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Abstract

In this paper we deal from an algorithmic perspective with different questions re-
garding monochromatic and properly edge-colored s-t paths/trails on edge-colored
graphs. Given a c-edge-colored graph Gc without properly edge-colored closed trails,
we present a polynomial time procedure for the determination of properly edge-
colored s-t trails visiting all vertices of Gc a prescribed number of times. As an
immediate consequence, we polynomially solve the Hamiltonian path (resp., Eule-
rian trail) problem for this particular class of graphs. In addition, we prove that
to check whether Gc contains 2 properly edge-colored s-t paths/trails with length
at most L > 0 is NP-complete in the strong sense. Finally, we prove that, if Gc is
a general c-edge-colored graph, to find 2 monochromatic vertex disjoint s-t paths
with different colors is NP-complete.

Keywords: Edge-colored graphs, properly edge-colored paths/trails,
monochromatic paths.

1 Introduction

In the last few years a great number of applications have been modelled as
problems in edge-colored graphs. To solve them, we can explore some inter-
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esting connections between edge-colored graphs and the theory of cycles and
paths in directed and undirected graphs, matching theory, and other branches
of graph theory [2]. For instance, problems in molecular biology [12], trans-
portation and connectivity problems [7] (where connection costs are associated
to pair of colors at adjacent edges), social sciences [5], between others.

Given a graph G = (V,E), a walk ρ from s to t in G (called s-t walk) is a
sequence ρ = (v0, e0, v1, e1, . . . , ek, vk+1) where v0 = s, vk+1 = t and ei = vivi+1

for i = 0, . . . , k. A trail and a path from s to t in G (called s-t trail and s-t
path) is a walk ρ = (v0, e0, v1, e1, . . . , ek, vk+1) from s to t where ei 6= ej for
i 6= j and vi 6= vj for i 6= j respectively. The length of the path (trail, walk)
is the number of its edges. Now, let Ic = {1, 2, . . . , c} be a set of given colors,
with c ≥ 2. In this work, Gc denotes a simple graph whose edges are colored
by colors of Ic and with no parallel edges linking the same pair of vertices.
The vertex and edge sets of Gc are denoted by V (Gc) and E(Gc), respectively,
where | V (Gc) |= n and | E(Gc) |= m. For a given color i, Ei(Gc) denotes
the set of edges of Gc colored by i.

If Hc is a subgraph of Gc then N i
Hc(x) denotes the set of vertices of Hc,

linked to x with an edge colored by i. The degree of x in Gc is dGc(x) =∑
i∈Ic |N

i
Hc(x)|. An undirected (or a non-oriented) edge between two vertices

x and y is denoted by xy, its color by c(xy).

From now on, we denote properly edge-colored by just pec, for short. A
subgraph of Gc containing at least two edges is said to be a pec subgraph if any
two adjacent edges differ in color. A pec path or trail is a path or trail such
that any two successive edges have different colors. However, observe that the
edges in this trail need not to form a pec subgraph since we can have adjacent
but not successive edges with the same color. A pec path or trail in Gc is said
to be closed if its end-vertices coincide and its first and last edges differ in
color. They are also refereed, respectively, as pec cycles and pec closed trails.
Finally, a monochromatic path in Gc contains all its edges colored with the
same color.

1.1 Some Related work

The determination of pec s-t paths was first solved by Edmonds for two colors
(see Lemma 1.1 in [11]) and then extended by Szeider[14] to include any
number of colors. In Abouelaoualim et al.[1], the authors also deal with pec

trails and present polynomial time procedures for several versions of the s-t
path/trail problem: as the shortest pec s-t path/trail on general c-edge-colored
graphs and the longest pec path (resp., trail) for graphs without pec cycles
(resp., closed trails). A polynomial characterization of c-edge-colored graphs



without pec cycles was first presented by Yeo [16] and generalized in [1] for
pec closed trails. In addition, the authors in [1] prove that deciding whether
there exist k pairwise vertex/edge disjoint pec s-t paths/trails in a c-edge-
colored graph Gc is NP-complete even for k = 2 and c = Ω(n2). Moreover,
they prove that these problems remain NP-complete for c-edge-colored graphs
containing no pec cycles and c = Ω(n). They conclude their paper with some
approximation results for the associated maximization problems together with
polynomial results for some particular classes of c-edge-colored graphs.

Some interesting questions regarding monochromatic paths can be found in
the literature [13,10]. For instance, the authors in [9], show that it is NP-hard
to find the minimum number of vertex disjoint monochromatic paths which
cover the vertices of the graph Gc. They also show that there is no constant
factor approximation algorithm for this problem unless P = NP.

2 Paths and trails in edge-colored graphs without PEC
closed trails

In this section, we are interested in c-edge-colored (undirected) graphs without
pec closed trails and with an arbitrary number of colors c.

2.1 Finding two vertex/edge disjoint pec s-t paths with bounded length in
graphs with no pec closed trail

It is proved in [1] that deciding whether a c-edge-colored graph on n vertices
(even with Ω(n2) colors) contains two vertex/edge disjoint pec s-t paths is
NP-complete. However, the complexity of this problem for graphs without
pec closed trails is an open problem raised in [1]. Here, we propose and solve
a weak version of this problem. Given a graph Gc (c ≥ 2) without pec closed
trails and a constant L > 0, we prove that finding two vertex/edge disjoint pec

s-t paths, each having at most L edges is NP-complete in the strong sense.

