Chapitre 1

The Labeled perfect matching in bipartite
graphs : complexity and (in)approximability

1.1. Introduction

This chapter presents some recent works accomplished byther [MONNOT 05,
MONNOT 06]) about the complexity and the approximation maies of the lABE-
LED perfect matching problems.

LetIT be aNPO problem accepting simple graptis= (V, E) as instances, edge-
subsetsk’ C F satisfying a given polynomial-time decidable propeRyed as so-
lutions, and the solutions cardinality as objective fumati the labeled problem as-
sociated tdl, denoted by IABELED II, seeks, given an instande= (G, L) where
G = (V, E) is a simple graph andl is a mapping fron¥ to {c1, ..., ¢, }, in finding a
subsetF’ satisfyingPred that optimizes the size of the se{E’) = {L(e) : e € E'}.
Note that two versions of ABELED IT may be considered according to the optimi-
zation goal : lABELED Min II that consists in minimizingZ(E’)| and LABELED
Max 11 that consists in maximizingL(E’)|. Roughly speaking, the mappirdgcor-
responds to assigning a color (or a label) to each edge andadleof LABELED
Min 1T (resp.,Maz 1) is to find an edge subset using the fewest (resp., the most)
number of colors. If a giveWNPO problemII is NP-hard, then the associated labe-
led problem lABELED II is clearlyNP-hard (consider a distinct color per edge). For
instance, the RBELED Longest path problem or theABELED maximum induced
matching problem are botkiP-hard. Moreover, if the decision problem derived from
IT where one aims at deciding if a graphcontains an edge subset satisfyiRged
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is NP-complete, then hBELED Mn II can not be approximated within performance
ratio better thar2 — ¢ for all ¢ > 0 unlessP=NP, even if the graph is complete.
Indeed, if we color the edges fro6 = (V, E) with a lonely color and then we com-
plete the graph, adding a new color per edge, therNBiscomplete to decide between
opt(I) = 1 andopt(I) > 2, whereopt(I) is the value of an optimal solution. Notably,
it is the case of the ABELED traveling salesman problem or th@ RELED minimum
partition problem into paths of lengthfor any &k > 2.

Thus, labeled problems have been mainly studied, from a Exityp and an ap-
proximability point of view, wherl is polynomial, [ BROERSMA 97, BROERSMA 05,
BRUGGEMANN 03, CHANG 97, KRUMKE 98, WAN 02, XIONG 05]. For eraple,
the first labeled problem introduced in the literature isltk@ELED minimum span-
ning tree problem, which has several applications in comoation network design.
This problem ifNP-hard and many complexity and approximability results Hasen
proposed in [BROERSMA 97, BRUGGEMANN 03, CHANG 97, KRUMKE 98
WAN 02, XIONG 05]. On the other hand, theABELED maximum spanning tree
problem has been shown polynomial in[BROERSMA 97]. Venerdty, the LABE-

LED path and the BELED cycle problems have been studied in [ BROERSMA 05,
HASSIN 06]; in particular, in [BROERSMA 05] authors proveatithe LABELED

minimum path problem islP-hard and give some exact algorithms, whereas in [HASSIN 06]
several approximation algorithms with performance gu@are presented. Note that

the NP-completeness also appears in [CARR 00] since thedLED path problem

is a special case of the red-blue set cover problem. Somerethidts can be found in
[HASSIN 07] when the objective labeled function is of typdttemeck.

In this chapter, we go thoroughly into the investigationte tomplexity and the
approximability of labeled problems, with the analysis loé tmatching problem in
bipartite graphs. The maximum matching problem is one ofitbet known combina-
torial optimization problem and arises in several appiicet such as image analysis,
artificial intelligence or scheduling. It turns out that alplem very closed to it has
been studied in the literature, which is called in [ITAl 78gtrestricted perfect mat-
ching problem. This latter aims at determining, given a gr@p= (V, E), a partition
FEy, ..., Ey of E andk positive integers, . . ., ri, whether there exists a perfect mat-
ching M on G satisfying for allj = 1,...,k the restrictiongM N E;| < r;. This
problem has some relationship with the timetable problentesa solution may be
seen as a matching between classes and teachers thatsatisfitonal restrictions
(for instance, no more thatlaboratories at the same time). The restricted perfect mat-
ching problem is proved to bdP-complete in [ITAI 78], even if(3) | E;| < 2, (i)

r; = 1, and(ii) G is a bipartite graph. On the other hand, it is shown in [Y| O®itt
the restricted perfect matching problem is polynomial whis a complete bipartite
graph andc = 2; some others results of this problem can be found in [COSTA 06
A perfect matching\/ only satisfying conditior(i7) (that is to say/M N E;| < 1) is
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called good in [CAMERON 97]. Thus, we deduce that the8ELED maximum per-
fect matching problem islP-hard in bipartite graph sincgt(I) = n iff G contains
a good matching.

In section 1.2, we analyze both the complexity and the apprakility of the
LABELED minimum perfect matching problem and theRELED maximum perfect
matching problem in 2-regular bipartite graphs. In patticuwe deduce that these
both problems are il\PX when the graph has a maximum degree 2. Then, in sec-
tion 1.3, we propose some inapproximation results when ipartite graphs have
a maximum degree at least 3 or are 3-regular. Actually, weepfost that LABE-

LED minimum perfect matching is not iAPX whenever the bipartite graphs have a
maximum degree of 3. Hence, there is a gap of approximaltikityveen graphs of
maximum degree 2 and 3. Using a weaker complexity hypothesisan even obtain
that LABELED minimum perfect matching is n@®(°s' ") -approximable in bipar-

tite graphs of maximum degree 3 arvertices, unlesslP C DTIME 20(1091/5">).

