Chapitre 1

(Non)-Approximability results for the
multi-criteria Min and Maxt’SP(1,2)

1.1. Introduction

This chapter presents some recent results obtained by thera[ANGEL 04,
ANGEL 05, ANGEL 05b]) about the inapproximation and the apgmation pro-
perties of the multi-criteria traveling salesman probleithwdistances one and two.
These results concerns the minimization version of thelprobWe also present some
new results for the maximization variant.

1.1.1. Thetraveling salesman problem

The traveling salesman problerid’§P) is one of the most studied problem in
the operations research community, see for instance [JOPMNI85]. Given a com-
plete graph where the edges are associated with a posistende, we search for a
cycle visiting each vertex of the graph exactly once and miring the total distance.
It is well known that thel'SP problem isNP-hard, and that it cannot be approxi-
mated within a constant approximation ratio, unl®sNP. However, for the me-
tric TSP (i.e. when the distances satisfy the triangle inequality), Gbfides propo-
sed an algorithm with performance ratio 3/2 [CHRISTOFIDE&. For more than
25 years, many researchers attempted to improve this baungith no success. In
[PAPADIMITRIOU 93], the authors studied a more restrictixersion of the metric
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TSP, in which all distances are either one or two (denoted (1, 2)), and they
proposed a 7/6 approximation algorithm. Recently, Bernmehkéarpinski proposed a
8/7-approximation algorithm for th&SP(1,2) problem [BERMAN 06] and some
inapproximability results are presented in [ENGEBRETSHEN The T'SP(1,2)
problem is a generalization of the hamiltonian cycle problence we are asking for
the tour of the graph that contains the fewest possible niges (edges of distance
2). In [MONNOT 02, MONNOT 03], some results for theSP(1, 2) with respect
to thedifferentialapproximation ratio are obtained. Finally, there is the imézation
version of the problem, denoted by M&¥% P, where the goal is to find a tour maximi-
zing the total distance. MakS P is also known to bé&PX-complete, even if the edge
distances are either 1 or 2 (denoted by Ma%P(1,2)), [PAPADIMITRIOU 93]
and it is approximable with expected performance ra5i®33 — ¢ for all e > 0 in the
general case [HAS 00], arid'8 in the metric case [HAS 02].

In this chapter, we deal with a multicriteria version of threllem : thek-criteria
TSP(1,2). The distance between any pair of vertices is a vector ofttehdnstead
of a scalar.

1.1.2. Multi-criteria optimization

Multi-criteria optimization refers to problems with two wrore objective functions
which are in conflict. Vilfredo Pareto introduced in 1896 acept —known today as
Pareto optimality- that constitutes the origin of the research in this areaofding to
this concept, the goal in a multi-criteria optimization lpieim is normally not a single
solution, but instead a set abn-dominatedsolutions, the so-calle®areto curve
From a computational point of view, the notion of Pareto etissproblematic. Two of
the main reasons are :

— the size of a Pareto curve which is often exponential witipeet to the size of
the corresponding instance, [PAPADIMITRIOU 00, VASSILVSKII 05];

— computing one Pareto optimal solution of a multi-criteximization problem
is often anNP-hard problem, [EHRGOTT 00].

Approximating it with a performance guarantée,. designing polynomial-time
algorithms which returms—approximate Pareto curves a motivating challenge. In-
approximability results are also needed. However, inagprability results are not
numerous in the literature of multi-criteria optimization

In this chapter, we provide approximation and inapproxiomatesults for seve-
ral versions of the multi-criteria traveling salesman wdiistances one and two. In
particular, we propose a way to get some negative resultshmibrks for several
multi-criteria problems and we put it into practice on theltincriteria 7S P(1, 2).
Up to our knowledge, existing multi-criteria inapproxinaat results were investiga-
ted only from the point of view oNP-hardness [DENG 02, PAPADIMITRIOU 00,
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VASSILVITSKII 05]. Our method is based on the following olpgation : in multi-
criteria optimization, one tries to approximate a set ofisohs (the Pareto curve)
with another set of solutions (theapproximate Pareto curve) and the more ¢he
approximate Pareto curve contains solutions, the moreratecthe approximation
can be. Then, the best approximation ratio that could beegetican be related to the
size of the approximate Pareto curve.

1.1.3. Organization of the chapter

The chapter is organized as follows : In Section 1.2, we gvaes definitions
concerning exact and approximate Pareto curves. Secfias devoted to a method to
derive some negative results (Subsection 1.3.1) for thétdria 7’5 P(1, 2), and two
polynomial time algorithms providing constant approximatof the Pareto curve.
More precisely, in Subsection 1.3.2, we proposecal searchalgorithm called BLS
which, with only two solutions generated @(n?), returns al /2-approximate Pareto
curve and in Subsection 1.3.3, we propoggeedyalgorithm inspired of the classical
nearest neighboheuristic. This algorithm, called 2NN, returns two solagogene-
rated inO(n?) which constitute a /2-approximation of the Pareto curve. We also
give in Subsection 1.3.4, some approximation results fesgiction of the bicriteria
Max T'SP(1,2) problem. In Section 1.4, we study thecriteria7'SP(1, 2) problem.
More precisely, in Subsection 1.4.1, we propose severaltivegresults fok-criteria
T'SP(1,2). Our method is applied in the caseletriteriaT'S P(1, 2) but it works for
several other problems. In Subsection 1.4.2, we study tpeoajmability of thek-
criteriaT'S P(1, 2) by giving a generalized version of 2NN. This multi-criteniearest
neighbor heuristic, calledNN, works for anyk > 3 and produces & —1)/(k+ 1)-
approximate Pareto curve. Finally, some concluding remar& given in Section 1.5.

