Intersection cut and disjunctive cuts

Pierre Bonami and Andrea Lodi

LIF, CNRS/Aix-Marseille Université and LabOR, Universitd di Bologna

ISCO 2010 Spring School - Hammamet - March 2010



Intersection cuts [Balas 1970]

» Solve LP relaxation. Optimal
tableau:

xi:fi+ZTjIj Vi € B.
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» If f, € Z, Vi € BN I problem solved.
» Suppose f & Z2.




Intersection cuts [Balas 1970]

» Solve LP relaxation. Optimal
tableau:
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IJZO VjeN

» If f, € Z, Vi € BN I problem solved.

» Suppose f & Z2.

» Consider a convex set 5
containing f in its interior but
no integral point.




» Solve LP relaxation. Optimal

Intersection cuts [Balas 1970]
tableau:
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Algebraic derivation of intersection cuts [Balas 1970]

Given a convex set S with no integral point in its interior and
f € int(S), and a simplex tableau:

xi:fi—i—erajj Vi € B.
JEN

» for each j € N:
» if 3)\; > 0 such that f+ \;r7 is on the boundary of 5, let
Wi k.
» otherwise ¢/ =0

> The cut 3¢,y 9/z; > 1is valid.
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Remark on Intersection cuts

A bigger convex set S yields to a better cut:
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Maximal Lattice free sets

Set that does not contain any integral point in its interior and
maximal by inclusion.
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Every side of the set must contain an integer point
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Maximal Lattice free sets
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Every side of the set must contain an integer point



Maximal Lattice free sets




Maximal Lattice free sets

Set that does not contain any integral point in its interior and
maximal by inclusion.

Split
(Maximal Lat-
tice Free)

Every side of the set must contain an integer point



of polyhedra
Given k polyhedra Py, ..., P, we are interest

Unions




of polyhedra

Unions
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Use in MILP
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Use in MILP




Theorem on unions of polyhedra

Remark

conv(UX_, P) may not be a closed set: let
P1:{$6R21332:0} PQZ{J?ERQZQJ‘l:l,.I‘Q:l}theH
conv(PLUPR) ={x €R?: 25 < 1} UP,.

P
[ )

conv(Py U Py)

Py

Union of polyhedra Theorem

Let P, = Q; + C; be nonempty polyhedra for i = 1,...,k. Then
Q= conv(UleQi) is a polytope, C' = cone(UleCi) is a
polyhedral cone and

cleconv(UF_P) =Q +C



Sketch of proof (leave out the case U¥_ P, = ()
(i) Q; = conv(V;) therefore Q = conv(U¥_,V;) is a polytope.
(ii) C; = cone(R;) therefore C' = cone(UF_, R;) is a polyhedral

cone.
(i) to show: cleonv(UF_ P)) C Q + C, conv(UF_P) C Q+ C is

sufficient.
Let x € conv(UF_, P):

k k
T = Z%ZZ with y; > 0, Zyz =1 and 2 € P
=1 i=1
Then 2* = w' + r* with w* € Q; and r* € C;. Thus

k k
x:Zyiwi—FZyiri ce@+C.

=1 i=1



Sketch of proof (II)

(iv) Q + C C cleonv(UF_, P).
Leta:EQ—l—C’ Then

x—Zyzw —i—Zr with w' € Q%, y; > 0, 2 € C; and
=1 =1

Zyz—l Let I ={i:y; >0}

Deﬁne
e k i : i 1
x:%;(yi—em>w +;6<w +€r>

For € > 0 small enough e% >0 and z¢ € conv(UE_, P)).
Furthermore lim._,g 2z = x.



Balas Theorem
Let P, = {x € R": A;x < b;} be polyhedra for i = 1,..., k, then

proj,(Y) =Q+C

with ‘
AZ(L‘ZSbeZ forizl,...,k
k-
Yat=x
Y = i:l
Zy
=1
lyi =0 fori=1,...,k

Furthermore if UP; = () or C; C conv(U;. p,£pC5):

proj, (Y) = cleonv(UE_, P))



Sketch of the proof (leave out the ) case)
(i) proj,(Y) C Q + C. A
Let (x,2%,y1,...,2"% y) € Y. For i such that y; > 0 ;—z S

For i such that y; =0, z° € C;.
(ii) @ + C C proj, (V)

Let x € Q+ C.
k k k

T = Zyizz—i—ZrZ with y; > 0, Zyz =1,2' € Q" and " € C;.
i=1 i=1 i=1

For i such that y* > 0, let 2* = y’2* + r’. For i such that y* = 0,
let 2 = r’. One can check that (x,z',y1,..., 2% y,) €Y. O



Separation of disjunctive cut

Let
Pp = cleonv(UF_ P).

Separation Problem

Given & € R", find (a, 3) in R"*! such that o’z < 3 is valid for
Pp and o’z > 8 or show that & € Pp.

Find a solution to: By Farkas Lemma, this system
, has a solution if and only if:
Az <byy; fori=1,...,k JacR", BER,
ko ul, .. Wk e R’ such that:
Sai=
i=1 WA =ai=1,... k
k T
Zyi:l uwb<pBi=1,...,k
i=1 Ti>p

y; >0fori=1,...,k



Application to Mixed Integer Programming: split cuts
Consider the mixed-integer set:
S={rcR}: Az < bx; € Z,icl}
and its relaxation:
P={zecR} : Az < b}

Given (7, m) € Z™ such that m; = 0, Vi ¢ I, we consider the
folowing set:

P(ﬂ,wo) _
conv((Pﬁ {a: eR": 1Ty < 770}) U (Pﬂ {a: eR": 7Ty >+ 1}))

Proposition

S c pmm) c p

Valid inequalities for P(™70) are called split cuts [Cook,
Kannan and Schrijver, 1990].



Separating Split using Linear Programming

P™m) — conv ((Pn {wa <m})u(Pn {7TT$ > mo+1}))

Proposition [Balas 73]

Let & € P, z € P(m™) if and only if the optimum of the
following LP is non-positive.

maxal i — f
s.t.
ul A+ U >
v A —vom > a (CGLP)
ul'b + ugmy < 8
ulb — vo(mo +1) < 8
u,v € R, ug,v9 > 0



The cut generation LP

>

If & is a vertex of P such that 7o < 77z < mo+1, always a
cut.

If it has a positive solution, it is unbounded.
Usually, impose a normalization constraint to bound it:
1. ug+vg =1
2. > (ui 4 vi) +uog+vo =1
If # = e; : lift-and-project cut [Balas Ceria Cornuejols
93].

For splits, and lift-and-project, can actually be solved in
the LP tableau [Balas Perregaard 2003].



Balas Jeroslow Strengthening

Let (a, B, u,v,ugp,vg) be a feasible solution of (CGLP) with

vl A T Al

ug > 0 and vg > 0. Define m; = o Tv0 and
B max{ul A* 4+ ug [, ], vT A" — v ]} ifiel
G = , ,
' min{u’ A% vT A%} otherwise.

Proof idea
For any m € Z™ such that m; =0 for i ¢ I and m; € Z for
i € I, the following disjunction is valid:

(7rTa: +mTz < 7T0) Y (7TT;1: +mTz> 7r0)

For w, v, ug, vy fixed we can find m which give the best cut
coeflicients for ¢ € I:

&; = max {min{u? A* + ugm;,vT A — vogm;}}
m]-GZ