Dealing with the unbounded degree case, this yields to ttietlf@t LABELED mi-

nimum perfect matching is not ipolyL og-APX, unlessP = NP. Finally, section
1.4 focuses on the case of complete bipartite graphs. licpka, it is shown that a
greedy algorithm picking at each iteration a monocoloretthiag of maximum size
provides a’%HT-approximation in bipartite complete graphs wheis the maximum
number of times that a color appears in the graphfpds ther-th harmonic number.

Now, we introduce some terminology and notations that véluised in the chap-
ter. A matching M on a graphG = (V, E) is a subset of edges that are pairwise
non adjacent M is said aperfect matching if it covers the vertex set aff. A graph
G = (V, E) is bipartite if the vertex set can be partitioned into two sets, the lgft se
L and the right seR such that every edge ¢ has an endpoint i and the other in
R. In the labeled perfect matching problemaABRELED PM in short), we are given
a simple graplG = (V, E) on |V | = 2n vertices which contains a perfect matching
together with a color (or label) functioh : E — {ci1,...,¢,} On the edge set of
G.Fori=1,...,q, we denote by.~!({¢;}) C FE the set of edges of colaf;. The
goal of LABELED Min PM (resp.,Max PM) is to find a perfect matching o
using a minimum (resp., a maximum) number of colors. An egjaivt formulation
of LABELED Min PM could be the following : ifG|C] denotes the subgraph in-
duced by the edges of colo€s C {ci,...,cq}, then LABELED Min PM aims at
finding a subsef of minimum size such tha¥[C] contains a perfect matching. The
restriction of LABELED PM to the case where each color occurs at madtes in
I = (G,L)(i.e.,|L7*({c})| < rfori = 1,...,q) will be denoted by IABELED
PM,. The LABELED Min PM problem has some relationship with the timetable
problem, since a solution may be seen as a matching betwassesland teachers that
satisfies additional restrictions (for instance, a colaresponds to a school where we
assume that a professor may teach in several schools). Ardtts would like to
assess all teachers during one lecture of each one of therit andld be desirable
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that (s)he visits not twice the same class. Hence the lectorde attended would
form a maximum matching. For convenience the inspector avbi these lectures
to take place in the smallest possible number of schoolsn Thearly the inspector
has to construct a maximum matching meeting a minimum nurobeolors in the
graph associated with the lectures. In [RICHEY 92] a gemeatibn, called perfect
matching under categorization, has been studied. In thimdwork, each edgehas
also a non-negative weight(e), and the colors are called categories (thuadicates
the number of categories). The goal is to find a perfect magchi of £ minimizing
Sl maxees,na w(e). In [RICHEY 92], it is shown that, on the one hand, the pro-
blem is polynomial when the number of categories (i.e., ™l fixed, and on the
other hand, the problem P-hard when the weights take values 0 or 1 and the graph
is a collection of disjoint 4-cycles. Note that the case) = 1, Ve € E corresponds
to LABELED Min PM.

We denote byopt(I) and apx(I) the value of an optimal and an approximate
solution, respectively. We say that an algorithhis ans-approximation of [ABELED
Min PM with e > 1 (resp.,Max PM with e < 1) if apz(I) < e x opt(I) (resp.,
apx(I) > ¢ x opt(I)) for any instancd = (G, L).

1.2. The2-regular bipartite case

In this section, we deal with a particular class of graphsdbasist in a collection
of pairwise disjoints cycles of even length ; note that suepbs are 2-regular bipartite
graphs.

THEOREM1.— LABELED Min PM, is APX-complete in 2-regular bipartite graphs
foranyr > 2.

PROOF— Observe that any solution ofABELED Min P M, is anr-approximation.
The rest of the proof will be done via an approximation preisgrreduction from the
minimum balanced satisfiability problem with clauses oésizmost-, MIN BALAN -
CED r-SAT for short. An instancd = (C, X ) of MIN BALANCED r-SAT consists
in a collectionC = (C4,...,C,,) of clauses over the set = {zy,...,z,} of
boolean variables, such that each claG5ehas at most literals and each variable
appears positively as many time as negatively ;Betdenotes this number for any
1 = 1,...,n. The goal is to find a truth assignmefitsatisfying a minimum num-
ber of clauses. M BALANCED 2-SAT where2 < B; < 3 has been showAPX-
complete by the way of ah-reduction from MAX BALANCED 2-SAT whereB; = 3,
[BERMAN 98, KARPINSKI 05].

