV�Z[KNXo\PW	QQI�ä�WYåPV�ZPGYçÒW�ê/KNXt\^Z`V�Z[KNX×ä�KNX7V h®OZIAZ[W/ä < J�IAO!ê/KNXtä�ã/æ7MtWYX7V�!^QQI�OHG S�Q[W �

iW/ä�V&W_^Pã/êYMPVZIAUPQ[W�ç IAZ[ä	Q[W/ä!OHG S�Q[W/ä �
i
WYV �

i
XtW�Q[W�ä�KNX7V	åJINä < j	KNMtä&\^Z[ä�V�Z`X9S�MtKNXtä	V�O�KNZ[ä

ê�INä!ä�WYQ[KNX_Q[W�XtKNç�UPO�W�\PW MtQ[äR\PW
pi
WYVR\PW

pj
�

Z <
|Filsi| > 1

�8\YIAXtäLê/W�ê�INä�!/Q[WhåPO�ã/\^Z[ê�IAV
Onelocalfault(j, d, k′)

X�S W/ä�V�åJINä-h4ãYO�ZDM-ã
ê�IAOLQQI!ä�WYåPV�ZPGYçÒW+ê/KNXt\^Z`V�Z[KNX�XtW�QTS W/ä�V�åJINä < e:X?C`IAZ`V�!¢QTS INä�ä�WYO�V�Z[KNX�� S3IAMtêHTtW(\PW�QQIN\^Z`V�W
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Etat Correct


r,d
i


p


r,d


r,d-1


r,d


j
 r,d+1

r,d+1


r,d-2
 k


r,d+2
r,d+2


Etat à faute unique


r,d
i


p


r,
d'


r,d-1


r,d


j
 r,d+1

r,d+1


r,d-2
 k


r,d+2
r,d+2


Etat simplement correct après exécution de O
i


r,d
i


p


i
,d'


r,d-1


r,d


j
 r,d+1

r,d+1


r,d-2
 k


r,d+2
r,d+2


r,d
i


p


i
,d'


r,d-1


r,d


j
 r,d+1

r,d+1


r,d-2
 k


r,d+2
r,d+2


Ou


������� aB<=;#; � g!XÄW_^PWYç#åPQ[W�\^M×ê�INä 5ci

Z`ç#åPQ`Z[ê�IAV�Z[KNX�W/ä�V h®OZIAZ[W IAQ[KNO�ä�æ7MtWfê/WYQ`Q[WR\PWR\^O�KNZ`V�WfXtW(QTS W/ä�VhåJINä < n!Z`Xtä�Z,!NXtKNMtähXtKNMtä
V�O�KNM9h4KNXtäf\YIAXtä�MPX�ê�INä IAXJIAQ[K\S�MtW ��ê/WYQ`MPZ�\Pã/êYO�Z`Vf\YIAXtä

4(a)
< J�IAOfê/KNXtä�ã/æ7MtWYX7V�!®Z`Q

W_^^Z[ä�V�W!MPX
k
V�WYQ�æ7MtWRQQI�OHG S�Q[W �

i(k)
ä�KNZ`V(W_^Pã/êYMPVZIAUPQ[W&WYV(ä�KNX�W_^Pã/êYMPV�Z[KNX_ê/KNXt\^MPZ`V

��MPXÄãYVZIAV!\^MÄQ[WYç#çÒW aB< @B< g!XÄW_^PWYç#åPQ[W�W/ä�VfO�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQI]MYS�MPO�W aB<=;#;#<
Z`Z <

Filsi = {j}
WYV

Filsj = {i}
�¢\YIAXtä ê/W�ê�INä�!¢Q[WhåPO�ã/\^Z[ê�IAV

Onelocalfault(j, d, k′)
W/ä�V�h4ãYO�ZDM-ã < a&W C`I�)/KNX4IAXJIAQ[K\S�MtW IAM�ê�INä:\Pã/êYO�Z`V:\YIAXtä

4(c)
!NQQIROHG S�Q[W �

i
W/ä�V W_^Pã/êYMBe

VZIAUPQ[W!WYV �
j
W/ä�VhQQI�ä�WYMPQ[WXIAMPV�O�WfOHG S�Q[W!ã h4WYX7V�MtWYQ`Q[WYçÒWYX7VfW_^Pã/êYMPVZIAUPQ[W <3b S W_^Pã/êYMPV�Z[KNX

\PW	QTS MPXtW&\PW	ê/W/äf\PWYMB^�OHG S�Q[W/ä(O�WYXt\^OZI�QQI�\PWYMB^^ZPGYçÒW	XtKNX IAåPåPQ`Z[ê�IAUPQ[W�WYVfê/KNXt\^MPZ`OZI
Q[W�äFE^ä�VHGYçÒW �#MPX×ãYVZIAV	\^MÄQ[WYç#çÒW aB< @ h®Z[ä e �%e`h®Z[äR\PW

i
KNM×\PW

j
< g!X×W_^PWYç#åPQ[W�W/ä�V

O�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQI]MYS�MPO�W aB<=; ë <
Z`Z`Z <

Filsi = {j}
WYV

|Filsj | > 1
��\YIAXtähê/WRê�INä�!NQ[W(åPO�ã/\^Z[ê�IAV

Onelocalfault(j, d, k′)
X�S W/ä�V åJINä�h4ãYO�ZDM-ãfê�IAO QQI	æ7MJIAV�O�ZPGYçÒWfê/KNXt\^Z`V�Z[KNXÒXtW+QTS W/ä�V åJINä < e:X]C`IAZ`V�!AZ`QPW_^^Z[ä�V�W+MPX
d′
V�WYQ�æ7MtW

∀k 6= i ∈ Filsi
!
distk = d′

IAQ[KNO�äfæ7MtW
disti 6= d′

< n!Z`Xtä�Z,!®XtKNMtä(XtKNMtä
V�O�KNM9h4KNXtäf\YIAXtä�MPX�ê�INä IAXJIAQ[K\S�MtW ��ê/WYQ`MPZ�\Pã/êYO�Z`Vf\YIAXtä

4(a)
< J�IAOfê/KNXtä�ã/æ7MtWYX7V�!®Z`Q

W_^^Z[ä�V�W!MPX
k
V�WYQ�æ7MtWRQQI�OHG S�Q[W �

i(k)
ä�KNZ`V(W_^Pã/êYMPVZIAUPQ[W&WYV(ä�KNX�W_^Pã/êYMPV�Z[KNX_ê/KNXt\^MPZ`V

��MPXÄãYVZIAV!\^MÄQ[WYç#çÒW aB< @B< g!XÄW_^PWYç#åPQ[W�W/ä�VfO�WYåPO�ã/ä�WYX7V�ã�ä�MPOfQQI]MYS�MPO�W aB<=;�OB<
�
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Etat Correct


r,d
i


p


r,d


r,d-1


r,d


j
 r,d+1
r,d'-2
 k


Etat à faute unique


r,d
i


p


r,
d'


r,d-1


r,d


Ou


Etat simplement correct après

exécution de O
j


Etat simplement correct après

exécution de O
i


r,d
i


p


i
,d'


r,d-1


r,d

r,d
i


p


r
,d'


r,d-1


r,d


j
 r,d+1
k


j
 r,d+1
k
 j
 j
,d+1
k


r,d'-2


r,d'-2
 r,d'-2


������� aB<=; ë � g!XÄW_^PWYç#åPQ[W�\^M×ê�INä 5cii

Etat Correct


r,d
i


p


r,d


r,d-1


r,d


k


j
 r,d+1
r,d


r,d+2
r,d+2


Etat à faute unique


r,d
i


p


r,
d'


r,d-1


r,d

k


j
 r,d+1
r,d


r,d+2
r,d+2


Ou


Etat simplement correct après exécution de O
i


r,d
i


p


i
,d'


r,d-1


r,d


k


j
 r,d+1
r,d


r,d+2
r,d+2


r,d
i


p


i
,d'


r,d-1


r,d


k


j
 r,d+1
r,d


r,d+2
r,d+2


������� aB<=;�O � g!X×W_^PWYç#åPQ[W�\^MÄê�INä 5ciii
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SC
 C
f


Coherent( i )
 C
i
 lemme 5.4


NotCoherent( i )

i = r


lemme 5.5
B
i


NotCoherent( i )

i # r et Asks( i,j )


lemme 5.6


lemme 5.7
NotCoherent( i )

i # r et NotAsks( i,j )


f = état à faute unique

SC = état simplement correct

C = état correct


O
i
 ou O
k
 ou A
i


F
j
 ...F
r
 / G
r
 
/ R
jn
 ...R
j
 
/ J
i
 / C
r
 / C
jn
 ...C
j


������� aB<=; ì � g!X_O�ã/ê�IAåPZ`V�MPQQIAV�ZDC�\PW/äR\^Z ��ãYO�WYX7V�ä!Q[WYç#çÒW/ä!\PW&ç IAZ`V�O�Z[ä�W�\�S MPXtW�MPXPZ[æ7MtW C`IAMPV�W
j	KNMtäfO�ã/ä�MPçÒKNXtäRQ[W/äR\^Z ��ãYO�WYX7V�äRO�ã/ä�MPQ`VZIAV�ä!\PW/äfQ[WYç#çÒW/äRåPO�ã/ê/ã/\PWYX7V�ä	ä�MPOfQQI]MYS�MPO�W aB<=; ì <

����� � 
 � � � � �	� � � 
�
 � ��������� � � 
������������

a>IAXtä#ê/WYV�V�W�ä�W/êYV�Z[KNX !LXtKNMtä�çÒKNX7V�O�KNXtäÒæ7M�S MPXEãYVZIAV�ê/KNO�O�W/êYVÒW/ä�V�MPXEãYVZIAV#\YIAXtä�Q[W/æ7MtWYQ(å�KNMPO
V�KNMtä#Q[W/ä�åPO�K®ê/W/ä�ä�WYMPO�ä IAMtêYMPXtW�OHG S�Q[W_X�S W/ä�V IAåPåPQ`Z[ê�IAUPQ[W < e:X W ��WYV�! QQI]ä�V�O�MtêYV�MPO�WÄ\PW�QTS IAO�UPO�WÄW/ä�V
ê/K\TtãYO�WYX7V�W�å�KNMPORV�KNMtäfQ[W/äfåPO�K®ê/W/ä�ä�WYMPO�ä�!tWYVfV�KNMPV�W/äRQ[W/ä h#IAO�ZQIAUPQ[W/ä!\PW&O�W/æ7M��YV�W/ä!ä�KNX7V��

⊥
<

� 10/�/21 : &�" ' � sYyTw�y(u � �@����u/y!��qYy ��� sYyTw�yhqYyTw � x[���

�?��10 $+�1'&�J:MPZ[ä�æ7MtW�\YIAXtä	ê/WYV	ãYVZIAV	Q[W?S�OZIAå9TtW�W/ä�V	ê/KNM9h4WYO�V	åJIAO!MPX IAO�UPO�W�\PKNX7V	QQI#OZINêYZ`XtW�W/ä�V!Q[W
åPO�K®ê/W/ä�ä�WYMPO	\�S Z[\PWYX7V�Z`V�ã�QQI#åPQ`Mtä	ãYQ[W h4ã/W-!tå�KNMPO!V�KNMPV	åPO�K®ê/W/ä�ä�WYMPO

pi
IAMtêYMPXtW�\PW/ä!OHG S�Q[W/ä �

i(j)
! �

iWYV �
i
X�S W/ä�V IAåPåPQ`Z[ê�IAUPQ[W <

J:MPZ[ä�æ7MtW!\YIAXtä�ê/WYV+ãYVZIAV
Idle(i)

W/ä�V h4ãYO�ZDM-ãRå�KNMPOhV�KNMPV�åPO�K®ê/W/ä�ä�WYMPO
pi

!0IAMtêYMPXtW!\PW/ähOHG S�Q[W/ä �
i
! �

i
!

�
i(j)

! �
i
WYV �

i
X�S W/ä�V IAåPåPQ`Z[ê�IAUPQ[W <

�

����� � 
 � � � � �	� � � ��� ����� 
 ��� � ������

� �������

a>IAXtäÄê/WYV�V�W ä�W/êYV�Z[KNX !fXtKNMtä_åPO�KNM9h4KNXtä_QQIÞåPO�KNåPO�Z[ãYV�ã \�S IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX"\PW]XtKNV�O�W2IAQ=S4K�e
O�Z`VFTPçÒW <0b I�åPO�WYM9h4W!ä�W!\Pã/ê/KNç#å�K�ä�W!WYX�V�O�KNZ[ähåJIAO�V�Z[W/ä < j	KNMtä�ê/KNç#çÒWYX')/KNXtä+åJIAO�åPO�KNM9h4WYO+QQI�\^Z[ä�åJI%e
O�Z`V�Z[KNX�\PW/ä C`IAMtä�ä�W/ä Z[\PWYX7V�Z`V�ã/ä+\^M�äFE^ä�VHGYçÒW < e:Xtä�MPZ`V�W-!4XtKNMtä:åPO�KNM9h4KNXtä�Q[Wfç IAZ`X7V�Z[WYX�\�S MPXtWfO�W/æ7M��YV�W <
e:XBMtX !tXtKNMtäRãYVZIAUPQ`Z[ä�ä�KNXtäRQQI�ê/KNM9h4WYO�V�MPO�W�åJIAORQTS IAO�UPO�W�\PW�V�KNMtäfQ[W/äfåPO�K®ê/W/ä�ä�WYMPO�äR\^M×äFE^ä�VHGYçÒW <
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n"h#IAX7V�\PWRê/KNç#çÒWYXtê/WYO�QQI	åPO�WYM9h4W-!4XtKNMtäh\Pã_MtXPZ[ä�ä�KNXtä�æ7MtWYQ[æ7MtW/ä:XtKNVZIAV�Z[KNXtä+æ7MtW(XtKNMtähMPV�Z`Q`Z[ä�KNXtä
\YIAXtäRQQI�ä�MPZ`V�W < a>IAXtäfQTS ãYVZIAV

sn
!^XtKNMtäR\^Z`O�KNXtä!æ7MtW �

� MPX�åPO�K®ê/W/ä�ä�WYMPO pi
r � q�q8} 	 � ��� 
N��w � y \^M�åPO�K®ê/W/ä�ä�WYMPOfOZINêYZ`XtW�\�S Z[\PWYX7V�Z`V�ã r

å�KNMPO(Q[W&åPO�K®ê/W/ä e
ä�WYMPO

pj
ä�Z�WYVRä�WYMPQ[WYçÒWYX7V	ä�Z

reqn
i = j

WYV
rootni = r

WYV
dirn

i = grant
�

� MPX_åPO�K®ê/W/ä�ä�WYMPO pi
W/ä�VR\^Z`V w�y�yTw4u �Ps � r

ä�Z�WYVRä�WYMPQ[WYçÒWYX7V	ä�Z
rootni = r

<
�	Z[ä e �%e`h®Z[äR\�S MPXtWdINêYV�Z[KNX

an
!^XtKNMtä!\^Z`O�KNXtäRæ7MtW �

� MPX�åPO�K®ê/W/ä�ä�WYMPO pi
q8�+��w�y�yTw4u �P� � r

!8åJIAO�QTS Z`X7V�WYO�çÒã/\^ZQIAZ`O�WR\^M�åPO�K®ê/W/ä�ä�WYMPO
pj

!¢ä�Z®WYVLä�WYMPQ[WYçÒWYX7V
ä�Z

rootni 6= r
WYV

rootn+1
i = r

I�h4W/ê
parn+1

i = j
�

� MPX_åPO�K®ê/W/ä�ä�WYMPO pi
q8� 	 sYyTw4u �P� \PW r

ä�Z�WYV!ä�WYMPQ[WYçÒWYX7V	ä�Z
rootni = r

WYV
rootn+1

i 6= r
�

� MPX]åPO�K®ê/W/ä�ä�WYMPO pj
yz��w � q@~��Yy ��� 
N��w � y \PW r

�
pi
ä�Z:WYV�ä�WYMPQ[WYçÒWYX7V�ä�Z

an
W/ä�V&QTS INêYV�Z[KNX

RiI�h4W/ê
j
ê/KNç#çÒW�åJIAOZIAç4GYV�O�W�WYV

rooti = r
�

� MPXÄåPO�K®ê/W/ä�ä�WYMPO pi
~ÒwNv � yzvT� � y ��� ����� 
 � �Yy�� å�KNMPO r

h4WYO�ä
pj
ä�Z�WYV!ä�WYMPQ[WYçÒWYX7V	ä�Z

Asks(i, j)
W/ä�V h4ãYO�ZDM-ã�WYV

rootj = r
<

�#���#��� � )�-%;>=
8 ) '*)�� � /1$�-!+ =��>-C-%$�- )�/1$�� '*) '5:�-

a>IAXtä�ê/WYV�V�W�ä�KNMtä e�ä�W/êYV�Z[KNX !�XtKNMtä�çÒKNX7V�O�KNXtä�æ7MtW#V�KNMPV�WÒZ[\PWYX7V�Z`V�ã-!Lê/KNX7V�WYX7MtW�\YIAXtä�QTS MPXtW�\PW/ä
h#IAO�ZQIAUPQ[W/ä \�S MPX�åPO�K®ê/W/ä�ä�WYMPO�XtW+ê/KNO�O�W/ä�å�KNXt\YIAX7V åJINä �RQTS Z[\PWYX7V�Z`V�ã(\�S MPX�\PW/ä�åPO�K®ê/W/ä�ä�WYMPO�äL\^M�O�ã/ä�W�IAM !
MtXPZ`OZI�åJIAO!\^Z[ä�åJIAOZI-,[V�O�W <

� 10/�/21 : & m � � vzy r
��� ��v 	 � � yzvzy�s_w � q8� � y�� 	�� ��s�q8��w � �Yy pi

��� r'� � u���q�q8� � ����wNx � ��q�q@v�w � u ���
grant

	 � pr
r ��� � pi

��� ��qYyfr'��s�q8� � y 	 w � q ��� sYyTw�y 	 � ��� �Ô� � s�u � yzv ��� � ��� y��@x 
N��w � y � �Äq8�@��w
� wN~ÒwNv�q�uY��s�s 	 w � q�x[�1� � y � ���
�?��10 $+�1'& e�^YIAç#Z`XtKNXtä�Q[W/ä�OHG S�Q[W/ä�æ7MPZ�ê/KNXt\^MPZ[ä�WYX7V ��QQIÄêYO�ã�IAV�Z[KNXIä�MPO�MPX åPO�K®ê/W/ä�ä�WYMPO

pj
\�S MPX

S�OZIAX7V�\PW
pr
å�KNMPO

pi
< c+W/êYZPXtW(å�WYMPV åPO�K�h4WYXPZ`O�æ7MtWf\�S MPXÒêHTJIAX9S4WYçÒWYX7V+\�S MPXtWR\PW/ä�h#IAO�ZQIAUPQ[W/ä

rootj
!