1.2. Generalities

The Traveling Salesman Problem consists in finding in a wejbomplete graph
G = (V, E) onn vertices, a Hamiltonian cycle whose total distance is matirfor
the k-criteria TSP , each edge: has adistanced(e) = (d;(e), ..., dx(e)) which
is a vector of lengthk (instead of a scalar). Thetal distanceof a tourT is also a
vector D(T') whereD;(T) = 3, . dj(e) andj = 1,..., k. In fact, a tour is evalua-
ted with k£ objective functions. Given this, the goal of the optimimatproblem could
be the following : Generating a feasible solution which diameously minimizes (or
maximizes) each coordinate. Unfortunately, such an idaatisn rarely exists since
objective functions are, in general, in conflict. Howeveeadf solutions representing
all best possible trade-offs always exists : the so-cdMmeto curve Formally, a Pa-
reto curve is a set of feasible solutions, each of them optimtne sense of Pareto,
which dominates all the others solutions outside this set. If the problem raiii-
mization problem, a toui” dominates another ori# iff D;(T") < D;(T") for all
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j =1,...,k and, for at least one coordinafg one hasﬁj/(T) < ﬁj,(T’). When
the problem is a maximization problem, we just reverse tlwipus inequalities. A
solution is optimal in the sense of Pareto if no solution dwates it.

Since computing Pareto curves is problematic, getting gmcamation of it is
more reasonable and often sufficient. For a minimizatiogp(renaximization) pro-
blem, anc-approximate Pareto curve. is a set of solutions such that for every solu-
tion s of the instance, there is ahin P. which satisfiedD; (s') < (1+¢)D;(s) (resp.
Dj(s') > (1 —¢e)D;(s))forallj=1,... k.1

Interestingly, Papadimitriou and Yannakakis [PAPADIMIT®U 00] prove that
every multi-criteria problem has anapproximate Pareto curve that is polynomial in
the size of the input, and/s, but exponential in the numbeyr of criteria. Howe-
ver, computing such an approximation Pareto curve canmadyal be done within
polynomial-time. The design of polynomial time algorithmbkich generate approxi-
mate Pareto curves with performance guarantee motivaibiecent papers.

1.3. ThebicriteriaTSP(1,2)

We consider the bicriteri@'S P(1, 2) with n cities. In this case, we recall that for
an edge:, d(e) = (dy(e),da(e)) € {(1,1),(1,2),(2,1), (2,2)} and the objective for
the minimization version, called bicriteria MIiSP(1,2) (resp., for the maximiza-
tion version, called bicriteria Ma¥X'SP(1,2)) is to find a tourT” minimizing (resp.,
maximizing) Dy(T) = Y. di(e) and Do(T) = 3,1 do(e). We mainly propose
two different algorithms leading to the same approximatibtine Pareto curve for the
bicriteria Min T'SP(1,2) : alocal searchprocedure using th2-opt neighborhood
and anearest neighboheuristic which computes &/2-approximate Pareto curve.
Although these two algorithms provide the same performajuagantee, it is inter-
esting to present them since they are adaptations of wellkrneuristics previously
used for the monocriteriof’'S P [JOHNSON 85, ROSENKRANTZ 77].

For the bicriteridl’S P (1, 2) (minimization and maximization versions), it is easy
to observe that the Pareto curve is composed of at mastl solutions where we
recall thatn is the number of vertices ; the worst case appears whemthétoursT;
with vector distancé)(T}) = (D1 (T}), Do(T})) = (n+1i,2n —i) fori = 0,--- ,n,
belongs to the instance. Moreover, notice that a 1-apprat@rRareto curve can be
trivially constructed, just pick any tour.

1. Here,e is the error whilel + € (resp.1 — ¢) is the approximation ratio for a minimization
(resp., maximization) problem. In the chapter, we equivalently usertbe @&nd its associated
approximation ratio.
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We now prove that the approximability of the Pareto curve Bariteria Min
TSP(1,2) and the approximability of the Pareto curve for bicriteriaM 'S P(1, 2)
are linked by an approximation preserving reduction. Tleaig to modify the ins-
tance by replacing each edge (2,2) by an edge (1,1), eac®dyéy and edge (2,2),
and each edge (1,2) by an edge (2,1) and vice et versa. It caimolagn that obtaining
ac-approximate Pareto curve for the bicriteria Mit6 P(1, 2) on this modified ins-
tance yields &¢/(3= + 1)-approximate Pareto curve for the bicriteria MBS P(1, 2)
problem on the original instance.

THEOREM 1.—Anye-approximate Pareto curve for the bicriteria MRS P(1, 2) pro-
blem can be polynomially transformed intcjgé_%—approximate Pareto curve for the
bicriteria MaxT'SP(1,2) problem.

PROOF— We only prove the result for the monocriterion problems, tisaany e-
approximation for MinT'SP(1,2) can be polynomially transformed into }352%1
approximation for Maxl’SP(1,2). LetI = (G, d) be an instance of MaX'SP(1, 2)
whereG = (V,E) is a complete graph on vertices and consider the instance
I' = (G,d") of Min TSP(1,2) with d'(e) = 3—d(e) for all e € E. Finally, letT™* be
an optimal solution of for Max T'SP(1,2) and assume thdt is ans-approximation
for Min T'SP(1,2) onI’; obviously,T is also a solution od and consider the two

following cases :
o if d(T*) < 3tln, then sincel(T) > n, we have :

e+1
dT) e+l 2
d(T*) = 3s+1 3e+1
Thus,T is a ;225 -approximation for Max’S P(1, 2).

e Otherwise,d(T*) > 25Hln. By construction, any toui” verifies d'(T") =
3n — d(T"). In particular, this is true fof™* andT'. Hence, we deduce that" is also
an optimal solution of” for Min T'SP(1,2) and we have :

! * 2
< — .
AT —n (1.1)

Since by hypothesid' (T') < (1 + ¢)d'(T*), we get :
d(T)  3n—d(T) 1 d(T%)
d(T*)  3n—d(T") = “3n—d(T)

Using inequality (1.1) and since the right side of inequdlit.2) is increasing with

d'(T*), we deducel(T) > (1 — 3255)d(T™).