We only prove the case= 2. Let] = (C, X)) be an instance of Mi BALANCED
2-SaT on'm clause = {Cy,...,C,,} andn variablesX = {z;,...,z,} such
that each variable:;; has either 2 occurrences positive and 2 occurrences negativ
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L(ei,2Bi) = CjBi

Lej2p;—1) = i

Figure1.1. The gadget H (z;) and the color of its edges.

or 3 occurrences positive and 3 occurrences negative. We thé instancel’ =
(H,L) of LABELED Min PM> whereH is a collection of pairwise disjoints cycles
{H(z1),...,H(zy,)} and L colors edges off with colorscy,...,¢;,...,cm, by
applying the following process :

e For each \variable z;, create the 2B;-long cycle H(z;) =
{ei,h sy €y ei,QBi}-

e Color the edges ofH (z;) as follows : if z; appears positively in clauses
Cj,, ..., Cjp, and negatively in clauses;; , .. .,Cj%l, then setl(e; 21) = ¢;,, and
L(eiygk,l) =cj fork = 1,..., B;.

Figure 1.1 provides an illustration of the gaddéfx;). Clearly, H is made ofn
disjoint cycles and is painted witlh colors. Moreover, each color appears at most
twice.

Let f* be an optimal truth assignment érsatisfyingm™* clauses and consider the

perfect matching/ = U ; M, whereM,; = {e; ax|k = 1,..., B;} if f(z;) = true,
M; = {e;2x—1lk = 1,..., B;} otherwise ;M uses exactlyn* colors and thus :

opt(I) <m* [1.1]
Conversely, lef\/’ be a perfect matching o usingapz(I) = m’ colors; if one sets

f(x;) = trueif e;o € M', f'(x;) = false otherwise, we can easily observe that the
truth assignmenf’ satisfiesn’ clauses.

apx(I) = val(f") [1.2]
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Hence, using inequalities [1.1] and [1.2] the result fokow

Trivially, the problem becomes obvious when each color isdusxactly once.
We now show that we have a 2-approximation in 2-regular kilgeagraphs, showing
that the restriction of RBELED Min PM to 2-regular bipartite graphs is as easy as
approximate as M SAT.

THEOREM 2.— There exists an approximation preserving reduction from LABELED
Min PM in 2-regular bipartite graphsto MINSAT of expansion ¢(e) = e.

PrROOF— The result comes from the reciprocal of the previous transétion. Let

I = (G, L) be an instance of ABELED Min PM whereG = (V, E) is a collection
{H,,...,H,} of disjoint cycles of even length anb(E) = {ci,...,c,} defines
the label set, we describe every cyéfe as the union of two matching®/; and M.
We construct an instancé = (C, X) of the satisfiability problem, MiSAT where
Cc={C,...,Cp}isasetoinclausesan& = {z1,...,z,} is a set ofx variables,
as follows. The clause sétis in one to one correspondence with the color/s@r)
and the variable séY is in one to one correspondence with the connected comp®nent
of G; a literalz; (resp.,z;) appears irC; iff ¢; € L(M;) (resp.,c; € L(M;)). We
easily deduce that any truth assignmgon I’ that satisfieg clauses can be converted
into a perfect matching/; on I that uses: colors.

Using the 2-approximation of MiSAT [MARATHE 96] and the Theorem 2, we
deduce :

COROLLARY 1.— LABELED Min PM in2-regular bipartite graphsis 2-approximable.

Dealing with LABELED Max PM,., the result of [ITAl 78] shows that computing
a good matching is NP-hard even if the graph is bipartite and each color appears at
most twice ; a good matching/ is a perfect matching using/| colors. Thus, we
deduce from this result thatABELED Max PM, is NP-hard for anyr > 2. We
strengthen this result using a reduction fromMBALANCED 2-SAT.

THEOREM 3.— Max PM, is APX-complete in 2-regular bipartite graphs for any
r>2.

In the same way, using the approximate result foxX\MBAT [ASANO 02], we
obtain

COROLLARY 2.— LABELED Max PM in 2-regular bipartite graphs is 0.7846-
approximable.
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1.3. Someinapproximation results

In order to simplify the proofs exposed in the rest of theisecthe results concern

a variation of LABELED M1in PM, where the value of each perfect matchivigs gi-
ven byvaly (M) = val(M) — 1. This problem is denotedABELED Min PPM and
we have for any instancg apx1 (1) = apz(I)—1andopty (I) = opt(I) —1. Itisim-
portant to note that a(n)-approximation of IABELED Min PM becomes &p(n)-
approximation of IABELED Min PPM, and conversely @(n)-approximation of
LABELED Min PPM remains go(n)-approximation of IABELED Min PM. Ac-
tually, since LABELED Min PM is simple, [PAZ 81] (i.e., the restriction tgt(I) <
k is polynomial), we can see thahBELED Min PM and LABELED Min PPM are
asymptotically equivalent to approximate. Hence, the psep results for ABELED
Min PPM also hold LABELED Min PM.

We now propose a self improving operation for some classasstdncesP;, des-
cribed as followsI = (H, L) € P, whereH = (V, E) if and only if the following
properties are satisfied :

(1) H is planar of maximum degréeand connected.

(#4) Ju,v € V such thafu, u,] and[v,v;] for someu;,v; € V are the only edges
incident tow andv. Moreover, these two edges have cotgr i.e., L([u,u1]) =
L([v,v1]) = co.

(#i1) H is bipartite and admits a perfect matching.

(iv) H[{co}], the subgraph induced by edges of calprdoes not have any perfect
matching and the subgragh[L(E) \ {co }] induced by edges of colors different from
co is acyclic.

(v) if H = H \ {u, v} denotes the subgraph inducedWy, {u, v}, thenH’[{co}]
has a perfect matching denoted h¥., .