reqj
KNM

dirj
<

� QTS W_^Pã/êYMPV�Z[KNX \PW×QQI OHG S�Q[W �
j
XtW×å�WYMPV_êYO�ã/WYO�MPX V�WYQ S�OZIAX7V_ê�IAO IAåPOHG/ä_ä�KNX IAåPåPQ`Z[ê�IAV�Z[KNX

dirj = ask
�

� QTS W_^Pã/êYMPV�Z[KNX \PWoQQI OHG S�Q[W �
j
XtWoå�WYMPV_êYO�ã/WYO�MPX V�WYQ S�OZIAX7VÄê�IAO IAåPOHG/ä_ä�KNX IAåPåPQ`Z[ê�IAV�Z[KNX

dirj = ⊥
�

� QTS W_^Pã/êYMPV�Z[KNX \PW×QQI OHG S�Q[W �
j
XtWoå�WYMPV�êYO�ã/WYO�MPX V�WYQ S�OZIAX7V_ê�IAO IAåPOHG/ä_ä�KNX IAåPåPQ`Z[ê�IAV�Z[KNX

dirj = ask
�

� QTS W_^Pã/êYMPV�Z[KNX�\PW QQIÞOHG S�Q[W �
j
XtW]å�WYMPV×êYO�ã/WYOÄMPX V�WYQ?S�OZIAX7V×ê�IAORIAåPOHG/äÄä�KNX IAåPåPQ`Z[ê�IAV�Z[KNX

dirj = ⊥
�

� QTS W_^Pã/êYMPV�Z[KNX \PWoQQIÔOHG S�Q[W �
j
XtWoå�WYMPV�êYO�ã/WYO_MPX V�WYQ S�OZIAX7VÄê�IAO IAåPOHG/ä_ä�KNX IAåPåPQ`Z[ê�IAV�Z[KNX

dirj = ⊥
�

� QTS W_^Pã/êYMPV�Z[KNX \PW]QQIÞOHG S�Q[W �
j
XtWoå�WYMPVÄêYO�ã/WYO_MPX V�WYQ>S�OZIAX7V×ê�IAO IAåPOHG/äÄä�KNX IAåPåPQ`Z[ê�IAV�Z[KNX

dirj = ask
�
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� QTS W_^Pã/êYMPV�Z[KNXI\PWÒQQI_OHG S�Q[W �
j
XtWÒå�WYMPV�êYO�ã/WYO�MPX V�WYQ S�OZIAX7V#ê�IAO�å�KNMPO�æ7M�S WYQ`Q[W�åPMPZ[ä�ä�W �YV�O�W

IAåPåPQ`Z[æ7Mtã/W-!-Z`Q�C`IAMPV	æ7MtW
rootj = j 6= r

WYV
rootj

O�W/ä�V�W�Z`XtêHTJIAX9S4ã/W�ä�MPZ`V�W �#QTS W_^Pã/êYMPV�Z[KNX]\PW
�

j
�

� QTS W_^Pã/êYMPV�Z[KNXI\PW�QQI_OHG S�Q[W �
j
XtW�å�WYMPV�êYO�ã/WYO�MPXÞV�WYQ S�OZIAX7V#ê�IAO�å�KNMPO�æ7M�S WYQ`Q[WÒåPMPZ[ä�ä�W �YV�O�W

IAåPåPQ`Z[æ7Mtã/W(Z`Q0C`IAMPV:æ7MtW
rootj = rootparj

!
reqj = reqparj

WYV
dirparj

= grant
< b!O�!Nê/KNç#çÒW

MPX�V�WYQBS�OZIAX7V:X�S W_^^Z[ä�V�W(åJINä I�h#IAX7VhQTS W_^Pã/êYMPV�Z[KNXÒ\PW+QQI!OHG S�Q[W-!NXtKNMtä I�h4KNXtä:ä�KNZ`V
rootj 6= r

!Nä�KNZ`V
reqj 6= i

< a&WfåPQ`Mtä�!4ê/W/ä+\PWYMB^Ò\PWYO�XPZPGYO�W/ä h#IAO�ZQIAUPQ[W/ä�XtWRä�KNX7V�åJINähçÒK®\^ZDM-ã/W/ä�åJIAO�QTS W_^Pã/êYMPV�Z[KNX
\PW �

j
<

�

� 10/�/21 : & '�� � � vzy r
��� ��v 	 � � yzvzy�s#w � q8� � y�� 	�� ��s�q8��w � �Yy pi

��� r'� � u���q�q8� � ���1�-v ��� sYyTw�y�q � �$�
�8vT� � y 	 w � qÄx[� 
 � �@x pi

��qYy�w�y�yTw4u �Ps � r ��wNx � ��q pi
q8� 	 sYyTw4u �P�@��w 	 � r

	 w � q ��� sYyTw�y�� � y � � 	 �
x � � � s�u � yzv ��� �

�?��10 $+�1'& K7MPåPå�K�ä�KNXtäRæ7M�S Z`Q�X�S WYX×ä�KNZ`VfåJINäXIAZ`Xtä�Z�WYVRæ7M�S ��åJIAO�V�Z`O!\�S MPX×ê/WYO�VZIAZ`X×ãYVZIAV
sn

!
pi
O�W/ä�V�W

IAV�VZINêHTtã�Z`Xt\Pã_MtXPZ`çÒWYX7V��
r
< j	KNMtä�O�WYç IAO�æ7MtKNXtä�\�S IAU�KNO�\Iæ7MtW

disti
O�W/ä�V�WYOZI×Z`XtêHTJIAX9S4ã_\YIAXtä�Q[W

CzMPV�MPO!ê�IAOfQ[W/äRä�WYMPQ[W/ä INêYV�Z[KNXtäRæ7MPZ�çÒK®\^ZDM-WYX7VRQQI#\^Z[ä�VZIAXtê/W�ä�KNX7V �
� QTS INêYV�Z[KNX×\PW�QQI�OHG S�Q[W �

i
æ7MPZ�å�K�ä�Z`V�Z[KNXPXtW

rooti
�

i
WYV!\PKNXtê�\PãYVZINêHTtWYOZIAZ`V

pi
\PW

r
�

� QTS INêYV�Z[KNXÞ\PW#QQI�OHG S�Q[W �
i
æ7MPZ:å�K�ä�Z`V�Z[KNXPXtW

rooti
�

rootownrmax(i) 6= rooti
WYV�\PKNXtêÒ\PãYVZI%e

êHTtWYOZIAZ`V
pi
\PW

r
<

JLK�ä�KNXtä�å�KNMPO
m ≥ n

!
dstm = (−distm, nbm)

K�� \YIAXtä�QTS ãYVZIAV
sm

!
distm

O�WYåPO�ã/ä�WYX7V�W�QQI_\^Z[ä e
VZIAXtê/W!ç#Z`XPZ`ç IAQ[W&\�S MPX�åPO�K®ê/W/ä�ä�WYMPO IAV�VZINêHTtã �

r
!7WYV

nbm Q[WRXtKNç�UPO�W&\PW!åPO�K®ê/W/ä�ä�WYMPO�ä+\PW	\^Z[ä�VZIAXtê/W
ç#Z`XPZ`ç IAQ[W IAV�VZINêHTtã/ä �

r
< a>IAXtä&QQI�ä�MPZ`V�W-!

dst
W/ä�V&QQI�ä�MPZ`V�W�\PW/ä h#IAQ[WYMPO�ä

dstm
< m×MPXPZ:\PW�QTS KNO�\^O�W

Q[W_^^Z[ê/K\S�OZIAå9TPZ[æ7MtW-!4Q[Wf\PKNç IAZ`XtWR\PW/ä h#IAQ[WYMPO�ä:å�K�ä�ä�Z`UPQ[W/ä:\PW
dst

X�S IN\^çÒWYVhåJINäh\PWfä�MPZ`V�W(Z`XBMtXPZ[WRä�V�O�Z[ê_e
V�WYçÒWYX7VR\Pã/êYO�KNZ[ä�äZIAX7V�W < e:X�W ��WYV�!®Z`Q�W/ä�V+U�KNO�Xtã	Z`XBC�ãYO�Z[WYMPO�WYçÒWYX7VfåJIAO

(−distni , 1)
åPMPZ[ä�æ7MtW

pi
O�W/ä�V�W

IAV�VZINêHTtã�Z`Xt\Pã_MtXPZ`çÒWYX7V �
r
< j	KNMtä]IAQ`Q[KNXtä�W_^BTPZ`U�WYO�MPXtWÒê/KNX7V�OZIN\^Z[êYV�Z[KNXEWYX çÒKNX7V�OZIAX7V#æ7MtW

dstm
\Pã/êYO�K*,[VRZ`XBMtXPZ`çÒWYX7V&ä�KNM9h4WYX7V!WYVRXtW�êYO�K*,[V AHIAç IAZ[ä <
JLKNMPO&æ7MtW

dst
êYO�KNZ[ä�ä�W-!PZ`Q-C`IAMt\^OZIAZ`V!æ7M�S MPX×åPO�K®ê/W/ä�ä�WYMPO!ä�W�OZIAV�VZINêHTtW �

r
I�h4W/ê�MPXtW�\^Z[ä�VZIAXtê/W�Z`XBC�ã_e

O�Z[WYMPO�W�KNMoã S3IAQ[W �#QQIÒ\^Z[ä�VZIAXtê/W�ç#Z`XPZ`ç IAQ[W 2 ê/KNMPOZIAX7V�W 3��
r
!tKNMoæ7M�S MPX×åPO�K®ê/W/ä�ä�WYMPO!O�W/ä�V�W]IAV�VZINêHTtã

�
r
WYXÄ\^Z`ç#Z`X7MJIAX7V	äZI�\^Z[ä�VZIAXtê/W <Yb I�\PWYMB^^ZPGYçÒWdIAQ`V�WYO�XJIAV�Z=h4W�W/ä�VfW_^PêYQ`MtW&å�KNMPO(Q[W/ä(ç �YçÒW/äfOZIAZ[ä�KNXtä

æ7MtW�å�KNMPORQ[W�åPO�K®ê/W/ä�ä�WYMPO
pi
< k�X7V�ãYO�W/ä�ä�KNXtä eTXtKNMtä IAMÄOZIAV�VZINêHTtWYçÒWYX7V �

r
< d�O�KNZ[ä INêYV�Z[KNXtäRçÒK®\^ZDM-WYX7V

rootk
�®QTS INêYV�Z[KNX×\PW&QQI�OHG S�Q[W �

k

!Pê/WYQ`Q[W�\PW �
k

æ7MPZ�QQI�å�K�ä�Z`V�Z[KNXPXtW �
i 6= r

WYVRê/WYQ`Q[W�\PW �
k

æ7MPZ�W/ä�V
V�WYQ`Q[W�æ7M�S IAåPOHG/ä&ä�KNXgIAåPåPQ`Z[ê�IAV�Z[KNX

distk = distpark
+ 1

WYV
rootk = rootpark

< a&KNXtê�QTS W_^Pã/êYMPV�Z[KNX
\PW�QQI�OHG S�Q[W �

k

XtW&OZIAV�VZINêHTtW AHIAç IAZ[äfMPX×ä�Z`V�W �#\^Z[ä�VZIAXtê/W�ç#Z`XPZ`ç IAQ[W <
moKNX7V�O�KNXtä(ç IAZ`X7V�WYXJIAX7VRæ7MtW

dst
\Pã/êYO�K*,[V(Z`XBMtXPZ`çÒWYX7Vfä�KNM9h4WYX7V < K®KNZ`V

pi∗
Q[W!åPO�K®ê/W/ä�ä�WYMPO IAV�VZINêHTtã �

r
\YIAXtäfQTS ãYVZIAV

sn
\PW�\^Z[ä�VZIAXtê/W�ç#Z`XPZ`ç IAQ[W-!t\PWYMB^Äê�INäRä�W&åPO�ã/ä�WYX7V�WYX7V �
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� disti∗ > 0
�7\YIAXtä+ê/W!ê�INä�!4åPMPZ[ä�æ7MtW!ê/WYV�V�W!\^Z[ä�VZIAXtê/W	W/ä�Vhç#Z`XPZ`ç IAQ[W-!^ä�KNZ`V

rootpari∗
6= r

!4ä�KNZ`V
distpari∗

6= disti∗ − 1
�

� disti∗ = 0
�P\YIAXtä!ê/W�ê�INä�!

rooti∗ = r 6= i∗
WYV

Asks(i∗, j)
X�S W/ä�V h4ãYO�ZDM-ã�å�KNMPO IAMtêYMPX

j
<

a>IAXtä&Q[W/ä�\PWYMB^]ê�INä
Tree(i∗)

X�S W/ä�V�åJINä h4ãYO�ZDM-ã < a�S IAMPV�O�W�åJIAO�V�!�ä�MPåPå�K�ä�KNXtä�æ7MtW
pari∗ 6= i∗

< k�Q
XtW�å�WYMPV	W_^^Z[ä�V�WYO!\PW?h4KNZ[ä�Z`X

pj∗
\PW

ppari∗

V�WYQLæ7MtW
distj∗ = disti∗ − 2

WYV
rootj∗ = r

WYXÄOZIAZ[ä�KNX
\PW�QQI#\Pã_MtXPZ`V�Z[KNX]\PW

pi∗
< a&W�åPQ`Mtä�!

pari∗ 6= r
WYV!\PKNXtê�Q[W�åPO�ã/\^Z[ê�IAV

Oneparfault(i∗)
X�S W/ä�V!åJINä

h4ãYO�ZDM-ã < e:XÔê/KNXtä�ã/æ7MtWYXtê/W-!�åJIAO�W_^YIAçÒWYX \PW/ä&åPO�ã/ê/KNXt\^Z`V�Z[KNXtä�!�ä�KNZ`V �
i∗
!�ä�KNZ`V �

i∗
W/ä�V>IAåPåPQ`Z[ê�IAUPQ[W

WYV IAMtêYMPXtW IAMPV�O�W!OHG S�Q[W!X�S W/ä�V IAåPåPQ`Z[ê�IAUPQ[W �
pi∗
< a&WRåPQ`Mtä�!7ê/W/êYZ'O�W/ä�V�W h®OZIAZ-VZIAX7Vfæ7M�S IAMtêYMPXtW	\PW!ê/W/ä

\PWYMB^]OHG S�Q[W/ä�X�S W/ä�VdIAåPåPQ`Z[æ7Mtã/W < J:MPZ[ä�æ7MtW#QTS W_^Pã/êYMPV�Z[KNX W/ä�V�ã/æ7MPZ`VZIAUPQ[W-!
∃n0 ≥ n

V�WYQhæ7MtW
an0

ä�KNZ`V
QTS MPXtW�\PW�ê/W/ä>INêYV�Z[KNXtä�WYV&V�WYQ æ7MtW

rooti∗ = i∗
\YIAXtä

sn0+1
< c+W/êYZ Z`Xt\^MPZ`V�æ7MtW

pi∗
ä�W�\PãYVZINêHTtW#\PW

r
< a&KNXtê

dst
\Pã/êYO�K*,[V <

e:X#Z`V�ãYOZIAX7Vhê/W+OZIAZ[ä�KNXPXtWYçÒWYX7V �!åJIAO�V�Z`O:\PW
n0

!NKNX#WYX#\Pã/\^MPZ`Vhæ7MtW
dst

\Pã/êYO�K*,[V:Z`XBMtXPZ`çÒWYX7V�ä�KNM9h4WYX7V
ê/W�æ7MPZ�W/ä�VRê/KNX7V�OZIN\^Z[êYV�KNZ`O�W <

�

� 10/�/21 : & 'J' � � vzy r
��� �#v 	 � � yzvzy�sÒw � q8� � y�� 	�� ��s�q8��w � �Yy pi

��� r'� � u���q�q8� � ����wNx � ��q�q@vRw � u ���
grant

	 � r r ��� � pi
��� ��qYy-r'��s�q8� � y 	 w � q ��� sYyTw�y 	 � ��� ��� � s�u � yzv ��� � pi

� �	q8����w�y�yTw4u �P�@��w � wN~ÒwNv�q
� r

	 w � q�x[�1� � y � ���
�?��10 $+�1'& b W/ä+V�O�KNZ[ä INêYV�Z[KNXtä(æ7MPZ'çÒK®\^ZDM-WYX7V(QQI?h#IAQ[WYMPO(\PW!QQI�OZINêYZ`XtW	\PW

pi
ä�KNX7V(ê/WYQ`Q[W/ä(\PW/ä+OHG S�Q[W/ä

�
i
! �

i
WYV �

i
<9b W/äR\PWYMB^�åPO�WYç#ZPGYO�W/ä INêYV�Z[KNXtäfå�K�ä�Z`V�Z[KNXPXtWYX7VRQQI�OZINêYZ`XtW ��MPXtW�Z[\PWYX7V�Z`V�ã�\^M_O�ã/ä�W�IAM <

b I�V�O�KNZ[ä�ZPGYçÒWdINêYV�Z[KNXÄXtã/ê/W/ä�ä�Z`V�W�æ7MtW
pari

å�K�ä�äHG/\PW&MPX S�OZIAX7V	\PW
r
å�KNMPO

pi
<

�

�?���J6 �J,%$Q�%$&��� : & ' i � � vzy r ��� ��v 	 � � yzvzy�s�w � q8� � y�� 	�� ��s�q8��w � � � w � q�y ��� y���� � s�u � yzv ��� �+v¼x�� � v�qYy��
��� sYyTw�y���rPwN�Yyzv¼� 	�� 
 � �@x w � u ��� r'� � u���q�q8� � � � ��q8�@��w � wN~ÒwNv�q�r'x � q���w�y�yTw4u �Ps�� r �

�?��10 $+�1'& K7MPåPå�K�ä�KNXtä(æ7MtW&ê/W!XtW&ä�KNZ`V+åJINä(Q[W	ê�INä(WYV IAåPå�WYQ[KNXtä
J
Q[W&ä�KNMtä e�WYXtä�WYç�UPQ[W&\PW/ä(åPO�K®ê/W/ä e

ä�WYMPO�ä+æ7MPZ-ä�KNX7V IAV�VZINêHTtã/ä+Z`XBMtXPZ`çÒWYX7Vfä�KNM9h4WYX7V �
r
< JLK�ä�KNXtä

sn
MPX�ãYVZIAV �&åJIAO�V�Z`O(\^Mtæ7MtWYQ�ä�WYMPQ[ähQ[W/ä

åPO�K®ê/W/ä�ä�WYMPO�äL\PW
J
ä�WYO�KNX7V IAV�VZINêHTtã/ä	�

r
< a�S IAåPOHG/äLQ[WhQ[WYç#çÒW aB<=; è !Aê/W/ä�åPO�K®ê/W/ä�ä�WYMPO�äLä�W�\PãYVZINêHTtWYO�KNX7V

WYVhä�W(OZIAV�VZINêHTtWYO�KNX7V(Z`XBMtXPZ`çÒWYX7V+ä�KNM9h4WYX7V��
r
< a�S IAåPOHG/ähQ[W/ä:Q[WYç#çÒW/ä aB< U WYV aB<=;#; !NZ`Q-\PKNZ`VhW_^^Z[ä�V�WYOhMPX

grant
\PW

r
å�KNMPO(êHTJINêYMPX_\PW!ê/W/ä+åPO�K®ê/W/ä�ä�WYMPO�ä+\YIAXtä+V�KNMPV(ãYVZIAV ��åJIAO�V�Z`O(\PW

sn
< m IAZ[ä+ê/W/ä

grants
ä�KNX7V	Xtã/ê/W/ä�äZIAZ`O�WYçÒWYX7V&å�K�ä�ä�ã/\Pã/äRåJIAO	\PW/ä!åPO�K®ê/W/ä�ä�WYMPO�ä	\PW