(1.2)

1.3.1. Simple examples of the non-approximability

Usually, non-approximability results for mono-criterieoplems bring thresholds
of performance guarantee under which no polynomial timerétym is likely to exist.
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Given a result of that kind for a mono-criterion problémwe directly get a negative
result for a multi-criteria version dfl. Indeed, the multi-criteria version ®f genera-
lizesII. The non-approximability of the mono-criteridnS P(1,2) has been studied
in [ ENGEBRETSEN 01, PAPADIMITRIOU 93] and the best known kEmbound
is1+1/740 — ¢ (for all 6 > 0). Consequently, for every > 0, no polynomial time
algorithm can generate(a/740 — §)-approximate Pareto curve unleBs= N P.

As indicated previously, in multi-criteria optimizatioone tries to approximate a
set of solutions (the Pareto curve) with another set of &olat(thes-approximate
Pareto curve) and the more theapproximate Pareto curve contains solutions, the
more accurate the approximation can be. As a consequercbetit approximation
ratio that could be achieved can be related to the size ofghmaimate Pareto curve.
Formally, ¢ is a function of| P.|. If we consider instances for which the whole (or a
large part of the) Pareto cun/e is known and if we suppose that we approximate it
with a setP’ C P such thaiP’| = z then the best approximation raticuch thatP’
is ans-approximate Pareto curve is relateditdndeed, there must be a solution/th
which approximates at least two (or more) solution®in

The question asked here i8/¥hat is the best approximation ratio an algorithrh
can achieve if it outputs solutions ?"wherer is supposed to be between 1 angl 1.

To get an upper bound of this approximation ratio, we comsidgarticular class
of instances for which the distances on the edges afélir2), (2,1)}. This subclass
is very interesting since each tour is Pareto optimal. Abtuat G be an nodes graph
of this class; each feasible tour has a total distance wki¢h # ¢, 2n — ¢) where
q is the number of2, 1) edges contained in the tour. Thus, no feasible tour can be
dominated by another one.

THEOREM 2.—Any e-approximate Pareto curv®. for the bicriteria MinT'SP(1, 2)

problem composed of at mastours is such that > 1.

PrROOF—In the sequel, we consider an instance of the subclass ded@aiimve and
assume that is a multiple ofr and all solutionsI’* with distanceD(T7) = (n+
in,2n — n) are feasible for = 0,---,r. A formal proof of this claim will be
given in Subsection 1.4.1 when we generalize this resulbhyonamber of criterig: ;
actually, the goal of this proof is just to give an intuitiohthe method used. Now,
assume tha# outputsr tours7; with i = 1,--- | r, which approximates the Pareto
curve within a ratiq'1 4+ «) on both criteria. Since there are- 1 Pareto optimal tours
T, at least one touf; € P. must approximate two touf§* for i = x andi = y with

z < y. In particular, we havg > = + 1, and thus, ifD(T}) = (n + ¢,2n — q), we
deduce :
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r+x
n+q < (1+a)

n

2r—xz—1
—n

IN

2n —q 1+ a)

r

From the first inequality we derive that :

x T+
g< —n+——an
T T

and from the second we get that :

>x+1n_2r—a:—1

an
r r

In fact
r+x

rz+1 2r—xr—1 T
n— an <q¢< —n+——an
r r

r

can only be possible i >

1
3r—1°

When the goal is the maximization of both criterii@(the bicriteria Maxl"SP(1, 2)
problem), we obtain a threshold of inapproximatior2gf3r — 2) using the approxi-
mation curve preserving reduction given in Theorem 1. Hareapplying the same
proof of Theorem 2 in the context of bicriteria M&%S P(1,2), we can improve this

: 1
ratio to T

COROLLARY 1.—Anye-approximate Pareto curve. of the bicriteria Max’SP(1, 2)

composed of at mosttours is such that > ﬁ

1.3.2. Alocal search heurigtic for the bicriteriaT'SP(1,2)

In[KHANNA 98] and [MONNOT 02b], the authors have shown segialy that a
simple local search algorithm using the well known 2-opghborhood [CROES 58]
returns a3,/2-approximate tour for the monocriterion MIRS P(1, 2). Up to the best
of our knowledge, no result was known about the ability oflaearch algorithms to
provide solutions with performance guarantee in multiecia optimization. Here, we
present an algorithm of this type which returng /&-approximate Pareto curve for
the bicriterial’SP(1, 2) problem using the same neighborhood.

Given a tourT, its 2-opt neighborhood/ (T) is the set of all Hamiltonian cycles
which can be obtained by removing two non adjacent edgesra®iting two new
edges (see Figure 1.1).



8 Optimisation Combinatoire

Xay X
2-opt

vbu vV u

Tour T TourT

Figure 1.1. The 2-opt move depicted here consists in replacing edgesl b
by c andd. We havel” € N (T)

If only one criterion is considered, a simple local searapdathm consists in
starting with a feasible solution and to iteratively regd#avith a neighboring solution
which is better with respect to the criterion. The algoritetops when the current
solution, docal optimum has no better neighbor.

If we say that a toufl” is a local optimum tour with respect to the 2-opt neigh-
borhood when no touf” € N (T') dominatesT” then there exist instances for which
a locally optimal tour gives a poor performance guaranteeafdeast one criterion.
Then, we introduce two symmetric preference relations aefipotentially two dif-
ferent local optima. These preference relations, denoged;band<,, are depicted
in Figures 1.2 and 1.3. Notice that we define them considahadact that we deal
with 2-opt moves which are exchanges of couples of edgesséaiaf the ten possible
couples of distance-vectors of the edges has been pagtitioio three set$, S,
and Ss, and for anyc; € Sy, co € Sy, ¢z € S3, we havec; <1 co <1 c3 (resp.
c1 <9 co <9 c3). Intuitively, the preference relatior; (resp.<-) leads to solutions
which are good for the first (resp. second) criterion.