Dealing with uncolored graphs, it is proved in [15] that finding two ver-
tex/edge disjoint s-t paths, each having at most L edges is NP-complete. In
weighted versions of these problems, each edge (or arc) e has a non negative
length `(e) and the total length of a path ρ is defined as `(ρ) =

∑
e∈ρ `(e). In

[8], it is shown that the weighted 2 edge disjoint directed s-t paths problem
is (weakly) NP-hard, even for acyclic digraphs. Using Häggkvist’s transfor-
mation (i.e., we change arcs ~xy with cost w( ~xy) by edges xz, zy with colors

1 and 2, resp., and assign edge costs w(xz) = w(zy) = w(xy)
2

), we deduce
that the weighted 2-edge disjoint pec s-t path problem is (weakly) NP-hard,



even for c-edge-colored graphs without pec closed trails. Unfortunately, the
length assigned to the edges in the proof of NP-hardness are not polynomially
bounded. So with the following result, we establish a NP-completeness result
in the strong sense.

Theorem 2.1 Let Gc be a 2-edge-colored graph without pec closed trails and
a constant L > 0. The problem of finding 2 vertex/edge disjoint pec s-t paths,
each having at most L edges in Gc is NP-complete, even for graphs with
maximum vertex degree equal to 4.

2.2 The determination of pec s-t trails visiting vertices a prescribed number
of times

In the work of Das and Rao [6], they characterize those 2-edge-colored com-
plete graphs Kc

n which contain a pec closed trail visiting each vertex x of Kc
n

exactly f(x) > 0 times. Generalizing this theorem Bang-Jensen and Gutin [3]
solved the problem of determining the length of a longest closed pec trail vis-
iting each vertex x in 2-edge-colored complete multigraphs at most f(x) > 0
times.

When Gc = (V,E) is a c-edge-colored graph containing no pec closed trails,
we propose a more general version of these problems and we show how to
polynomially find, provided that one exists, a pec s-t trail visiting all vertices
of Gc a prescribed number of times (defined by an interval associated to each
vertex). Formally, given two mappings fmin and fmax over W = V \ {s, t} to
N such that 0 ≤ fmin(x) ≤ fmax(x) ≤ bdGc(x)/2c, we show how to find, if any,
a pec trail between vertices s and t, and visiting all vertices of W exactly f(x)
times with f(x) ∈ {fmin(x), . . . , fmax(x)}. Using the concepts of trail-path
graph [1] and Edmonds-Szeider graph [14], we can prove the following result:

Theorem 2.2 Let Gc = (V,E) be a c-edge-colored graph without pec closed
trails and s, t ∈ V . Then we can find within polynomial time, if one exists,
a pec s-t trail visiting all vertices x ∈ W exactly f(x) times with fmin(x) ≤
f(x) ≤ fmax(x).

Using Theorem 2.2, we can easily find a pec hamiltonian s-t path (set
fmin(x) = fmax(x) = 1, ∀x ∈ W ), a pec s-t trail visiting all vertices of Gc (set
fmin(x) = 1 and fmax(x) = bdGc(x)/2c ,∀x ∈ W ), or an Eulerian pec s-t trail
if Gc has all vertices of W with even degrees and s, t ∈ V with odd degrees. In
this case, we add 2 new vertices s′, t′ and edges s′s and tt′ both colored with
one unused color and set fmin(x) = fmax(x) = dGc(x)/2,∀x ∈ V . Now, we
find an Eurelian pec s′-t′ trail in this new graph, if any. This last result is not



so interesting since we recall that a polynomial algorithm is already known for
finding pec Eulerian s-t trail (if one exists) in general c-edge-colored graphs,
[4].

Corollary 2.3 Let Gc = (V,E) be a c-edge-colored graph without pec closed
trails. Then, we can find within polynomial time, a shortest (resp., a longest)
pec s-t trail visiting vertices x of Gc at least fmin(x) times (resp., at most
fmax(x) times).

Now, we extend Theorem 2.2 by forcing the visit of a subset E ′ of edges.

Theorem 2.4 Let Gc = (V,E) be a c-edge-colored graph without pec closed
trails and let E ′ ⊆ E. Then we can find within polynomial time, a pec s-t
trail visiting all edges of E ′.

Note that Theorem 2.4 also allows to find a pec Eulerian s-t trail in c-edge-
colored graph without pec closed trails.

3 Monochromatic s-t paths in edge-colored graphs

Here, we deal with monochromatic s-t paths in c-edge-colored graphs. We
show that finding k vertex disjoint monochromatic s-t paths with different
colors is NP-complete even for k = 2. As an immediate consequence, we show
that the same problem over c-edge-colored digraphs is also NP-complete. On
the other hand, notice that finding one monochromatic s-t path in Gc or 2
monochromatic edge disjoint s-t paths in Gc can be easily done in polynomial
time (by using for each i ∈ Ic, a polynomial algorithm for finding one s-t path
in (V,Ei(Gc))). Formally, we have the following result:

Theorem 3.1 Let Gc be a c-edge-colored graph with s, t ∈ V (Gc) with c ≥ 2
and maximum vertex degree equal to 4. The problem of finding two vertex
disjoint monochromatic s-t paths with different colors in Gc is NP-complete.

As a future direction, an interesting question is to study the complexity of
this problem for planar c-edge-colored graphs.
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