J
< n!MPV�O�WYçÒWYX7V�\^Z`V�!'\YIAXtä!V�KNMPV	ãYVZIAV �

åJIAO�V�Z`O	\PW
sn

!PêHTJINæ7MtW�åPO�K®ê/W/ä�ä�WYMPO!\PW
J
å�K�ä�äHG/\PW�MPX S�OZIAX7V	\PW

r
å�KNMPORMPXRIAMPV�O�W�åPO�K®ê/W/ä�ä�WYMPO!\PW

J
WYV�ê/W/êYZ:ê/KNXtä�V�Z`V�MtW�MPXtW�UPZ A�W/êYV�Z[KNX \PW

J
\YIAXtä

J
< JLK�ä�KNXtä

sm
Q[W�åPO�WYç#Z[WYO�ãYVZIAV?IAåPOHG/ä

sn
å�KNMPO

Q[W/æ7MtWYQ
am

W/ä�VRQ[W&OZIAV�VZINêHTtWYçÒWYX7V&\PW�QTS MPX×\PW/äfåPO�K®ê/W/ä�ä�WYMPO�äR\PW
J
�

r
< c+W/êYZ�XtW&å�WYMPV!ä�W C`IAZ`O�W�æ7MtW

åJIAO�QTS W_^Pã/êYMPV�Z[KNXÞ\PW#QQI�OHG S�Q[W �
i
!�ê/WÒæ7MPZ�ä�Z=S�XPZDM-WÒæ7MtW

pi
XtW#å�K�ä�ä�ã/\YIAZ`V�åJINä�\PW

grant
å�KNMPO�MPX

IAMPV�O�Wfä�Z`V�Wf\YIAXtä
sm

åPMPZ[ä�æ7MtW
diri

\PW h#IAZ`V �YV�O�W(å�K�ä�Z`V�Z[KNXPXtã �
ask
< c+W/êYZtW/ä�V MPXtWfê/KNX7V�OZIN\^Z[êYV�Z[KNX <

�
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j	KNMtä I�h4KNXtäh\PKNXtêR\PãYçÒKNX7V�O�ãRæ7MtW(V�KNMPV�WRW_^Pã/êYMPV�Z[KNXÒê/KNX7V�WYXJIAZ`V�MPXÒä�M � ^PWf\YIAXtä:Q[W/æ7MtWYQJIAMtêYMPX
åPO�K®ê/W/ä�ä�WYMPOÒX�S W/ä�V?AHIAç IAZ[ä IAV�VZINêHTtã �]MPXtW_Z[\PWYX7V�Z`V�ã IAUtä�WYX7V�Wo\^M O�ã/ä�W�IAM < a>IAXtäÒQQI ä�MPZ`V�W-!hXtKNMtä
IAåPå�WYQ`Q[WYO�KNXtä � �Tq � " � � \PW�QTS W_^Pã/êYMPV�Z[KNX !tMPX_V�WYQ�ä�M � ^PW <
�#���#��� � =�)�� '*),$�� / � � �1$ 8*$�
���� '5$ � � & � � � $<85'	�18*$ /1$ 
 � =
8* >8*$

a>IAXtä&ê/WYV�V�W�ä�KNMtä e�ä�W/êYV�Z[KNX !'XtKNMtä	çÒKNX7V�O�KNXtä�æ7MtW�V�KNMPV	åPO�K®ê/W/ä�ä�WYMPO	XtW?C`IAZ[äZIAX7V	åJINä	åJIAO�V�Z[W�\PW
QTS IAO�UPO�W�ä�VZIAUPZ`Q`Z[ä�ã�ç IAZ`X7V�Z[WYXt\^OZIÒMPXtW&O�W/æ7M��YV�W>h4WYO�äRMPX h4KNZ[ä�Z`XRIAåPåJIAO�V�WYXJIAX7V ��QTS IAO�UPO�W <

 5 # �8$Q�%$&��� : & � � � vzy sn

��� sYyTw�y 	 � ��� �f� � s�u � yzv ��� �Yy pr
x[��r'� � u���q�q8� � � 	 ��r'x � q�
N��w �
	 �+v 	 � � yzvzy�s��

wNx � ��q Arbren
��qYy�x � wN� � ���os �N� � y � �@x¼x[�@~�� � y��8v 	 � 	
��� y�x � � � q8�@~ � x[� 	 ��q�r'� � u���q�q8� � ��q ��qYy 	 s ! � v

��s�u � ��q@v��N�@~�� � y�rPwN��{
8 pr ∈ Arbren

q@v rootnr = r � parn
r = r �Yy distnr = 0

8 pi 6= pr ∈ Arbren
q@v rootni = r � parn

i 6= i ∈ Arbren
�Yy distni = distnpari

+ 1� w#qYyz� � u/y � ��� 	 ��x � wN� � ������qYy 	 s 	�� vzy��frPwN��x � � � q8�@~ � x[� 	 ��q �AwN�@v�w � x[��q pari
�

j	KNMtä IAåPå�WYQ[KNXtä
Arbre

!�QQI&ä�MPZ`V�WR\PW/ä
Arbren

< j	KNMtäh\^Z`O�KNXtä�æ7M�S MPXÒåPO�K®ê/W/ä�ä�WYMPOhä�WfOZIAV�VZINêHTtW��
Arbre

ä8S Z`Q7X�S IAåPåJIAO�V�WYXJIAZ`V åJINä��
Arbre

\YIAXtäLQTS ãYVZIAV�åPO�ã/ê/ã/\PWYX7V:WYV æ7M�S Z`QBIAåPåJIAO�V�Z[WYX7V	�
Arbre

\YIAXtä
QTS ãYVZIAV+ê/KNMPOZIAX7V < a&WfåPQ`Mtä�!�XtKNMtä�\^Z`O�KNXtä�æ7M�S MPXÒåPO�K®ê/W/ä�ä�WYMPO�ä�WR\PãYVZINêHTtW	\PW

Arbre
ä8S Z`Q�IAåPåJIAO�V�WYXJIAZ`V

�
Arbre

\YIAXtäRQTS ãYVZIAVRåPO�ã/ê/ã/\PWYX7V	WYV!æ7M�S Z`Q�X�S IAåPåJIAO�V�Z[WYX7V	åPQ`Mtä �
Arbre

\YIAXtäRQTS ãYVZIAV!ê/KNMPOZIAX7V <
� 10/�/21 : & ' � � w � q#y ��� y�� �Tq � " � � 	 � ��� ��� � s�u � yzv ��� �Rq � vzy pr

����qYy���w�y�yTw4u �Ps�� � rt�@�@~Òw � � � u��
� Arbre �:q � vzy pr

q8����w�y�yTw4u �P� ��� �1� � v�q�� Arbre �Yy � �&q8� 	 sYyTw4u �P�@��w�r'x � q��

�?��10 $+�1 ? K7MPåPå�K�ä�KNXtä	æ7MtW
pr
XtW�ä�KNZ`V!åJINä IAV�VZINêHTtã �

Arbre
\YIAXtä!MPXoãYVZIAV	\�S MPX ; e�ä�M � ^PW�\PW

QTS W_^Pã/êYMPV�Z[KNX < c+W/êYZ^ä�Z=S�XPZDM-W�æ7MtW
rootr 6= r

KNM
parr 6= r

KNM
distr 6= 0

< a>IAXtä�V�KNMtä�Q[W/ä�ê�INä
Tree(r)

WYV
Asks(r, k)

XtW�ä�KNX7VfåJINä h4ãYO�ZDM-ã/ä < a&W	åPQ`Mtä�!
∀(d, j)

Q[W	åPO�ã/\^Z[ê�IAV
Onelocalfault(r, d, j)

X�S W/ä�V
åJINä h4ãYO�ZDM-ã < JLKNMPO h4KNZ`O(ê/WYQQI !4Z`Q'ä�M �ÒV�\PWRO�WYç IAO�æ7MtWYO(æ7MtW

r
W/ä�VhQQI�åPQ`Mtä S�OZIAXt\PWRZ[\PWYX7V�Z`V�ã	åPO�ã/ä�WYX7V�W

\YIAXtä	Q[W/ä h#IAO�ZQIAUPQ[W/ä < JLKNMPO�Q[W/ä	ç �YçÒW/ä&OZIAZ[ä�KNXtä�!'ä�Z
pari 6= i

IAQ[KNO�ä&Q[W�åPO�ã/\^Z[ê�IAV
Oneparfault(i)

X�S W/ä�V+åJINä h4ãYO�ZDM-ã < e:X�ê/KNXtä�ã/æ7MtWYXtê/W-!7QQI�OHG S�Q[W �
r
W/ä�V�QQI�ä�WYMPQ[W IAåPåPQ`Z[ê�IAUPQ[W < e:X h4WYO�V�M�\PWRQTS ã/æ7MPZ`V�ã-!

QQI#OHG S�Q[W �
r
ä�WYOZIÒW_^Pã/êYMPV�ã/W�WYV

pr
ä�W�OZIAV�VZINêHTtWYOZI �

Arbre
< a&W�åPQ`Mtä�!tMPXtW?C�KNZ[ä	ê/W�OZIAV�VZINêHTtWYçÒWYX7V

W ��W/êYV�Mtã-!�IAMtêYMPXtW�\PW/äROHG S�Q[W/ä �
r
! �

r
WYV �

r
X�S W/ä�V!åPQ`Mtä AHIAç IAZ[ä IAåPåPQ`Z[ê�IAUPQ[W/ä
�

pr
!-WYV!ê/W�\PWYO�XPZ[WYO

XtW�ä�W�\PãYVZINêHTtWYOZI AHIAç IAZ[äR\PW
Arbre

<
�

� 10/�/21 : & '  � w � q!y ��� y � �Tq � " � � 	 � ��� ��� � s�u � yzv ��� � y ��� y �
� � � 	 
 � v�q8�!��w�y�yTw4u �P� � Arbre
� �

q8� 	 sYyTw4u �P�@��w�rPwAq 	 � Arbre w��Aw � y 
 � ��q ��� rt}@��� � ��q8� 	 sYyTw4u �P�0# s �N� � y � �@x¼x[�@~�� � y % 	 � Arbre �

�?��10 $+�1'& b I�ä�WYMPQ[W INêYV�Z[KNXÄæ7MPZ'å�WYO�çÒWYV ��MPX�åPO�K®ê/W/ä�ä�WYMPO
pi
\PW&ä�W!OZIAV�VZINêHTtWYO��

Arbre
W/ä�V(ê/WYQ`Q[W

\PW�QQI�OHG S�Q[W �
i
< b!O�!tWYQ`Q[W�Z`ç#åPQ`Z[æ7MtW�æ7MtW

∀k ∈ Filsi
!
rootk = r ⇒ distk = disti + 1

<
K7MPåPå�K�ä�KNXtä!æ7MtW�Q[W�åPO�K®ê/W/ä�ä�WYMPOfå+GYO�W�\PW

pi
\�S Z[\PWYX7V�Z`V�ã

pari
XtW�ä�W�\PãYVZINêHTtW�åJINäR\PW

Arbre
!t\YIAXtä

ê/W�ê�INäRäZI�\^Z[ä�VZIAXtê/W�XtW�ä�W&çÒK®\^ZDM-W�åJINä �



: & � �?��10 $+�1 �81Rl (=7Y -�����Z,���7���$ l $&,�7B�%$&��� ' i �

� ä�Z pari 6= r
!'MPXtW�çÒK®\^ZDM-ê�IAV�Z[KNXÞ\PW�QQI�\^Z[ä�VZIAXtê/WÒä�WYOZIAZ`V�\�BtW �

Opari

KNM
Bpari

æ7MPZ:\PãYVZI%e
êHTtWYOZIAZ`V

pari
\PW

Arbre
�

� ä�Z pari = r
IAQ[KNO�äRê�S W/ä�VRMPXtW�ê/KNXtä�ã/æ7MtWYXtê/W�\PW&QQI#\Pã_MtXPZ`V�Z[KNX×\PW

Arbre
<

e:X ê/KNXtä�ã/æ7MtWYXtê/W-!�QQI�ä�WYMPQ[W INêYV�Z[KNX æ7MPZ:å�KNMPO�OZIAZ`V�\PãYVZINêHTtWYO
pi
\PW

Arbre
W/ä�V�QTS W_^Pã/êYMPV�Z[KNX \PW#QQI

OHG S�Q[W �
i
< c+WYå�WYXt\YIAX7V�MPX MtQ[ä

pk

\PW
pi
æ7MPZ I

r
ê/KNç#çÒW]h#IAQ[WYMPO&\PW�QQIÒOZINêYZ`XtW�W/ä�V �ÒU�KNXPXtW�\^Z[ä e

VZIAXtê/W>IAM�çÒKNçÒWYX7Vf\^M�OZIAV�VZINêHTtWYçÒWYX7V < k�Q-XtW!å�WYMPV(êHTJIAX9S4WYORäZI�\^Z[ä�VZIAXtê/W&æ7M�S WYX�çÒK®\^ZDM�IAX7V
rootk

!
O�WYXt\YIAX7V IAZ`Xtä�Z^QQI!OHG S�Q[W �

i
XtKNX4IAåPåPQ`Z[ê�IAUPQ[W < g!X�åPO�K®ê/W/ä�ä�WYMPO:æ7MPZ9IN\PKNåPV�WYOZIAZ`V

pi
ê/KNç#çÒW+å+GYO�W I�h4W/ê

rootk = r
XtW�å�WYMPV!Q[W>C`IAZ`O�W�æ7M�S WYXoW_^Pã/êYMPVZIAX7V �

k

WYV	ä�W�V�O�KNM9h4W IAMtä�ä�Z �#QQI#U�KNXPXtW�\^Z[ä�VZIAXtê/W < e:X
O�ã/ä�MPçÒã-!7ä�ZtQ[WRåPO�K®ê/W/ä�ä�WYMPO

ppari

XtW!ä�WR\PãYVZINêHTtW!åJINä+\PWfQTS IAO�UPO�W IAQ[KNO�ä �
i
X�S W/ä�V-AHIAç IAZ[ä IAåPåPQ`Z[ê�IAUPQ[W

WYV
pi
O�W/ä�V�WYOZI IAV�VZINêHTtã �

Arbre
<

�

� 10/�/21 : & '9: � w � q�y ��� y��#� � s�u � yzv ��� � ∃n y��@x 
 � � ∀m,m′ ≥ n Arbrem = Arbrem′

�

�?��10 $+�1'&×a�S IAåPOHG/ä�Q[WfQ[WYç#çÒW aB<=;�O ! �&åJIAO�V�Z`O(\�S MPX�ê/WYO�VZIAZ`X�ãYVZIAV�Q[WRåPO�K®ê/W/ä�ä�WYMPOhOZINêYZ`XtW	\�S Z[\PWYX7V�Z`V�ã
r
IAåPåJIAO�V�Z[WYX7V(V�KNM\A�KNMPO�ä��

Arbre
< a>IAXtähQ[WRä�M � ^PWRæ7MPZ-ä�MPZ`V�ê/WYV�ãYVZIAV�!7W_^YIAç#Z`XtKNXtähQ[W/ähåPO�K®ê/W/ä�ä�WYMPO�ä

\PW�åPO�K�C�KNXt\PWYMPO
1
\PW

Arbre
< c+WYMB^0e�êYZ�å�WYM9h4WYX7V	ä�W�\PãYVZINêHTtWYO�!tç IAZ[äRV�KNMPVRåPO�K®ê/W/ä�ä�WYMPORæ7MPZ�ä�W&OZIAV e

VZINêHTtWYOZI ��MPXtW&åPO�K�C�KNXt\PWYMPO
1
XtW&ä�W	\PãYVZINêHTtWYOZI�åPQ`MtäfWYX h4WYO�V�MÄ\^M�Q[WYç#çÒW aB<=; ì < n!MPV�O�WYçÒWYX7VR\^Z`V�!

�ÒåJIAO�V�Z`O&\�S MPX]ê/WYO�VZIAZ`X ãYVZIAV�!-Q[W�ä�KNMtä e IAO�UPO�W�\PW�åPO�K�C�KNXt\PWYMPO
1
W/ä�V	ä�VZIAUPZ`Q`Z[ä�ã < J�IAO	O�ã/êYMPO�O�WYXtê/W-!�WYV

äZINêHTJIAX7V&æ7MtW�QQI�åPO�K�C�KNXt\PWYMPO	ç I%^^Z`ç IAQ[W�\YIAXtäRQTS IAO�UPO�W�W/ä�V!ä�V�O�Z[êYV�WYçÒWYX7V	ç I%A�KNO�ã/W�åJIAO!Q[W�XtKNç�UPO�W
\PW�åPO�K®ê/W/ä�ä�WYMPO�ä�!PKNXÄWYX×ê/KNXtêYQ`MPV!æ7MtW�QTS IAO�UPO�W�ä�W�ä�VZIAUPZ`Q`Z[ä�WYOZI <

�

J�IAO:ê/KNXtä�ã/æ7MtWYX7V�!
Arbren

W/ä�VLMPXtW+ä�V�O�MtêYV�MPO�W(\�S IAO�UPO�W(æ7MPZ®ä�W+ä�VZIAUPZ`Q`Z[ä�W+\YIAXtäLV�KNMPV�W(W_^Pã/êYMPV�Z[KNX <
J�IAOdIAUPMtä�\PW�QQIAX9S3I�S4W-!�XtKNMtädIAåPå�WYQ`Q[WYO�KNXtä

Arbre
QTS IAO�UPO�W#ä�VZIAUPZ`Q`Z[ä�ã�\�S MPXtW#W_^Pã/êYMPV�Z[KNX < a&W�åPQ`Mtä�!