DEFINITION 1.— We say that the touf is a local optimum tour with respect to the
2-opt neighborhood and the preference relatien (resp.<-) if there does not exist
atourT’ € N(T), obtained froml" by removing edges, b and inserting edges, d,

- - - - - - -

such that(d(c), d(d)) <1 (d(a),d(b)) (resp.(d(c),d(d)) <2 (d(a),d(b))).

We consider the following algorithm :

BICRITERIA LOCAL SEARCH (BLS):
1) LetT; be a 2-opt local optimum tour with the preference relatign
2) LetT; be a 2-opt local optimum tour with the preference relation
3) Return{Ty,T>}.

1.3.2.1. Analysis oBLS

In the following, we assume thdt is any 2-opt local optimal tour with respect to
the preference relatior;. The tourO is any fixed tour. We denote by (resp.y,z
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Figure 1.3. The preference relatiors.

andt) the number of edges with distance vector (1,1) (resp. (122)) and (2,2)) in
T. We denote by’ (resp.y’,z’ andt’) the number of edges with distance vector (1,1)
(resp. (1,2), (2,1) and (2,2)) iD.

LEMMA 1.—With the preference relatior; one hasr > 2'/2.

PROOF—Let Uy (resp.Ur) be the set of1, 1) edges inO (resp. inT). We define a
function f : Up — Ur as follows : fore € Up, f(e) = eif e € Up. Otherwise, let
e’ ande” the two edges adjacent toin T as depicted in Figure 1.4 (we assume an
arbitrary orientation of” and consider that the edges adjacenrtdoec’ ande’” but not
e* ande®). Lete’’ be the edge forming a cycle of length 4 withe’ ande” (see Figure
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Figure 1.4. The local optimal toufl” (arbitrarily oriented).

1.4). We claim that there is at least one edge amdrande” with a distancg1, 1)
and definef(e) to be one of those edges (possibly chosen arbitrarily). @tke, we
have{e, "'} € S; and{¢’,e”} € S, U S5 (see Figures 1.2 and 1.3), contradicting the
fact thatT  is a local optimum with respect to the preference relatignNow observe
that for a given edge’ € Ur, there can be at most two edgeande’ in Uy such that
f(e) = f(e') = e’ sinceO is a tour. Therefore, we hay&r| > |Up|/2.

LEmMMA 2.—With the preference relatior; one hase +y > (' +¢')/2.

PROOF— The proof is similar to the one of Lemma 1. Het&, (resp.Ur) is the set
of (1,1) and(1, 2) edges o (resp.T).

LEMMA 3.— If D1(0) < D5(0) thenD:(T) < 2D,(0) and Do(T) < 2 Dy (0).

PROOF—We haveD;(T) = 2n — 2 — y, D1(0) = 2n — 2/ — y and Do(T) =
2n —x — z, DQ(O) = 2n — 2’ — 2'. Let us consider the first coordinate. We want to

show that2:Z) — 2124 < 3 Using Lemma 2 we gefi=s=t, < 2—%-%

(O) 2n—a’'—y’ — 2n-— 'c’ ’
Now we have

dn — 2’ —y <6n— 32" — 3y

—
— 2'+y <n

which is true sincer’ + ¢’ + 2’ + ¢ = nandz’,# > 0. Now, we consider the
second coordinate and use the fact thatO) < D,(0) < 2/ <y .
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2n—x —z

IN
(CRSY

rTre

- - = dn —2x — 22 < 6n — 3z’ — 37
2n—ax — 2/
32 —2x+32 —22<2n

3¢' =2z +32 =22 < 22" +y + 2+ 1)

' —2x 42 —22< 2y + 2

which is true sincer’ — 2z < 0 by Lemma 1z’ <3y’ and—z < t'.

Now, we suppose thdt is a 2-opt local optimal tour with respect to the preference
relation<,. The tourO is any fixed tour. In a way similar to the case-ef, we can
prove :

LEMMA 4.—With the preference relatior, one hast > % andz+z > (' +2')/2.

LEMMA 5.— If D1(0) > Dy(0) thenD:(T) < 2D, (0) and Do(T) < 2 Dy(0).
Now, we are ready to prove the main result.

THEOREM3.—The set of tours returned BBL S is a 1/2-approximate Pareto curve for
the bicriteria MinT'SP(1, 2) problem. Moreover, this bound is asymptotically sharp.

PROOF—Using Lemma 3 and Lemma 5, we know that given a Pareto optimatip
if D1(0) < D5(O) thenD(T3) < 2D(0), otherwiseD(T») < 3D(O).

To see that this bound is asymptotically sharp, consideirttance depicted in
Figure 1.5. The toug; ss . . . so,,51 IS @ local optimum with respect ta; and<,, and
it has a total distance vect(dn, 3n), whereas the optimal tour

515352n5452n—1 -+ - Sn—15n+45nSn4+35n+15n425251

has a total distance vect@@n + 1,2n + 1).

Concerning the time complexity, we can show that BLS runge O (n?) since
searching the 2-opt neighborhood of a tour is don@in?) and at most)(n) 2-opt
moves are done to reach a local optimum.

The result given in Theorem 3 can also be applied to the bra@itversion of the
Max T'SP(1,2) problem. We recall that in this problem, the objective is theeximi-
zation of the length of the tour. For the monocriterion cése pest approximation al-
gorithm known has a performance ratio of 7/8 [MONNOT 02, MO@NO03]. Using
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Son 53

S4

Son—1 -

(1,1)

Stz Sntl

Figure 1.5. The edges represented have a distance veatar), whereas non
represented edges have a distance ve(202).

