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1 A<B 3<CD?E;GFHFH;JIKIKL>M<N5; 1 A:O 3<CD?E9P?�4�?RQ:; 2 A5S 3:T#?E9PQ:; O ;GQVUWLJM<N 1

6YX[Z53 O ;G?R=@\]6�FKX 1
1 ^�_J`badcHeWfg`ihWj#k/lnm8`bfgcDopm8fgqrm�l5s/t/lbcHeWu�vw_VhyxzcKege{m8_}|$~g~K�zt/vwu��JlncK�Jc�fgq�`bc�_VhW`b�}�V�zc"|JcHfyt/j���crm��J�<�P�8�>�Y�8�����J�z`b�HeWc

qHcr|JcH����>�Y�G�V�V�V�:���>�8�w�w�V�G�d�5�E�z�G�w�8�d�w�d�z�Y�V�d�d�H�}�p ��d�¡���>����¢>�p E�z�Y¢J£d¤Y¥d�G�r�z�w�8¢¦ ]¥d�z��§J¨H�d©zªw�8�w���}¤Y�G�p ��d�
2 « m8�Pv�e{m�hWvw`ieWc[|:¬ �y_}m8li>fgc#_zv8_®lb`b_zjrm�`ieWc[cKh°¯�jHvwu�jHhgeW`bcw�J^�_J`nawcHeWfg`ihWj#|:¬ �±aG`b²w_Jvw_5�z�w�8³�qK´Jc�u�`b_®|>c�f�µ®c�`b_}mr¶gmYeW`ncHf��·8¸ ³>�8�¹�5a>`b²8_zvw_:�}x>e{m8_zqHc�z¤Y¢>�r�z�8�¡ º�>���G�G¨H�z�r¢G�d��¥d�z�Y§z¨Y�w§>�Y»8�J¤��� º�w�

¼�½>¾Y¿-À�½ ^�_�²�e{m8�z´Jc G = (V, E) c�fÁh|J`ih k sºm�eWÂHhWcyq�v8_z_zcK�JcÃfg`Pc�_VhgeWcÃq{´}mw�V�Jcy�zm8`ieWc�|JcÃfgvwu�u�cHhWf��w`blcH�>`bfÁhWcym8��u�v8`n_Jf k qK´zmYÄ@_zcHf/mYeWÂHhWcHsº|J`bfE¶Áv8`b_GhWcHf�ÅJÆ>` G cHfÁh/uD�z_z`>|<¬ �J_zcÇRvw_zqKhW`nv8_�q�vwÈ>h/fg�>e¦lncHfm�eWÂKhWc�f��dlbc
�JeWv8�zlb��u�c�|J��fgvw�JfÁs�²8e{m8�J´zc k sºm�eWÂKhWc�q�v8_z_zcK�Jc�q�vw_Jfg`bfÁhWc°É[hgeWv8�zadcKe�z_�fgv8�zfÁs�²8e{m��z´zc k sºmYeWÂHhWc�q�v8_z_JcH�>c|Jc G |>c�q�vwÈ>hDu�`b_J`nuD�zuÊ�<q�v8�zaVe{m8_Vh"lbc�f[fgvwu�u�cHhWf"|>c G Å-Ë°m8_zf"q�c��zm8�z`bcHer�5_zv8�zf"q�v8_zfg`n|JjHeWv8_zfDq�c�JeWv8�zlb��u�cD|:¬ �z_'�Pvw`b_Vh"|>c¹aG�zcD�PvwliVjr|Ge{m8lÌÅ:Í�vw�Jf°`b_VhgeWvG|J�z`bfgv8_zf#�z_JcD_Jvw�Jadc�lblbcDÇÌm�u�`blnlbc�|<¬ `b_Jj�²dm�ln`ihWj�f��
m8�J�Pc�lbj�c�f°`b_Jj�²dm�ln`ihWj�f°|Jc[qK´zmYÄ@_zc[`bu��}m8`ieWcw�}awm�ln`n|>c�f��Pv8�Je�lnc[�PvwliGhWvw�PcD|JcHf�fgvwlb�>hW`nv8_zf��<cHh�_zv8�zf°|>j�qHeW`is
adv8_zfp|>c�fpq�vw_z|J`ihW`bvw_Jfpfg�JÎ�fWm�_GhWcHfp�Pvw�Je¦�V�Jc/q�c�fp`b_Jj�²dm�ln`ihWj�f�|JjK�}_z`bfgfgc�_Vh¡|>c�f-ÇÌm�q�cHhghWc�f�Å8Í�v8�zf¡|>`nfgqH�JhWvw_Jf
j�²wm8lbc�u�c�_Vh[|JcD�JeWvVq�j�|J�JeWcHf"|Jc�fgj��zm�e{mYhW`nv8_��Pvw�>e"q�c�f#`b_zjH²dm8lb`ihWj�fDm8`b_zfg`��V�zcD�Pvw�Je#|:¬ m8�>hgeWc�f#ÇÌm8u�`blblbc�f
|:¬ `b_zjH²dm8lb`ihWj�fa8m8lb`n|JcHf�ÅdÍ�v8�zf¦jHhW�}|>`bvw_zf�m8�Jfgfg`P|JcHf�v8�PjHe{m�hW`bvw_Jf|>ceWjr|J�JqHhW`bvw_�|JcÃ²�e{m8�z´Jc�f�ÅVÏ¡_��JhW`blb`bfWm8_Vh
q�c�f�eWj�fg�zlih{m�hWf��>_Jvw�zf|Jj�adcHlnv8�z�Pv8_zf�J_$m�lb²wv8eW`ihW´Ju�c°|Jc�q�vw�J�Pc�cHh�Je{m8_JqK´Jc�u�c�_Vh��Pvw�Je/lbc°�JeWv8�zlb��u�cycHh
�JeWjHfgc�_VhWvw_zfÐqHcHegh{m8`b_zfÃeWj�fg�Jlbh{mYhWfÃcH�>�PjHeW`bu�c�_Vh{m8�J�<Å
ÑÓÒ}Ô�¾$ÕdÖ@½J¾Ê× Æ>v8�zfÁs�²8e{m��z´zc k s�mYeWÂHhWc"q�vw_J_zcH�>cw�}�PvwliGhWvw�Pcw�JÇÌm8qHcHhghWcw�<fgc��zm�e{m�hW`bv8_5�<q�v8�z�Pc"cHh°�>e{m8_JqK´JcHsu�c�_Vhr�VeWjr|>�zqHhW`bvw_Ê|Jc°²�e{m8�z´Jc�f�Å

Ø ÙJÚ�ÛPÜ<Ý#Þ[ß[à±Û<á{ÝyÚ

�±adcHq®lÌ¬ `n_VhgeWvG|>�zqHhW`bvw_â|JcÊlnm'hWcHqK´J_zvwlbv8²w`bcãvw�>hW`@�V�Jcã|zm�_zf�lbc�f�eWj�fgcrm��J��|Jc$hWj�lbj�q�vwu�uD�z_J`nq�m�hW`bvw_Jf���qHc
|Jv8u�m8`b_zc°mDq�v8_z_G�®�J_®|>j�adc�lbvw�J�Pc�u�c�_VhqHvw_zfg`n|>jHe{m8�Jlnc8ÅPÏ¡_®cHä<cHhr�Jq�cHhghWc�hWc�qK´J_zv8lnv8²w`bc#�PcHeWu�cHhÐ|:¬ mradvw`ie
�z_Jc�²�e{m8_}|>c°qrm��}m8qH`bhWj°|Jc�hge{m�_zfgu�`bfgfg`bvw_:Å}t/cH�Pc�_}|Jm8_Vhr�>�z_&�JeWvw�Jlb��u�c��V�J`Pfgc°�Pvwfgc�hWv8�8¶�vw�JeWfÐcHfÁhÃq�c�lb�z`
|Jc�l@m¹|JjHÇEm8`blbl@m�_zq�c[|<¬ �J_®v8�®�zlb�Jfg`ncH�JeWfÃlb`ncH_zfy|J��eWj�fgcrm��5�Jq�c"�V�z`<�Pc��Jhq�vw_z|J�z`ieWc"É[�z_ÊmYegeWÂHhÃhWv8h{m�l±|>c�f
q�v8u�u¹�z_J`bqrm�hW`bvw_Jf�Å}o-v8�Je�j�aG`ihWcHe�qHc#�JeWvw�Jlb��u�cw�}`bl:ÇÌm8�>h�u�cKhghgeWc#c�_Ê�zlnm�q�c¹|>c�fyfÁhgeW�zqHhW�>eWc�fy|Jc#eWj�fgcrm��J�
fg�JÎ�fWm8u�u�c�_Vh¹�}m8�JlncHf�|zm8_Jf�lbcÊfgc�_Jf�vwåæfg`Ã�J_zc®v8���Jlb�zfg`bc��JeWf�lb`nm8`bfgv8_zf&fgvw_Vh�|JjKhgeW�z`ihWc�f��¦lbc®eWj�fgcrm��
q�v8_GhW`b_G�zc°çDÇEv8_zqHhW`bvw_J_zcHerÅ}t/c�fÃq�v8_}|J`ihW`bvw_Jfy|Jc��}m8�z`blb`ihWj#fgvw_Vhy²wj�_JjHe{m8lbc�u�cH_GhÃcK�J�>eW`bu�j�c�fc�_&hWcHeWu�c#|>c
q�v8_z_zcK�J`ihWjwÅ5Ï¡_VhgeWc¹q{´}mw�V�Jc¹�}m�`ieWc�|JcD_zè#�}|>f°|>�'eWj�fgc�m8�5�:`bl¦|Jv8`bh"cK�J`bfÁhWcHe"�J_�_JvwuD�JeWc[u�`n_J`bu¹�zué|>c
q{´}mYÄ@_Jc�f�mYeWÂHhWcHsº|J`bfE¶Áv8`b_GhWcHf��Pvw�>e�m8fgfg�>eWcHe�lbc�eWcHeWvw�>h{m8²wc$c�_êqrm�f�|Jc��}m�_z_JcwÅ¦t/c&_zvwuD�JeWc&|Jc�q{´}mrÄR_Jc�f
|J`bfE¶�vw`b_VhWc�f¹c�fÁh¹²wj�_JjHe{m8lbc�u�cH_GhDq�v8_zfg`n|JjHeWj&�z_J`iÇEv8eWu�c�qw¬ c�fÁhgsºÉYs�|>`ieWc$lbc&u�Â�u�c��Pvw�>eDhWv8�JhWc�fDlbc�f¹�zm8`ieWc�f
|Jc&fgvwu�u�cKhWf�Å « mãhWvw�Pv8lbvw²w`bcã|>c�fDeWjHfgcrm8�>�ë|J`ihWc 2 sºm�eWÂHhWc$q�vw_J_zcH�>c�c�fÁh�fgv8�zadcH_GhD�JhW`blb`bfgj�cwÅ¦~�qH`]�-c�_VhgeWcq{´}mw�V�Jcy�zm8`ieWc°|>c�fgv8u�u�cHhWf��V`blP|>vw`ihÐcH�>`bfÁhWcHeÐm���u�vw`b_zf 2 q{´}mrÄR_Jc�fmYeWÂHhWcHsº|J`bfE¶�vw`b_VhWc�f��J|JcÃhWc�lblnc�u�m8_J`n�KeWc�V�zc#fg`5�z_zc�qK´zmYÄ@_zc#hWvwuD�Pc°c�_ã�zm8_z_Jcw�Jlnc#hge{mY�}q#�Pc��>h�ÂKhgeWc°eWcHeWvw�>hWj[fg�>eyl@m�|>c��J�>`b��u�c°q{´}mrÄ@_zcwÅPt/cHhghWc
hWvw�Pv8lbvw²w`bc�f�¬ c�fÁh[mradjHeWjHc��PcHegÇEv�eWu�m8_VhWc[�Pvw�Je°�zlb�zfg`bc��>eWf°h�>�Pc�f#|>cDeWj�fgcrm��J�'|>cDhWj�lbj�q�v8u�u¹�J_z`bqrm�hW`bv8_zf�Å
t/c��Pc�_z|zm�_Ghr�J�Pvw�>eyq�cHegh{m8`b_JfyeWj�fgc�m8�J�<�zvw_ÊcH�>`b²wc"�J_Ê|JcH²8eWj[|Jc°�}m8�z`blb`ihWj"�zlb�zfÃj�lbc�adj8Å}Ë#m�_zfÃq�c#�}m��z`bcHer�
_zv8�zfÃq�v8_zfg`n|JjHeWv8_zfÃq�c#�>eWvw�zlb��u�c°mYawc�q�ÇEv�eghWc#�Pm8�J`bln`ihWjwÅ
^�_ê²�e{m8�J´zc G = (V, E) c�fÁh�|J`ih k sºm�eWÂHhWc$q�vw_J_zcH�>cw� k ≥ 1 �¡fg`/c�_VhgeWc$q{´}m8�G�Jc$�zm8`ieWc$|Jc&fgvwu�u�cHhWf`blÐcH�>`bfÁhWcÊm8�ìu�vw`b_Jf k q{´}mYÄ@_Jc�f�m�eWÂKhWcHsº|J`bfE¶Áv8`n_VhWc�f�Å/Ïph{m8_Vh�|>vw_z_Jj�f�|>c�f�q�v8ÈJhWf�fg�>e�lbc�f�mYeWÂHhWc�f�|>c G �lbc#�JeWv8�zlb��u�c#|>�®fgvw�JfÁs�²8e{m8�J´zc k sºm�eWÂHhWc#q�v8_z_JcH�>c�í k Ï�tÐÆJo�îq�vw_Jfg`nfÁhWc[É�|>jHhWcHeWu�`b_zcKeÐ�z_$fgvw�zfÁs�²�e{m8�z´Jc
k s�mYeWÂHhWc#q�v8_z_zcK�Jc°|Jc G |>c#q�vwÈ>hÃu�`n_J`bu¹�zuï�V�z`<q�vw�JaVeWc�hWvw�Jfylbc�fÃfgv8u�u�cHhWfÃ|Jc G Å
« c��JeWv8�zlb��u�c k Ï�tÐÆJoëc�fÁh NP sº|>`bÎ�q�`blnc�fg` k ≥ 2 ð �YñYò�ÅzÆG` k = 1 � k Ï/tÐÆ>oì_:¬ c�fÁheW`bc�_Ê|<¬ m8�JhgeWc��V�zcylnc�JeWv8�zlb��u�c"|>c[lÌ¬ m�eW�>eWcDqHvw�zaVe{m�_Gh�|Jc#�Pv8`n|Jf�u�`b_J`nuD�zuó�V�J`5�Pc��>h�ÂKhgeWc"eWjHfgvwlb�1c�_®hWc�u��Jfy�Pv8liJ_Jvwu�`nm8lÌÅ
k Ï/tÐÆ>o�m"jHhWj�lnmYeW²wc�u�c�_VhÐjKhW�}|J`bj��G�zm8_z| k = 2 ð ñG�b��ôJ�b�w�d�b�r�z�b�r�>�b� · �b�r³>� ñ�ôJ� ñG��ò]Å>~�l<m#eWc�õ��:�G�}mYeÐq�vw_VhgeWcw��Pc���|:¬ m�hghWc�_VhW`bvw_��V�}m8_z| k ≥ 3 Å « c��JeWv8�zlb��u�c�fgcHu¹�zlbc��Jlb�zf"|J`iÎ�qH`nlbc�|Jm8_zf"q�c¹qrm8f��±c�_��zm�eghW`bq��zlb`bcHelbv8eWfW�V�zc k c�fÁh"`bu��zm8`ierÅ:Ë#m8_Jf#q�c��}m��z`bcHer�:_zv8�zf#q�v8_zfg`n|JjKeWvw_zf"q�c¹�JeWvw�Jlb��u�c�|<¬ �J_��Pv8`b_Gh[|>c�aG�zcD�Pv8sliVjr|Ge{m8lÌÅ/Í�vw�Jf�`n_VhgeWvG|>�z`bfgvw_Jf��z_zc®_zvw�Jadc�lblbc®ÇÌm�u�`blnlbc1|<¬ `b_Jj�²dm�ln`ihWj�f��m8�J�Pc�lbj�c�f�`b_zj�²wm8lb`ihWj�f®|>cÊq{´}mYÄ@_Jc
`bu��}m�`beWc8�}a8m8lb`n|Jc�f��Pvw�Je�lbcD�Pv8li>hWv8�Pc[|Jc�f�fgvwlb�JhW`bvw_Jf��PcHh�_zvw�Jf�|>j�qHeW`badv8_zf�|Jc�fyq�vw_z|J`ihW`bvw_Jf�fg�JÎ�fWm8_VhWc�f



