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From points to polytopes

max{{c,x) : x € X} = max{(c,x) : x € conv(X)}

The Weyl-Minkowski Theorem
For [X| < oo thereis A,b : conv(X) = {x e R" : Ax < b}

LP-duality
max{(c,x) : Ax < b,x € R"} = min{(b,y) : Ay =c,y € R}

LP-algorithms

Efficient both in theory and praxis.
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REPRESENTATIONS AS PROJECTIONS

of a Polytope P C R":

A polytope Q C R? and a linear projection p : R — R" with
P = p(Q).
: Number of facets of Q

Example (CARR & KONJEVOD 2004)

xc(conv{v € {0,1}" : v has even # of 1's}) < 4n — 4

S (mud) (D) {

N XXX XK

() ()
0 1 0 0 1 0
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Jobs with processing times p1,...,px
B : BT .
Schedule © € &(n): 4 _ 2 -

Completion times: (A e
Completion time vector: ¢c™ = (cJ, ,c%,c/,cr)

The polytope
Pet(p1,-.-,pn) =conv({c™ : m € &(n)})

QUEYRANNE 1993

For 0 < p; < --- < pp: Description by one equation and
Il i

> pix >Zp,2pl forall @ # 1 C [n]

i€l i=1



COMPLETION TIMES POLYTOPE

Jobs with processing times p1,...,px
B : BT .
Schedule © € &(n): 4 _ 2 -

Completion times: (A e
Completion time vector: ¢c™ = (cJ, ,c%,c/,cr)
The polytope
Pet(p1,-.-,pn) =conv({c™ : m € &(n)})

WOLSEY 1986
The cube Q = [O 1](m) projects to Pet(p1, ..., pn) via

Zp,y{,,}+2p,(1 yiy) forallie[n].

j=i+1



SOME CONSTRUCTION METHODS

> Disjunctive Programming

Dynamic Programming

v

v

Branched Polyhedral Systems
Dualization

Redundant Information

v Vv Vv

Reflections



DISJUNCTIVE PROGRAMMING




UNIONS OF POLYTOPES

BALAS 1975
For polytopes Py, ..., Pq € R™ (with dim(P;) > 0)

xc(conv(CJ P)) < iXC(Pi)

i=1

holds.
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MATCHING POLYTOPES

Matchings with ¢ edges

> Mf(n) ={M C E : M matching in K,, M| = £}
> Phaien(n) = conv({x(M) € {0, 1} : M € M*(n)})

EDMONDS 1965

P! Licn(n) is described by x > 0, x(E) = ¢, and:
X(E(S)) < B2 forall s € v,3 < |S] odd

The Strategy

1. Cover by few subproblems.
2. Find small (extended) formulations for subproblems.

3. Take (convex hull of) union.
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Colorful Matchings

For V= W;W---& W, a matching M C E is colorful if it matches
exactly one node from each set W;.
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Colorful Matchings

For V= W;W---& W, a matching M C E is colorful if it matches
exactly one node from each set W;.



COLORFUL MATCHING POLYTOPES

Linear Description in R},

x(E(W;)) =0 forallie {1,...,2¢}
x(6(Wp)) =1 forallie{1,...,2¢}
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Linear Description in R},

x(E(W;)) =0 forallie {1,...,2¢}
forallie {1,...,2¢}
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COLORFUL MATCHING POLYTOPES

Linear Description in R},

x(E(W;)) =0 forallie {1,...,2¢}
x(6(Wp)) =1 forallie{1,...,2¢}
X(E(UiesWi)) < (IS| —1)/2 forall S C {1,...,2¢},|S| odd




MAKING ALL MATCHINGS COLORFUL

(n, k)-perfect hash function family of size g
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(n, k)-perfect hash function family of size g

&1, ..., 0q : [n] = [R] such that for all W C [n] with |W| = k there is
some | € [q] with ¢; bijective on W
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COMBINING THINGS

We have seen:
> PLn(n) is the convex hull of

%) log(n) colorful matching polytopes...
> ..each havmg a description of size at most 2% + n2.

K, PASHKOVICH, THEIS 2010

XC(Praten(n)) < 2°n’ log(n)

Consequence

xc(PL°€" (1)) is bounded polynomially in n.

match



DYNAMIC PROGRAMMING
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SPECIAL CYCLES
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Colorful cycles

ForV=W;W---wW,, acycle CC Eis colorful if it visits each set W;
exactly ones.
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Colorful cycles

ForV=W;W---wW,, acycle CC Eis colorful if it visits each set W;
exactly ones.
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COLORFUL CYCLE POLYTOPES (PRESCRIBED NODE)

Extended Formulation via

> a4-a; flows of value one

—9

(@ 1 @ D

> and projection

@1l m @ 11N
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COMBINING THINGS FOR CYCLE POLYTOPES

We have seen:
> Pg(n) is the convex hull of 2°)n log(n)

colorful cycle polytopes (with prescribed nodes)...
> ..each having a description of size at most O (2¢)n?.