Theorems 1 and 3, we obtain a 2/5-approximate Pareto curibéddicriteria Max
TSP(1,2) problem. However, if we call BMXLS the algorithm which consists in
using modified preference relatiorg and=</, obtained from<; and<, by replacing
each edgéa, b) by an edg€3 — a, 3 — b), one can show that the inequalities obtained
in Theorem 3 allow us to obtain a 1/3-approximate Paretoecurv

COROLLARY 2.—The set of solutions returned BMAXLS is a 1/3-approximate Pa-
reto curve for the bicriteria MaX"S P (1, 2) problem. Moreover, this bound is asymp-
totically sharp.

1.3.3. A nearest neighbor heuristic for the bicriteria T SP(1, 2)

We now propose aearest neighboheuristic which computes i (n?) a 1/2-
approximate Pareto curve for the bicritefitin T.SP(1, 2). The idea of this classical
heuristic, applied to a monocriteriéhS P instance, consists in starting from a ran-
domly chosen node and greedily insert non-visited verticlessen as the closest ones
from the last inserted vertex [ROSENKRANTZ 77]. We adaps thligorithm to the
bicriteria MinT'SP(1,2). As done before witlsLs, we build two solutions using two
symmetric preference relations denoted-byand <.

DEFINITION 2.— For two edgese and ¢/, d(e) <
di(e) = dy(¢') anddy(e) < da(e’). Symmetricallyd(e) < d(e 2
or, dy(e) = da(¢’) anddy(e) < dy(e’). Whend(e) #41 d(e’) andd(e) 42 d(e), we

- -

say thatd(e) are d(e’) incomparable.

1=
2
m\
S~—
=
S
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2NN : bicriteria Nearest Neighbor

Input : I = (G, d) instance of the bicriteri@SP(1,2);
Output : Two toursp; andps of I;

Take arbitrarilyv* € V;

Setv, = v*
SetS = {vy} andu = v, ;
Until S # V Do

- -

Taker € V—Ssuchthatdt € V—Ss.t.d([u,t]) <1 d([u,7]);
Setp; (u) = randu = r;

End Until ;

Setpi(r) = v

Take arbitrarilyv*™* € V;

Setvy, = v**
SetS = {vs} andu = v, ;
Until S # V Do

- -

Taker € V—Ssuchthatdt € V—Ss.t.d([u,t]) <2 d([u,r]);
Setps(u) = randu = r;

End Until ;

Setp2 (r) = Vs,

Return{py,p2};

Tableau 1.1. Algorithm2NN.

d([p* (v), p1 o P (v)])

Figure 1.6. Case 1.
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Figure 1.7. Case 2.

The algorithm proposed is called 2NBi¢riteria Nearest Neighbgrand is given
in Table 1.1. This algorithm returns two toups and p,. We assume that for each
nodev € V, pi(v) (resp.p2(v)) represents the node which immediately follows
in p; (resp.p2). Here,p* denotes a Pareto optimal tour. Before proving that the two
tours returned by 2NN constitute lg2-approximate Pareto curve for the bicriteria
TSP(1,2), we introduce some notations. Lef (resp.y1, z1, t1) be the number of
edges with distancél, 1) (resp.(1,2), (2,1), (2,2)) of p1. Letzs (resp.yz, 22, t2) be
the number of edges with distance 1) (resp.(1, 2), (2,1), (2, 2)) of p,. Letz* (resp.
y*, z*, t*) be the number of edges with distande1) (resp.(1,2), (2,1), (2,2)) of

*

p .
Since a tour has exactlyedges, we know that :

n=ri+yi+xnt+ti=v2+ytrtty =2 +y" + 25 +t".

LEMMA 6.— For p; andp*, one hase; > z*/2.

PROOF— Let U,, (resp.U,-) be the set of1,1) edges ofp; (resp.p*). We define
a functionf : U,- — U,, in the following way. Let[v,v'] be an edge itU,-. If
[v,0'] € Up, thenf([v,v']) = [v,v']. Otherwise, we claim that amorig, p; (v)] and
[v", p1(v")], there is at least one edge with distafitel). Thus,f([v, v]) = [v, p1(v)]
if the distance vector dv, p; (v)] is (1, 1), otherwisef ([v, v']) = [v/, p1(v')]. To see

that, we consider two possibilities :
—pi(v) = p*(v) 1 If d{v,p*(v)]) = (1,1) thend([v,p(v)])) = (1,1) and
f(lv,p*(v)]) = [v,p1(v)].
—p1(v) # p*(v) : In case 1 (see Figure 1.6), if([v,p*(v)]) = (1,1) then
“(v),p1(p ( M) = (1,1) and f([v, p*(v)]) = [p*(v), p1(p"(v))]. In case 2 (see

d(lp
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-

l[:igur(e )1]-7), ifd([v, p*(v)]) = (1,1) thend([v, p1 (v)]) = (1,1) and f([v, p* (v)]) =
v, p1(v)].

Thus, eacl{1, 1) edge ofp; has at most two antecedents of distafice ).
LEMMA 7.—For p, andp*, one hasey > x* /2.

PROOF.— See the proof of Lemma 6 and replaegby p-.

LEMMA 8.—For p; andp*, one hasey +y; > (z* + y*)/2.

PrOOF—LetU,, (resp.U,-) be the set of1, 1) and(1, 2) edges ofp, (resp.p*). We
define a functiory : U, — U, in the following way. Lef{v, v'] be an edge i/, . If
[v,v'] € Up, thenf([v,v']) = [v,v']. Otherwise, we claim that amorig, p; (v)] and
[v", p1(v")], there is at least one edge with distaritel) or (1,2). Thus, f([v,v']) =
[v, p1 (v)] if the distance ofv, p;(v)] is (1, 1), otherwisef ([v,v']) = [v/,p1(v")]. TO
see that, we consider two possibilities :
=pi) = p() I d([o,pt(0)]) = (1,1) thend([v,p1(v)])) = (1,1) or
d([v, pr(v)]) = (1,2) and f([v, p* (v)]) = [v, p1(v)].
# p*(v) 1 In case 1 (see Figure 1.6), if([v,p"(v)])) = (1,1) 0
) = (1,2) thend([p* (v), p1 (v" (v))]) = (1,1) or d{[p* (v), pr (p" (v ))])
2) and f( v,p*(v)]) = [p ( )pl(p (v))]. In case 2 (see Figure 17)

(1, = (1,2) thend([v,p1(v)]) = (1,1) 0

= [v,p1(v)].