�Pvw�>e$�G�Jcãq�c�f&`b_zj�²wm8lb`ihWj�fã|JjK�}_z`bfgfgc�_Vh$|JcHf�ÇEm8q�cKhghWc�f�ÅÃÍ�v8�zf&|J`bfgq��>hWvw_zf&j�²wm8lbc�u�c�_Vh$|Jc1�JeWvVqHjr|J�>eWc�f
|Jc[fgj��zm�e{m�hW`bv8_��Pvw�>e°q�cHf°`b_zj�²wm8lb`ihWj�f"m8`b_zfg`¡�V�JcD�Pv8�Je#|<¬ m8�JhgeWcHf�ÇÌm�u�`nlblbc�f"|<¬ `b_Jj�²dm�ln`ihWj�f#a8m8lb`n|JcHf�Å<Í�vw�Jf
jHhW�z|J`bvw_Jf"m8�zfgfg`�|JcHf#vw�PjHe{mYhW`nv8_zf[|JcDeWjr|J�JqHhW`bvw_�|>c¹²�e{m8�z´Jc�f�Å±Ï¦_��JhW`blb`nfWm�_VhDqHc�f°eWj�fg�zlih{mYhWf��±_Jvw�zf"|>jHs
adc�lbv8�z�Pvw_Jf��J_1m8lb²wv�eW`bhW´Ju�c¹|>cDqHvw�z�Pc[cHh��Je{m�_zq{´zc�u�c�_Vhy�Pvw�>e°lbc[�JeWvw�Jlb��u�c"cHh°�>eWj�fgc�_VhWvw_Jf�q�cHegh{m�`b_zf
eWj�fg�Jlbh{mYhWfÃcH�>�PjHeW`bu�c�_Vh{m8�J�<Å
Æ>` W ⊂ V �zlÌ¬ c�_zfgcHu¹�zlbc"|>c�fym�eWÂHhWc�fy�V�z`:vw_VhÃ�J_zc#cH�GhgeWj�u�`ihWj#|Jm8_zf W cHhyl]¬ m��JhgeWc[|zm�_zf W = V \ Wc�fÁhym��z�Pc�lbj��������	�#cHhÐc�fÁhÃ_Jv8hWj δ(W ) ÅJÆG` W = {u} �z�Pv8�JeÐ�J_$fgv8u�u�cHh u |Jc V �>vw_&j�qHeW`ih δ(u) �Pvw�>e
δ({u}) Å}Ïph{m8_Vh�|Jv8_z_Jj�fÐ�z_$�Pvw`b_Vh x ∈ R

E cHhy�z_®fgv8�zfÁs�c�_Jfgc�u¹�Jlnc°|:¬ m�eWÂHhWcHf F ⊆ E �Jvw_ã|>jH�}_J`bh
x(F ) =

X

e∈F

x(e).

Æ>` (c(e), e ∈ E) c�fÁhÊ�J_ adc�qHhWc��>e&q�vwÈ>hÊm�fgfgvVq�`bjêm8�>� m�eWÂKhWc�fÊ|>c G � k Ï�tÐÆJo c�fÁh$jr�V�z`ba8m8lbc�_Vh®m8�
�JeWv8²8e{m�u�u�c°lb`n_Jjrm8`ieWc#c�_®_zvwuD�JeWc�c�_VhW`ncKe�fg�J`bawm�_Gh�


µ®`b_ X

e∈E

c(e)x(e)

x(δ(W )) ≥ k ∀ W ⊂ V, W 6= V, W 6= ∅, íÁ�Yî
0 ≤ x(e) ≤ 1 ∀ e ∈ E, í�ñ8î
x(e) ∈ {0, 1} ∀ e ∈ E. í]�wî

« cHf�`b_zjH²dm8lb`ihWj�f�íÁ�rîÃfgv8_Vh°m��z�Pc�lbj�c�f����������� ������������������	�[cHh�lbc�f�`b_zjH²dm8lb`ihWj�f�í�ñ8îÃfgv8_Vh°m��z�Pc�lbj�c�f���������� 
� �������!�#"$��%&�����'���{Å
« ¬ c�_GadcHlnv8�z�PcDq�vw_GadcH�>cD|Jc�f�fgvwlb�JhW`bv8_zf"|Jc k Ï�tÐÆJo c�fÁh#m8�z�PcHlnjHc(�)��� *+�,���	�-�����.�����/�$ ���"0���	12��� k  ���"�3����
�����2�4�65����°cHh/fgcHe{mD_Jv8hWj�c kECSP (G) Å	7�_$|>j�fg`b²w_Jc��}mYe P (G,k) lbc��PvwliGhWvw�Pc°|>j�qHeW`ih�zm�eÐlbc�f/`n_Jj�²dmYslb`ihWj�f"íÁ�YîcHhylbc�fÃ`n_Jj�²dm�lb`bhWjHf¹í�ñwîKÅ
« c¡�Pv8lbGhWv8�Pc kECSP (G) mjKhWj�cHhW�z|J`bj¡c�_#�}mYeghW`bq��zlb`bcHep|Jm8_Jf5lbc¦qrm8f5vwå k = 2 Å�µÊm8´�¶Ávw�J� ð �r³wòdq�m�e{m8qKhWjHseW`bfgcÃlncy�PvwliGhWvw�Pc 2ECSP (G) |Jm8_Jf�lnm°q�lnm8fgfgc�|JcHf�²�e{m8�z´Jc�f¦fgjHeW`bcHs��}m�e{m�lbln�HlncHf�ÅJ~ºlJ`b_VhgeWvG|J�J`ih/j�²wm8lbc�u�c�_Vh�z_Jc�ÇÌm�u�`blnlbc"|<¬ `b_Jj�²dm�ln`ihWj�fya8m8lb`n|Jc�fÃ�Pvw�>e 2ECSP (G) Åzkm�e{m�´zv8_}m�cHh�µÊm�´8¶Áv8�z� ð ñ�ò±|Jv8_z_Jc�_VhÐ�z_Jc°qrm�se{m8qKhWjHeW`bfWm�hW`bvw_�q�vwu��Jln�KhWcÊ|Jc 2ECSP (G) |zm8_Jf�lbc�f�²�e{m8�z´Jc�f�|Jc-8°m�lb`n_ íÌ�z_ë²�e{m8�z´JcÊ|>c98°m�lb`n_ìc�fÁh
q�v8_zfÁhW`ihW�zj[|:¬ �J_ÊqH>q�lbc#cHh�|:¬ �z_ãmYeW�JeWc"fWm8_Jf�fgv8u�u�cHhy|Jc"|>c�²8eWjDñ�|>vw_VhylncHf�fgv8u�u�cHhWfÃ�Pc�_}|Jm8_VhWfÃfgvw_Vh
lbc�ffgv8u�u�cHhWf|>�&qKJqHlncrîKÅ>xzvw_Jln�J�Jh/cHhyµÊm8´�¶Áv8�z� ð ��ô8ò<jHhW�z|J`bc�_Vhlbc��Pv8li>hWv8�Pc P (G, 2) cHhÐ`b_VhgeWvG|J�z`bfgc�_Vhlbc°q�v8_zq�c��>hÃ|Jc��Pvw`b_VhÐcH�GhgeWÂ�u�c�qKeW`bhW`n�V�zc8Å/:#cHeW`ba>`b_$cHhÃm8lÌÅ ð �Y�8ò:�JeWv8�Pvwfgc�_VhÃ�J_®m�ln²8v8eW`ihW´zu�c°|Jc�qHvw�z�Pc�cHh�Je{m�_zq{´zc�u�cH_Gh�Pvw�Je 2 Ï/tÐÆ>o-Å¯�e�;8hWfgq{´zcHl¦cKh"m8lÌÅ<q�v8_zfg`n|J�HeWcH_Gh#|zm8_Jf ð ��<�ò¦�J_'u�vG|>c�l-�Jln�Jf°²wjH_zjHe{m�l�|>cD�}m8�z`blb`ihWj�|>cDeWj�fgcrm��J�<Å<~�lbf#|>jHsqHeW`badc�_Vh&|>c�f�q�vw_Vhge{m�`n_VhWc�f�a8m8lb`n|Jc�f��Pv8�Je�lbcã�PvwliGhWvw�Pc1m�fgfgvVq�`bj'cKh®|>j�adc�lbv8�z�Pc�_Vh��J_âm8lb²8v8eW`ihW´zu�c1|>c
q�v8�z�Pc#cHhÃ�>e{m8_zq{´zcHu�c�_VhÐ�Pvw�>eÐeWj�fgvw�z|>eWc#lbc#�JeWv8�zlb��u�cwÅ
Ë#m�_zf ð ¸ ò]�¡t/´Jvw�Je{m$q�vw_Jfg`@|>�HeWc k Ï�tÐÆJo lnv�eWfW�V�zc�q{´}mw�V�Jc�m�eWÂHhWc�|>��²8e{m��z´Jc��Pc��Jh"ÂHhgeWc��>hW`bln`bfgj�c��Jln�Jf|:¬ �J_zc�ÇEv8`bf�Åp~�l¦qrm�e{m�qHhWjHeW`bfgc&c�_��}mYeghW`bq��zlb`bcHeDlnc��Pv8lbGhWv8�Pc�lnv�eWfW�V�zc�lbc�²8e{m8�J´zc�c�fÁh[vw�>hWcHeW�zlnm�_}m8`ieWc'íÌ�z_
²8e{m��z´JcDc�fÁh#|J`ih�v8�JhWcHeW�Jlnm8_}m�`ieWc�lbv8eWfW�V�5¬ `blpc�fÁh°�Jlnm8_}m�`ieWc¹cHh�fgc�f°fgvwu�u�cKhWf��Pc��Jadc�_VhyÂHhgeWc�|>`bfg�Pvwfgj�f°fg�>e
�z_¹qH>q�lbcYîKÅVË°`n|J`zk/`b´}m#cHhµÊm8´�¶Ávw�J��jHhWc�_}|>c�_Vh�|zm8_Jf ð ³�ò}lncHf�eWj�fg�Jlbh{mYhWf|>c�t/´Jvw�>e{m[m��J�D²8e{m��z´zcHf/fgjHeW`bcHs�}mYe{m8lblb��lbc�fyíÌ�z_¹²�e{m8�J´zcc�fÁh�|>`bh¡fgjKeW`ncKsº�zm�e{m�lnlb��lbcylbv8eWfW�V�5¬ `blJ_:¬ c�fÁh¦�}m8f¡q�v8_Vhge{m8qHhW`b�zlbcÃÉ K4

îKÅw~ºlnfpu�v8_VhgeWc�_Vh
j�²wm8lbc�u�c�_VhÃ�V�zc8�>|zm8_Jfq�cHhghWc�q�lnm8fgfgc#|>c�²�e{m8�z´Jc�f�� kECSP (G) = P (G, k) lbv�eWfW�G�Jc k c�fÁhÐ�zm8`ierÅ>Ë#m8_Jf
ð · ò]��Ë°`n|J`>k/`b´}mycHh�µÊm8´�¶Ávw�J�¹jHhW�z|J`bc�_Vhplbc�Pv8lbGhWv8�Pc P (G, k) �Pvw�>e k ≥ 2 Å�~ºlnf¡|>vw_J_zc�_Vhp|>c�fp�JeWv8�JeW`bjHhWj�ffÁhgeW�zqKhW�Je{m8lbc�fy|>c�fÃ�Pvw`b_VhWfycK�>hgeWÂHu�c�fy|Jc°q�c#�Pv8li>hWv8�Pc#cHh�|Jj�qKeW`nawc�_Vhy|Jc�fÃvw�PjKe{m�hW`bvw_Jf°|Jc�eWjr|J�JqHhW`bvw_ã|>c
²8e{m��z´Jc�f�Å
Ë#m�_zf ð �8ò]�:k/`bc�_JfÁhWvVq�=ãcKh"m8lÌÅ<jHh{m��zlb`bfgfgc�_Vh"|Jc�f��JeWvw�>eW`bjHhWj�f°fÁhgeW�JqHhW�Je{m�lncHf#|Jc�f�fgvwlb�JhW`bvw_Jf°vw�>hW`bu�m8lbc�f#|>c
k Ï/tÐÆ>o lnv�eWfW�V�zc'l@m�ÇRvw_JqHhW`bvw_ q�vwÈ>h®fWmYhW`nfÁÇEm8`ihãlbc�f$`n_Jj�²dm�lb`bhWjHf®hgeW`nm8_z²8�zlnm8`ieWc�f�íÌqw¬ c�fÁhgsºÉ�sº|J`ieWc c(e1) ≤
c(e2)+c(e3)