XtKNMtä IAåPå�WYQ`Q[WYO�KNXtä
Arbrec QTS WYXtä�WYç�UPQ[W�\PW/äfåPO�K®ê/W/ä�ä�WYMPO�äfX�S IAåPåJIAO�V�WYXJIAX7V	åJINä�� Arbre

<
� 10/�/21 : & ' � � w � q+y ��� y��!� � s�u � yzv ��� ��w�r'��}�q�qYyTw � v¼x v�q/w�yzv ����	 � Arbre �-v¼xt� � v�qYy�� ��� sYyTw�y ��rPwN�Yyzv¼�	�� 
 � �@x ∀pi ∈ Arbrec �:q � vzy ppari

∈ Arbrec q � vzy rooti 6= r �

�?��10 $+�1'&�K7MPåPå�K�ä�KNXtäfæ7MtW	ä�W!XtW	ä�KNZ`V+åJINä+Q[W&ê�INä(WYV(æ7M�S IAåPOHG/ä(ä�VZIAUPZ`Q`Z[äZIAV�Z[KNXÄ\PW
Arbre

!7Z`Q�W_^^Z[ä�V�W
MPX×ãYVZIAV

sn
\YIAXtäRQ[W/æ7MtWYQ

∀pi ∈ Arbrec ! pparn
i
∈ Arbre

WYV
rootni = r

<
a�S IAåPOHG/ä�QQI�\Pã_MtXPZ`V�Z[KNX \PW

Arbre
!
distni 6= distnpari

+ 1
< e:XÔKNMPV�O�W-!�Q[W�åPO�K®ê/W/ä�ä�WYMPO

ppari

XtW#ä�W
\PãYVZINêHTtW	åPQ`Mtä(\PW

r
åPMPZ[ä�æ7M�S Z`Q�W/ä�V IAV�VZINêHTtã ��QTS IAO�UPO�W&ä�VZIAUPZ`Q`Z[ä�ã < g!XtWRçÒK®\^ZDM-ê�IAV�Z[KNX_\PW!QQI�\^Z[ä�VZIAXtê/W

ä�WYOZIAZ`V(\�BtW ��QTS W_^Pã/êYMPV�Z[KNX_\PW!QQI�OHG S�Q[W �
pari

æ7MPZ�\PãYVZINêHTtWYOZIAZ`VfQ[W	åPO�K®ê/W/ä�ä�WYMPO
ppari

\PW
Arbre

< e:X
ê/KNXtä�ã/æ7MtWYXtê/W-! �

i
WYV �

i
ä�KNX7VfQ[W/äRä�WYMPQ[W/ä(OHG S�Q[W/äRW_^Pã/êYMPVZIAUPQ[W/ä < K7Z�QQI�OHG S�Q[W �

i
W/ä�VRW_^Pã/êYMPV�ã/WdIAQ[KNO�ä

∃m ≥ n
V�WYQLæ7MtW

rootmi = i 6= r
WYV

pparm
i

= i ∈ Arbrec < a>IAXtä!Q[W�ê�INä	ê/KNX7V�OZIAZ`O�W-!�QTS W_^Pã/êYMPV�Z[KNX
\PW �

i
\PãYVZINêHTtWYOZI

pi
\PW�QTS IAO�UPO�W

rootmi = i 6= r
<

moKNX7V�O�KNXtä(æ7MtWRê/WYV�V�W!åPO�KNåPO�Z[ãYV�ã!O�W/ä�V�WRV�KNM\A�KNMPO�ä h4ãYO�ZDM-ã/W < n!MPV�O�WYçÒWYX7V(\^Z`V�!7çÒKNX7V�O�KNXtä(æ7MtW
∀m′ ≥

m
V�WYQ�æ7MtW�\YIAXtäfV�KNMPV!ãYVZIAV

sm′

!
∀pi ∈ Arbrec ä�KNZ`V

p
parm′

i

∈ Arbrec !Pä�KNZ`V rootm
′

i 6= r
�
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� ä�Z rootmi 6= r
��\YIAXtä�ê/WÒê�INä

rooti
XtW�å�WYMPV �YV�O�W#ã S3IAQ[W��

r
æ7MtW#ä�Z

pi
ä�W�OZIAV�VZINêHTtW ��MPX

å+GYO�W�\PW�OZINêYZ`XtW
r
<

� ä�Z rootmi = r
�t\YIAXtä	ê/W�ê�INä�!

pparm
i

(∈ Arbrec)
ä8S W/ä�V IAV�VZINêHTtã �#QTS IAO�UPO�W�WYXoW_^Pã/êYMPVZIAX7V&QQI

OHG S�Q[W �
pari

æ7MPZ�KNUPQ`Z=S4W�V�KNMPV MtQ[ä
pk

I�E3IAX7V
r
ê/KNç#çÒW>h#IAQ[WYMPOR\PW�QQI�OZINêYZ`XtW � �YV�O�W ��U�KNXPXtW

\^Z[ä�VZIAXtê/W < �:VZIAX7VhQTS MPX�\PWfê/W/ä�MtQ[ähWYV I�E3IAX7Vhå�KNMPO:OZINêYZ`XtW
r
!NQ[W(åPO�K®ê/W/ä�ä�WYMPO

pi
W/ä�V	�	QQI&U�KNXPXtW

\^Z[ä�VZIAXtê/W�\PW�ä�KNX_å+GYO�W-!Pê/W�æ7MPZ�W/ä�VRê/KNX7V�OZIN\^Z[êYV�KNZ`O�W <
�

a>IAXtäRQQI#ä�MPZ`V�W-!PXtKNMtä IAåPå�WYQ`Q[WYO�KNXtä � �Tq � " � � \�S MPXtW�W_^Pã/êYMPV�Z[KNX !tQ[W�ä�M � ^PW�\^M ; e�ä�M � ^PW�\YIAXtä
Q[W/æ7MtWYQ

Arbre
W/ä�VRä�VZIAUPZ`Q`Z[ä�ã�WYVRQ[W&Q[WYç#çÒW aB<=;�@ W/ä�V h4ãYO�ZDM-ã <

� 10/�/21 : & ' � � w � q ��� � �Tq � " � ���
�
��w � u ��� r'� � u���q�q8� � � � ��q8����w�y�yTw4u �P�@��w � r rPwN� ��� r'� � u���q�q8� � � 	 � Arbre �

� ��w � u ��� 
N��w � y 	 � r
� ��q8�@��w_yz��w � q@~�v�qRrPwN� ��� r'� � u���q�q8� � � 	 � Arbre � ��� r'� � u���q�q8� � � 	 �

Arbrec �

� �&q � vzy pi
��� r'� � u���q�q8� � � 	 � Arbrec �&q@v 	 w � q ��� sYyTw�y�w � u ��� r'� � u���q�q8� � � 	 � Arbrec � �

r � q�q8} 	 � 	 ��
N��w � y 	 � r r ��� � pi
�+wNx � ��q�w � u ��� r'� � u���q�q8� � � 	 � Arbrec � �+r � q�q8s 	 �@��w 	 w � q

x[�1� � y � � ��� 
N��w � y 	 � r r ��� � pi
�

�?��10 $+�1'& b IIåPO�WYç#ZPGYO�W I �ÒO�ç IAV�Z[KNX¡W/ä�VÄMPXtWÔê/KNXtä�ã/æ7MtWYXtê/W \PW QQIEä�VZIAUPZ`Q`Z`V�ã \PW
Arbre

< b I
\PWYMB^^ZPGYçÒWgI �ÒO�ç IAV�Z[KNX åPO�K�h®Z[WYX7VÄ\^M C`IAZ`V�æ7M�S MPX

grant
W/ä�V�V�OZIAXtä�ç#Z[ä �ÔMPX MtQ[ä�å�KNMPO�Q[W/æ7MtWYQ

Tree
W/ä�V h4ãYO�ZDM-ã-!�ê/WÄæ7MPZRX�S W/ä�VÒåJINäÒå�K�ä�ä�Z`UPQ[W�Z[êYZ!ê�IAO�ä�Z`XtKNX ê/W_åPO�K®ê/W/ä�ä�WYMPO IAåPåJIAO�V�Z[WYXt\^OZIAZ`V��

Arbre
< a&W�ç IAXPZPGYO�WÒä�Z`ç#Z`QQIAZ`O�W ��QQI�åPO�WYM9h4W#\^M Q[WYç#çÒW aB< U !�QQI�V�O�KNZ[ä�ZPGYçÒW4I �ÒO�ç IAV�Z[KNXÞ\Pã/ê/KNMPQ[W

\PW�QTS W_^YIAçÒWYX \PW/ä�OHG S�Q[W/äÒWYX ä8S IAåPåPM9E3IAX7V�ä�MPO�QQI]\PWYMB^^ZPGYçÒW I �ÒO�ç IAV�Z[KNX WYVÒä�MPO�Q[W C`IAZ`V#æ7MtW�Q[W
åPO�K®ê/W/ä�ä�WYMPO

pr ∈ Arbre
<

�

� 10/�/21 : & ' " � � vzy r x`w+r'x � q 
N��w �
	 �(v 	 � � yzvzy�s 	�� ��s�q8��w � �'� � r4r � q ��� q�
 � � v¼xt� � v�qYy�� pi ∈ Arbrec �
pj ∈ Arbre �Yy ∃n y��@x(
 � � 	 w � q&y ��� y � �Tq � " � � 	 �	x � � � s�u � yzv ��� �'r ��� �&x � sYyTw�y sn

�Lq@v pi
~ÒwNv � yzvT� � y

��� ����� 
 � �Yy��!r ��� � r �N�@��q pj
wNx � ��q(r ��� ��y ��� yfsYyTw�y sm

w��N��u m ≥ n � pi
~ÒwNv � yzvT� � y ��� ����� 
 � �Yy��

r ��� � r �N�@��q pj
�

�?��10 $+�1'& k�Q�ä8S I�S�Z`V!\PW�çÒKNX7V�O�WYO&æ7MtW
Asks(i, j)

XtW�å�WYMPVRåJINäR\PW h4WYXPZ`OXC`IAMB^ < d�KNMPV	\�S IAU�KNO�\(!
piXtW#å�WYMPV�åJINä]I�h4KNZ`O�\PW#XtKNM9h4W�IAM2MtQ[ä

pk
< e:XÞW ��WYV�!�ä�WYMPQ[W#QTS W_^Pã/êYMPV�Z[KNXÞ\PW/ä�OHG S�Q[W/ä �

k(i)
KNM �

kå�KNMPO�OZIAZ`V!ê/KNXt\^MPZ`O�W ��ê/WYV�V�W�ä�Z`V�MJIAV�Z[KNX <
b W/ä]MtQ[ä�\PW

pi
XtW�å�WYM9h4WYX7V#êHTJIAX9S4WYOÒ\PW�\^Z[ä�VZIAXtê/W�äZIAXtä�êHTJIAX9S4WYOÒ\PW�å+GYO�W < n!MPV�O�WYçÒWYX7VÒ\^Z`V�!LQQI

ê/KNXt\^Z`V�Z[KNX ä�MPO�Q[W/ä]MtQ[ä�Z`XtêYQ`Mtä�W�\YIAXtä
Asks(i, j)

O�W/ä�V�WYOZI h4ãYO�ZDM-ã/W < a&W�ç �YçÒW-! ê/WYV�V�W�ê/KNXt\^Z`V�Z[KNX
O�W/ä�V�W>h4ãYO�ZDM-ã/W-!På�KNMPO

Sat(j)
!PåPMPZ[ä�æ7M�S KNX×W/ä�VR\YIAXtäfMPXoë%e�ä�M � ^PW�WYVRæ7MtW

j ∈ Arbre
<

�

� 10/�/21 : & ' m � � vzy r x`w+r'x � q�
N��w �
	 �fv 	 � � yzvzy�s 	�� ��s�q8��w � � � w � q(y ��� y � �Tq � " � � 	 �(x � � � s�u � yzv ��� {
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�
�&q � vzy Arbre u ��� �8����x � � � q8�@~ � x[� 	 ��q+r'� � u���q�q8� � ��q �
� �&q � vzy ∃pi ∈ Arbrec � ∃pj ∈ Arbre �Yy ∃n y��@x/
 � � 	 w � q ��� sYyTw�y sm

w��N��u m ≥ n � pi~ÒwNv � yzvT� � y ��� ����� 
 � �Yy��Rr ��� � r �N�@��q pj
�

� �&q � vzy ∀pi ∈ Arbrec ��q@v 	 w � q ��� sYyTw�y pi
��qYy:w�y�yTw4u �Ps � r �LwNx � ��q pi

q8� 	 sYyTw4u �P�@��w 	 � r
	 w � q

��� sYyTw�y � � y � � 	 ��x � � � s�u � yzv ��� �
�?��10 $+�1'& K7MPåPå�K�ä�KNXtäfæ7M�S IAMtêYMPXtW�\PW/ä(V�O�KNZ[äfåPO�KNåPO�Z[ãYV�ã/äfXtW&ä�KNZ`V h4ãYO�ZDM-ã/W�WYVfWYX_åJIAO�V�Z[êYMPQ`Z[WYO!æ7M�S �
åJIAO�V�Z`OR\�S MPXÄê/WYO�VZIAZ`X×ãYVZIAV

sn
\^MÄë%e�ä�M � ^PW�\PW&QTS W_^Pã/êYMPV�Z[KNX !

pi ∈ Arbrec O�W/ä�V�W?IAV�VZINêHTtã�Z`Xt\Pã_MtXPZDe
çÒWYX7V
�

r
<

j	KNMtä(O�WYç IAO�æ7MtKNXtä!\�S IAU�KNO�\_æ7MtW
disti

O�W/ä�V�WYOZI�Z`XtêHTJIAX9S4ã/W�\YIAXtäfQ[W CzMPV�MPOfê�IAOfQ[W/äRä�WYMPQ[W/ä INêYV�Z[KNXtä
æ7MPZ�çÒK®\^ZDM-WYX7V!QQI#\^Z[ä�VZIAXtê/W�ä�KNX7V �

� QTS W_^Pã/êYMPV�Z[KNX×\PW�QQI�OHG S�Q[W �
i
æ7MPZ�å�K�ä�Z`V�Z[KNXPXtW

rooti
�

i
ç IAZ[ä!æ7MPZ�\PãYVZINêHTtWYOZIAZ`V

pi
\PW

r
� QTS W_^Pã/êYMPV�Z[KNX×\PW�QQI�OHG S�Q[W �

i
æ7MPZ�X�S W/ä�VfåJINäXIAåPåPQ`Z[ê�IAUPQ[W�åPMPZ[ä�æ7MtW

ownrmax(i) = i

JLK�ä�KNXtä�å�KNMPO
m ≥ n

!
dstm = (−distm, nbm)

K���\YIAXtä�QTS ãYVZIAV
sm

!
distm

W/ä�V�QQIÔ\^Z[ä�VZIAXtê/W
ç#Z`XPZ`ç IAQ[W×\�S MPX åPO�K®ê/W/ä�ä�WYMPO IAåPåJIAO�V�WYXJIAX7V��

Arbrec IAV�VZINêHTtã � r
WYV

nbm W/ä�V#Q[W_XtKNç�UPO�Wo\PW
åPO�K®ê/W/ä�ä�WYMPO�ä&\PW

Arbrec IAV�VZINêHTtã/ä � r
\PW�\^Z[ä�VZIAXtê/W�ç#Z`XPZ`ç IAQ[W < a>IAXtä	QQI�ä�MPZ`V�W-!

dst
W/ä�V	QQI�ä�MPZ`V�W

\PW/ädh#IAQ[WYMPO�ä
dstm

< m×MPXPZ+\PW�QTS KNO�\^O�W�Q[W_^^Z[ê/K\S�OZIAå9TPZ[æ7MtW-!LQ[W�\PKNç IAZ`XtW�\PW/ädh#IAQ[WYMPO�ä�å�K�ä�ä�Z`UPQ[W/ä�\PW
dst

X�S IN\^çÒWYVRåJINäfMPXtW�ä�MPZ`V�W&Z`XBMtXPZ[W�ä�V�O�Z[êYV�WYçÒWYX7V!\Pã/êYO�KNZ[ä�äZIAX7V�W < e:X×W ��WYV�!^Z`Q�W/ä�VfU�KNO�Xtã&Z`XBC�ãYO�Z[WYMBe
O�WYçÒWYX7V+åJIAO

(−distni , 1)
åPMPZ[ä�æ7MtW

pi
O�W/ä�V�W IAV�VZINêHTtã!Z`Xt\Pã_MtXPZ`çÒWYX7V �

r
< j	KNMtä IAQ`Q[KNXtä+W_^BTPZ`U�WYOhMPXtW

ê/KNX7V�OZIN\^Z[êYV�Z[KNX]WYXÄçÒKNX7V�OZIAX7V	æ7MtW
dstm

\Pã/êYO�K*,[VRZ`XBMtXPZ`çÒWYX7V&ä�KNM9h4WYX7V!WYVRXtW�êYO�K*,[V AHIAç IAZ[ä <
JLKNMPO&æ7MtW

dst
êYO�KNZ[ä�ä�W-!PZ`Q-C`IAMt\^OZIAZ`V!æ7M�S MPX×åPO�K®ê/W/ä�ä�WYMPO!ä�W�OZIAV�VZINêHTtW �

r
I�h4W/ê�MPXtW�\^Z[ä�VZIAXtê/W�Z`XBC�ã_e

O�Z[WYMPO�W�KNMoã S3IAQ[W ��QQIÒ\^Z[ä�VZIAXtê/W�ç#Z`XPZ`ç IAQ[W �
r
ê/KNMPOZIAX7V�W-!'KNMoæ7M�S MPX×åPO�K®ê/W/ä�ä�WYMPORO�W/ä�V�W]IAV�VZINêHTtã �

r
WYX \^Z`ç#Z`X7MJIAX7V�äZI�\^Z[ä�VZIAXtê/W <-b I�\PWYMB^^ZPGYçÒW IAQ`V�WYO�XJIAV�Z=h4W�W/ä�V�W_^PêYQ`MtW�å�KNMPO�Q[W/ä&ç �YçÒW/ä�OZIAZ[ä�KNXtä

æ7MtW�å�KNMPORQ[W�åPO�K®ê/W/ä�ä�WYMPO
pi
< k�X7V�ãYO�W/ä�ä�KNXtä eTXtKNMtä IAMÄOZIAV�VZINêHTtWYçÒWYX7V �

r
< d�O�KNZ[ä INêYV�Z[KNXtäRçÒK®\^ZDM-WYX7V

rootk
��QTS INêYV�Z[KNX�\PWfQQI	OHG S�Q[W �

k

!4ê/WYQ`Q[WR\PW �
k

æ7MPZPQQI&å�K�ä�Z`V�Z[KNXPXtWYX7V��
i 6= r

WYV�ê/WYQ`Q[WR\PW �
k

æ7MPZtW/ä�V
V�WYQ`Q[W�æ7M�S IAåPOHG/ä�ä�KNX2IAåPåPQ`Z[ê�IAV�Z[KNX

distk = distpark
+ 1

WYV
rootk = rootpark

< b!O&Q[W�åPO�K®ê/W/ä�ä�WYMPO
ê/KNO�O�W/ä�å�KNXt\YIAX7V4IAM åJIAOZIAç4GYV�O�W

j
\YIAXtä

Jk

XtW#å�WYMPV IAåPåJIAO�V�WYXPZ`O �
Arbre

ê�IAO�ä�Z`XtKNX Q[W�ä�Z`V�WÒä�W
OZIAV�VZINêHTtWYOZIAZ`V �

Arbre
< a&KNXtê �

k

XtW�OZIAV�VZINêHTtW AHIAç IAZ[äfMPX×ä�Z`V�W ��MPXtW�\^Z[ä�VZIAXtê/W�ç#Z`XPZ`ç IAQ[W <
moKNX7V�O�KNXtäfç IAZ`X7V�WYXJIAX7V!æ7MtW

dst
\Pã/êYO�K*,[VfZ`XBMtXPZ`çÒWYX7V!ä�KNM9h4WYX7V < K®KNZ`V

pi∗ ∈ Arbrec Q[W	åPO�K®ê/W/ä�ä�WYMPO
IAV�VZINêHTtã �

r
\YIAXtäfQTS ãYVZIAV

sn
\PW�\^Z[ä�VZIAXtê/W�ç#Z`XPZ`ç IAQ[W-!-\PWYMB^_ê�INäRä�W&åPO�ã/ä�WYX7V�WYX7V �

� disti∗ > 0
�7\YIAXtä+ê/W!ê�INä�!4åPMPZ[ä�æ7MtW!ê/WYV�V�W!\^Z[ä�VZIAXtê/W	W/ä�Vhç#Z`XPZ`ç IAQ[W-!^ä�KNZ`V

rootpari∗
6= r

!4ä�KNZ`V
distpari∗

6= disti∗ − 1
�

� disti∗ = 0
�P\YIAXtä!ê/W�ê�INä�!