Thus, each edge of distance{fi, 1), (1,2)} of p; has at most two antecedents of
distance(1, 1) or (1, 2).

LEMMA 9.—For p; andp*, one hases + 25 > (z* + 2*) /2.
PROOF.— See the proof of Lemma 8.

THEOREM 4.—The two tours returned bNN constitute al /2-approximate Pareto
curve for the bicriteriadl’ S P(1, 2). Moreover, this bound is asymptotically sharp.

PrROOF— The proof is completely similar to the one given in Theorem 2rébver,
this bound is asymptotically attained for the particulastamce given in Figure 1.5.
Indeed, 2NN can produce two identical toussss ... s2,_1 s2, Of total distance
(3n,3n) while tour | s3 say, S4. .. Spt3 Snt1 Snt2 S2 has a total distance abn +
1,2n +1).

In the next subsection, we deal with a subcase of the biiaitdex TSP(1,2)
problem.
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ALL:
Input : I = (G, d) instance of the bicriteria MaX'SP(1, 2) whered(e) € {(1,2),(2,1)};
Output : Three toursl}, 75 andT3 of I ;

1. Produce a touf using the nearest neighbor algorithm where edges
(1,2) are prefered to edgég, 1) ;
2. Produce a touf’ using the nearest neighbor algorithm where edges
(2,1) are prefered to edgés, 2) ;
3. Find a third tourTs by the following way
3.1 Find a maximum matching/; in the subgraph induced by the
(1,2) edges;
3.2 Find a maximum matching/- in the subgraph induced by the
(2,1) edges;
3.3C4,...,CyandPy,. .., P, respectively denote the cycles and the paths
in the graph induced by/; U M> ;
3.4 For eachCs; with 1 < 2¢ < ¢, delete one edge with distance vectbr2) and
let Py, denotes this path;
3.5 For eachCy; 1 with 1 < 2i + 1 < ¢, delete one edge with distance vec{rl)
and letPy;  , denotes this path;
3.6 Build T3 by adding arbitrarily chosen edges(tb);_, P;) U (U7, F});
4. ReturnTy, T, and73 ;

Tableau 1.2. AlgorithmAL 1.

1.3.4. On thebicriteriaMax T'SP(1,2)

In Corollary 2, we saw that BMIX LS gives a 1/3-approximate Pareto curve for the
bicriteria MaxT'SP(1,2) problem. In this subsection we improve this performance
ratio, but only when we restrict the distances vector to edgigh distance vectors
(1,2) and(2, 1). Actually, using Corollary 1, we observe that this resioietis already
hard to approximate with < ﬁ if we use at most tours. In particular, a single
tour never provides &l/4 + ¢)-approximation of this restriction, for any> 0. We
now prove how we can reach this performance ratio using otdyis. The algorithm
presented below, starts with the two solutions produced dogémization version of
2NN together with a third solution based on matchings.

THEOREM 5.—Algorithm AL 1 (see Table 1.2) returns ?—approximate Pareto curve
for the bicriteria MaxT'SP(1, 2) when we restrict the distance vectors(fig2) and
(2,1).

PROOF.— We start with the notations introduced in Subsection 1.3t fbllowing
equalities can be easily proved :
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ntzn=y2t+zm=y"+z"=n (1.3)
ﬁ(TI) = (n+z,n+y1),
D(Ty) = (n+2z,n+y),
B = (nt ot n+y).

By Lemma 8, we have the following property oy :

2y1 >y~ (1.4)
Thus, using (1.3) and (1.4), we get :

—

Dy(Ty)=n+y1 > n+y"/2
= 3n/4+3y"/4+n/d—y*/4

3
= Ly et

By Lemma 9, we have the following property o} :

220 > 2*. (1.5)

Thus, using (1.3) and (1.5), we get :
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—

Di(Ta)=n+2z, > n+2z"/2
= 3n/4+32"/4+n/4—2"/4

3
(n+2%) +y" /4

Dy (T)

Y

4
3
1

(i) Assumez; > n/4. If 2n > 32* thenD,(Ty) > 2D, (T*) andT; approximates
the whole Pareto curve. Indeed, we have :

z1 > njd
n+z > 3n/d+n/2
n+z > 3n/4+32"/4
. 3. .
Dl(Tl) > iDl(T ).

In case2n < 3z*, we have2y™ < z* andn > 3y* sincen = y* + z*. Moreover,
3n + 4y, > 3nis always true sincg, > 0. If we addn > 3y* to 3n + 4y, > 3n, we
get:

dn+dys > 3n+ 3y

Dy(Ty) > ZDo(T).

As a consequencéy approximates the whole Pareto curve.

(i) Assumey, > n/4. If 2n > 3y* then Do(T») > 3 Do(T*) andT, approximates
the whole Pareto curve. Indeed, we have :

y2 > nf4
n+ys > 3n/4+n/2
n+ys > 3n/4+3y*/4
3 = *
Dy(Ty) > iDZ(T ).
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In case2n < 3y*, we have2z* < y* andn > 3z* sincen = y* + z*. Moreover,
3n + 4z > 3nis always true since; > 0. If we addn > 3z* to 3n + 421 > 3n, we
get:

dn+4z; > 3n+3z2*
. 3.
Dy(Ty) > ZDI(T )

As a consequencé; approximates the whole Pareto curve.