�d�Pv8�Je¦hWvw�>h¦hgeW`b�JlncKh|<¬ mYeWÂHhWc�f (e1, e2, e3)
ÇEv8eWu�m�_Vh/�J_¹hgeW`nm8_z²8lbc�|Jm8_zf¡lbcy²8e{m8�J´zcYîKÅ « c��>eWf

eWj�fg�Jlbh{mYhWf�²8j�_zjHe{m�lb`nfgcH_Gh°q�c��J�$vw�>hWc�_G�zfy�}mYe#xJeWcr|>cHeW`bq�=Gfgv8_ãcHh!>wÉY¶ÁÉ ð �w�HòpcHh°µ®vw_zu�m�cHh�m8lÌÅ ð ñV��òp�Pvw�>e
k = 2 Å}Ë#m�_zf ð � · ò��2:�vDcHh�µ®vw_zu�m[�JeWv8�Pvwfgc�_Vh�|Jc�fÃ´Jc��JeW`bfÁhW`n�V�zc�fÐ�Pv8�Je k Ï�tÐÆJo-Å« c��}m��z`bcHeÐc�fÁhv8eW²dm�_z`bfgj°q�v8u�u�cÃfg�z`ihrÅGË#m8_JflnmDfgc�qKhW`nv8_ÊñV�>_zvw�Jf/`b_VhgeWvG|J�J`nfgv8_zflnm"ÇÌm8u�`blblbc°|>c�f`b_zj�²wm�s
lb`ihWj�f#|JcDqK´zmYÄ@_zc[`bu��}m�`beWcDcHh°_Jvw�Jf°|J`bfgq��>hWvw_Jf#|Jc[�JeWv8�JeW`bjHhWj�f#|>cDÇEm8q�cHhghWcHf�Å5Ë°m8_zf�lnm&fgc�qKhW`nv8_��G�<_zvw�Jf
�JeWjHfgc�_VhWvw_zf|Jc�f�vw�PjHe{mYhW`nv8_zfÃ|>c�eWjr|>�zqHhW`bvw_&|>c�²8e{m��z´Jc�fcHhÐ_Jvw�Jf/jHhW�z|J`bvw_Jflbc��JeWfqHvw_zfgj��G�Jc�_zqHc�f�Pvw�>e
lnm¹eWj�fgvwlb�>hW`nv8_'|J�Ê�>eWvw�zlb��u�c8ÅzË#m�_zfylnm�fgc�qHhW`bvw_ ¸ �P_zv8�zfÃ�JeWj�fgcH_GhWv8_zfy_zv�hgeWcDm�lb²wv8eW`ihW´Ju�cD|>c#q�vw�J�Pc"cHh
�Je{m�_zq{´zc�u�cH_Gh�Pvw�Je�lbc#�JeWv8�zlb��u�c k Ï/tÐÆ>oæcHh�_zvw�Jfy|J`bfgq��JhWv8_zf�|zm�_zfÃlnm�fgc�qHhW`bvw_?<�|>c�fÐeWj�fg�zlih{m�hWf�cH�Gs
�PjHeW`bu�c�_Vh{m8�>�<Å « c°eWc�fÁhWc"|>c°q�cHhghWc#fgc�qKhW`nv8_ãc�fÁhÃq�v8_zfWm8qKeWjDÉ¹�G�Jc�ln�V�zc�fÐ_Jv8h{m�hW`bv8_zfy�V�z`:fgcHeWvw_VhÃ�JhW`blb`bfgj�c�f
hWvw�>hym8�Êlbv8_z²�|>�®�}m��z`bcHerÅ



k

Æ>v8`ih G = (V, E) �J_ã²8e{m8�J´zcwÅ<Æ>` W ⊂ V �Pvw_1_zv�hWc"�}m�e E(W ) l]¬ c�_Jfgc�u¹�JlbcD|>c�f°mYeWÂHhWc�f�|Jc E |>vw_Vh
lbc�f�|Jc��>�$cK�>hgeWjHu�`bhWjHfyfgv8_Vh°|Jm8_zf W cKh��zm�e G[W ] = (W, E(W )) lbc#fgv8�zfÁs�²8e{m��z´zc[|>c G `b_z|J�z`ihy�}mYe
lÌ¬ c�_zfgc�uD�zlbc W Å�Æ>` π = (V1, ..., Vp)

� p ≥ 2 �Yc�fÁh-�J_zc¦�}m�eghW`ihW`bvw_D|Jc V �Yvw_[_zv8hWc¦�}mYe Eπ = δ(V1, ..., Vp)lÌ¬ c�_zfgc�uD�zlbcÐ|>c�f¡m�eWÂHhWcHf�|>c G |Jv8_Vh¡lncHf¡|Jc��>�DcK�>hgeWjHu�`bhWjHfpm8�J�}m�eghg`ncH_z_zcH_GhpÉ°|Jc��>�"c�_zfgcHu¹�zlbc�f-|J`bfÁhW`b_zqHhWf
|Jc[lnm&�zm�eghW`ihW`bvw_:Å 7�_1_Jv8hWc[�}m�e Gπ = (Vπ, Eπ) lbc¹²�e{m8�J´zc¹v8�JhWc�_G�'É��}m�eghW`ie°|Jc G c�_'q�vw_Vhge{m�qHh{m8_Vh
lbc�f Vi

� i = 1, ..., p ÅPÆG` U, W ⊆ V fgvw_Vh�|JcH�J�&fgvw�JfÁsºcH_zfgc�uD�zlbc�fÃ|J`bfE¶�vw`b_VhWf�|>c°fgvwu�u�cHhWf��>v8_Ê_zv�hWc#�}m�e
[U, W ] lÌ¬ cH_zfgc�uD�zlbc"|Jc�fÃmYeWÂHhWc�f�m�Gm8_VhÃ�z_Jc°cH�GhgeWj�u�`ihWj#|Jm8_zf U cHhylÌ¬ m8�>hgeWc"|zm8_Jf W Å

� ����� ÙJÚ���	�
�{ágÛ���� Þ��óà���
��HÚ�� á�����
ÐáWÜ��

Ë#m�_zf¦q�cHhghWcÃfgc�qHhW`bvw_�_Jvw�zf¦�JeWjHfgc�_VhWvw_zf¦�z_JcÐ_zv8�zadc�lblbcÃÇÌm8u�`blblbc�|<¬ `n_Jj�²dm�lb`bhWjHf/a8m8lb`n|Jc�f��Pvw�Je k Ï/tÐÆ>oyí�¯#îKÅÍ�v8�zf"|>vw_z_Jvw_Jf"|Jc�f"q�v8_}|J`ihW`bvw_Jf"fg�JÎ�fWm�_GhWcHf[�Pv8�Je[�V�zc¹q�c�f"`b_zj�²wm8lb`ihWj�f¹|>jH�}_J`bfgfgc�_Vh[|Jc�f°ÇEm8q�cHhghWcHf¹|>c
kECSP (G) cHhy_zvw�JfÃ|J`bfgq��>hWvw_zfy|>�®�JeWv8�zlb��u�c#|>c#fgj��}mYe{m�hW`bvw_Êm8fgfgvVq�`bjwÅ

����� ���! �"�#!$�%'&�(*)��! ,+.-0/213&546 3-7)98;:3&�)<%'-

Æ>v8`ih G = (V, E) �J_®²�e{m8�z´Jc (k + 1) sºm�eWÂHhWc#qHvw_z_JcH�>cwÅ}Æ>vw`ih (W1, W2, V1, ..., V2p)
�J_zc°�zm�eghW`ihW`bvw_ã|>c

V Å¦Æ>v8`ncH_Gh I1 = {4r, 4r + 1, r = 1, ...,
˚

p−1
2

ˇ

} \ {1, 2p} íÌlbc�f¹cH_GhW`bcHeWf[fgvw_Vh¹�JeW`bf¹u�vG|>�zlbv 2p î"cHh
I2 = {2, ..., 2p− 1} \ I1

Å	7�_&|>`bh�V�zcÃlnm[�zm�eghW`ihW`bvw_ (W1, W2, V1, ..., V2p)
`b_}|>�z`ih�J_zcÃq�vw_>�}²8�Je{m�hW`bv8_

|Jc�qK´zmYÄ@_zc#`bu��}m�`ieWc#fg` 

�wÅ |[Vi, Wj ]| = k − 1 �Pv8�Je (i, j) ∈ (I1 × {1}) ∪ (I2 × {2}) �ñGÅ |[W1, W2]| ≤ k − 1 ��>Å δ(Vi) = [Vi, W1] ∪ [Vi−1, Vi] ∪ [Vi, Vi+1]

íEeWcHfg�5Å δ(Vi) = [Vi, W2] ∪ [Vi−1, Vi] ∪ [Vi, Vi+1]
îfg`

i ∈ I1
íEeWc�fg�:Å i ∈ I2

î#íÌawvw`ieÐ�}²8�JeWc��#�Pv8�Je k = 3 cKh p �}m�`beKîKÅ

Æ>v8`ih C = ∪2p−1
i=1 [Vi, Vi+1]

Å
� �J_zc°qHvw_J�z²w�>e{m�hW`bvw_ã|>c#qK´zmYÄ@_zc�`nu��zm8`ieWc#vw_®m8fgfgvVq�`bc[lÌ¬ `b_Jj�²dm�ln`ihWj

x(C) ≥ p. í ¸ î
« ¬ `b_zjH²dm8lb`ihWj�í ¸ îfgcHe{m�m��z�Pc�lbj�c����4������� �����.����$1	�>=������@? �)����"��KÅ

V1

V3

V2

V4

W2W1

V2p

V5
V6

V2p−1

ACBEDGF2H5I t/vw_J�z²w�>e{m�hW`bvw_ã|>c#qK´zmYÄ@_zc�`nu��zm8`ieWc

Í�v8�zfÃmradv8_zfÃlbc°eWj�fg�zlih{m�hyfg�J`na8m8_VhrÅ



����� Ò�� � À H5I�� ���!���4������� ������� ���
	���(�����2� %+��� ������� �)�+�)" �'� �)��� *+�,���	� kECSP (G) �
��� � ¿�� � ×
o¡�z`bfW�V�zc |[Vi−1, Vi]| = k − 1 cHh x(δ(Vi)) ≥ k cHfÁh��z_zc®q�vw_Vhge{m8`b_VhWcÊa8m8lb`n|Jcã�Pv8�Je kECSP (G) �
∀ i ∈ {2, ..., 2p − 1} �}_Jvw�zfÃmradv8_zf

x([V2s−1, V2s]) + x([V2s, V2s+1]) ≥ 1 �Pvw�>e s = 1, ..., p − 1, í,<wî
x([V2s, V2s+1]) + x([V2s+1, V2s+2]) ≥ 1 �Pvw�>e s = 1, ..., p − 1. í]�dî

Ï¡_�u¹�JlihW`n�Jlb`@m�_Vh#lbc�f"`n_Jj�²dm�lb`bhWjHf$í,<8î��}m�e p−s

p

cKh"lncHf[`b_Jj�²dm�ln`ihWj�f&í]�dî��zm�e s
p

cHh"c�_�lncHf[fgv8u�u�m8_Vhr�<vw_
vw�>hW`bc�_VhÃl]¬ `b_zjH²dm8lb`ihWj[fg�z`bawm�_VhWc(


X

i∈I

x([Vi, Vi+1]) +
X

i∈I

p − 1

p
x([Vi, Vi+1]) ≥ p − 1 í��wî

vwå I = {2, 4, 6, ..., 2p − 2} cKh I = {1, ..., 2p − 1} \ I Åo¡�z`bfW�V�zc |[W1, W2]| ≤ k − 1 cHh x([W1, W2]) +
X

i∈I

x([Vi, Vi+1]) ≥ k �Jvw_Êm
1

p

X

i∈I

x([Vi, Vi+1]) ≥
1

p
. í · î

Ï¡_�fgvwu�u�m�_Gh-lncHf¦`b_Jj�²dm�ln`ihWj�f�í��wî-cHhyí · î-cHh¦c�_¹m�egeWv8_}|J`bfgfWm�_Gh�lbcÐfgc�q�v8_}|¹u�c�uD�JeWc/É�lÌ¬ cH_GhW`bcHe¦fg�J�PjHeW`bc��Jer�
vw_®vw�JhW`bc�_VhÃlÌ¬ `b_zj�²wm8lb`ihWj$í ¸ îKÅ

�

Ë#m�_zfÐlnmDfg�J`bhWc8�z_Jvw�zfÃ|>vw_J_zvw_JfÐ|JcHfÐq�vw_z|J`ihW`bvw_zfÃfg�>Î�fWm8_VhWc�fÐ�Pv8�Jey�V�zc�lncHfy`b_Jj�²dm�ln`ihWj�f"í ¸ î|JjH�z_z`bfgfgc�_Vh
|JcHfÃÇEm8q�cKhghWc�fy|Jc kECSP (G) Å
����� Ò�� � À���I�� ��� ����������� ��������	��������� �2����� ���2� ������� �������#��������� kECSP (G) ��� �'���������4�+���#�����	� ���/�# 
%+���	������� �+�2� �����#����� �+������� �
� � �'���!�����/�$ ���"0���	12��� G[W1] � G[W2]