K, PASHKOVICH, THEIS 2010

xc(Pgya(n)) < 2°n? log(n)

Consequence

XC(P!;;CC’%”J(H)) is bounded polynomially in n.
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constraints.
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HYPERPATH POLYTOPES

MARTIN, RARDIN, CAMPBELL 1990

The source-to-terminals path polytope of a directed single-tail
acyclic hypergraph with a unique source and

is described by the conservation equations and nonnegativity
constraints.

T(v)

2

T(wr) T(w,) T(ws) T(ws) T(ws) T(we)
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BRANCHED COMBINATORIAL/POLYHEDRAL SYSTEMS

Q99
OQQ QQQ Feasible set F C V
QL 999 Sy )
0 Q o Q >SseFf
Q 0 Qoo 0 O D\:Vvegzimelout(v)es(V)
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BRANCHED COMBINATORIAL/POLYHEDRAL SYSTEMS

o@ o o o Q Feasible set F C V

>SeF
> VveF:
> Vg T FAN(v) € SV
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BRANCHED COMBINATORIAL/POLYHEDRAL SYSTEMS

Q99

Oooo o QQQQ 0/1-Polytope P(B)
OQ Q o OQ conv({x(F) : F feasible)}
o o 0% @
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EXTENDED FORMULATION

K & Loos 2010
P(B) is described by the following extended formulation:

Xs =1
x, = y(0"(v)) forallv#s

AWy 5oy —x,bM < 0 for all non-sinks v
Xy >0 for all non-sinks v

(if AWz < bM describe PM = conv({x(S) : S € SM)})

Q9
-
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THE METHOD

P={xeR": (a,X) <a VaeA}
> & # A CR" polyhedron, a € R
> A={q(2) : Cz<c}(qlinear)
P={xeR": max{{a,x) : ae A} < a}
={xeR": max{{(q(2),x) : (z<c} < a}
={xeR": max{{(g*(x),z) : (z<c} < a}
={xeR" : (¢,y) < a,y'C=g*(x),y > O}

MARTIN 87
xc(P) < xc(A) + 1

In fact (if P £ @):

| xc(P) — xc(A)] <1 »
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SPANNING FOREST POLYTOPES

EDMONDS 71

Pooi(G) = {x € BE < X(E(S)) < || ~1 V@ #SC V)

{xeRE : x(E(S))—|S| < -1 Vo #SCV}
={x e R} : {(x(E(S)),x(5)), (x, =1)) < =1 V@ #SCV}
={x € R} : ((X(F),x(5)), (x, =1)) < =1 V@ #SCV,FCE(S)}
={x € R} : ((a,b),(x,=1)) < =1 W(a,b) € P,(G)}
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SPANNING FOREST POLYTOPES

EDMONDS 71

Pepi(G) = {x € RE : X(E(S)) <|S| -1 V@ #SCV}

{x € RS : X(E(S)) ~ I9|
—{x e RS ¢ {(X(E(S)), X(S)), (x,~1)) < —1 V@ £SCV)
—{x e BE < {(x(),X(S)), (6, 1)) S =1 V@ £S CV,FC E(S)}
—{x € RE : {(a,b), (,—1)) < =1 ¥(a,b) € Ply(G)}

A
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Subgraph polytopes

Psup(6) = conv{(x(F),x(S)) : S C
P6(G) := conv{(x(F),x(S)) : SCV,F
P, (G) := conv{(x(F), x(S)) : SC V,F C E(S),vo € S}

25



DESCRIBING SUBGRAPH POLYTOPES

P..n(G) = {(a,b) € [0,1]F x [0,1]" : @e < b, Vv € V,e € §(v)}
Pen(G) = Psun(G) N{(a,b) : by, =1}
PLun(6) = conv (| P3,(0))

VoeV
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Peon(G) = Paup(G) N {(a, b) : by, =1}
PLub(G) = conv (| Pe2,(6))
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Martin 87
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PLun(6) = conv (| P3,(0))

VoeV

Martin 87
XC(Pspe(G)) < xc(P2(G)) + O(IE[) < O(IV| - |E])

CONFORTI, K, WALTER, WELTGE 14
sub(G) = {(a, b) € Pgp(G) : a(E(T)) — b(T) < —1VT C E spf}
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DESCRIBING SUBGRAPH POLYTOPES

Psub(G) = {(a,b) € [0,1]° x [0,1]" : @ < by Vv € V,e € 5(v)}

Pgﬂb(G) = F)sub(G) N {(G b) : va = 1}
Pip(G) = conv U P (G
VoeV
Martin 87

xC(Pspr(6)) < xc(P5yp(G)) + O([E[) < O(IV] - |EI)

