Graphical Representation of Ordinal Preferences:
Languages and Applications
Jérôme Lang
LAMSADE, Université Paris-Dauphine, 75775 Paris Cedex 16, France
lang@lamsade.dauphine.fr

1 Introduction
The specification of a decision making problem includes the agent’s preferences on the
available alternatives. The choice of a model of preferences (e.g., utility functions or
binary relations) does not say how preferences should be represented (or specified). A
naive idea would consist in writing them explicitly, simply by enumerating all possible
alternatives together with their utility (in the case of cardinal preferences) or the list of
all pairs of alternatives contained in the relation (in the case of ordinal preferences).
This is feasible in practice only when the number of alternatives is small enough with
respect to the available computational resources. This assumption is often unrealistic, in
particular when the set of alternatives has a combinatorial (or multiattribute) structure,
i.e., when each alternative consists of a tuple of values, one for each of a given set of
variables (or attributes): in this case, the set of alternatives is the Cartesian product of
the value domains, and its cardinality grows exponentially with the number of variables.
For such combinatorial domains, we need a language allowing to express preferences as succinctly as possible. Such compact preference representation languages have
been particularly studied in the Artificial Intelligence research community. A significant
number of these languages are called “graphical’, because they consist of a graphical
component describing preferential dependencies between variables, together with a collection of local preferences on single variables or small subsets of variables, compatible
with the dependence structure.
In this short paper we will focus on graphical languages for ordinal preferences, and
especially on CP-nets and their extensions and variants1 . After giving an brief presentation of this family of languages, we will show how they can be used for individual,
collective or distributed decision making.

2 Graphical Languages for Ordinal Preference Representation
CP-Nets
Let V = {X1 , . . . , Xn } be a set of variables, also called attributes, with their associated
finite domains D1 , . . . , Dn . By V = ×Xi ∈V Di , we denote the set of all complete assignments, called outcomes (or alternatives). For X ⊆ V , we let X = ×Xi ∈X Di . For any
1

However, at some places in the text we will refer to a graphical languages for cardinal preference representation such as GAI-nets [2], which specify local utility functions on small subsets
of variables.
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disjoint subsets X and Y of V , the concatenation of assignments x ∈ X and y ∈ Y , denoted xy, is the (X ∪Y )-assignment which assigns to variables in X (resp. Y ) the value
assigned by x (resp. y).
A (strict) preference relation  is an irreflexive and transitive (thus asymmetric)
binary relation over V . A strict preference relation  is linear if it is connected, that is,
for every x = y we have either x  y or y  x.
Let {X,Y, Z} be a partition of the set of variables and  a strict preference relation.
X is preferentially independent of Y given Z (with respect to ) if and only if for all
x1 , x2 ∈ X , y1 , y2 ∈ Y , z ∈ DZ , we have x1 y1 z  x2 y1 z if and only if x1 y2 z  x2 y2 z [15].
A CP-net [5] is composed of a directed graph representing the preferential dependencies between variables, and a set of conditional preference tables expressing, for
each variable, the local preference on the values of its domain given the possible combination of values of its parents. Formally, a CP-net over V = {X1 , . . . , Xn } is a pair
N = G, P where G is a directed graph over X1 , . . . , Xn and P is a set of conditional
preference tables CPT (Xi ) for each Xi ∈ V . For variable Xi , we denote by Par(Xi ) the set
of parents of Xi in G and we let NonPar(Xi) = V \ ({Xi } ∪ Par(Xi )). Each conditional
preference table associates a linear order on Di with each instanciation u of Par(Xi ),
denoted by u :>. The edges of G express preferential independencies: every variable is
preferentially independent of its non-parents in G given its parents.
The semantics of a CP-net is defined as follows. A strict preference relation  satisfies N if for all variables Xi , values xi , xi ∈ Di , assignments u of Par(Xi ), and assignments z of NonPar(Xi), we have uxi z  uxi z if and only if CPT (Xi ) contains u : xi > xi . A
CP-net is satisfiable if there is some preference relation satisfying it. For any satisfiable
CP-net N , N is the smallest preference relation that satisfies N .
Example 1. A user is looking for an airplane ticket. There are three variables: T (time of
the flight), with possible values d (day) and n (night); S (stopover), with possible values
s (yes) and s̄ (no); and C (company), with two possible values c1 and c2 . The agent has
the following preferences: (a) she prefers a day flight to a night flight, unconditionally;
(b) for a day flight she prefers to make a stopover; for a night flight she’d rather prefer
not; (c) for a day flight with a stopover she prefers company c1 because it implies
spending a few hours in an airport she likes; in all other cases she prefers c2 .
The user’s preferences are expressed by the CP-net N depicted below, together with
the induced preference relation N .
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Many works on CP-nets make the additional assumption that the graph G is acyclic.
Under this assumption, the CP-net is satisfiable, and the associated requests, consisting
in comparing two outcomes or in searching for a non-dominated outcome, are computationally reasonable [6].
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The preference relation N induced from a CP-net N is generally not complete.
The complete preference relations extending N can be viewed as possible models of
the user’s preferences, and any preference assertion that holds in all such models can be
viewed as a consequence of the CP-net [6]. Finally, for any complete preference relation
 there exists a satisfiable CP-net N such that  extends N (note however that the
dependence graph of N may contain cycles).
Extensions and Variants of CP-Nets
TCP-nets [9] enrich CP-nets by allowing the expression of relative importance statements between variables. CP-theories [20] are still more general; they allow conditional
preference statements on the values of a variable, together with a set of variables that
are allowed to vary when interpreting the preference statement. The language considered in [21] is even more general: there the preference statements do not compare single
values of variables but tuples of values of different variables. Conditional Importance
Networks [7] express monotonic preferences between sets of goods, ceteris paribus.