(#4i) Now assume that we simultaneously haye< n/4 andys < n/4. In this case,
Ty has at leas8n/4 (1,2) edges and;, has at leasBn/4 (2,1) edges. We deduce
that M, (resp.M>) has at leas8n /8 edges of distancél, 2) (resp.(2,1)). On the
other hand, when we adt/; to M,, there is at most /4 cycles and then, we delete
at mostn /8 edges of distance vectfr, 2) andn /8 edges of distance vect(®, 1). In
conclusion, ifzs (resp.,ys) denotes the set @, 1)-edges (resp(1, 2)-edges) ofls,
we deduce;; > 3n/8 —n/8 = n/4 andys > 3n/8 —n/8 = n/4. Hence, we get :

—

D(T5) > (n+ z3,n+y3) > (5n/4,5n/4) (1.6)

We also assume that < 2y* andy* < 2z*. Indeed, when* > 2y*, we deduce
thaty* < n/3 sincez* + y* = n. ThusDy(T*) < 4n/3. On the other hand, trivially
Dy (T») > nand thenDy(T3) > 3 Do (T*). In conclusion, since previously we proved
that Dy (T») > 2D, (T*) always holds, we geD(T3) > 3D(T*). Wheny* > 22*,
the same inequality holds @, . Hence, in conclusion one can assume taf 2y*
andy* < 2z*. Then,2n > 3z* and2n > 3y*. We derive from these two inequalities

that :

n/3< y* <2n/3
n/3< z* <2n/3

So, we obtain :

—

D(T*) < (5n/3,5n/3). (1.7)

Thus, in the worst cas&; approximates the whole Pareto curve within a ratid.
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1.4. k-criteriaTSP(1,2)

In this section, we present a generalization of the previesslts whenk, the
number of criteria, is larger than 2. We first give some nopragpimability results
related to the number of generated solutions forktueiteria7 S P(1, 2). Afterwards,
a generalization of 2NN, which has a better complexity th&$Bis proposed. This
generalization, calle&NN, computes inO(n2k!) time a ’;;}—approximate Pareto
curve for thek-criteria7’S P(1, 2) whenk > 3.

Let us observe here that the dependence of the time comptexit! is not surpri-
sing since the size of the approximat®areto curve is not necessarily polynomial on
the number of the optimization criteria [PAPADIMITRIOU Q0]

1.4.1. Non-approximability related to the number of generated solutions

We give in this section a non trivial generalization of theulés given in Section
1.3.1. Thus, we propose a way to get some negative resulthwiorks for several
multi-criteria problems and we put it into practice on theriteriaT SP(1, 2).

In the following, we explicitly give a family of instancesddoted by/,, ,.) of thek-
criteriaT’ S P(1, 2) for which we know a lot of different Pareto optimal tours corg
a large spectrum of the possible values.

We first consider an instandg, with n > 2k + 1 vertices where distances be-
long to {(1,2,...,2), (2,1,2,...,2),...,(2,...,2,1)}. We suppose that for any
1 =1,...,k, the subgraph of,, induced by the edges whose distance@ly on co-
ordinatei is Hamiltonian {; denotes this tour). Using an old result [LUCAS 92], we
know thatk,, is Hamiltonian cycles decomposable irktalisjoint tours ifn > 2k + 1
and then/[,, exists.

We duplicate the instandg, r times to getl,, .. We denote by the vertexv,, of

-

thec-th copy ofI,,. Between two copies with < ¢; < ¢; < r, we setd([vS',v,2]) =

- -

d([ve,vp]) if a # bandd([vs,ve]) = (1,2,...,2).

a ) ra

......

wherec; for1 <i < k —1arek — 1 indexes in{0,...,r}) satisfying :
(VVi=1,....k—1,¢,€{0,...,r}and "} ¢; < 7.
(i) Vi =1,....k — 1, D;(T,,
n(Xio) e).

en_1) = 2rn — ¢mn and ﬁk(Tcl,»---,Ck—l) =rn +

.....

PROOF—Letey, ..., cy—1 be integers satisfying). We build the toutT,, . .., by
applying the following process : On thg first copies, we take the todr,, on thec,
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second copies, we take the tdlyrand so on. Finally, for the — El ; ¢i last copies,
we takeTy. For anyl < I; < Iy < r, and any tourd” and7”, we patchl” on copy

Iy with T" on copy12 by replacing the edgels!, él] € T and[v ;2,1;55] e T' by

the edgesv!, v J v'2] and[v f,?mv] ]. Observe that the resulting tour has a total distance
D(T") + D(T). So, by applying: times this process, we can obtain a taur oo,
satisfying(i7). Moreover, the number of tours is equal to the number of @wiuf

k — 1 elements among+ (k — 1).

THEOREM 6.— For any k£ > 2, any e-approximate Pareto curve for the-criteria
TS P(1,2) containing at most solutions satisfies :

1
i (20 — 1)r(i, ) — 7t

wherer(i,z) = min{r|z < (I — 1}

€ 2 Mar;=2,. .