CONFORTI, K, WALTER, WELTGE 14
sub(G) = {(a, b) € Pgp(G) : a(E(T)) — b(T) < —1VT C E spf}

| Xc(Pspr(G)) — xc(P5yp(G))| < O(|V] + [EI)
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REDUNDANT INFORMATION




SPANNING TREES IN PLANAR GRAPHS
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SPANNING TREES IN PLANAR GRAPHS
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LINEAR DESCRIPTION OF Parb(')

Zgf

Yvw

Yw,v

Zf,g
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LINEAR DESCRIPTION OF Parb(')

WILLIAMS 2001

Yv,w
Z9.f

Zf,g

Yw,v
Yow +Ywy + 7259+ 25 =1
ZWyV,W =1
Zg Zfg = 1
)/v,wJW,v’Zf,szg,f 20

V{v,w} € E
YV # root
VYW # root
v{v,w} € E
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LINEAR DESCRIPTION OF Parb(')

Yvw
Zg f

Yw,y

WILLIAMS 2001
Yo +VYwy +Zrg + 295 =1 V{v,w}eE
dDowWw =71 Vv#root
dgZg =1 VYw#root
Yo, Ywu,Zrg 29 =0 V{v,w} €E

Thus xc(Pspt(G)) < O(n) for planar G on n nodes.
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[k & SORGATZ 2012]

SPEED-UPS FOR DEGREE < 3
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THE REFLECTION OPERATION

32



THE REFLECTION OPERATION

32



THE REFLECTION OPERATION

32



THE REFLECTION OPERATION

conv(P’ U o(P")) = Ry< (P)
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THE REFLECTION OPERATION

conv(P’ U o(P")) = Ry< (P)

> Ry<(P) ={x+ Xa : xe P,{(a,x) < {a,x+ A\a) <2b—{(a,x)}
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THE REFLECTION OPERATION

conv(P’ U o(P")) = Ry< (P)

> Ry<(P) ={x+ Xa : xe P,{(a,x) < {a,x+ A\a) <2b—{(a,x)}
> Thus: xc(Ry<(P)) < xc(P) + 2

32



SEQUENCES OF REFLECTION OPERATIONS

Consequence

Foreachsequencef#?,”.,HF C R" of halfspaces and for each
polytope P C R", the polytope

Rys. = (P)=Rys(Rys (--Ry<(P)...))

,,,,,

satisfies
XC(Ry<  <(P)) < xc(P)+2r.

1 90009
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SEQUENCES OF REFLECTION OPERATIONS

Consequence
For each sequence HF, ...,HS CR" of halfspaces and for each
polytope P C R", the polytope

Rys. = (P)=Rys(Rys (--Ry<(P)...))

,,,,,

satisfies
XC(Ry<  <(P)) < xc(P)+2r.

T oco

Task for target polytope Q

Find (and describe) P, design sequence HS, ..., H=, and prove

58



CONDITIONAL REFLECTIONS

X ifx e HS

Define p* : R" — R" via p*(x) = o
o(x) otherwise




CONDITIONAL REFLECTIONS

X ifx e HS

Define p* : R" — R" via p*(x) = o
o(x) otherwise

of(x)eP = xeRy<(P)



GENERATING THE TARGET POLYTOPE

K & PASHKOVICH 11

Let
> Q = conv(W) be some (target) polytope,
> HF, ...,HS CR" be a sequence of halfspaces, and

> gj (@nd o*) the associated (conditional) reflections.
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> Q = conv(W) be some (target) polytope,
> HF, ...,HS CR" be a sequence of halfspaces, and

> gj (@nd o*) the associated (conditional) reflections.

For a polytope P, we have

Q=R,<

90099

HF(P)

whenever the following two conditions are satisfied:
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> HF, ...,HS CR" be a sequence of halfspaces, and

> gj (@nd o*) the associated (conditional) reflections.

For a polytope P, we have

Q=R,<

90099

HF(P)

whenever the following two conditions are satisfied:

1. PC Qand g(Q) CQforallie[r].

85



GENERATING THE TARGET POLYTOPE

K & PASHKOVICH 11

Let
> Q = conv(W) be some (target) polytope,
> HF, ...,HS CR" be a sequence of halfspaces, and

> gj (@nd o*) the associated (conditional) reflections.

For a polytope P, we have

Q=R,<

90099

HF(P)

whenever the following two conditions are satisfied:
1. PC Qand gi(Q) C Qforallie[r]
2. o5(o3(-- - (of(w)---)) e Pforall we W.

85



REFLECTION GROUPS

Finite Reflection Group G

A finite group generated by a (finite) family o' : R" — R" (i € I) of
reflections at hyperplanes 0 € H; C R".

36
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REFLECTION GROUPS

Finite Reflection Group G

A finite group generated by a (finite) family o : R" — R” (i € [) of
reflections at hyperplanes 0 € H; C R".

Coxeter-Arrangement of G

The set of all hyperplanes 0 € H C R" with o € G.