��� G[Vi]
�)�+�)" i = 1, ..., 2p � �����	� (k + 1)  ���"63������$�+�2���65���� �

� � |[W1, W2]| = k − 1 � |[V1, W1]| = k ��� |[V2p, W1]| = k 	�"������ � |[V2p, W2]| = k ��$� p ����� �)����"
	�"������ � p �@? �)����"� �

��� � ¿�� � × t/v8u�u�c G c�fÁh (k + 1) sºm�eWÂHhWc�q�v8_z_JcH�>cw� kECSP (G) c�fÁh�|>vw_Jq$|>c��zlbc�`b_zc&|>`nu�cH_zfg`bvw_
ð ��<�ò]Åt/vw_Jfg`n|JjHeWv8_zf¡�z_Jc/q�v8_J�}²8�Je{mYhW`nv8_�|>cqK´zmYÄ@_zc�`bu��}m8`ieWcÐ|>jH�}_J`bc/�}mYe¡lnm��}mYeghW`ihW`nv8_ (W1, W2, V1, ..., V2p) �
p ≥ 2 �<|>c V Å:Æ>m8_zf��PcHeghWc[|Jc[²wj�_JjHe{m8lb`ihWjw�<v8_'�PcH�Jh�fg�z�z�Pv8fgcHe#�V�Jc p cHfÁh°�}m�`ierÅ:Æ>v8`ncH_Gh ei

�z_zc[mYeWÂHhWc
�z�>j�c®|Jc [Vi, Vi+1]

� i = 1, ..., 2p − 1 � E0 = ∪p
s=1[V2s−1, V2s]

cHh E1 = ∪p−1
s=1 [V2s, V2s+1]

ÅÐÆGvw`ih
E′ = E \ (E0 ∪ E1)

Å « ¬ `n_Jj�²dm�lb`bhWj[|>c#qK´zmYÄ@_zc#`bu��}m�`ieWc°�Pc��JhÃf�¬ j�qKeW`beWc"fgv8�zfÃlnm¹ÇEv8eWu�c
x(E0) + x(E1) ≥ p. í]³dî

7�_Ê|>j�fg`b²w_Jc#�}m�e
F
l]¬ c�_Jfgc�u¹�Jlbc#|Jc�fÃ�Pv8`n_VhWfy|Jc kECSP (G) �V�z`<adjHeW`i�zc�_Vh#í]³dîÐÉ¹lÌ¬ j�²dm�lb`bhWj8ÅÆ>v8`ih S1 = E′∪{e2s−1, i = 1, ..., p} Å S1

`b_}|>�z`ih¦�z_�fgv8�zfÁs�²8e{m��z´zc k sºm�eWÂHhWcyq�vw_J_zcH�>cÐcHh xS1(E0) = p Åopm�eyq�v8_zfgjr�V�Jc�_Vhr�
F
c�fÁhÃ�z_Jc�ÇÌm�q�c"�JeWvw�>eWc"|Jc kECSP (G) ÅÆ>�J�z�Pv8fgvw_zf&�V�5¬ `blycH�>`nfÁhWcã�J_zc®ÇEm8q�cKhghWc

F
′ |>c kECSP (G) �/|JjH�z_z`bcÊ�zm�e&lÌ¬ `b_Jj�²dm�ln`ihWj bx ≥ β ��V�J`q�v8_GhW`bc�_Vh

F
ÅzÍ�vw�zfÃm�lblnv8_zfyu�vw_VhgeWcHey�V�zc�lncHfy`b_Jj�²dm�ln`ihWj�f bx ≥ β cHh[í]³dî/fgv8_Vh�j��G�J`bawm�lncH_GhWcHf�Åo-vw�>eÃhWvw�Jh f ∈ E′ �zlÌ¬ c�_Jfgc�u¹�Jlnc"|<¬ m�eWÂHhWc�f S2 = S1 \ {f} `b_}|>�z`ihÃ�z_Êfgv8�zfÁs�²8e{m��z´Jc k sºm�eWÂKhWc#q�vw_J_zcH�>cwÅt/vwu�u�c S2 ∈ F

�>vw_ãm b(f) = 0 �z�Pvw�>eÐhWvw�Jh f ∈ E′ Å
µÊm8`b_VhWc�_zm8_Vhr�pfg` f ∈ [V2s−1, V2s] \ {e2s−1}

� s ∈ {1, ..., p} � S3 = (S1 \ {e2s−1}) ∪ {f} `b_}|>�z`ih�z_æfgvw�zfÁs�²�e{m8�z´Jc k sºm�eWÂKhWc'qHvw_z_JcH�>cwÅt/vwu�u�c xS3(E0) = p �/v8_ m b(f) = b(e2s−1)
�/�Pvw�Je f ∈

[V2s−1, V2s] \ {e2s−1}
Å:Ë°c[ÇÌm�õ�vw_�fg`nu�`blnm8`ieWcw�5c�_'q�vw_Jfg`n|JjHe{m�_Gh S4 = E′ ∪ (∪p−1

s=1{e2s} ∪ {e1})
�:vw_

adv8`bh#�G�Jc xS4 adjKeW`b�zcDlÌ¬ `b_zj�²wm8lb`ihWjãí]³dî�É�lÌ¬ j�²dm�ln`ihWjwÅ5Ë°v8_zq¹�Pv8�Je�hWvw�Jh f ∈ [V2s, V2s+1] \ {e2s}
�<�Pvw�>e

s ∈ {1, ..., p − 1} � b(f) = b(e2s)
Å

Æ>v8`ih S5 = (S4 \ {e1}) ∪ {e2s−1}
Å¦~�lÃc�fÁh�q�lnm8`ie$�V�zc xS5 adjKeW`b�zcÊlÌ¬ `n_Jj�²dm�lb`bhWjëí]³wî�É�lÌ¬ j�²dm�ln`ihWjwÅÏ¦_q�v8_zfgjr�V�zcH_zq�cw�d_zvw�Jf/v8�JhWc�_Jvw_zf b(e1) = b(e2s−1)

�V�Pvw�>e s ∈ {2, ..., p} ÅGx-`b_}m8lbc�u�cH_Ghr�dc�_�q�vw_Jfg`n|JjHe{m�_Gh
S6 = (S4 \{e1, e2s})∪{e2s−1, e2s+1}

�V�Pv8�Je s ∈ {1, ..., p} �V`bl}c�_�eWjHfg�zlihWc��V�Jc b(e1) = b(e2s)
�Pvw�>e

s = {1, ..., p} Åopm�eyq�v8_zfgjr�V�Jc�_Vhr�Jlbc#adcHqHhWc��Je b f�¬ jHqHeW`ih




k

b(e) =



b(e1) ∀e ∈ E0 ∪ E1,
0 fg`b_zv8_ ,

mradc�q b(e1) > 0 Å
��`b_Jfg`]�>lbc�fÐ`b_zjH²dm8lb`ihWj�f x(E0) + x(E1) ≥ p cHh bx ≥ β fgvw_VhÐjr�V�z`ba8m8lbc�_VhWc�f��>q�c#�V�J`}hWcHeWu�`b_zcyl@mD�JeWc��Jadc|J�&hW´zj�v�eW��u�cwÅ

�

Ë#m�_zf�q�c1�V�z`yfg�z`ihr��_zvw�Jf��JeWj�fgc�_VhWv8_zf&|Jc�f�v8�PjHe{m�hW`bvw_Jf®|>cãlb`bÇ@hW`b_z²ê�Pvw�>e&lncHf$`b_zjH²dm8lb`ihWj�f®|Jcãq{´}mYÄ@_Jc
`bu��}m�`beWc8ÅPt/c�lblbc�fÁs�q�`5�PcHeWu�cHhghWc�_VhÃ|<¬ v8�JhWc�_J`ie�|>c�fÐ`b_zj�²wm8lb`ihWj�f��Jlb�zfÐ²wjH_zjHe{m�lncHf�Å

���@� � %'��/��5+.$.%'- +.-���)��6(*)� 3#

Æ>v8`ih G = (V, E) �J_�²8e{m��z´JcÐcHh¦fgvw`bc�_Vh (W1, W2, V1, ..., V2p)
� p ≥ 2 �d�J_zcÐ�zm�eghW`ihW`bvw_�|>c V `b_}|>�z`bfWm8_Vh

�z_Jc/q�v8_J�z²w�Je{mYhW`bvw_D|Jc/q{´}mrÄ@_zc/`bu��zm8`ieWcwÅwÆ>v8`bh G′ = (V, E∪L) �z_"²�e{m8�z´Jc/v8�JhWc�_G�D|Jc G c�_"e{mY¶�vw�Jh{m�_Vh
�z_$c�_zfgcHu¹�zlbc#|<¬ m�eWÂHhWc�f L Å
7�_Ê|>jH�}_J`ihÃl]¬ `b_zjH²dm8lb`ihWj[fg�z`bawm�_VhWc(


x(C) +
X

e∈L

a(e)x(e) ≥ p íÁ�rôwî

mradc�q
a(e) =

8

<

:

2 fg` e ∈ [Vi, Vj ], i, j ∈ {1, ..., 2p},
1 fg` e ∈ [W1, W2]

vw� e ∈ [Vi, Wj ], i ∈ {1, ..., 2p}, j ∈ {1, 2}
0 fg`n_Jvw_ .

« ¬ `b_zjH²dm8lb`ihWj¹íÁ��ôdî¡fgcHe{mDm��z�Pc�lbj�c ���4�,����� �����!���!�$1	� =���� �@? �)����"�� � � �������KÅVÍ�v8�zf�mradvw_Jf/lbcÐeWj�fg�zlih{m�hfg�z`bawm�_Vh
�V�z`<fgcHe{m�|>vw_J_zj#fWm8_JfÃ�JeWc��JadcwÅ
����� Ò�� � À���I�� ���!���4������� ��������	 �
	 ������	� %+��� �#����� �)���/" �'� �)��� *��,���	� kECSP (G′) �

����� �� :3& %2& ( )��! ,+3-�� )9 ��5#!&���)�(���� +.-0/213&546 3- )�8 :3& )�%'-

« c$�JeWv8�zlb��u�c$|Jc®fgjH�}m�e{mYhW`bvw_æ�Pv8�Je��J_zc�ÇÌm�u�`nlblbcã|>c®q�v8_Ghge{m�`b_GhWc$q�vw_Jfg`bfÁhWcãÉ�|>jHhWcHeWu�`b_zcHe¹�Pvw�>e��z_
�Pvw`b_Vh x |Jv8_z_zj8�zfg` x adjHeW`i�zc#lncHf�q�v8_Vhge{m8`b_VhWc�f�|>c#q�cHhghWc°ÇEm8u�`blblnc8�PcHhyfg`b_zvw_1É[hgeWvw�zawcHey�z_zc#qHvw_Vhge{m8`b_VhWcaG`bvwlbj�c#�}mYe x Å
Ë#m�_zf±qHc/�V�z`wfg�z`ihr�r_zv8�zf±|Jvw_J_zv8_zf±�J_zc¡´zcH�JeW`bfÁhW`n�G�Jc��Pv8�Je±fgj��}mYeWcHe-lbc�f-qHvw_Vhge{m8`b_VhWc�fp|>c¦q{´}mrÄ@_zc/`bu��zm8`ieWcwÅ
o-vw�>e��J_®�Pv8`n_Vh x ∈ R

E |>vw_J_zjw�zvw_Ê�Pc��>hÃeWc�u�m�e{�V�zcKe��V�Jc°fg`±lÌ¬ vw_'|J`bfg�Pv8fgcD|<¬ �z_zc#qHvw_J�z²w�>e{m�hW`bvw_1|>c
q{´}mYÄ@_Jc�`nu��zm8`ieWc�cHh[fg`¦l]¬ c�_Jfgc�u¹�Jlbc�|:¬ m�eWÂHhWcHf [V1, V2] ∪ ... ∪ [V2p−1, V2p] c�fÁh[q�vwu��Pv8fgj�|:¬ m�eWÂHhWcHf¹|>ca8m8lbc��JeWfÐÇ@e{m8qHhW`bvw_J_}m�`beWcHfyhWc�lblbc�f��V�zc

x([Vi−1, Vi]) + x([Vi, Vi+1]) ≤ 1, �Pvw�>e i = 2, ..., 2p − 1, íÁ�w�rî
m8lbv�eWfÐl@m"q�v8_Ghge{m�`b_GhWc�|Jc�qK´zmYÄ@_zc�`nu��zm8`ieWcyc�fÁhÐaG`bvwlbj�cwÅJo-vw�>eÐfgj��zm�eWcHeÃlbc�f`b_Jj�²dm�ln`ihWj�fy|>c�q{´}mrÄR_Jc�`bu��}m�`ieWc
vw_��Pc��>h/�>hW`bln`bfgcHe/lnm[�>eWvVq�jr|J�>eWcÃfg�z`bawm�_VhWcwÅ)7�_�eWc�q{´zcHeWq{´zcy|Jm8_zf�lbc�²�e{m8�z´Jc�fg�J�z�Pv�egh G(x) �V`b_}|J�J`ih/�zm�elbc�f¦m�eWÂHhWcHf e ∈ E hWcHlnlbc�f¦�V�zc x(e) > 0 �8�z_Jc/q{´}mYÄ@_Jc Γ = {e1, ..., e2p−1}

� p ≥ 2 �w|Jv8_Gh¡lbc�f¦mYeWÂHhWc�f¡fgvw_VhhWvw�>hWc�fÐ|>c�a8m8lbc��>eWf�ÇRe{m�qHhW`bvw_J_}m8`ieWc�fÃcHh�hWc�lblbc�fÃ�V�zc x(ei−1) +x(ei) ≤ 1 �Pv8�Je i ∈ {2, ..., 2p− 1} ÅG^�_zcÇEv8`bf¡�G�:¬ �z_zc¡hWc�lblbcq{´}mYÄ@_Jc/c�fÁh¡|>jHhWcHeWu�`b_zjHcw�rvw_[q�v8_zfg`n|J�HeWc�qK´zmw�V�zc�fgvwu�u�cHh±|Jc Γ q�vwu�u�c¡�z_[c�_Jfgc�u¹�Jlnc
Vi
Å47�_®|JjHhWcKeWu�`n_Jc°c�_Jfg�z`ihWc"|Jc��>�&c�_zfgc�uD�zlbc�f W1

cHh W2
c�_®qrm8lbq��Jl@m�_Vh��J_zc#q�v8�z�Pc#u�`b_z`buD�zu c�_VhgeWc

lÌ¬ c�_zfgc�uD�zlbc&|Jc�fgv8u�u�cHhWf (∪i∈I1Vi) ∪ V1
íEeWc�fg�5Å (∪i∈I1Vi) ∪ V1 ∪ V2p