3 Individual Decision Making
Quoting from [6], the main purpose of any preference representation language is to
support answering various queries about the preferences of the decision maker. Two
fundamental types of queries are (a) outcome comparison (given two outcomes, determine if one of them dominates the other) and (b) outcome optimization (determine the
best outcome(s)). Now, in many decision making problems, not all outcomes are feasible. A constrained CP-net consists of a CP-net N and a set of constraints Γ. Constraints
can be expressed compactly using some representation language, typically CSPs (or, in
the case of Boolean variables, propoisitional logic). Any outcome satisfying Γ is said
to be feasible. The goal is to find an outcome α that is both feasible and undominated,
i.e., such that there is no feasible outcome β such that β N α.
Consider Example 1 again, and let us add the constraint that no day flight with a
stopover is available: T = d ⇒ S = s̄, and the constraint that company c2 has only night
flights: C = c2 ⇒ T = n. The outcome dsc1 , which was the optimal outcome of N , is
now unfeasible. The new undominated outcomes are d s̄c1 and ns̄c2 .
A different way of defining optimal solutions for constrained CSPs is suggested in
[18]: α dominates β if there is a flipping sequence from α to β that goes through feasible outcomes only, and again we look for non-dominated feasible outcomes. Back to
Example 1, suppose that we have the constraint C = c2 ⇒ T = n. According to [18],
dsc1 and ns̄c2 are undominated, whereas only dsc1 is undominated according to [6].
Constrained optimization is particularly relevant for configuration problems (see for
instance [11] for an application to personalized configuration of web-page content).
Another form of constrained optimization can come from the fact that an outcome is
feasible only if there is a plan that realizes it; in [8], preferences among goals states are
specified using a TCP-net, and one looks for a plan resulting in an optimal outcome, that
is, an state α such that no other reachable state dominates α. A last example of using
CP-nets for individual decision making is [4], which describes an information retrieval
approach where CP-nets are used for expressing preferences over documents.
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4 Group Decision Making
An important problem in computational social choice is voting on a combinatorial set
of alternatives: a number of voters have to make a common decision on several possibly
related issues. For instance, the inhabitants of some local community may have to make
a joint decision over several related issues of local interest, such as deciding whether
some new public facility such as a swimming pool or a tennis court should be built.
Some of the voters may have preferential dependencies, for instance, they may prefer
the tennis court to be built only if the swimming pool is not. As soon as voters have
preferential dependencies between issues, it is generally a bad idea to decompose the
problem into a set of smaller problems, each one bearing on a single issue: doing so
may lead to multiple election paradoxes [10].
The input of a voting problem is typically a collection of linear preference relations.
Therefore, graphical language for ordinal preferences, which express preferences locally and exploit preferential independencies, are particularly well-suited to the design
of methods for collective decision making on combinatorial domains. There are two
different ways of making use of graphical languages in such contexts.
The first way consists in eliciting preferences globally, and then aggregating them.
For instance, if we are using CP-nets, we first elicit a CP-net for each voter, these CPnets are then aggregated so as to output an outcome or a set of outcomes. See [19]
and [22] for two approaches for CP-net aggregation (see also [12] for group decision
making based on the aggregation of GAI-nets).
The second way consists in proceeding sequentially: at every step, we elicit the voters’ preferences about a single variable, we use a local rule to compute the value chosen
for this variable, and this value is communicated to all voters. For this we need to make
an important domain restriction, namely, that there exists an order on variables, say
X1 > . . . > X p , such that for every voter and for every i, Xi is preferentially independent
of Xi+1 , . . . , X p given X1 , . . . , Xi−1 [17].
Consider the following example. We have a variable F(ood), with three possible
values m(eat), f (ish) and v(egetarian) and a variable W (ine), with two possible values
w(hite) and r(ed). Assume we have seven voters, all with unconditional preferences
on F (and possible preferences on W depending on the value of F) whose conditional
preferences are as follows:
1 voter: m  f  v; m : r  w; f , v : w  r
2 voters: m  v  f ; r  w
2 voters: f  v  m; m : r  w; f , v : w  r
2 voters: v  f  m; w  r
If we apply the second method, assume that for F we use the Borda rule, which
assigns a score or +2 (resp. +1, 0) to a candidate every time it is ranked first (resp.
second, last) by a voter, and chooses the candidate that maximizes the sum of scores
obtained for the different voters. Then preferences about food are elicited, the chosen
value is v, then the voters’ preferences about wine given that F = v are elicited, and
finally, after using the majority rule, we get that the collectively chosen value of W is w.
If we apply the first method, we first aggregate the CP-nets, which, using the same local
rules, results in the collective CP-net v  f  m; m : r  w; f , v : w  r, whose unique
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undominated outcome is F = v,W = w, which again is the resulting collective decision
(note that there are cases where the results given by both methods would have been
different). Whereas the second method is cheaper in communication and computation,
its range of applicability is much more restricted. Indeed, if the first voter’s conditional
preferences were r : m  f  v; w : f  v  m, m : r  w; f , v : w  r, then asking her
to express her preferences on F would make her feel ill at ease, since her preferences
on F depend on the value of W .