Action on R"

G acts transitively on the regions of the Coxeter-Arrangement.

G-Permutahedron of polytope P in one region

Pgerm(P) = ConV(UgeG g.P)

36



EXAMPLE: |,(4)
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EXAMPLE: |,(4)




EXAMPLE: |5(4)
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EXAMPLE: |,(4)




CLASSIFICATION OF IRREDUCIBLE REFLECTION GROUPS

Name Dynkin Diagram Regular Polytope

l,(m) e—e m-gon

Ap_q *—0—o----0—0 (n —1)-simplex

B —o—o---0—0o n-cube, n-cross polytope
Dy o—o—o—---o—c<:

. T

E; |

Es |

Fs —eo—o0—o 24-cell

Hs —o—o dodecahedron, icosahedron
H, oo 120-cell, 600-cell

38



THE REFLECTION GROUP |,(m)

The group

> Hy = H=((—sing,cos ¢),0), HS = H=((—siny, cos ¢), 0)
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THE REFLECTION GROUP |,(m)

The group

> Hy = H=((—sing,cos ¢),0), HS = H=((—siny, cos ¢), 0)

> Generators of I,(m): g, gH=/m
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THE REFLECTION GROUP |,(m)

The group

> Hy = H=((—sing,cos ¢),0), HS = H=((—siny, cos ¢), 0)
> Generators of I(m): o', gl=/m

> Group elements: Reflections at Hg./m, rotations by 2kmr/m
> One region: FRym = {Xx €R? : x, > 0,x € HS,, }

w/m

If P lies in FRy,(m):
PB(STW?(P) = RH<

< s s, (P)
(with r = [log(m)])

<
H Z:r/m’ ;/m

l:rr/m’

H

39



THE REFLECTION GROUP |,(m)

The group

> Hy = H=((—sing,cos ¢),0), HS = H=((—siny, cos ¢), 0)
> Generators of I(m): o', gl=/m

> Group elements: Reflections at Hg./m, rotations by 2kmr/m
> One region: FRym = {Xx €R? : x, > 0,x € HS,, }

w/m

If P lies in FRy,(m):
ng’nﬂz(P) = RHS M= ME < (P)

) rmw/m> " l:rr/m’ Z:r/m’ ;/m
(with r = [log(m)])

Thus we have:
xc(Pp&m(P)) < xc(P) + 2[log(m)] +2

39



EXAMPLE: 1,(128)
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EXAMPLE: 1,(128)

R.< (P)

/128
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EXAMPLE: 1,(128)

Ry

<
2m /1287

H

<
/128

P)
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EXAMPLE: 1,(128)

Ry

<
4 /1280

H

<
2m /1287

H

<
/128

P)
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EXAMPLE: 1,(128)

< (P)

/128

< <
8 /1287 H

<
H 2m /1287

4 /1280

Ry

H



EXAMPLE: 1,(128)

H

R, <

167 /128"

<
st/ns’

H

<
4 /1280

<
H27r/128’

H

<
/128

P)
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EXAMPLE: 1,(128)

Ry<

< < < < < P
ﬁw/128’HEw/128’Hz?w/m’Hz;r/ns ’HZr/ns ’H;/wzs ( )
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EXAMPLE: |,(128)

< (P)

/128

<

< < < < <
647\'/’\28’H327r/128’H167r/’\28’H87r/128’ 4 /128 H

2m /1287

Ry

H H



EXAMPLE: |,(128)

H

R, <

1287 /1287

<
Hew/wzs’

<
H327r/128’

<
H167r/’\28’

<
H87r/128’

<
H47r/128’

<
H27r/128’

H

<
/128

P)

40



THE REFLECTION GROUP A,

The group

> Hie = H (e — @,0), Hy, = HS (e — @, 0) CR"
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The group
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> Generators of A,_q: of'e+t (forall1< k< n—1)
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THE REFLECTION GROUP A,

The group

> Hie = H (e — @,0), Hy, = HS (e — @, 0) CR"
> Generators of A,_q: of'e+t (forall1< k< n—1)
> Group elements: Coordinate permutations

> Oneregion: FRy,_, = {X€R? : x; <X < -+- < Xy}

The reflections
Tkt = oMee : R — R™: transposition of coordinates k and ¢
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THE REFLECTION GROUP A,

The group

> Hie = H (e — @,0), Hy, = HS (e — @, 0) CR"
> Generators of A,_q: of'e+t (forall1< k< n—1)
> Group elements: Coordinate permutations

> Oneregion: FRy,_, = {X€R? : x; <X < -+- < Xy}

The reflections

Tkt = oMee : R — R™: transposition of coordinates k and ¢

Conditional reflections
ey TRY) iy >y
() = .
y otherwise
41



SORTING NETWORKS

Sorting Network

Sequence (Ry,41), ..., (kr, ¢;) with
Tiuéw ©o000@ Timer(y) _ y(sort)
forally € R".
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Sorting Network
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forally € R".
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SORTING NETWORKS

Sorting Network
Sequence (Ry,41), ..., (kr, ¢;) with

forally € R".