�pfg` p c�fÁh�`bu��zm8`ie&íEeWc�fg�5Å p�}m�`ieKî¡cHh�lÌ¬ c�_zfgc�uD�zlbcy|JcÃfgvwu�u�cKhWf (∪i∈I2Vi)∪V2p)
íEeWc�fg�5Å ∪i∈I2Vi

îK�wfg` p c�fÁh�`bu��}m8`ie�íEeWc�fg�5Å p �}m�`beKîKÅ
7�_1adjHeW`i�}cDc�_J�z_1fg`pl@m&�}mYeghW`bhW`bv8_�í W1, W2, V1, ..., V2p

îy`b_z|J�z`ih#�J`bc�_1�z_zcDq�vw_>�}²8�Je{m�hW`bv8_�|>c¹q{´}mYÄ@_Jc
`bu��}m�`beWc�cHhyfg`5lÌ¬ `b_zj�²wm8lb`ihWj¹|>c°qK´zmYÄ@_zc#`bu��zm8`ieWc#q�v8egeWcHfg�Pvw_}|Jm8_VhWc#c�fÁhÃaG`bvwlbj�cwÅ
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Ë#m�_zf ð ��ô8òyxzvw_Jlb�z�JhDcHh&µÊm�´8¶�vw�z�ìvw_Vh¹`n_VhgeWvG|>�z`ih�lbc®qHvw_zqHc��Jh�|Jc �)�����2�.�65��#"63 ? � � "$���#��� �2�®�Pvw�>e�lbc
�PvwliGhWvw�Pc P (G, k) lnv�eWfW�V�zc k = 2 ÅVË�`@|>`Pk/`b´}m#cHhÐµÊm8´�¶Ávw�J� ð · òPvw_VhjKhWc�_}|>��q�cyq�vw_Jq�c��Jh/�Pvw�>e k ≥ 3 ÅÆ>v8`ih x �z_ê�Pv8`b_GhDcH�GhgeWÂ�u�c�Ç@e{m8qHhW`bvw_J_}m�`beWc®|Jc P (G, k) Å x cHfÁh�|>`bh¹|Jc "0���/� � f�¬ `blÐ_5¬ cH�>`bfÁhWc&�zm8f¹|Jc
�Pvw`b_Vh#cH�GhgeWÂ�u�c[ÇRe{m�qHhW`bvw_z_zm8`ieWc x̃ |Jc P (G, k) hWcHl��V�Jc¹lÌ¬ c�_zfgc�uD�zlbc�|>c�f"m�eWÂKhWc�f"|JcDawm�lncH�JeWf°ÇRe{m�qHhW`bvw_>s_}m�`ieWc�f/�Pv8�Je x̃ c�fÁhfÁhgeW`bqHhWcHu�c�_Vh�`b_Jq�lb�zf|Jm8_Jf�lÌ¬ c�_zfgcHu¹�zlbcy|JcHf/mYeWÂHhWc�f|>cÃawm�lncH�JeWf¡ÇRe{m8qKhW`nv8_z_zm8`ieWc�f�Pv8�Je
x Å
Ë°`n|J`zk/`b´}m°cHhµÊm8´�¶Áv8�z� ð · ò}v8_Vh�`b_VhgeWvG|J�J`ih/lbc�f¦vw�PjHe{mYhW`bvw_zf/|JcÐeWjr|>�zqHhW`bvw_Jf�fg�J`bawm�_GhWcHf��V�J`J�PcHeWu�cKhghWc�_Vh|Jc��JeWj�fgcHeWawcHeylnc°e{m�_z²®�#|:¬ �z_$�Pvw`b_VhÃcH�GhgeWÂ�u�c�ÇRe{m�qHhW`bvw_J_}m8`ieWc x |>c P (G,k) Å
θ1


>fg�J�z�JeW`bu�cHeÃ�J_zc#mYeWÂHhWc e ∈ E hWc�lblbc"�V�zc x(e) = 0 �

θ2

±q�v8_Vhge{m8qHhWcHe[�J_�c�_Jfgc�u¹�Jlbc W ⊂ V hWcHl/�V�zc G[W ] fgvw`ih k sºm�eWÂKhWc�q�vw_J_zcH�>c�cKh x(e) = 1 �Pvw�>ehWvw�>h e ∈ E(W ) �

θ3

wq�vw_Vhge{m8qKhWcHe/�J_�c�_Jfgc�u¹�Jlnc W ⊂ V hWc�l}�V�Jc |W | ≥ 2 � |W | ≥ 2 � |δ(W )| = k cHh E(W ) q�vw_VhW`bc�_Vhm8�Êu�v8`b_zfÐ�z_Jc#m�eWÂKhWc"|Jc#a8m8lbc��JeÐÇ@e{m8qHhW`bv8_z_}m�`ieWc �

θ4

Pq�v8_Vhge{m8qHhWcHe��z_ãc�_Jfgc�u¹�Jlbc W ⊂ V hWc�l-�G�Jc G[W ] fgvw`ih ˚

k
2

ˇ sºm�eWÂHhWc[q�vw_J_zcH�>cw� |δ(W )| = k + 1cHh x(e) = 1 �Pv8�JeÐhWvw�>h e ∈ E(W ) Å
Æ>v8`bc�_Vh G′ = (V ′, E′) lbc[²8e{m8�J´zc"vw�>hWc�_G�1É��}m�eghW`ie�|Jc G c�_1m8�J�zlb`n�G�zm8_Vh�lncHf�vw�PjKe{m�hW`bvw_Jf θ1

� θ2
� θ3cHh θ4

cHh�fgvw`ih x′ lnm¹eWc�fÁhgeW`bqHhW`bvw_�|Jc x É E′ ÅzË°`n|J`-k�`n´zm�cHh#µÊm�´8¶�vw�z� ð · ò-vw_Vh�u�v8_VhgeWj"�G�Jc x′ c�fÁh��z_
�Pvw`b_VhÐcH�GhgeWÂ�u�c�|Jc P (G′, k) |>c�e{m8_J²$��fg`<cHhÐfgc��JlncHu�c�_VhÐfg` x cHfÁhÃ�z_&�Pvw`b_VhÐcH�GhgeWÂ�u�c�|Jc P (G, k) |Jce{m8_J²®�wÅ
7�_&|J`ihy�V�5¬ �z_��Pv8`n_VhÐcK�>hgeWÂHu�c�|>c P (G,k) c�fÁh�� "����#��� � �°f�¬ `bl<c�fÁhy|Jcye{m8_z² 1 cHhÐfg`<vw_&_zc��Pc��JhÐ�zm8flb�J`m8�J�zlb`n�V�zcHeÃ�J_zc#|>c�fÃvw�PjHe{mYhW`nv8_zf θ1

� θ2
� θ3

� θ4
Å

t/c�fv8�PjHe{m�hW`bv8_zfÐ|>cyeWjr|>�zqHhW`bv8_��Pc��zadcH_Gh�ÂHhgeWcy�JhW`blb`bfgj�c�fÐ|Jm8_zf�lbc�qrm8|>eWc�|:¬ �z_�m�ln²8v8eW`ihW´zu�c�|Jcyq�v8�z�PcycHh
�Je{m�_zq{´zc�u�cH_Ghy�Pv8�Je�eWjHfgvw�}|GeWc k Ï�tÐÆJo-Å:Ï¦_ãcKä<cHhr�<lbv8eWf#|>c[lnm��z´zm8fgcD|Jc[q�vw�J�Pcw�Plnm�eWcHqK´JcHeWqK´Jc[|:¬ �z_Jc`b_zj�²wm8lb`ihWj�aG`nv8lbj�c��}mYe"�z_��Pv8`b_Gh x �Pc��Jh°f�¬ cKä<c�qHhW�zcKeDfg�>e"lbc�²8e{m��z´zcDeWjr|J�J`bh G′ �5q�c��V�z`p�PcHeWu�cKhghge{m8`ih
|:¬ m�q�q�j�lbjHeWcHe�lbc#�JeWvVq�cHfgfg�zf�|Jc°fgj��zm�e{mYhW`nv8_5Å
« c#lbc�u�u�c�fg�z`bawm�_Vhr�z|>vw_J_zj#fWm8_JfÃ�JeWc��Jadcw�>�PcHeWu�cHhy|<¬ jKh{m8�zlb`ie��z_zc�eWc�lnm�hW`bvw_ãc�_VhgeWc#lnm¹eWjr|>�zqHhW`bvw_Ê|:¬ �z_
²8e{m��z´Jc G cKhÃlncHfy`b_Jj�²dm�ln`ihWj�f�awm�lb`@|>c�fy|Jc kECSP (G) Å
� � À�À�� H I
	 �+���)�������2��� �2� G = (V, E) ����� (k + 1)  �+"�3����������2�4�65�� � 	 ���,���2� W ⊂ V ��� ax ≥ α �
�/���.���4������� �����.%+��� ����� �)���/" kECSP (G) ��� � ��� �2� G[W ] ������� (k + 1)  �+"�3���� �$�+�2���65�� ��� a(e) = 0 �
�)���/" �,���/� e ∈ E(W ) � 	 �������2� G′ = (V ′, E′) �'�9��"6�$�	12� �� �����	� ��� �����	�#"6��� �,�+�2� W ��� a′ � �
"������#"$��� �#����� ��� a � E′ � ��� ���4�,����� ����� ax ≥ α ����� �	��� �)�4� � ���$���#��� ��� kECSP (G) ����� � ����������� �����
a′x ≥ α ����� �2��� �)�4� � �������#���.��� kECSP (G′) �
� � À�À�� � I
	 ���,���2� G = (V, E) �)�9��"0���	12����� x �/� �)�+���2� ��� P (G, k) � 	 �������2� G′ = (V ′, E′) ���

x′ �/�?��"6���)12� ��� �/���(����� �/�#����� �� �����2�/�("6�����	��� �#��%�� ? ���2� � �)��"$�#��" ��� G ��� x �)��"������4� �#�$�+�#����� �����
���	��"0���#�����	� θ1 � θ2 � θ3 � θ4 �	 �+�,���2� a′x ≥ α′ �/��� ���4�,����� ��������� �#*��	� 	���.����� �	�,� �)��" �/��� �)��"$�#���#���+� π′ = (W ′

1, W
′

2, V
′

1 , ..., V ′

2p) �
p ≥ 2 � �����2� G′ ��� π = (W1, W2, V1, ..., V2p) � �(�)��"$�#���#���+� �����2� G �� �����2�2� �)��" �65��)���2������� �����
���2� � ?� �'��� W ′

1 � W ′

2
��� V ′

i , i = 1, .., 2p � 	 ����� ax ≥ α � � ���4�,����� �����!��� �#*$�	�
	 �
	 .�� �����	� � � �)��"$�#��"����
a′x ≥ α′ �)�+" � ���2"6�&�$�6���/"�������� � ���#����� ���� ����������� ����� ax ≥ α ���$� %&�����'��� �)�+" x ��� a′x ≥ α′ ����� %&�����'��� �)��" x′ �
��� � ¿�� � × x}m8qH`nlbcwÅ

�
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Ë#m�_zf°q�cKhghWc�fgc�qHhW`bvw_:�±_Jvw�Jf°�JeWj�fgcH_GhWv8_zf#�J_�m�ln²8v8eW`ihW´zu�c�|Jc¹qHvw�z�Pc¹cHh#�Je{m�_zq{´zc�u�cH_Gh��Pvw�>e k Ï�tÐÆJo-Åo-vw�>e�q�c�lnmG�¡_zvw�Jf��JeWjHfgc�_VhWvw_zf¹|:¬ m8�Pv�e{|�|<¬ m8�JhgeWcHf¹ÇÌm�u�`nlblbc�f�|<¬ `n_Jj�²dm�lb`bhWjHf&a8m8lb`n|JcHf¹�Pvw�>e�lbc®�Pv8lbGhWv8�Pc
kECSP (G) ÅÐo-vw�>eÊq{´}m8�G�JcÊÇÌm�u�`nlblbc�|<¬ `n_Jj�²dm�lb`bhWjHf��Ã_zvw�Jf®|>`bfgq��JhWv8_zf®jH²dm8lbc�u�cH_Gh®|J�æ�JeWvw�Jlb��u�c'|Jcfgj��zm�e{m�hW`bv8_5ÅPÏ¡_J�z_5�>_zv8�zfy|JjHqHeW`badvw_JfÐ_zv8hgeWc"m�lb²wv8eW`ihW´Ju�cwÅ



k

�.��� � $�( %'-����> ��5#!&���)�(������ &���)9+.-���: � $.%
kECSP (G �

�	��
������������������
������ �"!�#��

« cHf�`b_zjH²dm8lb`ihWj�f#|>c"q�vw�J�Pc[fgv8_Vh°`b_VhgeWvG|J�z`ihWc�f�|zm�_zfylnm�fgcHqHhW`bvw_��wÅ « c��>e�fgj��zm�e{mYhW`nv8_1�Pc��Jh�fgc#e{m8u�c�_JcHe
m8�ãq�m8lbq��zl¡|>c |V | − 1 $ v8hWfyu�m��>`bu¹�Ju ²8e�%�q�c�É�lÌ¬ m8lb²wv�eW`n´VhWu�cD|Jc¹¯�vwu�v�eg>s,8�� ð �r�8ò]Å:Ï¡lblncHf��Pc��Jadc�_Vh|Jv8_zq°ÂKhgeWc#fgj��}mYeWj�c�fyc�_$hWc�u��JfÐ�Pvwli>_zv8u�`@m�lÌÅ
�	��
������������������
����

SP & #��"'(�)���)�*�"