We haveP; = ) andP;, is the set of odd paths fromto v alternating matchings
M and M., wherel,, is only colored by color,. Finally, we define the clasB by
P = Ui Pg.

Restricted label squaring operation. Given an instancé = (H, £) € Py, of LABE-
LED Min PM, its label squaring instanceis 12 = (H?, £?) with H? = (V2 E?),
where

1) The graphH? is created by removing each edge= [x,y] of H with color
different fromc¢, and placing instead of it a cop§l (e) of H, such thatr andy are
now identified withu andv of H, respectively.

2) For each copyi (e) of H and for an edge’ in H(e) with color different from
co, the new color ot’ is £2(e’) = (L(e), L(€')). The remaining edges of cogdy(e)
keep their color, that is if £(e’) = o, thenL?(e’) = ¢p.
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Let us prove that classé®, are closed under the restricted label squaring opera-
tion.

LEMMA 1.—If I € Py, thenI? € P;,.
PROOF—Let ] € Py. The proofs of(i) and(ii) are obvious.

For (éi7), sinceH andH \ {u, v} admit a perfect matching, we deduce that L
andv € R where(L, R) is the bipartition ofd. Thus, we can extend the bipartition to
H? by taking for eachH (e) a copy of the bipartition. Finally, it is easy to verify that
H? admits a perfect matching i does.

For (iv) assume the reverse, thathg [{c,}] admits a perfect matching/ and
H{[{co}] not. By hypothesis, in each cogy([z, y]), the verticest andy are not satu-
rated byM and then the edges af which do not traverse copid$(e) form a perfect
matching ofH [{¢, }], contradiction. Moreover, using proper), it is easy to verify
that the subgrapf/?[£?(E?) \ {co}] is acyclic wheneveH [L(E) \ {co}] is acyclic.

For (v) let M., be a perfect matching df’ = H \ {u, v} only using color,. We
completel/., by taking for each copy{ (e) a copy of M., . In this way, we obtain a
perfect matching ofi? \ {u, v} that uses only colot.

We now propose an approximation preserving reduction ufiadabel squaring
operation orPy.

THEOREM4.—Let I = (H, L) € Py. If there exists a (polynomial) p-approximation
of 12 for LABELED Min PPM, then there exists a ,/p-approximation of I for LA-
BELED Min PPM.

PROOF—Let M* be an optimal perfect matching éfe P, usingopt(I) colors and
letey,---, e, be the edges aff using colors different frona,. For each copyd (e;)
we take a copy ofi/* using colors(L(e;), L(e;)) for j = 1,---,p and colorc,. For
the remaining copies, we take a copyMf, (a perfect matching of \ {u,v}[{co}])
and we complete this matching into a perfect matchingZdfusing the remaining
edges of\/*. This matching use&pt(I) — 1)? + 1 colors and thus

opt1(I?) < opt3(I) [1.3]

Now, consider an approximate perfect matching of H? with value apx(1?)
and letH (e1), - - -, H(e,,) be the copies off such that the restriction df/? to H (e;)
is a perfect matching. Hence, we may always assumeMfat (U?_, H(e;)) only
uses colofey. Therefore, if we denot&€’ = {L(e;) : i = 1,---,p}, then for any
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¢; € L' there exists a perfect matchidd,, , C M? in copy H (e;) such that edge
ex, has colorc;. Let M., be a matching of/ minimizing |£(M., x)| for anyc; € L'
and letM, be a perfect matching df containing edgesge, . .., e, } and some other
edges of colory.

The approximate perfect matchird of I will be given by one of the matchings
M., or My with value apz(I) = min{|L(My)|,|L(M,,)| : ¢; € L'}. Thus, we
deduce thatpz:(I) = apx(l) — 1 = min{|L(Mo)| — 1,|L(M,)| —1:¢; € L'}
and hence :

apri(I) < (IL(Mo)| = 1) min{|L(Me,)| —1:¢j € L'}
< D0 (1E(Me)| 1) < apa (1) [1.4]
c; €L

Applying inequality [1.4] with an optimal perfect matchidg? of H?2, we obtain
opt3(I) < opti(I?). Using inequality [1.3], we deduaent?(I) = opt;(I?) and the
expected result follows.

THEOREMS5.— LABELED Min PPM isnot clogn approximable for some constant
¢ > 0 for instancesin P having 2n vertices, unless P=NP.

PROOFR—Given afamilyS = {51, ..., Sy, } of subsetsof aground s&t = {z1,...,zm,}
(we assume that*, S; = X), asetcover oK is a sub-familyS’ = {Syxy,..., S} €
S suchthat)!_, S;;y = X ; theset cover problemdenoted by MNSC is the problem

of determining a minimum-size set covst = {Sf-(1),...,Sf+(q} Of X. Given

an instance, = (S, X) of MINSC, itscharacteristic graph Gy, = (Lo, Ro; E1,)

is a bipartite graph with a left sdt, = {l1,...,1,,} that represents the members
of the family S and a right se?y = {r1,...,7m, } that represents the elements of
the ground selX ; the edge-sel’;, of the characteristic graph is defined By, =
{[Zi,rj} 1T € Sz}

From I, we construct the instande= (H, £) of LABELED Min PPM contai-
ning (no + 1) colors{cy, c1,- - -, ¢y, }» described as follows :

e For each element; € X, we build a gadget («;) that consists of a bipartite
graph of2(dg,, (r;) + 3) vertices anddc, (r;) + 4 edges, wherd, (r;) denotes
the degree of vertex; € R in Gp,. The graphH (z;) is illustrated in Figure 1.2.

e Assume that verticefl;(1), ..., 1z, } are the neighbors of; in G, then color
H(x;) as follows : foranyk = 1,...,p, L(vs j,l; tr)) = ¢y and the other edges
receive color.
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i f () T3, £(1)
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RIC)) T3, £(2)

3

Figure1.2. The gadget H (z;).