rooti∗ = r 6= i∗
WYV

Asks(i∗, j)
X�S W/ä�V h4ãYO�ZDM-ã�å�KNMPO IAMtêYMPX

j
<

a>IAXtäRQ[W/äR\PWYMB^Äê�INä
Tree(i∗)

X�S W/ä�VRåJINä h4ãYO�ZDM-ã < a�S IAMPV�O�W�åJIAO�V�!tä�MPåPå�K�ä�KNXtäRæ7MtW
pari∗ 6= i∗

< g!X
åPO�K®ê/W/ä�ä�WYMPO

pj∗
h4KNZ[ä�Z`X�\PW

ppari∗

æ7MPZ®ä�WYOZIAZ`VLV�WYQ^æ7MtW
distj∗ = disti∗−2

WYV
rootj∗ = r

IAåPåJIAO�V�Z[WYX7V
Xtã/ê/W/ä�äZIAZ`O�WYçÒWYX7V��

Arbre
WYXÔOZIAZ[ä�KNXÞ\PW#QQIÄ\Pã_MtXPZ`V�Z[KNXÞ\PW

pi∗
< a&W#åPQ`Mtä�!�ê/KNç#çÒW

pari∗ 6= r
WYV

WYX�h4WYO�V�MÞ\^M Q[WYç#çÒW aB<=; !�ä�KNZ`V�Q[WÒåPO�ã/\^Z[ê�IAV
Oneparfault(i∗)

X�S W/ä�V�åJINädh4ãYO�ZDM-ã-!�ä�KNZ`V�Z`Q�W_^^Z[ä�V�W
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MPX ê/KNMPåPQ[W
(d, j)

å�KNMPO	Q[W/æ7MtWYQ Q[W�åPO�ã/\^Z[ê�IAV
Onelocalfault(pari∗, d, j)

W/ä�V h4ãYO�ZDM-ã < K7MPåPå�K�ä�KNXtä
æ7MtW�Q[W/ä�OHG S�Q[W/ä �

i∗(j)
2 å�KNMPO�MPX

pj
æ7MtWYQ[ê/KNXtæ7MtW 3&WYV �

i∗
XtW#ä�KNZ[WYX7V AHIAç IAZ[ä�W_^Pã/êYMPV�ã/W/ä�WYV�æ7MtW

Oneparfault(i∗)
ä�KNZ`V�ê/KNXtä�VZIAç#çÒWYX7V]h4ãYO�ZDM-ã ��åJIAO�V�Z`O�\�S MPXÞê/WYO�VZIAZ`XÞãYVZIAV < J�IAO�ê/KNXtä�ã/æ7MtWYX7V�Z`Q

W_^^Z[ä�V�W�MPXIê/KNMPåPQ[W
(d, j)

å�KNMPO�Q[W/æ7MtWYQ
Onelocalfault(pari∗ , d, j)

ä�WYOZI×ê/KNXtä�VZIAç#çÒWYX7V h4ãYO�ZDM-ã <
a&KNXtê×å�KNMPO�MPX ê/WYO�VZIAZ`X

pj
!�Q[W×åPO�ã/\^Z[ê�IAV

Asks(pari∗ , j)
ä�WYOZI ê/KNXtä�VZIAç#çÒWYX7V h4ãYO�ZDM-ã]\YIAXtä�Q[W

CzMPV�MPO 2 h4KNZ`OhQ[W(Q[WYç#çÒW aB<=; é�3 < c+WYQQI�æ7MPZtä�Z=S�XPZDM-WRæ7MtW(Q[WfåPO�K®ê/W/ä�ä�WYMPO
ppari∗

ç IAZ`X7V�Z[WYX7V�MPXtWfO�W/æ7M��YV�W
å�KNMPO(MPX�åPO�K®ê/W/ä�ä�WYMPO(\PW

Arbre
< c+W/êYZ�W/ä�Vfê/KNX7V�OZIN\^Z[êYV�KNZ`O�WdI�h4W/ê&XtK�ä T3E®å�KNVFTYG/ä�W/äf\^M_\PãYUPMPVf\PW	QQI

åPO�WYM9h4W < a&KNXtê-!tZ`XBMtXPZ`çÒWYX7V&ä�KNM9h4WYX7V
Oneparfault(i∗)

XtW�ä�WYOZI#åJINä h4ãYO�ZDM-ã/W < e:Xoê/KNXtä�ã/æ7MtWYXtê/W-!
Z`XBMtXPZ`çÒWYX7V�ä�KNM9h4WYX7V�ä�KNZ`V	QQIÒOHG S�Q[W �

i∗
ä�KNZ`V	QQIÒOHG S�Q[W �

i∗
ä�WYOZI IAåPåPQ`Z[ê�IAUPQ[W 2 IAMtêYMPXtW IAMPV�O�W�OHG S�Q[W

X�S ãYVZIAX7V?IAåPåPQ`Z[ê�IAUPQ[W��
pi∗

3 < J�IAO�ã/æ7MPZ`V�ã-!-QTS MPXtW�\PW�ê/W/ä	\PWYMB^×OHG S�Q[W/ä&ä�WYOZI IAåPåPQ`Z[æ7Mtã/W�WYV
∃n0 ≥ n

V�WYQ�æ7MtW
an0

ä�KNZ`VfQTS MPXtW&\PW�ê/W/ä INêYV�Z[KNXtäRWYV(V�WYQ�æ7MtW
rooti∗ = i∗

\YIAXtä
sn0+1

< c+W/êYZ�Z`Xt\^MPZ`VRæ7MtW
pi∗ä�W�\PãYVZINêHTtWYOZIÒ\PW

r
WYVfåJIAO!ê/KNXtä�ã/æ7MtWYX7V

dst
\Pã/êYO�K*,[V <

e:X#Z`V�ãYOZIAX7Vhê/W+OZIAZ[ä�KNXPXtWYçÒWYX7V �!åJIAO�V�Z`O:\PW
n0

!NKNX#WYX#\Pã/\^MPZ`Vhæ7MtW
dst

\Pã/êYO�K*,[V:Z`XBMtXPZ`çÒWYX7V�ä�KNM9h4WYX7V
ê/W�æ7MPZ�W/ä�VRê/KNX7V�OZIN\^Z[êYV�KNZ`O�W <

�

� 10/�/21 : & i � � � vzy r x`w+r'x � q�
N��w �
	 �fv 	 � � yzvzy�s 	�� ��s�q8��w � � � w � q(y ��� y � �Tq � " � � 	 �(x � � � s�u � yzv ��� {
�
�&q � vzy Arbre u ��� �8����x � � � q8�@~ � x[� 	 ��q+r'� � u���q�q8� � ��q �
� �&q � vzy ∃pi ∈ Arbrec � ∃pj ∈ Arbre �Yy ∃n y��@x/
 � � 	 w � q ��� sYyTw�y sm

w��N��u m ≥ n � pi~ÒwNv � yzvT� � y ��� ��� 
 � �Yy��!r ��� � r �N�@��q pj
�

� �&q � vzy ∃n y��@x 
 � � 	 w � q ��� sYyTw�y sm
w��N��u m ≥ n � ∀pi ∈ Arbrec � pi

��� ��qYy-rPwAq�w�y�yTw4u �Ps�� r �

�?��10 $+�1'& K7MPåPå�K�ä�KNXtä(æ7M�S IAMtêYMPXtW�\PW/ä+V�O�KNZ[ä T3E®å�KNVFTYG/ä�W/ä+XtW&ä�KNZ`V h4ãYO�ZDM-ã/W < n!åPå�WYQ[KNXtä
J
Q[W	ä�KNMtä e

WYXtä�WYç�UPQ[W!\PW/ähåPO�K®ê/W/ä�ä�WYMPO�ähX�S IAåPåJIAO�V�WYXJIAX7V+åJINä��
Arbre

æ7MPZ-ä�KNX7V IAV�VZINêHTtã/ä�Z`XBMtXPZ`çÒWYX7V(ä�KNM9h4WYX7V
�

r
< JLK�ä�KNXtä

sn
MPXÒãYVZIAV��&åJIAO�V�Z`O�\^Mtæ7MtWYQ-ä�WYMPQ[ä:Q[W/ä:åPO�K®ê/W/ä�ä�WYMPO�ä�\PW

J
ä�WYO�KNX7V IAV�VZINêHTtã/ä �

r
åJIAO�ç#Z

ê/WYMB^#X�S IAåPåJIAO�V�WYXJIAX7V(åJINä)�
Arbre

< a�S IAåPOHG/ähQ[WfQ[WYç#çÒW aB<=;�U !4ê/W/ähåPO�K®ê/W/ä�ä�WYMPO�ä�ä�Wf\PãYVZINêHTtWYO�KNX7VfWYV
ä�W(OZIAV�VZINêHTtWYO�KNX7V+Z`XBMtXPZ`çÒWYX7V+ä�KNM9h4WYX7V��

r
< a�S IAåPOHG/ä:Q[W(Q[WYç#çÒW aB<=;%N !�Z`Qt\PKNZ`VhW_^^Z[ä�V�WYO:MPX S�OZIAX7V�\PW

r
å�KNMPOhêHTJINêYMPX�\PWfê/W/ä:åPO�K®ê/W/ä�ä�WYMPO�ä:\YIAXtä:V�KNMPVhãYVZIAV)�	åJIAO�V�Z`Oh\PW

sn
å�K�ä�ä�ã/\Pã(åJIAO:MPX#åPO�K®ê/W/ä�ä�WYMPOh\PW

J
< n!MPV�O�WYçÒWYX7V(\^Z`V�!7\YIAXtä�V�KNMPV+ãYVZIAV �&åJIAO�V�Z`O(\PW

sn
!4êHTJINæ7MtW!åPO�K®ê/W/ä�ä�WYMPO�\PW

J
å�K�ä�äHG/\PWfMPX S�OZIAX7V

\PW
r
å�KNMPO�MPX IAMPV�O�W#åPO�K®ê/W/ä�ä�WYMPO�\PW

J
WYV�ê/W/êYZ�ê/KNXtä�V�Z`V�MtWÒMPXÔUPZ A�W/êYV�Z[KNX \PW

J
\YIAXtä

J
< JLK�ä�KNXtä

sm
Q[WRåPO�WYç#Z[WYOfãYVZIAV IAåPOHG/ä

sn
å�KNMPO�Q[W/æ7MtWYQ

am
W/ä�V�Q[W!OZIAV�VZINêHTtWYçÒWYX7VR\PWRQTS MPX�\PW/ä�åPO�K®ê/W/ä�ä�WYMPO�ä+\PW

J
�

r
< c+W/êYZ XtW�å�WYMPV�ä�W?C`IAZ`O�W�æ7MtW�åJIAO

Ji
!'ê/W�æ7MPZ:ä�Z=S�XPZDM-W�æ7MtW

pi
XtW�å�K�ä�ä�ã/\YIAZ`V&åJINä&\PW

grant
å�KNMPO(MPX IAMPV�O�W	åPO�K®ê/W/ä�ä�WYMPOf\YIAXtä

sm
åPMPZ[ä�æ7MtW

diri
\PW h#IAZ`V �YV�O�W	å�K�ä�Z`V�Z[KNXPXtã �

ask
< c+W/êYZ�W/ä�V+MPXtW

ê/KNX7V�OZIN\^Z[êYV�Z[KNX <
�

�?���J6 �J,%$Q�%$&��� : & i ' � � vzy r x`w&r'x � q/
N��w �
	 ��v 	 � � yzvzy�s 	�� ��s�q8��w � � � w � q�y ��� y � �Tq � " � � 	 ��x � � � s$�
u � yzv ��� {

�
�&q � vzy Arbre u ��� �8����x � � � q8�@~ � x[� 	 ��q+r'� � u���q�q8� � ��q �
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� �&q � vzy ∃pi ∈ Arbrec � ∃pj ∈ Arbre �Yy ∃n y��@x q 
 � � 	 w � qÒy ��� y�sYyTw�y sm
w��N��u m ≥ n � pi~ÒwNv � yzvT� � y ��� ����� 
 � �Yy��Rr ��� � r �N�@��q pj

�

�?��10 $+�1'& K7MPåPå�K�ä�KNXtähæ7MtW(QQI	V�O�KNZ[ä�ZPGYçÒWfåPO�KNåPO�Z[ãYV�ãR\^MÒQ[WYç#çÒW(åPO�ã/ê/ã/\PWYX7V+ä�KNZ`V h4ãYO�ZDM-ã/W �NZ`QtW_^^Z[ä�V�W
MPX#OZIAX9S

n
V�WYQtæ7MtWf\YIAXtä:MPX#ãYVZIAV

sm
I�h4W/ê

m ≥ n
!
∀pi ∈ Arbrec ! pi

X�S W/ä�V:åJINä IAV�VZINêHTtã��
r
< K®KNZ`V

MPX×åPO�K®ê/W/ä�ä�WYMPO
pi ∈ Arbrec æ7MPZ�å�K�ä�äHG/\PW�MPX h4KNZ[ä�Z`X pi′ ∈ Arbre

2 ê/WYV�V�W�W_^^Z[ä�V�WYXtê/W�W/ä�V INä�ä�MPO�ã/W
ê�IAO!Q[W?S�OZIAå9TtW�W/ä�V!ê/KNXPXtW_^PW 3 < K7Z

i′ 6= r
!PåPMPZ[ä�æ7MtW

rooti < rooti′ = rootpari′

!�IAQ[KNO�ä!Q[W�åPO�ã/\^Z[ê�IAV
Equalroot(i′)

X�S W/ä�V�åJINä?h4ãYO�ZDM-ã < a&W#ç �YçÒW�ä�Z
i′ = r

!�åPMPZ[ä�æ7MtW
rooti < r

!"IAQ[KNO�ä�Q[WÒåPO�ã/\^Z[ê�IAV
Equalroot(i′)

X�S W/ä�V(åJINä h4ãYO�ZDM-ã < K7Z
Tree(i)

W/ä�V h4ãYO�ZDM-ã-!JIAQ[KNO�ä(QQI�OHG S�Q[W �
i
W/ä�V IAåPåPQ`Z[ê�IAUPQ[WdI�h4W/ê

Q[WoåPO�K®ê/W/ä�ä�WYMPO�åJIAOZIAç4GYV�O�W \PWoQQI OHG S�Q[WgIAåPåJIAO�V�WYXJIAX7V �
Arbre

< K7MPåPå�K�ä�KNXtä�ç IAZ`X7V�WYXJIAX7V×æ7MtW
Tree(i)

XtWÄä�KNZ`VÒåJINä4h4ãYO�ZDM-ã-! IAQ[KNO�äÒQ[W_åPO�ã/\^Z[ê�IAV
Oneparfault(i)

X�S W/ä�VÒåJINä4h4ãYO�ZDM-ãÄå�KNMPOÒQ[W/ä
ç �YçÒW/äROZIAZ[ä�KNXtä <

J�IAO IAZ`Q`Q[WYMPO�ä�!t\PWYMB^_ê�INäRä�W&åPO�ã/ä�WYX7V�WYX7V	å�KNMPOfQ[W�åPO�ã/\^Z[ê�IAV
Onelocalfault(i, d, j)

�

� ä8S Z`QLW_^^Z[ä�V�W�MPXoê/KNMPåPQ[W (d, j)
å�KNMPO!Q[W/æ7MtWYQ�Q[W�åPO�ã/\^Z[ê�IAV

Onelocalfault(i, d, j)
W/ä�VXh4ãYO�ZDM-ã-!

IAQ[KNO�ä�Xtã/ê/W/ä�äZIAZ`O�WYçÒWYX7V
pj
WYV�V�KNMtä�Q[W/ä?h4KNZ[ä�Z`Xtä�\PW

pi
IAåPåJIAO�V�Z[WYXPXtWYX7V �

Arbre
< n!Z`Xtä�Z,!�QQI

OHG S�Q[W �
i
W/ä�V IAåPåPQ`Z[ê�IAUPQ[W!WYV�WYQ`Q[W(Q[WfO�W/ä�V�W8A Mtä�æ7M�S �&ê/Wfæ7MtW

pi
ç IAZ`X7V�Z[WYXPXtWRMPXtWfO�W/æ7M��YV�Wfå�KNMPO

r
h4WYO�äfMPX_åPO�K®ê/W/ä�ä�WYMPO

pj ∈ Arbre
�

� ä�Z�å�KNMPOfV�KNMtä(Q[W/äRê/KNMPåPQ[W/ä (d, j)
Q[W&åPO�ã/\^Z[ê�IAV

Onelocalfault(i, d, j)
W/ä�V C`IAMB^(!9IAQ[KNO�äRê�S W/ä�V

QQIROHG S�Q[W �
i
æ7MPZ^W/ä�V IAåPåPQ`Z[ê�IAUPQ[W(ä8S Z`QPW_^^Z[ä�V�W

pk ∈ Arbre
å�KNMPOLQ[W/æ7MtWYQ^Q[W�åPO�ã/\^Z[ê�IAV

Asks(i, k)
W/ä�V h4ãYO�ZDM-ã <Jb S W_^Pã/êYMPV�Z[KNXo\PW�ê/WYV�V�W�OHG S�Q[W�O�WYXt\^OZI

Tree(i)
h®OZIAZ�WYVfQQI�OHG S�Q[W �

i
IAåPåPQ`Z[ê�IAUPQ[W <

c+WYV�V�WR\PWYO�XPZPGYO�WfO�W/ä�V�WYOZI&ê/KNXtä�VZIAç#çÒWYX7V IAåPåPQ`Z[ê�IAUPQ[W A Mtä�æ7M�S �	ê/Wfæ7M�S WYQ`Q[WRä�KNZ`V:W_^Pã/êYMPV�ã/W < c+W/êYZ
ê/KNXt\^MPZ`V IAMtä�ä�Z'��ê/Wfæ7MtW

pi
ç IAZ`X7V�Z[WYXPXtW!MPXtWfO�W/æ7M��YV�Wfå�KNMPO

r
h4WYO�ä:MPX�ê/WYO�VZIAZ`X

pj ∈ Arbre
<

a>IAXtä#Q[W/äÒ\PWYMB^Eê�INä#QQIoO�W/æ7M��YV�WÄ\PW
pi
X�S W/ä�V AHIAç IAZ[äÒäZIAV�Z[ä C`IAZ`V�W-! åPMPZ[ä�æ7MtW_ê/WYQQI]ê/KNX7V�O�W/\^Z`OZIAZ`V�QQI

\Pã_MtXPZ`V�Z[KNXo\PW
Arbre

<
�

�#���#��� � � � � $<85'	�18*$ /1$
Arbre

j	KNMtä h4WYXtKNXtäR\PW	çÒKNX7V�O�WYO	æ7MtW&\YIAXtäfMPX×ë%e�ä�M � ^PW�\PW&QTS W_^Pã/êYMPV�Z[KNX !PQQI�ä�V�O�MtêYV�MPO�W�\�S IAO�UPO�W�\^M
h4KNZ[ä�Z`XJI�S4W�\PWÒV�KNMPV�åPO�K®ê/W/ä�ä�WYMPO

pi ∈ Arbre
W/ä�V�ê/K\TtãYO�WYX7V�W 2

Sat(i)
W/ä�Vdh4ãYO�ZDM-ã 3 < m IAZ`X7V�WYXJIAX7V�!