AJTAI, KOMLOS & SZEMEREDI 1983
There are sorting networks of size r = O(n logn).

42



RESULTS FOR A,_1

If P liesin FRy,_,:
For each sorting network (k1,£1) ., (kr, £), we have
Poamn(P) =Rys < (P).

Rry€r 2277770 Ry,
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RESULTS FOR A,_1

If P liesin FRy,_,:
For each sorting network (k1,£1) -, (Rr, £r), we have

Poon(P) = Rys = (P).

Rry€r 2277770 Ry,

Thus we have:

xc(Pparm(P)) < xc(P) + O(n log(n))
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RESULTS FOR A,_1

If P liesin FRy,_,:
For each sorting network (fﬁ,&) -, (Rr, £r), we have

Poon(P) = Rys = (P).

Rry€r 2277770 Ry,

Thus we have:

xc(Pparm(P)) < xc(P) + O(n log(n))

GOEMANS 2009
XC(Pgerm) < O(n log(n))
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GENERAL g-PERMUTAHEDRA

K & PASHKOVICH 11

If

> G is a finite reflection group on R" and
> P C R" is a polytope in one region of G,
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GENERAL g-PERMUTAHEDRA

K & PASHKOVICH 11

If

> G is a finite reflection group on R" and
> P C R" is a polytope in one region of G,

then we have:
X(Pherm(P)) < xc(P) + O(log m + nlogn)

(where m is the largest number such that I,(m) is a factor of G).
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HUFFMAN POLYTOPES

The set V{ « of Huffman vectors (n = 4)

O
% %

(27 27 2? 2)
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%

(373727 1)

45



HUFFMAN POLYTOPES

The set V{ « of Huffman vectors (n = 4)
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HUFFMAN POLYTOPES

The set V{ « of Huffman vectors (n = 4)

Phusr = conv(Viye)
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HUFFMAN POLYTOPES

The set V{ « of Huffman vectors (n = 4)

Phusr = conv(Viye)

NGUYEN, NGUYEN, & MAURRAS 10

hu has at least 2%(n108n) facets.
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AN EXTENDED FORMULATION OF SIZE O(n?)

0,«(:‘0
A AT

o 9
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0,«(:‘0
A AT

o 9

1. Fory € &(n): 7. Vit = Viusr-
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AN EXTENDED FORMULATION OF SIZE O(n?)

0\'0
0:/{:(0 z“(

1. For AS 6(”): Y. Vﬂuff = Vﬂuﬁc.
2. Forv e Vﬂuff:
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AN EXTENDED FORMULATION OF SIZE O(n?)

\
&
£ o
o{ ° & °
1. Fory € &(n): 7. Vit = Viusr-

2. Forv e Vﬂuff:
21 There are i # j with v = v; = max{v, : k € [n]}.
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AN EXTENDED FORMULATION OF SIZE O(n?)

0\'0
0:/{:(0 z“(

o 9 9o

1. For AS 6(”): Y. Vﬂuff = Vﬂuﬁc.
2. Forv e Vﬂuff:
21 There are i # j with v = v; = max{v, : k € [n]}.

n—1
22 (V1,. o Vie, Vi— 1, Vi, . <y Vi3 Vitts - - .,Vn) S thﬁ
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AN EXTENDED FORMULATION OF SIZE O(n?)
\
&
o
¥

1. For AS 6(”): ’}/.Vﬂuﬁr = Vﬂuﬁc.
2. Forv e Vﬂuff:
21 There are i # j with v = v; = max{v, : k € [n]}.
2.2 (V1, 5009 Vi Y = U Vs 0 0 0 9 Vistg Vg o0 o ¢ Vn) & Vﬂuf;

4

o 9 9o

3. Forw € Vi (W) = (W), ..., Wh_p, Wh_q + 1, W)y 4+ 1) € Vi
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AN EXTENDED FORMULATION OF SIZE O(n?)
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¥

1. For AS 6(”): ’}/.Vﬂuﬁr = Vﬂuﬁc.
2. Forv e Vﬂuff:
21 There are i # j with v = v; = max{v, : k € [n]}.
2.2 (V1, 5009 Vi Y = U Vs 0 0 0 9 Vistg Vg o0 o ¢ Vn) & Vﬂuf;

4

o 9 9o

3. Forw € Vi (W) = (W), ..., Wh_p, Wh_q + 1, W)y 4+ 1) € Vi
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AN EXTENDED FORMULATION OF SIZE O(n?)
.
{ >
o{ >
o'/ 9

1. For AS 6(”): ’}/.Vﬂuﬁr = Vﬂuﬁc.
2. Forv e Vﬂuff:
21 There are i # j with v = v; = max{v, : k € [n]}.
22 (V1, e Vie, Vi— 1 Vi, . > Vi1 Vitts - - Vn) & thﬁ