Ë°`n|J`:k/`b´zm�cHh�µÊm8´�¶Ávw�J� ð ³�ò5vw_Vhy`n_VhgeWvG|>�z`ihÃ�z_Jc�ÇÌm�u�`nlblbc[|:¬ `b_zj�²wm8lb`ihWj�fyawm�ln`n|>c�fÃ�Pvw�Je kECSP (G) ÅÆ>v8`ih π = (V1, ..., Vp)
� p ≥ 2 �Ð�J_zc'�}m�eghW`ihW`bvw_ |>c V hWcHlnlbc��G�Jc G[Vi]

c�fÁh®q�vw_J_zcH�>c1�Pvw�>e®hWvw�>h
i ∈ {1, ..., p} cHh k ≥ 3 �J_[cH_GhW`bcHe±`bu��}m8`ierÅrË�`@|>`Vk/`b´}mÃcHhpµÊm8´8¶�vw�J� ð ³8òVv8_Vh-u�vw_VhgeWj¦�V�zc¦fg`dlnmy�zm�eghW`ihW`bvw_
π `n_z|J�J`bhÃ�J_®²�e{m8�z´Jc#fgjHeW`bcHs��}mYe{m8lblb��lbc¹m�lnv�eWf�lÌ¬ `b_zj�²wm8lb`ihWjDfg�J`bawm�_GhWc�c�fÁhyawm�ln`n|>c°�Pvw�>e kECSP (G) 


x(δ(V1, ..., Vp)) ≥

‰

k

2

ı

p − 1. íÁ�rñwî
t/cHhghWc#`b_zjH²dm8lb`ihWj"c�fÁh�m8�J�Pc�lbj�c������������ �����.��� SP  �)��"$�#���#�����JÅ
Ë#m�_zfÐlbc"qrm8fÃvwå k c�fÁhy�zm8`ieyl]¬ `b_zjH²dm8lb`ihWj&íÁ�Yñwîc�fÁh�|>vwu�`b_zj�c��}m�eylbc�fÃ`b_zj�²wm8lb`ihWj�f�|Jc#q�v8�z�PcwÅ
« c#hW´Jj�v8eW��u�c#fg�J`bawm�_Gh�|>vw_z_Jc"|Jc�fyq�v8_}|J`ihW`bvw_Jf�fg�>Î�fWm8_VhWc�f��Pvw�>e��V�Jc#l]¬ `b_zjH²dm8lb`ihWj®íÁ�rñwîÃ|JjH�z_z`bfgfgc"�z_Jc
ÇÌm�q�cHhghWc[|Jc kECSP (G) |Jm8_zfÃlbc#qrm�fyv8åÊlbc#²8e{m��z´zc G c�fÁhy�V�Jc�lbq�vw_z�G�JcwÅ
����� Ò�� � À,+!I ð ��ò	 �+�,���2� G = (V, E) �/����"6���	1	� � k ≥ 3 �/� ���	�#�,��" �@? �)����"���� π = (V1, ..., Vp) � p ≥ 2 � �/�4� �)�+"��#���#�#���
��� V � ��� ���4�,����� ������	 � � ����� �2��� �/����� ���$���#������� kECSP (G) ��� - ��"����	��� ����� � ���$���#����� �#"$��%&�����'��� ��� �'���
�����4�+���#�����	�!���)��%+���2����� �����2� %���"�� � �����/.
� � G[Vi]

���$� (k + 1)  ���"�3����������	���65�� � �)���/" i = 1, ..., p �
� � |[Vi, Vi+1]| ≥

˚

k
2

ˇ

� �)���/" i = 1, ..., p (mod p) �0 � Gπ
����� ���/����",�4� ���4�+��"�� �

Ë#m�_zf ð ��ò]�<Ë°`nmYege{m8fgfgvw�J�}m&cHh[Æ>lnm�u�m�u�v8_VhgeWc�_Vh°�V�zc[q�cHegh{m�`b_zc�f#q�v8_}|>`bhW`bv8_zf#|>�1hW´Jj�v8eW�Hu�cD�>eWj�q�jr|>c�_Vhfgvw_Vh�m8�Jfgfg`5_Jj�q�c�fgfWm�`ieWc�f�Å
����� Ò�� � À21�I ð �Yò	 �+�,���2� G = (V, E) �/� ��"6���)12� (k + 1)  ��"63����-�����	���65������ π = (V1, ..., Vp) � p ≥ 2 � �/��� �)�+"��#���#�#���
��� V � 	 � � � ����������� ����� ��� SP  �)��"$�#���#���+� ��� ���/����� �)�+" π ����� �	��� �/�4� � ���$���#���(��� kECSP (G) ��� ��"$�3.
� � |[Vi, Vi+1]| ≥

˚

k
2

ˇ

� �)���/" i = 1, ..., p (mod p) �
� � Gπ

����� ���/����",�4� ���4�+��"�� �

Ë#m�_zf ð ¸ ò]�>t/´Jvw�>e{mDm#`b_VhgeWvG|J�z`ih/lncyu�Â�u�chºJ�Pc�|:¬ `b_zjH²dm8lb`ihWj�flbv�eWfW�G�Jc�lbcy²8e{m8�J´zc G c�fÁh/vw�>hWcHeW�zlnm8_zm8`ieWc
cHhDlbv8eWfW�V�5¬ �z_Jc&m�eWÂHhWc&�Pc��Jh[ÂHhgeWc��>hW`nlb`bfgj�c&�zlb�zfD|:¬ �J_zc�ÇEv8`nf�Å54�m��z�Pc�lbvw_Jf��V�zc�lnmãq�lnm8fgfgc$|JcHfD²�e{m8�z´Jc�f
vw�>hWcHeW�zlnm�_}m8`ieWc�f"c�fÁh[�J_zc¹fgv8�zfÁs�q�lnm8fgfgc&|>c�lnm$q�lnm8fgfgc&|>c�f#²8e{m��z´zcHf#fgjHeW`bcHs��}m�e{m�lbln�HlncHf�Å¦t/´zv8�Je{mÊm$|JjH�z_z`
m8�Jfgfg`-�z_Jc"�JeWvVq�jr|>�JeWcD|Jc"lb`iÇRhW`b_z²$�V�z`±²8j�_zjKe{m8lb`bfgc�q�c�f�`n_Jj�²dm�lb`bhWjHf#m8�1qrm�f�vwå1lbc[²8e{m8�J´zc G _5¬ c�fÁh°�Jlb�zf
vw�>hWcHeW�zlnm�_}m8`ieWcwÅ�t/cHhghWc'�JeWvVqHjr|J�>eWc�fgc��>eWj�fgc�_VhWc'q�vwu�u�c1fg�z`ihrÅ�ÆGvw`ih E = {e1, ..., el}, l ≥ 1, hWc�l�V�zc G′

π = (Vπ, Eπ ∪ E) _:¬ cHfÁh��}m�f¹vw�>hWcHeW�zlnm�_}m8`ieWcwÅ��ylnv�eWf�lÌ¬ `n_Jj�²dm�lb`bhWj®fg�z`bawm�_VhWc$c�fÁh�awm�ln`n|>c$�Pv8�Je
kECSP (G) 


X

e∈Eπ

x(e) +
l

X

i=1

a(ei)x(ei) ≥

‰

k

2

ı

p − 1, íÁ���dî
vwå a(ei)

c�fÁh/lnm[lbvw_J²w�Jc��Je|:¬ �z_��Jln�Jf/q�v8�Jegh/qK´Jc�u�`b_�|zm�_zf Gπ
cH_GhgeWcylbc�f/cK�>hgeWjHu�`bhWjHf|JcÃlÌ¬ m�eWÂHhWc ei

íÌlnm
lbvw_J²w�zcH�JeyjHh{m8_VhÃlbc#_zv8u¹�>eWc#|:¬ m�eWÂKhWc�fy�G�J`<q�vwu��Pv8fgc#lnc#q{´zcHu�`n_}îKÅ
« m�fgj��zm�e{mYhW`nv8_�|>c�fy`n_Jj�²dm�lb`bhWjHf"|Jc SP sº�zm�eghW`ihW`bvw_1�Pc��>h�ÂHhgeWc"cHä<cHqHhW�zj�cD|Jc#ÇEm8õ�v8_��Pv8lb>_Jvwu�`nm8lbcD|zm8_Jflnm°q�lnm8fgfgcy|JcHf¦²�e{m8�J´zc�f¦fgjHeW`bcHs��}mYe{m8lblb��lbc�f/²�e�%8q�cyÉ�lÌ¬ m8lb²wv�eW`ihW´zu�cy|JcÃkm76]vw��cHh�m�l]Å ð ��ò]�d�}m�fgjÐfg�Je¦lbc�f¡ÇEvw_JqHshW`bvw_Jf±fgvw�JfÁs�u�vG|J�zlnm�`beWcHf�Å 4�j�qHc�u�u�c�_Vhr�{Ë°`n|J`Vk/`b´zmycHh-m8lÌÅ ð <�òVv8_Vhp|JjHadc�lbvw�J�Pj¦�J_"m8lb²wv�eW`ihW´zu�c/�J�JeWc�u�cH_Ghq�v8u¹�z`b_zm�hWvw`ieWc��PcHeWu�cHhgh{m8_Vh/|Jcyfgj��}mYeWcHeÃq�c�f/`n_Jj�²dm�lb`bhWjHf�|Jm8_Jf/lnmDq�lnm�fgfgc#|Jc�f/²8e{m8�J´zc�f/fgjHeW`bcHs��}m�e{m�lbln�HlncHf�Å



o-vw�>e#fgj��zm�eWcHe"q�cHf#q�vw_Vhge{m8`b_VhWc�f"|Jm8_zf�lnc¹qrm8f#²8j�_zjHe{m�lÌ�±_Jvw�zf��JeWvw�Pv8fgvw_Jf#l]¬ ´Jc��JeW`bfÁhW`n�V�zc�fg�J`na8m8_VhWcD�V�z`
fgcy�}m8fgcyfg�Je�lbc�f/qHvw_}|>`ihW`nv8_zf_Jj�q�c�fgfWm�`ieWc�fcHh�fg�JÎ�fWm�_VhWc�f|>vw_z_Jj�c�f/|zm8_Jf�lbcÃhW´zj�v�eW��u�c <GÅ>t/cKhghWc�´Jc��JeW`bfÁs
hW`n�V�zcÐÇEv8_zqHhW`bvw_J_zc�q�vwu�u�cÐfg�J`bhrÅGÍ�vw�Jf�eWc�q{´zcHeWq{´zv8_zf��z_zcÃq{´}mrÄR_Jc�|<¬ m�eWÂHhWc�f C |Jv8_Vh/lbc�ffgv8u�u�cHhWf¦fgvw_Vh
eWc�lb`bj�f#�}mYe[|Jc�f°m�eWÂHhWc�f#uD�zlihW`b�zlbc�f#m�Gm�_Vh"m8�'u�vw`b_zf ˚

k
2

ˇ m�eWÂHhWc�f#cKh"q�vw_VhWc�_zm8_Vh#m���u�vw`b_Jf°�z_Jc¹mYeWÂHhWc
ÇRe{m�qHhW`bvw_J_}m8`ieWcwÅ�ÆGvw`ih {u1, ..., up}

lbc�fDfgvwu�u�cHhWf[q�v8_zfÁhW`ihW�}m�_GhDq�cHhghWc�q{´}mrÄR_JcwÅ 7�_êq�v8_zfÁhgeW�J`bh¹m8lbv�eWf�lnm
�}mYeghW`ihW`nv8_ π = (V1, ..., Vp, Vp+1)

� p ≥ 2 �Pmradc�q Vi = {ui}
� i = 1, ..., p cKh Vp+1 = V \ {u1, ..., up}

Å
Í�v8�zf[adjHeW`i�}v8_zf"c�_Jfg�z`ihWc&�G�Jc�lbc$²�e{m8�z´Jc Gπ

c�fÁhDvw�JhWcKeW�zlnm8_zm8`ieWc$cH_êadjHeW`i�Pm�_GhD�V�5¬ �J_�c�_Jfgc�u¹�Jlnc Vi
�

i = 1, ..., p �z_:¬ cHfÁh��zm8fÐeWc�lb`bj[É¹�z_$c�_zfgc�uD�zlbc Vj
hWc�l±�V�zc j /∈ {i − 1, i + 1, p + 1} Å<Æ>`:lbc#²8e{m��z´zc Gπ_5¬ c�fÁhy�zm8fÃvw�>hWcHeW�zlnm8_zm8`ieWcw�zvw_Êm��z�Jln`n�V�zc#lnm¹�>eWvVq�jr|>�JeWc#|>c#ln`iÇ@hW`n_J²�|Jc Chopra Å

�	��
������������������
���� #��"' �)�*�)�*�"