5 Game Theory
Game theory attempts to analyze formally strategic interactions between agents.
Roughly speaking, a static game consists of a set of agents, and for each agent, a set of
possible strategies and a utility function mapping every possible combination of strategies to a real value. Utility functions are usually represented explicitly, by listing the
values for each combination of strategies. However, the number of utility values which
must be specified, that is, the number of possible combinations of strategies, is exponential in the number of players, which renders such an explicit way of representing
the preferences of the players unreasonable when the number of players is more than
a few units. This becomes even more problematic when the set of strategies available
to an agent consists in assigning a value from a finite domain to each of a given set of
variables. In these cases, compact representation are once again useful.
Now, several key notions in game theory, such as pure strategy Nash equilibria or
dominated strategies, need only ordinal preferences. Graphical languages for ordinal
preference representation have been used in some places for representing and analyzing
games, such as Section 5 of [3]: there, a game is described as a set of agents, a set of
(binary) variables, a control assignment function assigning each variable to an agent,
and finally, a compact description of the agents’ preferences under the form of a collection of CP-nets. The structure of the agent’s preferences can sometimes guarantee the
existence or the unicity of a pure Nash equilibrium. For instance, assume we have two
agents {1, 2} and two variables A and B, with domains {a, ā} and {b, b̄}, such that 1
controls A and 2 controls B. Preferential dependencies are as follows:
situation 1 situation 2 situation 3
agent 1 A −→ B A −→ B A ←− B
agent 2 A ←− B A −→ B A −→ B
In situation 1, whatever the local preferences of 1 and 2, there is a unique equilibrium
consisting of 1’s preferred value of A and 2’s preferred value of B. In situation 2, again
there is a unique equilibrium, consisting of 1’s preferred value of A and 2’s preferred
value of B given 1’s preferred value of A. In situation 3, neither the existence nor the
unicity of a pure Nash equilibrium is guaranteed. For instance, if the local preferences
of 1 are b̄  b, b : a  ā, b̄ : ā  a, and the local preferences of 2 are a  ā, a : b  b̄,
ā : b̄  b, then the game has two pure Nash equilibria, namely ab and āb̄ [3].
A different connection between CP-nets and games appears in [1], where CP-nets are
viewed as games in normal form and vice versa: each player corresponds to a variable
of the CP-net, whose domain is the set of actions available to the player.
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Normal form games with cardinal preferences have received even more attention:
graphical games [16,14,13] specify, for each agent, the set of all players that have an
influence on her; the utility of player i is compactly represented by a utility table that
specifies a value for each combination of actions of the players on which i depends.
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