3. Forw € Vi (W) = (W), ..., Wh_p, Wh_q + 1, W)y 4+ 1) € Vi

4

o 9 9o

A first extended formulation

guff = RHS HS o HS ES ( (Phuff))

1,20 1,020 M2 n 1 46



SCHEMATIC VIEW ON THE CONSTRUCTION

3 e e T T e e e
3 A A e T A S e
3 T e T o e e e

3 e e T O e

3 T e e e e e e

B B = = = =

3 e e T e e

3 T e e

3 e e

3 e e

o S = = = = =

3 e

3 e

3 e

s =

3 e

3 e
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A BETTER CONSTRUCTION

B M N N R M o N S g N N R R

K & PASHKOVICH 11
xc(Phye) < O(nlogn)

48



SLACK MATRICES




SLACK MATRICES

Definition

For a polytope P = conv(V) = {x e R" : Wx < w} the slack matrix
w.rt. the representation (V, W, w) is:

S(V,W,w) = (w, —W) - (1\/T> =(w,...,w)—WVvV>0

(entry (i,j): slack left by j-th generating point in i-th inequality)

50



HOMOGENIZATION

Definition

The homogenization of a polytope P = {x € R" : Wx < w} is:

homog(P) = cone({1} x P) = {(X0,Xx) € R x R" : Wx < xow}

~ pointed (polyhedral) cone

51



EXTENSIONS / SLACK MATRICES OF CONES

Definition

Extension of cone K: (polyhedral) cone mapped linearly to K
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xc(K): Smallest number of facets of any extension of K
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EXTENSIONS / SLACK MATRICES OF CONES

Definition

Extension of cone K: (polyhedral) cone mapped linearly to K
xc(K): Smallest number of facets of any extension of K

> For polytopes P: xc(P) = xc(homog(P))

Definition
For K= {x € R" : Ax >0} = B-Rk: the slack matrix w.rt. (A, B) is

S(A,B) =AB >0
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EXTENSIONS / SLACK MATRICES OF CONES

Definition

Extension of cone K: (polyhedral) cone mapped linearly to K
xc(K): Smallest number of facets of any extension of K

> For polytopes P: xc(P) = xc(homog(P))

Definition
For K= {x € R" : Ax >0} = B-Rk: the slack matrix w.rt. (A, B) is

S(A,B) =AB >0

> K = homog(P): S(V, W, w) = S(A, B) with A = (w, W), B = (1)

52



A PROPERTY OF SLACK MATRICES

Lemma

If S € RT** is a slack matrix of some cone K:

R R
S-RY =S-R*NRY
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A PROPERTY OF SLACK MATRICES

Lemma

If S € RT** is a slack matrix of some cone K:

R R
S-RY =S-R*NRY

Proof.
ForK={xeR" : Ax>0} =B Rk and S = S(A, B):
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R R
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A PROPERTY OF SLACK MATRICES

Lemma

If S € RT** is a slack matrix of some cone K:

R R
S-RY =S-R*NRY

Proof.
ForK={xeR" : Ax>0} =B Rk and S = S(A, B):

A-R"ART =A-K=A-(B-Rf)
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A PROPERTY OF SLACK MATRICES

Lemma

If S € RT** is a slack matrix of some cone K:

R R
S-RY =S-R*NRY

Proof.
ForK={xeR" : Ax>0} =B Rk and S = S(A, B):

A-R'NRT=A-K=A-(B-Rf)=S-R}

58



A PROPERTY OF SLACK MATRICES

Lemma

If S € RT** is a slack matrix of some cone K:

S-RE =S .RfFNRT
Proof.
ForK={xeR" : Ax>0} =B Rk and S = S(A, B):

A-R'NRT=A-K=A-(B-Rf)=S-R}
CS-RfNRT
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A PROPERTY OF SLACK MATRICES

Lemma
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A PROPERTY OF SLACK MATRICES

Lemma

If S € RT** is a slack matrix of some cone K:

R R
S-RY =S-R*NRY

Kis pointed: A-K=S-Rf =S.RfFNRT is isomorphic to K (via
X > AX).

Proof.
ForK={xeR" : Ax>0} =B Rk and S = S(A, B):

A-R'NRT=A-K=A-(B-Rf)=S-R}
CS-RFNRT = (AB) -R*NRT CA-R"NRT
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NONNEGATIVE FACTORIZATIONS...

Let K= {x € R" : Ax>0} = B-R" be pointed, S = S(4, B)
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NONNEGATIVE FACTORIZATIONS...

Let K= {x € R" : Ax>0} = B-R" be pointed, S = S(4, B)
> K2A-K=S-RE
Suppose S = CD with C € RT*9, D e RY*".

R q
>S-Rf =C-RyNA-R"
> C: clear
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NONNEGATIVE FACTORIZATIONS...