Æ>v8`bc�_Vh k ≥ 3 �J_®c�_VhW`bcHey`bu��}m�`beycHh π = (V0, ..., Vp), p ≥ 1 �z_Jc#�}mYeghW`bhW`bv8_ã|Jc V Å<¯�e�;�hWfgqK´Jc�l±cKh�m�lÌÅ
ð ��<�ò5vw_VhÃu�v8_GhgeWj°�G�Jc°lÌ¬ `n_Jj�²dm�lb`bhWj

x(δ(V0, ..., Vp)) ≥
l

k(p+1)
2

m íÁ� ¸ î
c�fÁhya8m8lb`n|Jc#�Pvw�>e kECSP (G) Å}t/cHhghWc#`b_zjH²dm8lb`ihWj"c�fÁh�m8�J�Pc�lbj�c������������ �����.��� �)��"��#���#�����zÅ
« v�eWfW�V�zc�lÌ¬ c�_VhW`ncKe k cHfÁh¹�zm8`ier�-lbc�f[`b_zj�²wm8lb`ihWj�f®íÁ� ¸ î#fgvw_VhDeWc�|Jvw_z|zm�_GhWcHf[�zm�e"e{m8�J�Pv8egh¹m8�>��`b_zjH²dm8lb`ihWj�f|Jc"q�v8�z�PcwÅ<¯�e�;wfgq{´zc�l-cKh°m�l]Å ð �&<�ò¡|Jv8_z_Jc�_Vh�|>c�fyq�vw_z|J`ihW`bvw_zf�_zj�qHc�fgfWm8`ieWc�f°cKh°fg�JÎ�fWm8_VhWc�fy�Pvw�Je��V�zc"lbc�f`b_zj�²wm8lb`ihWj�f[íÁ� ¸ îÐ|>jH�}_J`nfgfgcH_Gh�|>c�fÇÌm�q�cHhghWc�f�|Jc kECSP (G) Å
« v�eWfW�V�zc k ≥ 3 cHhy`nu��zm8`ier�>_zv8�zfÃ�JhW`blb`bfgvw_zfylÌ¬ ´zc��>eW`nfÁhW`n�V�zc�fg�z`bawm�_VhWc°�Pvw�>e�fgjH�}m�eWcKe�qHc�fÃ`n_Jj�²dm�lb`bhWjHf�Å
7�_âq{´zcHeWq{´zc'|<¬ m��Pv8e{| |Jm8_zf&lbc�²�e{m8�J´zc1fg�z�J�Pv8egh G(x) �z_âqKJqHlnc'q�v8_zfÁhW`ihW�zj'|:¬ mYeWÂHhWc�fÊ|>c1awm�lncH�JeWfÇRe{m�qHhW`bvw_J_}m8`ieWc�f�ÅÆ>` C = {u1, ..., ul} ⊆ V � l ≥ 3 �¦c�fÁh��z_êhWc�lÐqKJqHlnc8��v8_�qHvw_zfÁhgeW�J`ih�lnm'�zm�eghW`ihW`bvw_
π = (V0, ..., Vl)

hWc�lblbc"�V�zc Vi = {ui}
� i = 1, ..., l cHh V0 = V \ {u1, ..., ul}

Å
Æ>`��z_�hWc�l/qH>q�lbc$_:¬ cK�J`bfÁhWc&�}m�f��pvw_ëq�v8_zfÁhgeW�z`ihDlÌ¬ cH_zfgc�uD�zlbc®|>c�f[fgvwu�u�cHhWfD�V�z`/fgv8_Vh�m8|�¶gm�q�c�_VhWf�É1m8�
u�vw`b_Jf¹�z_JcÊmYeWÂHhWcÊ|>c®a8m8lbc��Je¹ÇRe{m8qKhW`nv8_z_zm8`ieWcã|zm�_zf G(x) Å�Æ>v8`bh Vf = {u1, ..., ul}

� l ≥ 3 �¡q�cHh�c�_Jsfgc�uD�zlbcwÅ « m&�}mYeghW`bhW`bv8_ π = (V0, ..., Vl)
c�fÁh"m�lnv�eWf"q�vw_JfÁhgeW�z`ihWc¹hWc�lblbc��V�zc Vi = {ui}

� i = 1, ..., l �:cHh
V0 = V \ {u1, ..., ul}

Å
�	��
������������������
����

F & #��"' �)�*�)���"

Ë#m�_zf ð �r³�ò��zµÊm�´8¶Áv8�z�$m[`b_VhgeWvG|J�J`ihÐ�z_JcyÇEm8u�`blblnc°|:¬ `b_zj�²wm8lb`ihWj�fÃawm�ln`n|>c�f�Pvw�>eÐlbc°�PvwliGhWvw�Pc 2ECSP (G)q�v8u�u�c�fg�z`ihrÅ
Æ>v8`bc�_Vh π = (V0, V1, ..., Vp), p ≥ 2 �±�z_zc��zm�eghW`ihW`bvw_ë|Jc V cHh F ⊆ δ(V0)

�z_�c�_zfgc�uD�zlbc�|:¬ mYeWÂHhWc�f
|Jc®qrm�e{|>`n_zm8lb`ihWj1`nu��zm8`ieWcwÅ/µÊm8´�¶Áv8�z� ð �r³�ò°m'u�vw_VhgeWjÊ�V�zc®l]¬ `b_zjH²dm8lb`ihWj'fg�z`bawm�_VhWc®c�fÁh&a8m8lb`n|JcÊ�Pv8�Je�lbc�PvwliGhWvw�Pc 2ECSP (G) 


x(δ(V0, V1, ..., Vp) \ F ) ≥ p −
|F | − 1

2
. íÁ�&<wî

t/c�f[`b_zj�²wm8lb`ihWj�f¹fgv8_GhDm��z�Pc�lbj�c�f ���4�,����� ������� ��� F  '�)��"$�#���#���+�zÅpË#m�_zf ð �8ò]�-Ë°`n|>`/k/`b´zmãm®²wj�_JjHe{m8lb`bfgj&q�c�f`b_zj�²wm8lb`ihWj�f[�Pvw�Je�hWvw�Jh k Å±Æ>` π = (V0, V1, ..., Vp)
� p ≥ 2 �:c�fÁh"�z_Jc��}mYeghW`bhW`bv8_�|Jc V � F ⊆ δ(V0)

cHh
∆ = δ(V0, V1, ..., Vp) \ F m8lbv8eWfylnm¹q�v8_Ghge{m�`b_GhWc

x(∆) ≥

‰

pk − |F |

2

ı íÁ���dî
c�fÁhya8m8lb`n|Jc#�Pvw�>e kECSP (G) Å« v�eWfW�V�zc kp cKh |F | fgv8_Vh"|Jc�u�ÂHu�c[�zm�eW`ihWjw�5lnm$q�v8_Ghge{m�`b_GhWc$íÁ�r�wî�c�fÁh#eWjr|Jv8_}|Jm8_VhWc¹�zm�e#e{m8�J�Pv8egh"m��J�q�v8_Ghge{m�`b_GhWcHf°|Jc"q�v8�z�PcwÅ}Ë°`n|J`-k�`n´zm ð ��ò¡|Jv8_z_zc[|>c�f�qHvw_}|>`ihW`nv8_zf�fg�JÎ�fWm�_GhWcHf��Pvw�>e°�V�Jc[qHc�f�`b_zjH²dm8lb`ihWj�f|JjK�}_z`bfgfgc�_Vhy|>c�fÐÇÌm8qHcHhghWc�f�|Jc kECSP (G) Å
o-vw�>eÊfgj��zm�eWcHeÊlncHfã`n_Jj�²dm�lb`bhWjHf1|Jc F sº�zm�eghW`ihW`bvw_:�Ð_zv8�zfãmradv8_zfÊ|>j�adc�lbv8�z�Pj'�z_zc'´zcH�JeW`bfÁhW`n�G�JcwÅyt/c�lblbcHsq�`¦�Pc��Jh"ÂKhgeWc��JeWj�fgc�_VhWj�c�|>c�lnm®u�m8_J`n�KeWc�fg�z`bawm�_VhWcwÅ5Ï¦lblbc�q�vwu�u�c�_Jq�c��zm�e[qHeWj�cHe[�J_zc��zm�eghW`ihW`bvw_ π =
(V0, V1, ..., Vp)

c�_[�JhW`blb`bfWm8_VhplnmÃu�jHhW´zvG|>c¦cHu��PvwliVj�c¦�Pvw�>eplnmyfgj��zm�e{mYhW`nv8_�|>c�f±`b_zjH²dm8lb`ihWj�f¦|Jc¦�}mYeghW`ihW`nv8_5Å
« ¬ c�_Jfgc�u¹�Jlbc F ⊆ δ(V0)

cHfÁhq{´zvw`bfg`zhWcHl}�V�zc F = {e ∈ δ(V0)|x(e) > 0} ÅGÆ>` |F | cHh kp fgvw_Vh/|Jcyu�Â�u�c�}mYeW`ihWjw�zv8_®eWcHhW`ieWc"|Jc F lÌ¬ m�eWÂKhWc e m�Gm�_VhÃl@mD�zlb�zfÃ²8e{m�_}|>c#awm�lncH�Je x(e) ÅË#m�_zf�lbc[qrm8f�vwå1lÌ¬ cH_zfgc�uD�zlbc V0
c�fÁh�a>`n|>cDv8�'fg`plnm�q�v8_Ghge{m�`b_GhWcD|Jc F s��}mYeghW`bhW`bv8_'`b_z|J�z`ihWc[�}mYe π cKh F_5¬ c�fÁh��}m�f�aG`bvwlbj�cw�<v8_ãq�vw_JfÁhgeW�z`ih°lnm��}mYeghW`bhW`bv8_ π = (V0, V1, ..., Vp)

� p ≥ 2 �}hWcHlnlbcD�V�zc x(δ(Vi)) = k ��Pvw�>e i = 1, ..., p �VcHh V0 = V \ {V1, ..., Vp}
ÅG^�_JcyhWc�lblbc°�zm�eghW`ihW`bvw_&�Pc��Jh�ÂHhgeWc�qHvw_zfÁhgeW�J`ihWc�c�_��JhW`blb`bfWm8_Vh

lÌ¬ m�eW�JeWc'|>c'¯�vwu�v8egGs,8�� ð �r�8ò�cHh&c�_ m�fgfgvVq�`nm8_VhÊÉ�q{´}m8�V�zcãmYeWÂHhWc e |>�â²8e{m��z´Jcãfg�z�z�Pv�egh&lncã�Pv8`n|Jf
1 − x(e) Å



k
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Ï¡_Ê�JhW`blb`bfWm8_VhylncHf�v8�PjHe{m�hW`bvw_Jf�|>c°eWjr|J�JqHhW`bvw_ θ1
� θ2

� θ3
� θ4

|Jm8_Jfy�J_Êm�ln²8v8eW`ihW´zu�c[|>c°q�vw�J�Pc#cHhy�Je{m�_Js
q{´zc�u�c�_Vh¹�Pvw�Je k Ï�tÐÆJo-���z_zc®�V�zc�fÁhW`bvw_��V�z`ÐfgcÊ�Pv8fgcÊc�fÁh�q�v8u�u�c�_Vh¹hge{m�_zfÁÇEv�eWu�cHe��z_Jc®q�v8_Vhge{m8`b_VhWcaG`bvwlbj�c#|Jm8_zf�lbc�²8e{m��z´Jc�eWjr|>�z`ihÐc�_��z_Jc�q�v8_Vhge{m8`b_VhWc�aG`bvwlbj�c°|Jm8_Jflbc�²8e{m��z´Jc�`b_z`ihW`nm8lÌÅ>Ë#m8_Jfq�c��G�J`}fg�z`ihr�
_zv8�zf�|Jj�qHeW`badv8_zf��z_zc[�JeWvVqHjr|J�>eWc¹|>c[lb`iÇRhW`b_J²Ê�V�z`5�PcHeWu�cHh�|:¬ m8fgfg�>eWcHe#q�cHhghWc"hge{m8_JfÁÇEv�eWu�m�hW`bvw_'�Pvw�>e°lbc�f
`b_zj�²wm8lb`ihWj�f�|Jc°h�>�Pc�íÁ�rîK�±íÁ� ¸ îvw��íÁ�r�wîKÅ
Æ>v8`bc�_Vh G = (V, E) �z_&²8e{m��z´Jc°cHh x �J_$�Pv8`b_Ghy|>c P (G, k) ÅzÆGvw`bc�_Vh G′ = (V ′, E′) cHh x′ �z_&²8e{m��z´Jc
cHhy�z_&�Pvw`b_Vhyvw�>hWc�_G�zfÃÉ¹�zm�eghW`ie�|Jc G cHh x �zm�eym��z�zlb`bqrmYhW`nv8_1|Jc�fÃv8�PjHe{m�hW`bvw_Jf θ1

� θ2
� θ3

� θ4
Å

� �z_Jc�q�v8_Vhge{m8`b_VhWc a′x ≥ α′ |>c�h�>�Pc"íÁ�YîK�:íÁ� ¸ î�v8�'íÁ���dî/|Jm8_Jf G′ �Gv8_®m�fgfgvVq�`bc#lnm[q�v8_Vhge{m8`b_VhWc ax ≥ α|zm�_zf G hWc�lblbc[�G�Jc

a(e) =

8

<

:

a′(e) ∀ e ∈ E′,
1 ∀ e = uv hWc�lblbc"�V�zc u ∈ V ′, v ∈ V ′ cHh e m¹jHhWj°fg�J�z�JeW`bu�j�c��}m�eÃlÌ¬ vw�PjKe{m�hW`bvw_ θ1,
0 fg`b_zv8_ ,

cHh α = α′ Å
Í�v8�zfÃmradv8_zfÃlbc#lncHu�u�c�fg�z`ba8m8_VhrÅ
� � À�À�� � I
	 ���,���2� a′x ≥ α′ �/��� ���4�,����� ��������� �#*��	��	 �  � 	 � ������ 	 ��� (����� �	�,� �)��"!�/��� �)��"$�#���#���+�
π′ = (V ′

1 , ..., V ′

p) ���+�2� G′ ��� π = (V1, ..., Vp)
� �.�)��"$�#���#���+� �����2� G �� �����	� ���)��" �65��)�+�2������� �����

���2� � ?� �'��� V ′

i � i = 1, .., p � 	 ����� ax ≥ α � � ���4������� ����� �� �����2�2� � �)��"$�#��" ��� a′x ≥ α′ �)��" � � � "6�&�$�6���/"��
����� � ���#����� � 	 � � �)���/"��,���/� i ∈ {1, ..., p} � G[Vi]

����� (k + 1)  �+"�3����9�����	���65��9��� �+"��.�4���/� ��%+�+�2���'���
����� ��"��#�#���2� ���/��%+���2����� �
� � ��� ����������� ����� ax ≥ α ����� ��� ? 3 ?�� �#*$�	��� �2� a′x ≥ α′ ��� ���$� ���4�+�)����� �)��" � �!�)��"$�#���#����� π �

� � ax ≥ α ����� �2��� �)�4� � ���$���#���!��� kECSP (G) ��� a′x ≥ α′ ����� �	��� �/��� � ���$���#��� ��� kECSP (G′) �

0 � ax ≥ α ���$� %&�����'��� �)��" x ��� a′x ≥ α′ ����� %&�����'��� �)��"�'� �)�����2� x′ �
��� � ¿�� � × x}m8qH`nlbcwÅ

�
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�y�z_1|:¬ m8�J�zlb`n�V�zcHe�lncHf°vw�PjHe{mYhW`bvw_zf°|Jc"eWjr|J�JqHhW`bvw_'|zm�_zf°�J_1m8lb²wv�eW`bhW´Ju�c�|>cDq�v8�z�Pc[cHh°�>e{m8_JqK´Jc�u�c�_Vhr�
_zv8�zf�lncHfÐmradvw_Jf/`bu��zlbj�u�c�_VhWjwÅ « c��}mYe{m8²8e{m��z´Jc�fg�J`na8m8_Vh|Jj�qHeW`ih/l]¬ `bu��zlbj�u�cH_Gh{mYhW`bvw_�|JcylÌ¬ vw�PjHe{mYhW`nv8_ θ4