— We completd? = U, cx H(xz;) by adding edgep ;, v1, ;1] with color ¢, for
j=1,---,mg—1.

— Finally, we setu = vy 1 andv = vg .

Clearly,/ € Pand han =23, p(dg,, (r;) + 3) = 2|Ef,| + 6m vertices.

Let S* be an optimal set cover afy. FromS*, we can easily construct a perfect
matchingM™* of I = (H, £) that uses exactl{/S*| + 1) colors. Conversely, le¥/ be
a perfect matching ofi; by construction, the subsét = {Si : ¢, € L(M)} of S'is
a set cover ofX using(|£(M)| — 1) sets.

Now, it is well known that the set cover problemN§>-hard to approximate wi-
thin factor clog ng for some constant > 0. This result also applies to instances
(X,S) when|X| and|S| are polynomially related (i.e}X |7 < |S| < | X|? for some
constant®, q).

Hence, given such an instanfe= (X, S), from any algorithmA solving LABE-
LED Min PPM within a performance ratip, (I) < -5 x log(n) for a bipartite
graph on2n vertices, we can deduce an algorithm oI C that guarantees the

performance ratio 7 log(n) < c-17 log(nd ™) = clog(no), contradiction.
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Starting from theAPX-completeness result for the vertex cover problem in cubic
graphs, [ALIMONTI 00], we are able to obtain the followingstst.

COROLLARY 3.— LABELED Min PPM for instancesin Ps isnot in PTAS.

PrROOF— Sarting from the restriction of set cover where each elemgns$ covered
by exactly two sets (this case is usually called theex cover problem and denoted
by MINVC), we apply the same proof as in Theorem 5. The instdnisecomes an
element ofP3, and using for instance the hardness result of [ALIMONTI,G8g

expected result follows.

By applying the well known method of self improving, we olptéie two following
results :

THEOREM6.— LABELED Min PPM for instancesin Ps isnot in APX, unlessP =
NP.

PROOF.— Assume the reverse and letbe a polynomial algorithm solvingABELED
Min PPM within a constant performance ratioLets > 0 (withe < p — 1) and
choose the smallest integesuch that :

q > loglog p — loglog(1 + ¢) [1.5]

Consider now an instande= (H, L) € P5; and use the restricted label squaring
operation on/. We produce the instanc€ = (H?,L£?) and by repeating times
this operation orf?, we obtain thanks to Lemma 1 the instaréé = (H?", £*") ¢
Ps, in time P(|I]) for some polynomialP since on the one hand? is obtained
from I in time O(|I]?) (we have|V(H?)| = O(|V(H)|?) and |£?(E(H?))| =
O(|L(E(H))|?)) and on the other hand, we repeat this operation a constanietu
of times. Using Theorem 4, from theapproximation orf>* given byA , we obtain a
p* “-approximation or. Thanks to inequality [1.5], we dedupé * < 1+¢. Hence,
we obtain a polynomial time approximation scheme for ins¢arnin?s, contradiction
with Corollary 3.

THEOREM7.—For any e > 0 LABELED Min PPM isnot 20U°s"~“n)_approximable
for instances in P; on n vertices, unless NP C DTIME (20(109”5")).

PROOF—Lete > 0 andl = (H,L) € P3; whereH hasn vertices. Choose the
smallest integep such that?” > 2'°8"/“ 7 Thus,22" xlogn > 2log"/*n and then,

2PXE > log! ™ [1.6]



12 Optimisation Combinatoire

Using the restricted label squaring operationlomve produce the instandé =
(H?, £?). By repeatingp times this operation o2, we obtain the instancé®” =
(H*,£?") € P3. SinceH hasn vertices, we derive from propertyv) of Lemma
1 that the numben’ of vertices of 72" and the numbeiC?’ (E(H?"))| of colors of
H?" satisfy :

n' <n* and|L* (E(H*"))| < [L(E(H))P* [1.7]

e !

Now, assume that we havefén’)-approximation om2” wheref(n') < 2¢xlg' " n
for somec > 0. Using Theorem 4, we obtain &(n/)? "-approximation orf. Using
inequalities [1.6] and [1.7], we deduce :

apri(I) < f(n')* "opti(I)

20X 5 ot (1)

IN

logl=¢n

9eX Zexp Optl(I)
2¢pt (1)

IN

IN

Thus, using inequality [1.7], we obtain a constant appration in timepoly(n') =
920(og"/* n) "and thus, a contradiction with Theorem 6.

It is natural to wonder whether the problem is easier in 3ti@gbipartite graphs
(also called cubic bipartite graphs) or not. Here, we priwat the answer is negative.