Let K= {x € R" : Ax>0} = B-R" be pointed, S = S(4, B)
> K2A-K=S-RE
Suppose S = CD with C € RT*9, D e RY*".

R q
>5-R+—C-R+0A~Rm
> C: clear
> Q:AxeC-RigRT¢xeK:>AX€A«K
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NONNEGATIVE FACTORIZATIONS...

Let K= {x € R" : Ax>0} = B-R" be pointed, S = S(4, B)
> K2A-K=S-RE
Suppose S = CD with C € RT*9, D e RY*".

R q
>5-R+—C-R+0A~Rm
> C: clear
> Q:AxeC-RigRT¢xeK:>AX€A«K

> Hence: K2 C-{AeR] : CA€ A-R"}
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NONNEGATIVE FACTORIZATIONS...

Let K= {x € R" : Ax>0} = B-R" be pointed, S = S(4, B)
> K2A-K=S-RE
Suppose S = CD with C € RT*9, D e RY*".

R q
>5-R+—C-R+0A~Rm
> C: clear
> Q:AxeC-RigRT¢xeK:>AX€A«K

> Hence: K2 C-{AeR] : CA€ A-R"}

Thus: xc(K) < g
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EXTENSION...

Let Q be an extension of K with g facets.
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EXTENSION...

Let Q be an extension of K with g facets.

> Can assume:

> K=S-Rf CR?

> Q=M-R. =M -R° NRL, M e R

> K=P-Qand S = PM with P € R™*4
> With Q* = {z € RY : (z,y) > 0 Vy € Q} (dual cone of Q):

> P,€Q =(M-R NRY)* =(M-R°): +RY

> Hence3t; e R%: ttM=0and P, —t; € RY

g

Thus: WithT=| : |:P-TeRP?andS=(P-T)M
T
tp
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A RESULT OF YANNAKAKIS' (1991)

Definition

The nonnegative rank rank, (M) of M € RT*¥ is the smallest r such
that there are U € R™*", V € R*F with M = UV.
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Definition

The nonnegative rank rank, (M) of M € RT*¥ is the smallest r such
that there are U € R™*", V € R*F with M = UV.

Theorem
For a cone K with slack matrix S:

xc(K) = rank(S)
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A RESULT OF YANNAKAKIS' (1991)

Definition

The nonnegative rank rank, (M) of M € RT*¥ is the smallest r such
that there are U € RT*', V € R7*F with M = UV.

Theorem
For a cone K with slack matrix S:

xc(K) = rank(S)

Theorem
For a polytope P with slack matrix S:

xc(P) = rank,(S)
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NONNEGATIVE RANK

Geometric Interpretation of rank, (M):

Smallest number of nonnegative vectors spanning a convex cone
that contains all columns of M.
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that contains all columns of M.

Theorem [VAsAvIS 2009]
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NONNEGATIVE RANK

Geometric Interpretation of rank, (M):
Smallest number of nonnegative vectors spanning a convex cone
that contains all columns of M.

Theorem [VAsAvIS 2009]
Deciding whether rank, (M) = rank(M) holds is NP-hard.

Appearances in:

> Communication Complexity
> Stochastic/Statistics
> Quantum Mechanics
> Algebraic Complexity

57



NON-INCIDENCES




[%2]
L
=
=
<<
4
w
2
w
.
o
n
O
=2
(]
o
w
(aa]
=
i

Observation

If P

with

)

inear map p then j: L(P) — £(Q

N Q is a lattice

L

Q) with a

(

p

—1

embedding.

F)

(

F—p

7-simplex)

(

59



NON-INCIDENCE GRAPHS

For a polytope P and two subsets 7, 7, C L(P):

: bipartite graph on 7; and % with
F, € F adjacentto k€ /o < K € F,
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NON-INCIDENCE GRAPHS

For a polytope P and two subsets 7, 7, C L(P):

Non-incidence graph: bipartite graph on F and F, with
F, € F adjacentto k€ /o < K € F,

Example: P = 3-cube, 7, = {vertices}, 7, = {facets}
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NON-INCIDENCE GRAPHS

For a polytope P and two subsets 7, 7, C L(P):

Non-incidence graph: bipartite graph on F; and 7, with
F, € F adjacentto k€ /o < K € F,

Example: P = 3-cube, 7, = {vertices}, 7, = {facets}

Bicligue: complete bipartite subgraph
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BICLIQUE COVERS

Lemma

If Q is an extension of P then the facets of Q induce a biclique-cover
for every non-incidence graph of P.
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BICLIQUE COVERS

Lemma

If Q is an extension of P then the facets of Q induce a biclique-cover
for every non-incidence graph of P.
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A COMBINATORIAL BOUND

Biclique-Cover Number of a (bipartite) graph G:

bc(G) = smallest size of a biclique-cover of G
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A COMBINATORIAL BOUND