Å
« ¬ `bu��zlbj�u�cH_Gh{mYhW`bvw_�|JcHf/vw�PjKe{m�hW`bvw_Jf θ1

cHh θ2
c�fÁhfg`bu��zlbcycHh_Jc�fgcKe{m¹|Jv8_zqy�}m�f/�JeWjHfgc�_VhWj�c�`bq�`ÌÅ����}m�_Vh

É¹lÌ¬ `bu��zlbj�u�c�_Vh{m8`bv8_Ê|Jc�l]¬ v8�PjHe{m�hW`bvw_ θ3
�Jc�lblbc#c�fÁhyfg`nu�`blnm8`ieWc[É¹q�cHlnlbc[|Jc�l]¬ v8�PjHe{m�hW`bvw_ θ4

Å
Æ>v8`bc�_Vh G = (V, E) �J_ã²8e{m8�J´zcDcHh x ∈ R

E �J_ã�Pvw`b_Vh#�V�z`5fWm�hW`bfÁÇÌm�`bh"lbc�f�`n_Jj�²dm�lb`bhWjHf"|Jc"q�vw�J�PcDcKh°lbc�f
`b_zj�²wm8lb`ihWj�f�hgeW`baG`@m�lbc�f�Å « ¬ m8lb²8v8eW`ihW´zu�c&q�vwu�u�cH_zq�c��}mYe�qrm�lbq��zlbcHe�lÌ¬ m�eW�>eWc®|>cÊ¯�v8u�v8egGs,8��êm�fgfgvVq�`bjãm8�
²8e{m��z´Jc�fg�z�J�Pv8egh G(x) �Vc�_&u�cHhgh{m8_Vh 1 qHvwu�u�cÃqrm8�zm8q�`ihWj°fg�>ehWvw�>hWc�flbc�fÃmYeWÂHhWc�fÃ|Jc G(x) ÅG^�_zc�m�eWÂHhWc
f |JcDlÌ¬ mYeW�JeWc�|>c�¯�vwu�v�egGs�8��'mrVm8_Vh#�z_Jc¹qrm��}m�q�`ihWj k + 1 |JjK�}_z`ih#�J_zcDq�vw�J�Pc δ(W ) � W ⊂ V �5|JcqrmYe{|J`b_}m�ln`ihWj k + 1 |zm�_zf G(x) Å	7�_$adjKeW`b�zc°m�lnv�eWfÃ�V�zc�lbc°fgv8�zfÁs�²8e{m��z´Jc G[W ] c�fÁh ˚

k
2

ˇ sºmYeWÂHhWc�q�v8_z_JcH�>c
cHhÃ�V�:¬ `blP_Jc�q�v8_VhW`ncH_Gh�}m8f|:¬ m�eWÂHhWcyÇRe{m�qHhW`bvw_z_zm8`ieWcwÅ}Æ>`Pqw¬ c�fÁhÃlbc�qrm8f��>vw_&q�v8_Ghge{m�qHhWc W �Vfg`b_zv8_$v8_$adjKeW`b�zc
fg` W fWm�hW`bfÁÇEm8`ih¹v8��_Jvw_'q�c�f"q�vw_z|J`ihW`bvw_Jf�Å-�±a8m8_Vh"|>c�q�v8_Ghge{m�qHhWcHe"�J_�c�_Jfgc�u¹�Jlbc W �<v8_�f�¬ m8fgfg�>eWc��G�Jc
|W | ≥ 2 cHh |W | ≥ 2 �Pvw�JeÃjHa>`ihWcHe�|>c�eWjr|J�J`ieWc#lnc#²�e{m8�J´zc"É�|>c��J�&fgvwu�u�cKhWf�Å
7�_�eWc�q�v8u�u�c�_zqHcÐq�cHhghWcÃ�JeWvVq�j�|J�JeWc¡¶Á�JfW�V�5¬ É°q�c��G�JcÃl]¬ mYeW�JeWc�|Jc�¯�vwu�v�eg>s,8���qrm8lbq��Jlbj�_zcÃ_Jvw�zf�|Jv8_z_Jc
�zlb�JfÃ|Jc°q�v8�z�Pc#|>c°qrmYe{|J`b_}m�ln`ihWj k + 1 vw�®�G�:¬ m8�zqH�z_&c�_zfgc�uD�zlbc W ⊂ V hWc�l5�V�zc |δ(W )| = k + 1 �J_zcfWm�hW`bfÁÇEm8fgfgc[lncHf�m��JhgeWc�fÃq�v8_}|J`ihW`bvw_Jfy|Jc°lÌ¬ vw�PjHe{mYhW`bvw_5Å
« m��z²w�>eWc'ñ�u�vw_VhgeWcÊ�z_æcH�>c�u��zlbcã|<¬ m��z�Jln`bqrmYhW`bvw_ |JcHf$v8�PjHe{m�hW`bvw_Jf θ1

cHh θ4
�Pv8�Je k = 3 cHh&�J_�Pvw`b_Vh x ∈ R

E ÇRe{m�qHhW`bvw_z_zm8`ieWc1�V�z`ÐfWmYhW`nfÁÇEm8`ih&lbc�f�`n_Jj�²dm�lb`bhWjHf$|>c®q�v8�z�Pc$cHh�lbc�f�`b_zj�²wm8lb`ihWj�f�hgeW`naG`nm8lbc�f�Å
���>eW��f¦l]¬ m��z�zlb`bqrmYhW`nv8_Ê|>c�q�cHf/vw�PjKe{m�hW`bvw_Jfvw_�q�v8_Ghge{m�qHhWcyl]¬ c�_Jfgc�u¹�Jlbc v′

4 = {v4, v5, v6}
Å>ÆG�Je�lbc�²8e{m��z´Jc

eWjr|>�z`ihr�Pvw_1�Pc��>h°adv8`ie#�z_Jc[qHvw_J�z²w�>e{m�hW`bvw_�|Jc[qK´zmYÄ@_zc[`bu��}m�`beWc¹�V�z`±`b_z|J�z`ih��z_zc[`b_zj�²wm8lb`ihWj�|Jc[q{´}mYÄ@_Jc
`bu��}m�`beWc°|JjH�z_z`bfgfWm8_Vhy�z_Jc�ÇÌm�q�cHhghWc"|J�$�PvwliGhWvw�PcwÅ
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G

v1

v4

w1

v2

v3

v5 v6

v8

v7

w2

v1 v2

v7

v8

w2w1

v3

G′ v′

4
= {v4, v5, v6}

v′

4

θ1, θ4

ACB6DGF�� I 7��PcKe{m�hW`bvw_ã|>c�eWjr|>�zqHhW`bvw_$q�vw_z|J�J`nfWm�_Vh�ÉD�z_zc�`n_Jj�²dm�lb`bhWj[|>c#qK´zmYÄ@_zc°`bu��zm8`ieWc"|JjH�z_z`bfgfWm8_VhÃ�J_zc�ÇEm8q�cHhghWc
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« ¬ m�ln²8v8eW`ihW´zu�c#qHvwu�u�c�_Jq�c��zm�eÃeWj�fgvw�z|>eWc#lnmDeWc�lnmY�zmYhW`bvw_ãlb`b_zjrm�`beWc"fg�J`na8m8_VhWc#|>c k Ï/tÐÆ>o 


µ®`b_ X

e∈E

c(e)x(e)

x(δ(u)) ≥ k ∀u ∈ V,

0 ≤ x(e) ≤ 1 ∀e ∈ E.

^�_Jc®fgv8ln�>hW`bvw_æv8�JhW`bu�m8lbc y ∈ R
E |Jc$q�cÊ�>eWvw²8e{m�u�u�c$lb`b_zj�m8`ieWcÊc�fÁh�eWjrm�lb`nfWm��zlbcã�Pvw�>e k Ï/tÐÆ>o fg` yc�fÁh¹c�_VhW`ncKe�cHh[hWvw�>hWc�f¹lbc�f�`b_Jj�²dm�ln`ihWj�f�|Jc&q�vw�J�Pc$fgv8_Gh¹fWm�hW`bfÁÇÌm�`ihWc�f�Å/t/c�q�`Ð_5¬ c�fÁh¹�}m�fDhWvw��¶Áv8�JeWf¹lbc$qrm8f�Å

�óqK´zmw�V�zc&`ihWjHe{m�hW`bv8_â|Jc$lÌ¬ m�²wv�eW`bhW´Ju�cw�¦vw_ë²wjH_z�HeWcã|>vw_Jq®|>c®_zv8�zadcHlnlbc�f¹`n_Jj�²dm�lb`bhWjHf&a8m8lb`n|JcHf��Pvw�>e�lbc
�PvwliGhWvw�Pc kECSP (G) cHh&a>`bv8lnjHc�f$�zm�e y Å « m�fgj��}mYe{m�hW`bvw_ |>cãq�c�f&`n_Jj�²dm�lb`bhWjHf®c�fÁh&cHä<c�qKhW�zj�c'|zm�_zflÌ¬ v8e{|>eWc#fg�J`bawm�_Gh�

� `b_zj�²wm8lb`ihWj�f�|Jc#q�v8�z�Pcw�
� `b_zj�²wm8lb`ihWj�f�|Jc SP s��}m�eghW`ihW`bvw_:�
� `b_zj�²wm8lb`ihWj�f�|Jc#q{´}mYÄ@_Jc°`bu��}m8`ieWcw�
� `b_zj�²wm8lb`ihWj�f�|Jc F s��}mYeghW`bhW`bv8_5�
� `b_zj�²wm8lb`ihWj�f�|Jc#�}mYeghW`ihW`nv8_5Å
���>eW��f&l@mêfgj��zm�e{mYhW`nv8_Ó|>c�f&`n_Jj�²dm�lb`bhWjHfã|Jc1q�v8�z�Pcw�Ðfg`�l@mêfgv8ln�>hW`bvw_ c�fÁh$hWv8�8¶�vw�JeWf&ÇRe{m�qHhW`bvw_z_zm8`ieWcw�yvw_
m8�J�zlb`n�V�zcÃlbc�f�v8�PjHe{m�hW`bv8_zf|>cÐeWjr|J�JqHhW`bvw_�|JjHqHeW`ihWc�f��>eWj�q�jr|>c�u�u�c�_Vh¡�z�J`bf�_Jvw�zf¦fgj��zm�eWvw_Jf�lbc�f/m8�>hgeWc�f¦ÇEm�s
u�`blblncHf/|>cyqHvw_Vhge{m8`b_VhWc�f�Å>t/c�f�q�vw_Vhge{m�`n_VhWc�f�fgvw_Vh�ln`iÇ@hWj�c�fÐmra8m8_Vh�|:¬ ÂHhgeWcy`n_VhgeWvG|>�z`ihWc�f�|zm8_Jf�lbcy�JeWv8²8e{m8u�u�c
lb`b_zjrm�`beWc8Å

� � �.�zß �gÛ�
/Û � ���G� �¡Ü:á����¦Ú�Û�
Ðß��

Í�v8�zfÐmradv8_zfÐ�>hW`nlb`bfgj#_zv�hgeWc°m�ln²8v8eW`ihW´zu�c°|Jc°q�v8�z�Pc�cHhÃ�Je{m�_zq{´zc�u�c�_Vh/�Pvw�Je/eWj�fgvw�z|>eWc k Ï/tÐÆ>oìlbv�eWfW�G�Jc
k = 3 cHh k = 4 Å « ¬ m8lb²wv�eW`bhW´Ju�c�m$jKhWj¹`bu��zlbj�u�c�_VhWjD|zm�_zf°lbc�f#lnm8_J²w�zm8²wcHf¹tÓcKh[t���D�:c�_��>hW`bln`bfWm�_Gh
lbc�fÃlbvw²w`bq�`bc�lbf���k�yt/^#Æ&ñGÅ ¸ �Pv8�JeÃ²8jHeWcHeylÌ¬ mYeW�JeWc"|>c°�Je{m�_zq{´zc�u�c�_VhWfcKh�to « Ï�� ³GÅ ô¹q�vwu�u�c�fgvwlbadc��>e
lb`b_zjrm�`beWc8Å « c�f¡cH�>�PjHeW`bu�c�_Vh{m�hW`bvw_Jf-vw_VhpjHhWj/cHä<c�qHhW�Jj�c�fpfg�Je¡�J_zc�u�m8q{´z`b_zc/mYawc�q�z_[�JeWvVqHc�fgfgc��Je¦o-cH_GhW`b�Ju
~ �ÓÉ��>Å ¸ ¯�´J�#cHh"�rôwñ ¸ µ®v�|>c#u�j�u�vw`ieWc 4��°µ mradcHq « `b_G�J��q�v8u�u�c°fÁ>fÁhW��u�c°|<¬ cK�J�Jlbvw`ih{m�hW`bvw_:Å
« cHf�`b_zfÁh{m�_zq�cHf��V�z`:_zv8�zfyvw_VhyfgcHeWaG`-|>c"hWcHfÁhWf�fgv8_Gh�|>c�f�²�e{m8�J´zc�f�|Jc"lnm"!ÃÆJo « ~�k íÌ²�e{m8�J´zc�fyq�vwu��JlbcHhWf
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4�m8�z�PcHlnv8_zf[�V�zc��Pv8�JeD|JcHf#awm�lncH�JeWf"�}m�`beWcHf¹|>c k �±lbc�f"`n_Jj�²dm�lb`bhWjHf�|Jc¹�}m�eghW`ihW`bvw_êcKh[|Jc SP s��}mYeghW`bhW`bv8_fgvw_Vh�eWcr|>vw_}|Jm8_VhWc�f�cHh&|>vwu�`b_zjHc�f��}m�e�e{m��z�Pv�egh®m��J�ì`b_zj�²wm8lb`ihWj�fÊ|>cÊq�v8�z�PcwÅ�Í�v�hWvw_zf&m��zfgfg`��G�JcÊlbc�f
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