THEOREM 8.— LABELED Min PPM isnot in APX in connected planar cubic bi-
partite graphs, unless P = NP.

PrRoOOF.—The proof consists of two steps. First, using a quite siméduction to the
one of Corollary 3, we prove that Theorem 7 also holds for tiiefamily P} of P;
where each vertex has a degree 3, exaggmdv. Then, we transform any instance of
P into a connected planar cubic bipartite graph.

LetG = (V,E) with V = {v1,---,v,} andE = {ey,---,e,} be an instance
of vertex cover. We transform any edgg = [z, y] into gadgetH (e;) described in
Figure 1.3. All edges off(e;), except|vs ;,l; ] and[vs ;,l; ,], have colore. We
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v

Figure 1.3. The gadget H (e;) for e; = [, y].

v2,5 v1,5+1

Figure 1.4. The gadget linking H (e;) to H(ej41).

havel([vs ;,1;2]) = ¢, andL([vs 5,15 4]) = ¢y. Finally, H(e;) is linked toH (e;41)
using the graph depicted in Figure 1.4 where each edge isatblaith¢g.

Clearly, LABELED Min PPM is APX-hard in clas$P}. Since the restricted label
squaring operation also preserves the membershi,jrwe deduce that ABELED
Min PPM is not inAPX when the instances are restricted®h Finally, given! €
PL with I = (G, L), we consider the instandé whereG is duplicated 3 times into
G1,Gs, Gs. If u;, v; denote the extreme vertices Gf, we shrink verticesu,, us, us
into u andwvy, v9, v3 into v. Clearly, this new grapl&’ is connected, bipartite, planar
and cubic. Finally, since we can restrict ourselves to perfeatchings\/’ of G’ that
use only colory for exactly two copies of7, the result follows.

Y2,
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Dealing with the unbounded degree case (that is instanc®3,afe can deduce
the following stronger result :

THEOREM 9.— LABELED Min PPM for instances in P is not in polyLog-APX,
unless P = NP.

PROOF— Assume the reverse, that iRELED Min PPM is f(n)-approximable
with f(n) < clog”n for some constants > 0 andk > 1. Let] = (H,L) € P
where H has2n vertices. Letp = [logk| + 1. Using as previously@? times the
restricted label squaring operation dnwe produce in polynomial-time the instance
I = (H*",£*) € P. The same arguments as in Theorem 7 allow us to obtain a
contradiction with Theorem 5.

1.4. The complete bipartite case
When considering complete bipartite graphs, we obtain sévesults :

THEOREM10.— LABELED Min P M, is APX-completein complete bipartite graphs
K, , foranyr > 6.

PROOF—We give an approximation preservihgreduction (cf. Papadimitriou & Yan-
nakakis [PAPADIMITRIOU 91]) from a restriction of the set\er problem, called
MINSG;. In this restriction each set is of size at most 3 and eachesiem appears
in at most 3 and at least 2 different setsIN&C; has been provedPX-complete

in [PAPADIMITRIOU 91].

Let Gy, be the characteristic graph corresponding to an instdnce (S, X)
of MINSG; (see the proof of Theorem 5 for a formal definition ofileC and
G1,)- Note thatG;, has a maximum degree 3. Frafp, we construct the instance
I = (K, L) of LABELED Min PMjs using a slight modification of the construc-
tion given in Theorem 5). First, we start from a bipartitegrdnavingm, connected
componentd? (x;) andngy + myg colors{ci, ..., ¢ny+m, }, described as follows :

¢ For each element; € X, we build a gadgeff (z;) that consists in a bipartite
graph of2(dg,, (r;) + 1) vertices anddg, (r;) edges, wherég, (r;) denotes the
degree of vertex; € Rin Gy,. The graphH (z;) is illustrated in Figure 1.5.

e Assume that verticefl; (1), ..., 1y, } are the neighbors of; in G, then color
H(x;)asfollows:forany = 1,...,p, L(v1 5, 51,5, r(k)) = L(va5, 82,5, £ (k) = Crk)
andL(s1,5.£(k)» 52, (k) = Cno+j-

— We complete! = U, e x H(x;) into K, ,,, by adding a new color per edge.

Clearly, K, , is complete bipartite and has = 23, z(dg,, (r;) + 1) =
2|E1,| + 2mg vertices. Moreover, each color is used at most 6 times.
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°1,5,f(1) °2,5,f(1)

51,5,f(2)

V1,5 V2,5

°1,5,f(p—1)

S1,5,f(p) 52,5,f(p)

Figure 1.5. The gadget H (x;).