Biclique-Cover Number of a (bipartite) graph G:

bc(G) = smallest size of a biclique-cover of G

For every non-incidence graph G of P:

bc(G) < xc(P)
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rc(M) :



CORRELATION POLYTOPE




THE CORRELATION POLYTOPE

Definition
For b C [n]: definey? € {0,1}""viay} =1&i,jeb

Example: n =6, b = {1,4,5}

100110 1
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, 00000 o0 0
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T 0 0 1 1 O 1 x(b)t
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S
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THE CORRELATION POLYTOPE

Definition
For b C [n]: definey? € {0,1}""viay} =1&i,jeb

Peorr(n) = conv{y? : b C [n]}

Example: n =6, b = {1,4,5}

100110 1
00000 O 0
, 00000 o0 0
=11 0011 0| |1 1o 0T o
T 0 0 1 1 O 1 x(b)t
o000 o0o0] |o]
S
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THE CORRELATION POLYTOPE

Definition
For b C [n]: definey? € {0,1}""viay} =1&i,jeb

Peorr(n) = conv{y? : b C [n]}

Theorem [DE SIMONE 1989]

Peorr(n) is affinely isomorphic to Peye(n + 1).
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THE CORRELATION POLYTOPE

Definition
For b C [n]: definey? € {0,1}""viay} =1&i,jeb

Peorr(n) = conv{y? : b C [n]}

Theorem [DE SIMONE 1989]

Peorr(n) is affinely isomorphic to Peye(n + 1).

FIORINI ET AL. 12, AvVIS & TIWARY 13, POKUTTA & VAN VYVE 13

Peorr(n) is a projection of a face of Pgp(-), ..

Thus:

XC(Pcorr(n)) non-polynomial = xc(Pisp(+)), ...non-polynomial
65



SOME OF ITS FACES

For a C [n]:

> ma(X) = ((x(a),x) —1)> > 0: degree-2 polynomial
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> ma(X) = ((x(a),x) —1)> > 0: degree-2 polynomial

> Mq(y): degree-1 polynomial obtained via xix; = yjj, X; = Vi
> For b C [n]: Na(y?) = ma(x(b)) > 0 with = iff [an b| =1
Consequence

> For each a C [n] there is a face Fq of Peorr(n) such that for each
b C[n]:

YeF, o Janb|#1

[FIORINI, MASSAR, POKUTTA, DE WOLF, TIWARY 2012]
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SOME OF ITS FACES

For a C [n]:

> ma(X) = ((x(a),x) —1)> > 0: degree-2 polynomial
> Mq(y): degree-1 polynomial obtained via xix; = yjj, X; = Vi
> For b C [n]: Na(y?) = ma(x(b)) > 0 with = iff [an b| =1

Consequence

> For each a C [n] there is a face Fq of Peorr(n) such that for each
b C[n]:
YeF, o Janb|#1

[FIORINI, MASSAR, POKUTTA, DE WOLF, TIWARY 2012]

> M(n): Corresponding non-incidence matrix (of size 2" x 2")

66



LOWER BOUNDS

Theorem [K & WELTGE 2013]

rc(M(n)) > 1.5"
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Theorem [K & WELTGE 2013]
rc(M(n)) > 1.5"
Corollary

XC(Pcorr(n)) > 1.5"
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LOWER BOUNDS

Theorem [K & WELTGE 2013]
rc(M(n)) > 1.5"
Corollary
XC(Pcorr(n)) > 1.5"

Previous best bounds:

> XC(Peorr(n)) > re(M(n)) > ¢" (with ¢ > 1)
[FIORINI, MASSAR, POKUTTA, DE WOLF, TIWARY 2012]
relying on [RAZBOROV 1992]
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LOWER BOUNDS

Theorem [K & WELTGE 2013]
rc(M(n)) > 1.5"
Corollary
XC(Pcorr(n)) > 1.5"

Previous best bounds:

> XC(Peorr(n)) > re(M(n)) > ¢" (with ¢ > 1)
[FIORINI, MASSAR, POKUTTA, DE WOLF, TIWARY 2012]
relying on [RAZBOROV 1992]
> XC(Pcorr(n)) > rc(M(n)) > 1.24" [BRAUN & POKUTTA 2013]
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THE NON-INCIDENCE MATRIX m(n
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THE PROOF STRATEGY

The setup:

>M:|lanbl=0
>O:|lanb| =1
>M:|lanb| >2
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THE PROOF STRATEGY

The setup:
>M:|janbl=0

>O:|lanb| =1
>M:|lanb| >2

v

rc(M(n)): Minimal # of O -free rectangles covering all @ and |
Total # M -entries: 3"

o(n): Maximal # of M -entries in any O -free rectangle

Thus rc(M(n)) > 3"/o(n)

v

v

v

The goal: show o(n) < 2".
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THANKS FOR YOUR ATTENTION.
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