XtKNMtä(XtKNMtä(åPQQI�)/KNXtäf\YIAXtä+MPX � �Tq � " � � \�S MPXtW&W_^Pã/êYMPV�Z[KNXÄæ7MPZ�W/ä�V+Q[W&ä�M � ^PW&\�S MPXÄë%e�ä�M � ^PW&\YIAXtä
Q[W/æ7MtWYQ�QQI�åPO�KNåPO�Z[ãYV�ã�\PW�QQI�åPO�KNå�K�ä�Z`V�Z[KNX aB< ë ; W/ä�V h4ãYO�ZDM-ã/W <

 5 # �8$Q�%$&��� : &  � ��� q�w�r4rt�@x ��� q ��� dem � u �P�@~�v � 	 ����� 
 � �Yy���q 	 w � q Arbre � ��� ��q � vzy���~Òw � v �
~ÒwNx[� 	 �(r'� � u���q�q8� � ��q p1, . . . , pK

w��N��u K ≥ 1 y��@x 
 � �#{
8 ∀ 1 ≤ k ≤ K � reqk = dem �Yy dirk = ask �

8 ∀ 1 ≤ k ≤ K � tok = park
�

8 ∀ 1 ≤ k < K � park = k + 1 �

8 ∀ 1 < k ≤ K � fromk = k − 1 �Yy from1 = dem �

a&W]åPQ`Mtä�!(MPX
dem

e�êHTtWYç#Z`X"\PW O�W/æ7M��YV�W/äÄW/ä�VÄ\^Z`V �@� � u/y � � ���"ä�Z�WYV×ä�WYMPQ[WYçÒWYX7V×ä�Z�Q[W]åPO�ã/\^Z[ê�IAV
Asks(dem, p1)

W/ä�V h®OZIAZ < K7Z`XtKNX !(Z`Q&W/ä�V�\^Z`V�Z`XBCzO�MtêYV�MtWYMB^ < J�IAO IAZ`Q`Q[WYMPO�ä�!+MPX
dem

e�êHTtWYç#Z`X�\PW
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O�W/æ7M��YV�W/ä�W/ä�V&\^Z`V w4u�
 � vzy�y�s ä8S Z`Q W_^^Z[ä�V�W�MPX ä�M � ^PW�XtKNX h®Z[\PW�ê/KNX7V�WYXJIAX7V�MPX grant
< K7Z ê/W�ä�M � ^PW

W/ä�V h®Z[\PW-!JIAQ[KNO�äfQ[W
dem

e�êHTtWYç#Z`XoW/ä�VR\^Z`VRXtKNXBe INê/æ7MPZ`V�V�ã <
� 10/�/21 : & iJi � � vzy r x`w+r'x � q�
N��w �
	 �fv 	 � � yzvzy�s 	�� ��s�q8��w � � � w � q(y ��� y � �Tq � " � � 	 �(x � � � s�u � yzv ��� {

�
�&q � vzy�>!� � ����u ��� �8����x � � � q8�@~ � x[� 	 ��q(r'� � u���q�q8� � ��q �
� �&q � vzy ∃n y��@x 
 � �Òq@v ��� dem � u �P�@~�v � v � �@� � u/y � � ��� � � v�qYy�� 	 w � q ��� sYyTw�y&wNx � ��q#v¼x � �&rt� � y
r'x � q�� � v�qYy��@� 	 w � q ��� sYyTw�y � � y � � 	 ��x � � � s�u � yzv ��� �

�?��10 $+�1'& K7MPåPå�K�ä�KNXtäfæ7M�S Z`Q�X�S WYX_ä�KNZ`VfåJINä IAZ`Xtä�Z�WYVfæ7M�S ��åJIAO�V�Z`O!\�S MPXÄê/WYO�VZIAZ`XÄãYVZIAV
sn

!^Z`Q�W_^^Z[ä�V�W
p1, . . . , pK

å�KNMPO
K 6= r

!(MPXtWÔä�MPZ`V�W \PW åPO�K®ê/W/ä�ä�WYMPO�äÄ\PW
Arbre

C�KNO�ç IAX7V×MPX
dem

e�êHTtWYç#Z`X
Z`XBCzO�MtêYV�MtWYMB^Äæ7MPZ�O�W/ä�V�W�Z`Xt\Pã_MtXPZ`çÒWYX7V <
JLK�ä�KNXtä_å�KNMPO

m ≥ n
!

dstm = (nbm, prfm)
K�� \YIAXtä_QTS ãYVZIAV

sm
!

nbm W/ä�V�Q[W]XtKNç�UPO�WÔ\PW
êHTtWYç#Z`X Z`XBCzO�MtêYV�MtWYMB^ÔW_^^Z[ä�VZIAX7V�WYV

prfm W/ä�V�QQI�åPO�K�C�KNXt\PWYMPO�\�S MPXÔV�WYQ�êHTtWYç#Z`X 2 Z < W < !�Q[W�XtKNç�UPO�W
\PW	åPO�K®ê/W/ä�ä�WYMPO�ä(åJIAO�V�Z[êYZ`åJIAX7V�ä ��ê/W&êHTtWYç#Z`X43 < a>IAXtä+QQI�ä�MPZ`V�W-!

dst
W/ä�V+QQI�ä�MPZ`V�W&\PW/ä h#IAQ[WYMPO�ä

dstm
<

m×MPXPZ!\PW_QTS KNO�\^O�WÄQ[W_^^Z[ê/K\S�OZIAå9TPZ[æ7MtW-!hQ[WÄ\PKNç IAZ`XtW×\PW/ä h#IAQ[WYMPO�äÒå�K�ä�ä�Z`UPQ[W/äÒ\PW
dst

X�S IN\^çÒWYV�åJINä
MPXtW�ä�MPZ`V�W�Z`XBMtXPZ[W�ä�V�O�Z[êYV�WYçÒWYX7V&\Pã/êYO�KNZ[ä�äZIAX7V�W < e:XoW ��WYV�!tZ`QLW/ä�VRU�KNO�Xtã�Z`XBC�ãYO�Z[WYMPO�WYçÒWYX7V&åJIAO

(1, k)
åPMPZ[ä�æ7MtW

i1, . . . , iK
O�W/ä�V�W!Z`Xt\Pã_MtXPZ`çÒWYX7V < j	KNMtä IAQ`Q[KNXtä(W_^BTPZ`U�WYO(MPXtW	ê/KNX7V�OZIN\^Z[êYV�Z[KNX×WYX�çÒKNX7V�OZIAX7V

æ7MtW
dstm

\Pã/êYO�K*,[VRZ`XBMtXPZ`çÒWYX7V&ä�KNM9h4WYX7V!WYVRXtW�êYO�K*,[V AHIAç IAZ[ä <
JLKNMPORæ7MtW

dst
êYO�KNZ[ä�ä�W-!®Z`QJC`IAMt\^OZIAZ`Vfæ7M�S MPX�XtKNM9h4W�IAM_\PWYç e�êHTtWYç#Z`XÄZ`XBCzO�MtêYV�MtWYMB^�ä�W	êYO�ã/W	KNM_æ7M�S MPX

åPO�K®ê/W/ä�ä�WYMPO h®Z[WYXPXtW#ä8S I%A�KNMPV�WYO ��MPX \PWYç e�êHTtWYç#Z`X W_^^Z[ä�VZIAX7V�!-IAM9S�çÒWYX7VZIAX7V IAZ`Xtä�Z:äZI�åPO�K�C�KNXt\PWYMPO <
b IÄåPO�WYç#ZPGYO�W IAQ`V�WYO�XJIAV�Z=h4W�W/ä�V�W_^PêYQ`MtWÒåPMPZ[ä�æ7M�S MPXI\PWYç e�êHTtWYç#Z`XIZ`XBCzO�MtêYV�WYMB^ XtWÒå�WYMPV �YV�O�W�êYO�ã/ã <
k�X7V�ãYO�W/ä�ä�KNXtä eTXtKNMtä IAM�OZIAV�VZINêHTtWYçÒWYX7V!\�S MPX�XtKNM9h4W�IAM�åPO�K®ê/W/ä�ä�WYMPO ��MPX�V�WYQ'\PWYç e�êHTtWYç#Z`X < i!WYç IAO e
æ7MtKNXtä+V�KNMPV(\�S IAU�KNO�\�æ7MtW

∀ pk ∈ Arbre
!
rootk = r 6= k

!
ownrmax(k) = k

WYV(æ7MtW
Sat(k)

W/ä�V
h4ãYO�ZDM-ã < J�IAO	ê/KNXtä�ã/æ7MtWYX7V�!tQ[W/äfOHG S�Q[W/ä �

k

! �
k

! �
k

!PWYV �
k

XtW�ä�KNX7V IAåPåPQ`Z[ê�IAUPQ[W/ä <
e�^YIAç#Z`XtKNXtäLQ[W/ä�OHG S�Q[W/äL\^M�åPO�K®ê/W/ä�ä�WYMPO

pK+1
< �:VZIAX7VLMPX�åPO�K®ê/W/ä�ä�WYMPOL\PW

Arbre
!
Coherent(K+1)

W/ä�V h®OZIAZ�WYVRåJIAO!ê/KNXtä�ã/æ7MtWYX7V
Onelocalfault(K + 1, d, j)

X�S W/ä�VRåJINä h4ãYO�ZDM-ã < a&KNXtê�QQI�OHG S�Q[W �
kX�S W/ä�VhåJINä IAåPåPQ`Z[ê�IAUPQ[W < n!Z`Xtä�ZPQ[W/ähä�WYMPQ[W/ähOHG S�Q[W/ähã h4WYX7V�MtWYQ`Q[WYçÒWYX7V IAåPåPQ`Z[ê�IAUPQ[W/ä+ä�KNX7V � �

K+1
! �

K+1WYV �
K+1

< a&WYMB^_ê�INäRä�W&åPO�ã/ä�WYX7V�WYX7V �
� ä�KNZ`V Idle(K+1)

X�S W/ä�VLåJINä"h4ãYO�ZDM-ã �A\YIAXtäLê/W+ê�INä �
K+1

X�S W/ä�VLåJINä�IAåPåPQ`Z[ê�IAUPQ[W <\b S W_^Pã/êYMPV�Z[KNX
\PW&QTS MPXtW�\PW/ä!\PWYMB^ IAMPV�O�W/äROHG S�Q[W/äfX�S IAV�VZINêHTtWYOZIÒåJINä

pK+1
IAM

dem
e�êHTtWYç#Z`X <

� ä�KNZ`V Idle(K +1)
W/ä�V h4ãYO�ZDM-ã��®\YIAXtä+ê/W	ê�INä

Rgcorrect(K +1)
WYV

¬ForwardsNa(p, ik)ä�KNX7V h4ãYO�ZDM-ã/ä < J�IAO+ê/KNXtä�ã/æ7MtWYX7V�!�Q[W/äh\PWYMB^�OHG S�Q[W/ä �
K+1

WYV)�
K+1

XtWfä�KNX7VhåJINä IAåPåPQ`Z[ê�IAUPQ[W/ä
WYVRä�WYMPQ[W�QQI�OHG S�Q[W �

K+1
W/ä�VXIAåPåPQ`Z[ê�IAUPQ[W�åPMPZ[ä�æ7MtW

ForwardsNa(K,K + 1)
W/ä�V h4ãYO�ZDM-ã <

m IAZ`X7V�WYXJIAX7V�!LXtKNMtä�ãYV�Mt\^Z[KNXtä�Q[W/ä]INêYV�Z[KNXtä�å�K�ä�ä�Z`UPQ[W/ä�\PW/ä�åPO�K®ê/W/ä�ä�WYMPO�ä�\^M
dem

e�êHTtWYç#Z`XÞZ`XBCzO�Mtê_e
V�MtWYMB^ < d�KNMtähQ[W/ähåPO�K®ê/W/ä�ä�WYMPO�ä

pk

å�KNMPO
k
IAQ`QQIAX7V(\PW

2
�

K
ã h#IAQ`MtWYX7V+Q[WYMPOhåPO�ã/\^Z[ê�IAV

Coherent(k)
� h®OZIAZ®WYVLåJIAOLê/KNXtä�ã/æ7MtWYX7V

Onelocalfault(k, d, j)
X�S W/ä�V�åJINä"h4ãYO�ZDM-ã < a&KNXtêhQQIfOHG S�Q[W �

k

X�S W/ä�V�åJINä
IAåPåPQ`Z[ê�IAUPQ[W < a&W�ç �YçÒW�å�KNMPO	Q[W�åPO�K®ê/W/ä�ä�WYMPO

p1
åPMPZ[ä�æ7MtW�ä�KNXRh4KNZ[ä�Z`X

dem
IAåPåJIAO�V�Z[WYX7V �

Arbrec

I�h4W/ê
rootdem 6= r

< a�S IAåPOHG/ä�QQIÔ\Pã_MtXPZ`V�Z[KNX \�S MPX
dem

e�êHTtWYç#Z`X !+å�KNMPO�V�KNMPV�åPO�K®ê/W/ä�ä�WYMPO
pk

Q[W
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åPO�ã/\^Z[ê�IAV
Idle(ik)

X�S W/ä�VRåJINä h4ãYO�ZDM-ã�WYV!åJIAO!ê/KNXtä�ã/æ7MtWYX7V �
k

X�S W/ä�VRåJINä IAåPåPQ`Z[ê�IAUPQ[W < a&KNXtê-!tå�KNMPO
V�KNMPVhåPO�K®ê/W/ä�ä�WYMPO

pk

\PWfê/W
dem

e�êHTtWYç#Z`X !4Q[W/ähä�WYMPQ[W/ä:OHG S�Q[W/ähã h4WYX7V�MtWYQ`Q[WYçÒWYX7V IAåPåPQ`Z[ê�IAUPQ[W/ä�ä�KNX7V �
kWYV �

k
< i!WYç IAO�æ7MtKNXtä&V�KNMPV�\�S IAU�KNO�\ æ7MtW�\^M C`IAZ`V�æ7MtW�Q[W�êHTtWYç#Z`X W/ä�V&Z`XBCzO�MtêYV�MtWYMB^(!�Q[W�åPO�ã/\^Z[ê�IAV

Asks(dem, 1)
X�S W/ä�V�åJINä?h4ãYO�ZDM-ã < a&KNXtê

ForwardsNa(dem, i1)
W/ä�V?C`IAMB^ÔWYV�åJIAO�ê/KNXtä�ã/æ7MtWYX7V

Rgcorrect(1)
W/ä�VXC`IAMB^oWYV	QQIÒOHG S�Q[W �

1
W/ä�V IAåPåPQ`Z[ê�IAUPQ[W < K®WYQ[KNX]Q[W/ä	åPO�KNåPO�Z[ãYV�ã/ä�\^M

dem
e�êHTtWYç#Z`X

Z`XBCzO�MtêYV�MtWYMB^(!t\PWYMB^Äê�INäRä�W&åPO�ã/ä�WYX7V�WYX7V��
� Q[W dem

e�êHTtWYç#Z`X_W/ä�V�Z`XBCzO�MtêYV�MtWYMB^�WYV�XtKNX INê/æ7MPZ`V�V�ã �7\YIAXtä+ê/W!ê�INä�!4Q[W!ä�M � ^PW!ê/KNX7V�WYXJIAX7VfMPX
grant

W/ä�V h®Z[\PW < n!MPV�O�WYçÒWYX7Vf\^Z`V�!7Q[W/ä h#IAO�ZQIAUPQ[W/ä
dir

\PWRV�KNMtä+Q[W/ä�åPO�K®ê/W/ä�ä�WYMPO�ä+ä�KNX7V h#IAQ`Mtã/W/ä
åJIAO�MPX

ask
WYV�åJIAO#ê/KNXtä�ã/æ7MtWYX7V�QQI×OHG S�Q[W �

k

X�S W/ä�V�åJINä4IAåPåPQ`Z[ê�IAUPQ[W < a&W�åPQ`Mtä�!LåPMPZ[ä�æ7MtW
Q[W×åPO�ã/\^Z[ê�IAV

ForwardsNa(i, j)
W/ä�V h®OZIAZ&å�KNMPO

i
IAQ`QQIAX7VÄ\PW

2
�

K
IAQ[KNO�ä�Q[WoåPO�ã/\^Z[ê�IAV

Rgcorrect
W/ä�Vdh®OZIAZ�å�KNMPO�V�KNMtä�ê/W/ä�åPO�K®ê/W/ä�ä�WYMPO�ä�WYV�åJIAO�ê/KNXtä�ã/æ7MtWYX7V�QQI_OHG S�Q[W �

k

X�S W/ä�V
åJINä IAåPåPQ`Z[ê�IAUPQ[W�å�KNMPO�QTS WYXtä�WYç�UPQ[W_\PW/ä�åPO�K®ê/W/ä�ä�WYMPO�ä

{p2, . . . , pK}
< e:XIO�ã/ä�MPçÒã-!Lä�WYMPQ[W�QQI

OHG S�Q[W �
1
W/ä�V IAåPåPQ`Z[ê�IAUPQ[W <

� Q[W dem
e�êHTtWYç#Z`XÔW/ä�V	Z`XBCzO�MtêYV�MtWYMB^]WYV>INê/æ7MPZ`V�V�ã �'\YIAXtä&ê/W�ê�INä�!-Z`Q W_^^Z[ä�V�W�MPX ä�M � ^PW�ê/KNX7V�W_e

XJIAX7V#MPX
grant

XtKNX h®Z[\PW < K7MPåPå�K�ä�KNXtä#æ7MtW�ê/W�ä�M � ^PW�ä�KNZ`V#ê/KNXtä�V�Z`V�Mtã�\PW/ä�åPO�K®ê/W/ä�ä�WYMPO�ä
pi+1, . . . , pk

< JLKNMPO!V�KNMPVRåPO�K®ê/W/ä�ä�WYMPO
pk

\PW�ê/W�ä�M � ^PW-!PQQI h#IAQ[WYMPO!\PW
dirk

W/ä�V��
grant

WYV
åJIAO�ê/KNXtä�ã/æ7MtWYX7V�QQIÒOHG S�Q[W �

k

X�S W/ä�V&åJINä>IAåPåPQ`Z[ê�IAUPQ[W < a&W�åPQ`Mtä�!-å�KNMPO&V�KNMPV&åPO�K®ê/W/ä�ä�WYMPO
pk\^M ä�M � ^PWÒäZIAMBC

pi+1
!�Q[W#åPO�ã/\^Z[ê�IAV

Rgcorrect(k)
W/ä�V>C`IAMB^ WYV�åJIAO�ê/KNXtä�ã/æ7MtWYX7V�QQIÄä�WYMPQ[W

OHG S�Q[W]IAåPåPQ`Z[ê�IAUPQ[W�å�KNMPO!MPX×åPO�K®ê/W/ä�ä�WYMPO
pk

å�KNMPO
k
IAQ`QQIAX7V&\PW

i + 2
�

K
W/ä�V �

k
< a�S IAMPV�O�W

åJIAO�V�!'å�KNMPO&V�KNMPV&åPO�K®ê/W/ä�ä�WYMPO
pk

å�KNMPO
k
IAQ`QQIAX7V�\PW

i
�

2
!'Q[W�åPO�ã/\^Z[ê�IAV

Rgcorrect(k)
W/ä�V

h®OZIAZ 2 åPMPZ[ä�æ7MtW
ForwardsNa(i, j)