Let S* be an optimal set cover afy. FromS*, we can easily construct a perfect
matchingM * on I using exactlyS*| +my colors (since we assume that each element
appears in at least 2 sets) and thus :

OPYL ABELED min P L) < oPtMinSC, (o) + o [1.8]

Conversely, we show that any perfect matchiigmay be transformed into a
perfect matchingl/” using the edges ol and satisfying {L(M”)| < |L(M)]|. Let
M be a perfect matching ahand considef/; the subset of edges froM that link
two different gadgetsi (z;) ; we denote by the multi-graph of vertex set; Vi, )
(each vertexw,; of G corresponds to the gadgEt(z,)) and of edge set/;. So,G is
obtained fromk’,, ,, where the vertices in each gadd@éfz ;) is shrunk into a vertex of
G. Remark that each connected componertta$ Eulerian. Each cyclé’ on G may
be completed into 4|C|-long cycleC’ on K, in such a way that the two endpoints
of each edge from”\ C' do belong to the same gadgét ;). Here, for purely formal
reasons of the proof, we assume that each galiget) is a complete graph by adding
a new color per missing edge. Thus, there are edges linkiogty verticess; ; (i)
andsy j rrry (OF 82,5, r(k) @nd sy j ¢(x))- If ONe swaps the edges from each cyCle
by the edges front’ \ C, we obtain a new perfect matchidd’ where every edge
of which has its two endpoints in a same gadgét:;) and that satisfieg.(M')| =
|L(M)|. For the moment, note that as indicated previously, theeperhatchingh/’
is not necessarily a matching ff, ,, since some edges linking 2 vertices of the same
part of gadget! (z;) may exist. Now consider for anjthe set\/; of edges from\/’'n
H(z;), we setM”; = {[v1j, 515,50 [V2.5: 52,5 10} U Als15.50) 82,550l =
L,...,p} for somek such thafvy ;, 51 ; rx)] € Mj or [v2 5, 825 riy] € M (if such
ak does not exist, set = 1). In any caseM” = (M’ \ M;) U M”; is a perfect
matching ofK, ,, that uses no more colors thaf’ does. Applying this procedure for
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anyj = 1,...,mg, we obtain the expected matchifig” with valueapz (7). From
such a matching, we may obtain a set cavér= {Si|c;, € L(M”)} onI, satisfying :

87| = apx(I) —mq [1.9]

Using [1.8] and [1.9], we dedue®?| age| ep arin pas, (1) = OptMINSQ(_[0)+
mo and |S”| — optpminsc, (o) < [L(M))| = opl| ABELED arin P, (1)- Finally,
sinceopt\1nSC, (1o) = “5* the result follows.

Applying the same kind of proof to the vertex cover problemcubic graphs
[ALIMONTI 00], we obtain that LABELED Min PM, in K, ,, is APX-complete for
anyr > 3. In order to establish this fact and starting from a cubipbr@ = (V, E),
we associate to each edge= [z,y] € E a 4-long cycle{a; ., as, a3, 04, } tO-
gether with a coloratior. given by :L(a1 ) = ¢, L(az.) = ¢, andL(aze) =
L(as,) = c.. We complete this graph into a complete bipartite graphiradd new
color per edge. Each colat, (Vx € V) appears 3 times;. (Ve € FE) twice and
any other color, once. Hence, the application of the proaf thas made in Theo-
rem 10 leads to the announced result. Unfortunately, we carapply the proof
of Theorem 2 since in this latter, on the one hand, we have stymles of size
6 and, on the other hand, a color may occur in different gaddg@he open ques-
tion concerns the complexity of ABELED Min PMs in bipartite complete graphs.
Moreover, from Theorem 10, we can also obtain a strongerpiregmability re-
sult concerning the general problemn&ELED Min PM : one can not compute
in polynomial-time an approximate solution ohBELED Min PM that uses less
than(1/2—¢)In(opt| ABELED arax pas (1)) COlOrs in complete bipartite graphs where
Opt ABELED azx P (1) is the value of an optimal solution ofABELED Max P M,
i.e., the maximum number of colors used by a perfect matching

COROLLARY 4.—For any e > 0, LABELED Min PM isnot (3 — ) x In(n) approxi-
mable in complete bipartite graphs K., ,,, unlessNPCDTIME((n'e9losn).

PROOF— First, we apply the construction made in Theorem 10, excegqit th =
(8, X) is an instance of MiSC such that the number of elementg is strictly larger
than the number of sets. FromI,, we construchy instanced, ..., I, of LABE-
LED Min PM wherel! = (H, L;). The colorsL;(E) are the same ab(E), except
that we replace colors, 1, ..., cn,+m, DY c;. Finally, as previously, we complete

each instancé/ into a complete bipartite graphi,, ,, by adding a new color by edge.

LetS* be an optimal set cover dig and assume th&i; € S*, we consider the ins-
tancel; of LABELED Min PM. FromS*, we can easily construct a perfect matching
M of I, that uses exactlyS*| colors. Conversely, let/; be a perfect matching ah ;
by construction, the subsét = {S; : ¢, € L(M;)} of S is a set cover of{ using
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|L(M;)| sets. Finally, letA be an approximate algorithm forABELED Min PM,
we computen, perfect matchingd/;, applying A on instanced;. Thus, if we pick
the matching that uses the minimum number of colors, then arepolynomially
construct a set cover afg of cardinality this number of colors.

Sinceny < mg — 1, the sizen of a perfect matching ok, ,, satisfies n =
|Er,| + mog < ng x mg +mg < mo(mg — 1) + mg = m3. Hence, from any
algorithm A solving LABELED Min PM within a performance ratips (1) < % X
In(n), we can deduce an algorithm foriMSC that guarantees the performance ratio
1In(n) < $In(m3) = In(me). Since the negative result of [FEIGE 98] holds when
ng < mo—1,i.e., MINSC is not(1 —¢) x In(mg) approximable for any > 0, unless

NPCDTIME(n!?9l°9™), we obtain a contradiction.