W/ä�V>h®OZIAZ 3	WYV&åJIAO�ê/KNXtä�ã/æ7MtWYX7V�QQI�OHG S�Q[W �
k

X�S W/ä�V�åJINä
IAåPåPQ`Z[ê�IAUPQ[W < a&W�åPQ`Mtä�!LQ[W�U�KNMPV�\PW�êHTtWYç#Z`X C�KNO�çÒã�åJIAO�Q[W/ä�åPO�K®ê/W/ä�ä�WYMPO�ä

p2, . . . , pi−1
W/ä�V

MPX
dem

e�êHTtWYç#Z`X Z`XBCzO�MtêYV�MtWYMB^IWYV�XtKNX INê/æ7MPZ`V�V�ã < a�S IAåPOHG/ä�Q[W�ê�INä�åPO�ã/ê/ã/\PWYX7V�! å�KNMPO�V�KNMPV
åPO�K®ê/W/ä�ä�WYMPO

pk

ä�MPORê/W&U�KNMPVR\PW�êHTtWYç#Z`X !tQQI�OHG S�Q[W �
k

X�S W/ä�VRåJINä IAåPåPQ`Z[ê�IAUPQ[W < JLKNMPORQ[W&åPO�K�e
ê/W/ä�ä�WYMPO

pi
!'åPMPZ[ä�æ7MtW

diri+1 = grant
WYV�æ7MtW

ForwardsNa(i, i + 1)
W/ä�V h®OZIAZ,!�QQI�OHG S�Q[W

�
i
W/ä�VXIAåPåPQ`Z[ê�IAUPQ[W <

moKNX7V�O�KNXtä!ç IAZ`X7V�WYXJIAX7V&æ7MtW
dst

\Pã/êYO�K*,[VRZ`XBMtXPZ`çÒWYX7V&ä�KNM9h4WYX7V < K®KNZ`V
p1, . . . , pK

Q[W
dem

e�êHTtWYç#Z`X
Z`XBCzO�MtêYV�MtWYMB^Ä\YIAXtäRQTS ãYVZIAV

sn
WYV!æ7MPZ�O�W/ä�V�W�Z`Xt\Pã_MtXPZ`çÒWYX7V < a&WYMB^_ê�INäRä�W&åPO�ã/ä�WYX7V�WYX7V��

� Q[W dem
e�êHTtWYç#Z`X]W/ä�VRZ`XBCzO�MtêYV�MtWYMB^×WYV INê/æ7MPZ`V�V�ã �t\YIAXtä!ê/W�ê�INä�!PQ[W/äROHG S�Q[W/ä IAåPåPQ`Z[ê�IAUPQ[W/ä	ä�KNX7V

�
1
! �

i
WYV �

k

å�KNMPO
k
IAQ`QQIAX7V�\PW

i+2
�

K
<\b S W_^Pã/êYMPV�Z[KNX�\PW(ê/W/ä:OHG S�Q[W/ä X�S IAV�VZINêHTtWYOZIdIAMtêYMPX

åPO�K®ê/W/ä�ä�WYMPO IAM
dem

e�êHTtWYç#Z`XÄç IAZ[ä(\PãYVZINêHTtWYOZI
K − i− 2

åPO�K®ê/W/ä�ä�WYMPO�ä < a&KNXtê
dst

\Pã/êYO�K*,[V <
� Q[W dem

e�êHTtWYç#Z`X W/ä�V	Z`XBCzO�MtêYV�MtWYMB^oWYV	XtKNXgINê/æ7MPZ`V�V�ã �-\YIAXtä&ê/W�ê�INä�!tQ[W/ä	OHG S�Q[W/ä>IAåPåPQ`Z[ê�IAUPQ[W/ä
ä�KNX7V �

1
WYV �

K+1
< K7MPZ`V�W �!QTS W_^Pã/êYMPV�Z[KNXÒ\PWfê/W/ä:\PWYMB^�OHG S�Q[W/ä�!

pK+1
O�W A�KNZ`X7V:Q[W

dem
e�êHTtWYç#Z`X

IAQ[KNO�ä:æ7MtW
p1
ä8S WYXÒ\PãYVZINêHTtW < b I	åPO�K�C�KNXt\PWYMPOh\^M

dem
e�êHTtWYç#Z`X�W/ä�V QQI	ç �YçÒW <#b S Z`V�ãYOZIAV�Z[KNX�\PW

QTS W_^Pã/êYMPV�Z[KNXÔ\PW�ê/W/ä&\PWYMB^oOHG S�Q[W/ä�ä�MPO	Q[W/ä&\^Z ��ãYO�WYX7V�ä&åPO�K®ê/W/ä�ä�WYMPO�ä&\PW�QTS IAO�UPO�W�XtW�êHTJIAX9S4WYOZI
åJINäRQQI�åPO�K�C�KNXt\PWYMPO	\^M

dem
e�êHTtWYç#Z`Xoç IAZ[äRQ[W�\PãYåPQQINê/WYOZI A Mtä�æ7M�S IAMÄåPO�K®ê/W/ä�ä�WYMPOROZINêYZ`XtW

pr
<

c+Wo\PWYO�XPZ[WYO�W_^Pã/êYMPV�WYOZI IAQ[KNO�ä �
r
æ7MPZ!V�OZIAXtä C�KNO�çÒWYOZI Q[W

dem
e�êHTtWYç#Z`X Z`XBCzO�MtêYV�MtWYMB^ XtKNX



' �  � 0"796�$Q����1R: & � ���$# �"10/210���4�81&% 7Y -��13,4�87Y�", l&1 68���'��l&.0/21 �)(=79�*�8��1 ! �� $+-��7Y���

INê/æ7MPZ`V�V�ã�WYX_MPX
dem

e�êHTtWYç#Z`XoZ`XBCzO�MtêYV�MtWYMB^ INê/æ7MPZ`V�V�ã�\Pã/êYO�Z`V!\YIAXtäfQ[W�ê�INäfåPO�ã/ê/ã/\PWYX7V <
J:MPZ[ä�æ7MtWÒQTS W_^Pã/êYMPV�Z[KNXIW/ä�V�ã/æ7MPZ`VZIAUPQ[W-!

∃n0 ≥ n
V�WYQ+æ7MtWÒQQI�åPO�K®ê/ã/\^MPO�W�\PWÒO�ã_eTZ`XPZ`V�ZQIAQ`Z[äZIAV�Z[KNXE\PW/ä

h#IAO�ZQIAUPQ[W/ä:\PW+O�W/æ7M��YV�W/ä:ä�MPO V�KNMtäLQ[W/ä åPO�K®ê/W/ä�ä�WYMPO�äJA Mtä�æ7M�S �!QQI!OZINêYZ`XtW
r
MtXPZ`OZI	åJIAO8C`IAZ`O�W(\^Z[ä�åJIAOZI-,[V�O�W

Q[W
dem

e�êHTtWYç#Z`X×Z`XBCzO�MtêYV�MtWYMB^ < a&KNXtê
dst

\Pã/êYO�K*,[V <
e:X]Z`V�ãYOZIAX7V�ê/W�OZIAZ[ä�KNXPXtWYçÒWYX7V ��åJIAO�V�Z`O�\PW

n0
!'KNX WYX]\Pã/\^MPZ`V�æ7MtW

dst
\Pã/êYO�K*,[V�Z`XBMtXPZ`çÒWYX7V�ä�KNMBe

h4WYX7V�!-ê/W�æ7MPZ�W/ä�VRê/KNX7V�OZIN\^Z[êYV�KNZ`O�W <
�

� �J����l l&7Y$&��1R: & i � � � vzy r x`w	r'x � q�
N��w �
	 ��v 	 � � yzvzy�s 	�� ��s�q8��w � � � w � q�y ��� y � �Tq � " � � 	 �&x � � � s�u � �
yzv ��� {

�
�&q � vzy�>!� � ����u ��� �8����x � � � q8�@~ � x[� 	 ��q(r'� � u���q�q8� � ��q �
� �&q � vzy ∃n y��@x%
 � � 	 w � q�u��YyRsYyTw�y+y ��� q�x[��q dem � u �P�@~�v � q�q ��� y'�@� � u/y � � ��� �

�?��10 $+�1'& b I�åPO�WYM9h4W	\Pã/ê/KNMPQ[W	\^M�Q[WYç#çÒW!åPO�ã/ê/ã/\PWYX7V < e:X�W ��WYV�!4MPX�êHTtWYç#Z`X�Z`XBCzO�MtêYV�MtWYMB^�\^Z[ä�åJI%e
OZI-,[V�OZI�WYV IAMtêYMPX�XtWRä�WYOZI�êYO�ã/ã!\YIAXtähQ[W CzMPV�MPO < n!Z`Xtä�Z,! �&åJIAO�V�Z`O+\�S MPX�ê/WYO�VZIAZ`X�ãYVZIAV

sn
\^M

3
e�ä�M � ^PW-!

V�KNMPVRQ[W/ä
dem

e�êHTtWYç#Z`X]W_^^Z[ä�VZIAX7V!ä�KNX7V CzO�MtêYV�MtWYMB^ INê/æ7MPZ`V�V�ã/ä!KNMÄXtKNX INê/æ7MPZ`V�V�ã/ä <
�

� 10/�/21 : & i� � � vzy r x`w+r'x � q�
N��w �
	 �fv 	 � � yzvzy�s 	�� ��s�q8��w � � � w � q(y ��� y � �Tq � " � � 	 �(x � � � s�u � yzv ��� {
�
�&q � vzy�>!� � ����u ��� �8����x � � � q8�@~ � x[� 	 ��q(r'� � u���q�q8� � ��q �
� �&q � vzy(v¼xh� � v�qYy�� p1, . . . , pK

���
dem � u �P�@~�v � �@� � u/y � � ��� �
��� w4u�
 � vzy�y�s��YyRwNx � ��q p1, . . . , pK	 � �8vT� �
	 ��w ��� dem � u �P�@~�v � �@� � u/y � � ��� w4u�
 � vzy�y�s 	 w � q ��� sYyTw�y � � y � � 	 ��x � � � s�u � yzv ��� �

�?��10 $+�1'&gK®KNZ`V
p1, . . . , pK

MPX
dem

e�êHTtWYç#Z`X CzO�MtêYV�MtWYMB^�XtKNX INê/æ7MPZ`V�V�ã < a�S IAåPOHG/ä�Q[W!Q[WYç#çÒW aB< ë�ë !
QQI�ä�WYMPQ[W&OHG S�Q[W?IAåPåPQ`Z[ê�IAUPQ[W�W/ä�V �

K+1
< K®KNX×W_^Pã/êYMPV�Z[KNX_OZIAV�VZINêHTtWYOZI#Q[W&åPO�K®ê/W/ä�ä�WYMPO

pK+1
IAM

dem
e

êHTtWYç#Z`X < n"QTS ãYVZIAV	ä�MPZ=h#IAX7V
sn+2

!PQQIÒä�WYMPQ[W�OHG S�Q[W]IAåPåPQ`Z[ê�IAUPQ[W�W/ä�V �
K+2

WYV!ä�KNXoW_^Pã/êYMPV�Z[KNX×OZIAV�VZI%e
êHTtWYOZI	Q[W+åPO�K®ê/W/ä�ä�WYMPO

pK+2
IAM

dem
e�êHTtWYç#Z`X < n!Z`Xtä�Z^\PW(ä�MPZ`V�W"A Mtä�æ7M�S �RQQI!OZINêYZ`XtW(æ7MPZ^ä�W+OZIAV�VZINêHTtWYOZI

IAM
dem

e�êHTtWYç#Z`XIWYX W_^Pã/êYMPVZIAX7V �
r
< a>IAXtä�ê/WYV�ãYVZIAV�!�ä�WYMPQ[W#QQI�OHG S�Q[W �

r
W/ä�V]IAåPåPQ`Z[ê�IAUPQ[W�WYV�ä�KNX

W_^Pã/êYMPV�Z[KNXIV�OZIAXtä C�KNO�çÒWYOZI×Q[W
dem

e�êHTtWYç#Z`X CzO�MtêYV�MtWYMB^ÞXtKNXBe INê/æ7MPZ`V�V�ã�WYXÞMPX
dem

e�êHTtWYç#Z`X CzO�Mtê_e
V�MtWYMB^ INê/æ7MPZ`V�V�ã <

�

� 10/�/21 : & i : � � vzy r x`w+r'x � q�
N��w �
	 �fv 	 � � yzvzy�s 	�� ��s�q8��w � � � w � q(y ��� y � �Tq � " � � 	 �(x � � � s�u � yzv ��� {
�
�&q � vzy�>!� � ����u ��� �8����x � � � q8�@~ � x[� 	 ��q(r'� � u���q�q8� � ��q �
� �&q � vzy ∃p0 ∈ Arbrec � ∃p1 ∈ Abre �Yy ∃n y��@x�
 � � 	 w � q�y ��� y�sYyTw�y sm

w��N��u m 6= n � pi��� � � v � y Arbre w��N��u pari = j

�?��10 $+�1'&�a�S IAåPOHG/ä�Q[W:Q[WYç#çÒW aB< ëAì'!*�fåJIAO�V�Z`OL\�S MPX�ê/WYO�VZIAZ`X�ãYVZIAV�V�KNMtä�Q[W/ä
dem

e�êHTtWYç#Z`Xtä"CzO�MtêYV�MtWYMB^
XtKNX INê/æ7MPZ`V�V�ã/ä!\PW h®Z[WYXt\^O�KNX7VXCzO�MtêYV�MtWYMB^RINê/æ7MPZ`V�V�ã/ä < n"åJIAO�V�Z`O	\PW�ê/WYV	ãYVZIAV�!tä�MPORMPX×Q[W

p0
e�êHTtWYç#Z`X

2 ê/KNXtä�V�Z`V�Mtã!\PW/ähåPO�K®ê/W/ä�ä�WYMPO�ä
p1, . . . , pr

3LWYV+\�S IAåPOHG/ähQ[WfQ[WYç#çÒW aB< ë�ë !4Q[W/äh\PWYMB^#OHG S�Q[W/ä IAåPåPQ`Z[ê�IAUPQ[W/ä



: & � � ���"!3l  ",%$&��� ' � :

ä�KNX7V �
r
WYV �

k

2 å�KNMPO
park = r

3 <0b S W_^Pã/êYMPV�Z[KNXÄ\PW!QQI�åPO�WYç#ZPGYO�W&OHG S�Q[W	çÒWYV �
⊥
Q[W/ä h#IAO�ZQIAUPQ[W/äf\PW

O�W/æ7M��YV�W	\PWRQQI�OZINêYZ`XtW	WYV�å�WYO�çÒWYV ��ä�KNX4MtQ[ä
pk

\PWRV�OZIAXtä�çÒWYV�V�O�W!Q[WXS�OZIAX7V ��ä�KNX�åPO�KNåPO�W MtQ[ä h®ZQI�QQI
ä�V�O�MtêYV�MPO�W�\PW	QTS IAO�UPO�W < a>IAXtäfQTS ãYVZIAVRä�MPZ=h#IAX7V�! �

k

2 å�KNMPO
park = r

3�WYV �
k−1

2 å�KNMPO
park−1 = k

3
ä�KNX7V IAåPåPQ`Z[ê�IAUPQ[W/ä <�b S W_^Pã/êYMPV�Z[KNXI\PW�ê/W/ä�\PWYMB^ÔOHG S�Q[W/ä�å�WYO�çÒWYV�\PWÒçÒWYV�V�O�W �

⊥
Q[W/ädh#IAO�ZQIAUPQ[W/ä�\PW

O�W/æ7M��YV�W/ä	\PW
pk

WYV IAM MtQ[ä	\PW
pk

\PW�V�OZIAXtä�çÒWYV�V�O�W�QTS INê/æ7MPZ`V�V�WYçÒWYX7V �Òä�KNX MtQ[ä	ä�MPO!QTS IAO�UPO�W < n!Z`Xtä�Z
\PW�ä�MPZ`V�W]A Mtä�æ7M�S �oê/W�æ7MtW�Q[W/ä�OHG S�Q[W/ä��

1
WYV �

2
ä�KNZ[WYX7V IAåPåPQ`Z[ê�IAUPQ[W/ä < n!åPOHG/ä#W_^Pã/êYMPV�Z[KNX \PW�ê/W/ä

\PWYMB^EOHG S�Q[W/ä�!:QQI ä�WYMPQ[W_OHG S�Q[WRIAåPåPQ`Z[ê�IAUPQ[W×ä�MPO
p1
W/ä�V �

1
WYV�ä�KNX IAåPåPQ`Z[ê�IAV�Z[KNX çÒWYV�V�OZI �

⊥
Q[W/ä

h#IAO�ZQIAUPQ[W/ä�\PW�O�W/æ7M��YV�W/ä�\PW
p1
< J:MPZ[ä�æ7MtW

pi
ç IAZ`X7V�Z[WYX7V�MPXtW#O�W/æ7M��YV�W h4WYO�ä
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Arbrec < n�åJIAO�V�Z`OR\�S MPX×ê/WYO�VZIAZ`X×ãYVZIAV�!^V�KNMPV�W/äRQ[W/ä(O�W/æ7M��YV�W/ä C`IAZ`V�W/ä(åJIAO!ê/W/ä(åPO�K®ê/W/ä�ä�WYMPO�äRä�WYO�KNX7V
INê/æ7MPZ`V�V�ã/W/ä åJIAO QQIROZINêYZ`XtW < g!XtW C�KNZ[äLä�W/äLO�W/æ7M��YV�W/ä INê/æ7MPZ`V�V�ã/W/ä�!NêHTJINêYMPXÒ\PW(ê/W/äLåPO�K®ê/W/ä�ä�WYMPO�äLO�W A�KNZ`X7V
QTS IAO�UPO�W�WYVRXtW&Q[W�æ7MPZ`V�V�W�åPQ`Mtä <
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a>IAXtä+ê/W!êHTJIAåPZ`V�O�W!XtKNMtä�XtKNMtä+ä�KNç#çÒW/ähZ`X7V�ãYO�W/ä�ä�ã/ä �&QQI�åPO�KNåPO�Z[ãYV�ã	\PW!ê/KNXBMtXtWYçÒWYX7Vf\PW C`IAMPV�W/ä
\YIAXtä�QQI+O�ã/ä�KNQ`MPV�Z[KNX�\^M�åPO�KNUPQPGYçÒW�\PW QTS ãYQ[W/êYV�Z[KNX�WYV�\PW QTS IAO�UPO�W�ê/KNM9h®OZIAX7V < c+WYV�V�W:åPO�KNåPO�Z[ãYV�ã S3IAOZIAX7V�Z`V
æ7M�S MPX IAQ=S4KNO�Z`VFTPçÒW×Q`Z`ç#Z`V�W×Q[W/ä�W ��WYV�ä�\PW/ä C`IAMPV�W/ä�V�OZIAXtä�Z`V�KNZ`O�W/ä CzOZIAåPåJIAX7V�MPX å�WYV�Z`VÒXtKNç�UPO�W]\PW
ê/KNç#å�K�äZIAX7V�äL\^M�äFE^ä�VHGYçÒW < j	KNMtä"I�h4KNXtäLãYV�Mt\^Z[ãhQTS IAQ=S4KNO�Z`VFTPçÒW�\PWhn C�W �&WYV8IAQ < 2 ;�U#U è�3 !8æ7MPZ7ê/KNXtä�V�O�MPZ`V
MPX IAO�UPO�W ê/KNM9h®OZIAX7VÄWYXPOZINêYZ`Xtã ä�MPO�Q[WoåPO�K®ê/W/ä�ä�WYMPO_\�S Z[\PWYX7V�Z`V�ã ç I%^^Z`ç IAQ[W \YIAXtä�Q[W]ê�IN\^O�W]\�S MPX
äFE^ä�VHGYçÒW4INäFE®XtêHTPO�KNXtW�WYV�XtKNXÔMPXPZDC�KNO�çÒW < n XtKNV�O�WÒê/KNXPXJIAZ[ä�äZIAXtê/W-!�ê/W#V E®å�W#\PWÒäFE^ä�VHGYçÒW�X�S I�h#IAZ`V
åJINä�ãYV�ãÒãYV�Mt\^Z[ã>A Mtä�æ7M�S ��ç IAZ`X7V�WYXJIAX7V�ä�KNMtä�QTS IAX9S�Q[W�\^M ê/KNXBMtXtWYçÒWYX7V�\PW C`IAMPV�W/ä < JLKNMPO�VZIAX7V�! ê/W/ä
ê�IAOZINêYV�ãYO�Z[ä�V�Z[æ7MtW/ä�å�WYM9h4WYX7V�ä�W�O�WYXtê/KNX7V�O�WYO C`INêYZ`Q[WYçÒWYX7V�\YIAXtä#Q[W/äÒO�ã/ä�W�IAMB^ � S�OZIAXt\PWÄã/êHTtWYQ`Q[W < n
V�Z`V�O�W�\�S W_^PWYç#åPQ[W-!t\YIAXtäR\PW/ä(O�ã/ä�W�IAMB^�V�WYQ�æ7M�S k�X7V�WYO�XtWYV�!PZ`Q�W/ä�Vf\Pã/ä�Z`OZIAUPQ[W�æ7M�S MPXtW C`IAMPV�W&V�OZIAXtä�Z`V�KNZ`O�W
IAM XPZ=h4W�IAMÔ\�S MPX O�KNMPV�WYMPO�ä�KNZ`V�O�ãYåJIAO�ã/W�Q[W�åPQ`Mtä�OZIAåPZ[\PWYçÒWYX7V�å�K�ä�ä�Z`UPQ[W�WYV�X�S I ��W/êYV�W#æ7M�S MPX å�WYV�Z`V
XtKNç�UPO�W�\PW�O�KNMPV�WYMPO�ä < n!Z`Xtä�Z,!^QQIdC`IAMPV�W�W/ä�VfV�OZIAXtä�åJIAO�WYX7V�W�å�KNMPORQTS MPV�Z`Q`Z[äZIAV�WYMPO	\^M_O�ã/ä�W�IAM <

JLKNMPORZ`X7V�ã S�O�WYOfQQI�åPO�KNåPO�Z[ãYV�ã�\PW&ê/KNXBMtXtWYçÒWYX7V	\PWXC`IAMPV�W ��QTS IAQ=S4KNO�Z`VFTPçÒW�\PW&n C�W ��WYV IAQ < !^XtKNMtä
QTS I�h4KNXtä�çÒK®\^ZDM-ão\PW C`I�)/KNX �Ôê/W×æ7MtW×ä�WYMPQ[äÒQ[W×ä�Z`V�W C`IAMPV�ZDC�WYV�ä�W/ä4h4KNZ[ä�Z`Xtä�ä�KNZ[WYX7V�ä�Mtä�ê/WYåPV�Z`UPQ[W/ä
\�S W_^Pã/êYMPV�WYO#\PW/ä4INêYV�Z[KNXtä�å�WYO�çÒWYV�VZIAX7VÒ\PW�O�W/ê/KNXtä�V�O�MPZ`O�W�QTS IAO�UPO�W�ä�MPZ`V�W��ÄMPXtW�åJIAXPXtW�ä�Z`X9S�MPQ`ZPGYO�W <
JLKNMPO�ê/WYQQI !�ä�KNMtä QTS T3E®å�KNVFTYG/ä�WRæ7M�S MPX#åPO�K®ê/W/ä�ä�WYMPO å�WYMPV:Q`Z`O�W(Q[W/ä�h#IAO�ZQIAUPQ[W/äh\PW/ä:åPO�K®ê/W/ä�ä�WYMPO�ä�h4KNZ[ä�Z`Xtä



' ��� � 0"796�$Q����1R: & � ���$# �"10/210���4�81&% 7Y -��13,4�87Y�", l&1 68���'��l&.0/21 �)(=79�*�8��1 ! �� $+-��7Y���

\PW�ä�W/ä�åPO�KNåPO�W/ä h4KNZ[ä�Z`Xtä�! êHTJINæ7MtW�åPO�K®ê/W/ä�ä�WYMPO h4ãYO�ZDM-W�QQI]ê/K\TtãYO�WYXtê/W_\PW�QQIoä�V�O�MtêYV�MPO�W�Q[K®ê�IAQ[W_\PW
QTS IAO�UPO�W �]QTS IAZ[\PW×\PW_åPO�ã/\^Z[ê�IAV�ä < a&W_åPQ`Mtä�!:XtKNMtä�ã h®Z`V�KNXtä�æ7M�S MPX \PW/ä4h4KNZ[ä�Z`Xtä�\^M ä�Z`V�W C`IAMPV�ZDC�ä�W
OZIAV�VZINêHTtW ��ê/WYQ`MPZDe�êYZ,!PKNMÄæ7M�S MPXÄ\PW&ä�W/ä MtQ[äfä�W&\PãYVZINêHTtW�\PW&QTS IAO�UPO�W < n!åPOHG/äXI�h4KNZ`OR\Pã/êYO�Z`VfQ[W/äfOHG S�Q[W/ä
\PW�QTS IAQ=S4KNO�Z`VFTPçÒW-!:XtKNMtä�åPO�KNM9h4KNXtäÒæ7M�S �ÄåJIAO�V�Z`OÒ\�S MPX ãYVZIAV�Z`Xtê/KNO�O�W/êYVÒKNUPV�WYX7M �×QQIoä�MPZ`V�W�\�S MPXtW
C`IAMPV�W�V�KNMtêHTJIAX7V�MPXoMPXPZ[æ7MtW�åPO�K®ê/W/ä�ä�WYMPO�!'ä�WYMPQ[ä	ê/W�\PWYO�XPZ[WYO�WYV	ä�W/äXh4KNZ[ä�Z`Xtä&W_^Pã/êYMPV�WYX7V&MPXtW�OHG S�Q[W <
c+WYV�V�W&W_^Pã/êYMPV�Z[KNX�ê/KNXt\^MPZ`Vfä�KNZ`V ��MPX�ãYVZIAVfê/KNO�O�W/êYV�!^ä�KNZ`V ��MPX�ãYVZIAV(ä�Z`ç#åPQ[WYçÒWYX7VRê/KNO�O�W/êYV <Bb S IAMPV�K�e
ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX×\PW	QTS IAQ=S4KNO�Z`VFTPçÒW�W/ä�V(åPO�KNM9h4ã/W�WYX_çÒKNX7V�OZIAX7V!QQI�\^Z[ä�åJIAO�Z`V�Z[KNXÄ\PW/ä C`IAMtä�ä�W/ä+Z[\PWYX7V�Z`V�ã/ä�!
Q[W#ç IAZ`X7V�Z[WYXÞ\�S MPXtWÒO�W/æ7M��YV�WÒ\�S MPXÔåPO�K®ê/W/ä�ä�WYMPO�X�S IAåPåJIAO�V�WYXJIAX7V�åJINä ��QTS IAO�UPO�W�ä�VZIAUPZ`Q`Z[ä�ã h4WYO�ä�MPX
åPO�K®ê/W/ä�ä�WYMPO!\PW�ê/WYV IAO�UPO�W-!tWYVfQQI#ê/KNM9h4WYO�V�MPO�W�åJIAORQTS IAO�UPO�W�\PW&V�KNMtäRQ[W/äfåPO�K®ê/W/ä�ä�WYMPO�äR\^M×äFE^ä�VHGYçÒW <
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a>IAXtäRê/WYV�V�W�VFTYG/ä�W-!PXtKNMtäfXtKNMtäRä�KNç#çÒW/ä!W ��KNO�ê/ã/ä�!P\�S MPXtW�åJIAO�V!\�S Z`ç#å�KNO�V�WYORQTS IAåPåPO�K®êHTtW]IAMPV�K�e
ä�VZIAUPZ`Q`Z[äZIAX7V�W-!9TJIAUPZ`V�MtWYQ`Q[WYçÒWYX7V!MPV�Z`Q`Z[ä�ã/W�\YIAXtäR\PW/ä(O�ã/ä�W�IAMB^ MtQQIAZ`O�W/ä�!P\YIAXtäfMPX_ê/KNX7V�W_^^V�W�\PW	O�ã/ä�W�IAM
çÒKNUPZ`Q[W-!t\�S IAMPV�O�W�åJIAO�VR\�S Z`X7V�ã S�O�WYO!QQI�åPO�KNåPO�Z[ãYV�ã�\PW�ê/KNXBMtXtWYçÒWYX7V	\PW C`IAMPV�W/äf\YIAXtäfMPX IAQ=S4KNO�Z`VFTPçÒW
IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�\PWÒê/KNXtä�V�O�MtêYV�Z[KNXÞ\�S MPX IAO�UPO�WÒê/KNM9h®OZIAX7V < JLKNMPO�ê/W/ä�\PWYMB^ åPO�KNUPQ[ãYç IAV�Z[æ7MtW/ä�!�QQI
ä�å�ã/êYZDM-êYZ`V�ã�\PWÒXtKNV�O�W�V�OZI�h#IAZ`Q+O�ã/ä�Z[\PW�\YIAXtä�QQI_åPO�Z[ä�W�WYXÞê/KNç#åPV�W�ä�Z`ç�MPQ`VZIAXtã/W�\PW�\PWYMB^ÔåPO�ã/K®ê/êYMBe
åJIAV�Z[KNXtä�ê/KNMPOZIAX7V�W/äÄ\YIAXtä�Q[W/ä IAQ=S4KNO�Z`VFTPçÒW/ä�O�ãYåJIAO�V�Z[ä � IN\Pã/æ7MJIAV�Z[KNX �ÔMPX ê/KNX7V�W_^^V�WoçÒKNUPZ`Q[W]WYV
V�KNQ[ãYOZIAXtê/W IAMB^�åJIAXPXtW/ä�!tO�ã/ä�KNQ`MPV�Z[KNXo\�S MPX×åPO�KNUPQPGYçÒW�\�S IAO�UPO�W�ê/KNM9h®OZIAX7V&WYVRV�OZIAZ`V�WYçÒWYX7V	Q[K®ê�IAQ�\PW/ä
C`IAMPV�W/ä < c+W/ä&åPO�ã/K®ê/êYMPåJIAV�Z[KNXtä&X�S ãYVZIAX7V�åJINä&Xtã/ê/W/ä�äZIAZ`O�WYçÒWYX7VdIAZ[ä�ã/W/ä ��ê/KNXtêYZ`Q`Z[WYO�!�ê/WYQQI�ê/KNç#åPQ`Z[æ7MtW
ä�Z`X9S�MPQ`ZPGYO�WYçÒWYX7V:QQIRV
�NêHTtWf\PW+ê/KNXtê/WYåPV�Z[KNX#\�S MPX4IAQ=S4KNO�Z`VFTPçÒW(O�ãYåJIAO�V�ZYIN\Pã/æ7MJIAV < a>IAXtä ê/WYV�V�W(ê/KNXtêYQ`MBe
ä�Z[KNX ! XtKNMtä�W ��W/êYV�MtKNXtä#MPXtWÄäFE®X7VFTYG/ä�W_\PW�XtKNV�O�WÄê/KNX7V�O�Z`UPMPV�Z[KNX�åPMPZ[ä#XtKNMtäÒã h4K®æ7MtKNXtäÒæ7MtWYQ[æ7MtW/ä
å�WYO�ä�å�W/êYV�Z=h4W/äR\PW�O�W/êHTtWYO�êHTtW�æ7MPZ�XtKNMtäRä�WYç�UPQ[WYX7V!Z`X7V�ãYO�W/ä�äZIAX7V�W/ä <
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b S Z`X7V�ãYO �YV�åPO�Z`XtêYZ`åJIAQh\PW/ä?IAQ=S4KNO�Z`VFTPçÒW/ädIAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä�W/ä�V�\PWdC�KNMPO�XPZ`O&MPXtW�V�KNQ[ãYOZIAXtê/W�XJI%e
V�MPO�WYQ`Q[W IAMB^E\Pã_C`IAZ`Q`QQIAXtê/W/äÒV�OZIAXtä�Z`V�KNZ`O�W/ä < b WÄê/KCBPVÒ\�S MPXtW_V�WYQ`Q[W�åPO�KNåPO�Z[ãYV�ã×W/ä�V#QTS W_^^Z[ä�V�WYXtê/W_\�S MPXtW
å9TJINä�W]\PWoä�VZIAUPZ`Q`Z[äZIAV�Z[KNX å�WYXt\YIAX7V�QQINæ7MtWYQ`Q[W]Q[W/ä�\Pã_C`IAZ`Q`QQIAXtê/W/ä�å�WYM9h4WYX7V_Z`X��tMtWYXtê/WYO_Q[WoäFE^ä�VHGYçÒW-!
ä�WÒåPO�KNåJI�S4WYO�WYV�åPO�K®\^MPZ`O�W�MPXÞê/KNç#å�KNO�V�WYçÒWYX7V�Z`Xtê/KNO�O�W/êYV <�b W�ê/KNç#å�KNO�V�WYçÒWYX7VÒ\PW/ä IAQ=S4KNO�Z`VFTPçÒW/ä
IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�ä!å�WYXt\YIAX7V	ê/WYV�V�W�å9TJINä�W�\PW�ê/KNX3h4WYOFS4WYXtê/W�W/ä�VR\PKNXtê�åJIAO�V�Z[êYMPQ`ZPGYO�WYçÒWYX7V&ãYV�Mt\^Z[ã <

a>IAXtäfQQI�åPO�WYç#ZPGYO�W�åJIAO�V�Z[W�\PW�ê/W&V�OZI�h#IAZ`Q,!PXtKNMtä I�h4KNXtäRãYV�WYXt\^M×Q[W�\PKNç IAZ`XtW�\�S IAåPåPQ`Z[ê�IAV�Z[KNX]\PW
QTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX !0A Mtä�æ7MtW_eTQ �ÒåPQ`Mtä	åJIAO�V�Z[êYMPQ`ZPGYO�WYçÒWYX7V�O�ã/ä�WYOFh4ã/W IAMB^×O�ã/ä�W�IAMB^ MtQQIAZ`O�W/ä�!+IAM]äFE^ä e
VHGYçÒW/ä:\PW+O�KNU�KNV�äLçÒKNUPZ`Q[W/ä < a>IAXtä MPX�åPO�WYç#Z[WYO:V�WYç#åtä�!AXtKNMtä I�h4KNXtä:åPO�ã/ä�WYX7V�ã+MPX4IAQ=S4KNO�Z`VFTPçÒWf\�S KNO e
\PKNXPXJIAXtê/WYçÒWYX7V IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�!�UJINä�ã+ä�MPO MPXtW+ä�V�OZIAV�ã S�Z[Wf\PW h®Z[ä�Z`V�W/ä \PW/äLå�KNZ`X7V�ä:\PW+O�WYXt\PW * e`h4KNMtä
INä�ä�MPOZIAX7V�æ7M�S IAåPOHG/ä	QQI�å9TJINä�W�\PW�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX !�êHTJINæ7MtW]h®Z[ä�Z`V�W]IAU�KNMPV�Z`V �ÒMPXtW�ê/KNç#ç�MPXPZ[ê�IAV�Z[KNX <
b I�åJIAO�V�Z[êYMPQQIAO�Z`V�ãÒ\PW�XtKNV�O�W4IAåPåPO�K®êHTtW#O�ã/ä�Z[\PW#\YIAXtä&QTS MPV�Z`Q`Z[äZIAV�Z[KNXÔ\PW/ä&O�ã/ä�W�IAMB^ \PW�JLWYV�O�Z�ê/KNç#çÒW
çÒK®\9GYQ[WXC�KNO�çÒWYQ�å�KNMPO h4ãYO�ZDM-WYOfQQI�ê/KNO�O�W/êYV�Z[KNXÄ\PW	QTS IAQ=S4KNO�Z`VFTPçÒW < a>IAXtä(MPX_\PWYMB^^ZPGYçÒW&V�WYç#åtä�!®XtKNMtä
I�h4KNXtä�åPO�ã/ä�WYX7V�ã�MPX IAMPV�O�W IAQ=S4KNO�Z`VFTPçÒW IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAX7V�! UJINä�ã�ä�MPO�Q[W�åPO�WYç#Z[WYO�!:æ7MPZ(ê/KNXtä�V�O�MPZ`V
MPXtWdC�KNO �YV�\�S IAO�U�KNO�W/ä�ê/WYXtê/W/ä�\PW/ä	åPQ`Mtä�ê/KNMPO�V�ä�êHTtWYç#Z`Xtä�\PW/ä	å�KNZ`X7V�ä�\PW�O�WYXt\PW * e`h4KNMtä�\�S MPX]O�KNU�KNV
\PKNXPXtã ��QTS WYXtä�WYç�UPQ[W�\PW/äfå�KNZ`X7V�äR\PW�O�WYXt\PW * e`h4KNMtä	\PW/äXIAMPV�O�W/äRO�KNU�KNV�ä <



' � " � ���"!3l  ",%$&���

JLKNMPOhåJIAQ`Z[WYO IAMB^�Q`Z`ç#Z`V�W/äh\PW(QTS IAMPV�K�e�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX !7\PW/ä IAåPåPO�K®êHTtW/ähKNX7V�ãYV�ãf\Pã h4WYQ[KNåPå�ã/W/ähå�KNMPO
MPX�V�OZIAZ`V�WYçÒWYX7VRåPQ`Mtä+Q[K®ê�IAQ�WYV+åPQ`Mtä(OZIAåPZ[\PW&\PW/ä C`IAMPV�W/ä(ä�Z`X9S�MPQ`ZPGYO�W/ä�!^ê/KNXtä�Z[ä�VZIAX7V ��Q[W/ä(êYZ`O�ê/KNXtä�êYO�Z`O�W
�#MPXtW *8KNXtW�åPO�K®êHTtW�\PW/ä!åPO�K®ê/W/ä�ä�WYMPO�ä	ê/KNO�O�KNç#åPMtä&WYV
��ê/KNX7V�OZIAZ`Xt\^O�W�Q[W�V�WYç#åtä	\PW�ä�VZIAUPZ`Q`Z[äZIAV�Z[KNX <
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