On the other hand, dealing withABELED Max PM, in K, ,, the result of
[CAMERON 97] shows that the cage= 2 is polynomial, whereas it becombi>-
hard when- = Q(n?). Indeed, it is proved in [CAMERON 97] that, on the one hand,
we can compute a good matching A6, ,, within polynomial-time when each color
appears at most twice and, on the other hand, there alwasts exgjood matching in
such a graph ifh > 3. An interesting question is to determine the complexity el
approximability of LABELED Max P M, whenr is a constant greater than 2.

1.4.1. Approximation algorithm for LABELED Min P M,

Let us consider the greedy algorithm forRELED Min P M, in complete bipar-
tite graphs that iteratively picks the color that inducesttaximum-size matching in
the current graph and delete the corresponding verticemafly, if L(G’) denotes
the colors that are still available in the grafhat a given iteration and i’ [¢] (resp.,
G'[V']) denotes the subgraph 6f that is induced by the edges of colofresp., by
the verticed/’), then the greedy algorithm consists in the following psxe

Greedy
1SetC’ =0, V' =V andG' = G;
2 While V' £ @ do
2.1 For anyc € L(G"), compute a maximum matching, in G’[c] ;
2.2 Select a colog* maximizing|M,|;
23C —CU{c}, VI <« V'\ V(M) andG' = G[V'];
3 outputl’;
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THEOREM 11.—¢reedyisan 2=t -approximation of LABELED Min PM, in com
plete bipartite graphs where H,. isthe r-th harmonic number H, = >, 1, and this
ratio istight.

PROOF—Let] = (G, L) be an instance of ABELED Min PM,. We denote by/
fori =1,...,r the set of colors of the approximate solution which appesastéy i
times inC’ and byp; its cardinality (thusyc € C! we havglM,| = i in G’[c]) ; finally,
let M; denote the matching with colo€s. If apxz(I) = |C'|, then we have :

apz(I) = pi [1.10]
=1

Let C* be an optimal solution corresponding to the perfect matgchlifi of size
opt(I) = |C*|; we denote byF; the set of edges df/* that belong ta7[Ui_, V (Mjy,)],
the subgraph induced ln%ﬂV(Mk) and we set; = |E; \ E;—1| (where we assume
thatEy = 0). Foranyi =1,...,r — 1, we get :

1 7
opt(l) = - > [1.11]
k=1

Indeed,zzz1 qr = |F;| and by construction, each color appears at maoshes
in G[U},_, V (My)].

We also have the following inequality for any=1,...,r — 1:

opt(I) > % (227:% X pr — zz:q;c> [1.12]
k=1 k=1

Since M* is a perfect matching, the quant) i _, k x pr — > _, g counts the
edges of\/* of which at least one endpoint belongg¥¢Ji _, V' (M;,)]. Because each
color appears on at mostedges, the result follows.

Finally, since}";_, k x py, is the size of a perfect matching 6f, the following
inequality holds :

opt(I) > %Z k X pr [1.13]
k=1
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Using equality [1.10] and adding inequalities [1.11] withefficienta; = 2(171+1)

fori =1,...,r—1,inequalities [1.12] with coefficieri; = m fortr=1,...,r—
1 and inequality [1.13], we obtain :
H,
ape(T) < ( 2+ r) opt(I) [1.14]

Indeed>"_/ a; = SH,—Landy/_/ 8, = 5~ 3. Thus Y7 _ ) (a; + Bi) +1 =
H,.+r
Hedr,

The quantityp; appears in inequality [1.13] and inequality [1.12]fct j,...,7—
1. Its total contribution is £ j xp;+2 (Z,f;jl ﬂ,;) jxp; = p;. The quantity;; appears
in inequality [1.11] fori = j,...,r — 1 and inequality [1.12] fo¥ = j,...,r — 1. We
have :(27}"71 &)1 (Z:;jl ﬁi) ¢; = 0. Thus, using equality [1.10], the inequality

i=j i

[1.14] holds.

In order to show the tightness of this bound, consider theute! = (X, ,,, L)
where the left setl and the right seB of vertices of the complete bipartite graph are
gvenbyA={a;;:i=1,...,r, j=1,....,n;}andB ={b;; i =1,...,r, j =

1,...,n;}, withny = (r + 1)l andn; = r! fori = 2,...,r. Moreover, the edge
coloration satisfies :

eForanyi=1,...,randforanyj =1,...,n;, L(a;;,b; ;) = Ciran-

e Foranyi =2,...,randforanyj = 1,...,7!, L(a; j, b1 i—14(r—1)(j—1)) = €1
andL(bM,a17i_1+(7._1)(j_1)) = C;,j'

e Foranyj =1,...,70 L(by j4(r—1)xrls Q1 (rp1)1—j41) = €1

*

andL(ay jy(r—1)xrs b1,(r41)1—j41) = C3 -
¢ We associate a new color to each missing edge.

I'is clearly an instance of ABELED Min PM,. The set of colors” = {c; 47

i=1,...,m, 5 =1,...,n;} is the approximate solution outputted &yeedy and it
usesapz(I) = (H, +r) x 7! colors, whereas™ = {c;; :i=1,2, j=1,...,7l}

is the set of colors that are used by an optimal solution ;l#tier satisfiespt (1) =
2 x rl. The Figure 1.6 describes the instadder r» = 2.
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