PROOF— Let r(k,r) = r be the smallest integer such that< (“+*~1) — 1 and
consider the instancg, ,.. Sincex < (7**~1) — 1, there exists two distinct tours
Te,.... andelwc/kf1 and a tourT’ in the approximate Pareto curve such that :

yCh—1

D(T) < (14¢€)D(Te,....c,_,) and D(T) < (1+&)D(Tyy ..o ) (1.8)

Letl; = max{¢;,c;} fori =1,...,k — 1 andl;, = min{Zi.:l Zl 1 s
By construction, we havg, < Zf;f l; — 1. Moreover, the total distance @f can
be written D;(T) = 2rn — g; fori = 1,...,k — 1 and Dy(T) = rn + Y.\ ' ¢,
for some value ofy; (¢; is the number of edges @f where the distance has a 1 on
coordinate; and 2 on the others). Thus, using inequalities (1.8), we ceduat for
i=1,...,k—1,wehavenr — ¢; < (14 ¢)(2rn — l;n) which is equivalent to

g > lLin(l+¢€) — 2rne. (1.9)

Using inequalities (1.8), we also have + Zl 1 ¢ < (14 ¢€)(rn+ lyn) which is

equivalent to
k—1

> g <ern+ln(l+e). (1.10)
=1
Adding inequalities (1.9) fot = 1,...,k — 1 and by using inequality (1.10) and
Ik < 2F 11— 1, we deduce

S 1
— (2k—Dr(k,z) -1

(1.11)
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1 2 3 4 5 6 7 8 9

0.500 0.200 0.125 0.090 0.071 0.058 0.050 0.043 0.038
3 |0.500 0.250 0.125 0.111 0.111 0.071 0.071 0.071 Q.071
4 10.500 0.250 0.166 0.111 0.111 0.076 0.076 0.076 Q.076

N

Tableau 1.3. Numerical values of according to Theorem 6.

Finally, since are-approximation for thes-criteria7'SP(1,2) is also anc-approxi-
mation for thei-criteriaT’SP(1,2) withi = 2,...,k — 1, we can apply — 1 times
the inequality (1.11) and the result follows.

The Table 1.3 illustrates the Theorem 6 for some valuds afidz. From Theo-
rem 6, we are able to give a more explicit but less powerfulltes

COROLLARY 3.—For anyk > 2, anye-approximate Pareto curve for thie-criteria
TS P(1,2) containing at mosk solutions satisfies :

1
€2 1/ (k=1
Qk—n(ﬂk—mg/% 4

PROOF.— By construction of-(k, z) = r, we haver > (;(ff”)’l*k’l). Since

(r71+k71) > rk_l
k-l (k=11
we deduce

r < (x(k — 1)!) 1/(k—1).

Thus, using the inequality (1.11), we obtain the expectedlte

—1
More generally, if we writeR;, (z) = ((Zk: — 1) (x(k — )Y/ k=1 1) , then
observe that the following property holdgk > 2, 3z, Va > o we haveRy11 (z) >
Ry(z). In other words, between two different versions of theriteria T'SP(1,2),
the negative bound increases withSo, these bounds are interesting whés a fixed
constant and: is an arbitrarily large integer (indeed, whenr= o(x)).

On the other hand, we can also obtain other bounds whefixed and: grows to
infinity (z = o(k)). In particular, when the-approximate Pareto curve contains just
solutions, we obtaia > 1/(2x — 1) — ¢ for thek-criteriaT S P(1, 2) with k arbitrarily
large.
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THEOREM 7.— For any k > 2, any e-approximate Pareto curve for the-criteria
TSP(1,2) containing at most: < k solutions satisfies :

1
e>1———

— o [k/=]

PrRoOF—Letz be an integer smaller than or equaktand consider the instandg ,.
used in Lemma 10 witlhh > 2k + 1 andr = 1. The instancd,, , admits (at leasty
Pareto optimal tours denoted By (the tour?’; only uses edges with a 1 on coordinate
j and a 2 on the others). By the construction, we knowfhiatl’j) = 2n wheni # j
andD;(T;) = n otherwise.

Now, consider arx-approximate Pareto curve that contains at mosblutions.
One of these: solutions, denoted by’, approximates at leagt= [%1 Pareto optimal
tours. W.l.o.g., we suppose thAt c-approximates the touts,, 75, ...T), :

Dy(T")
l1+e> max =
i=1,....,k andj=1,...p Di(Tj)

Sinceﬁi(Tj) =2nwhenj € {1,...,p}andp < i <k, we get:

Di(T") D;(T")
max pre = max e .
i=l,...kandj=1,.p D;(T;)  i=L...pandj=1...p0 D,(T})

Dy1 1 .
max = () _ 7<‘max DZ(T’)>
i=1,...,p andj=1 pDz(T_’;) n \i=1,...,p
Then, we have : .
1+e> 7(_max ﬁi(T’)) (1.12)
n \i=1,....p

We know that any feasible todr of I,, , satisfies :

Di(T) = n(2k —1).

-

1

K2

Indeed, the distance of each edge of the instance has exaetlgoordinate equal to
1. Thus, any touf” satisfies :

p k
> Di(T) > ZE(T) —2n(k —p) = n(2p - 1).

=1
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In particular, one can observe that :

Dy(T") >
Juax Di(I") 2 ’

n(2 — ;)) (1.13)

Thus, inequalities (1.12) and (1.13) givet e > 2 — 1/p which means that >
1— ([k/z])~"

The method presented in this section can be applied to detbex multi-criteria
problems. For instance, it works with problems where alsilgle solutions have the
same size|{/| for a Hamiltonian cycle|V| — 1 for a spanning tree, etc).

1.4.2. A nearest neighbor heuristic for the k-criteria TS P(1, 2)

Adapting the nearest neighbor heuristic to theriteria T'SP(1, 2) gives rise to
two questions : How can we translate the notion of closenégsmultiple objectives
are considered ? How many solutions must be generated tonggipgoximation of
the Pareto curve ? In the following, we propose a way whiclukameously brings an
answer to both questions. Given the problem, the totalmtistaf a Pareto optimal tour
T* is enclosed in &-dimensional distance space. The way to generate &tohich
approximated™, and also the notion of closeness, depend on WEkéﬂé*) is located
in the distance space. The idea is to partition the distapaeesinto a fixed number
of parts. Then, with each part we associate an appropridiennaf closeness. Given
a part and its proper notion of closeness, we can generatethdtnearest neighbor
rule a tour which approximates any Pareto optimal solutitiose total distance is
in this part. For any instance of thecriteria T'SP(1,2), we propose to divide the
distance space intb! parts as follows : Each part is identified by a permutation of
{1,...,k}. Given a permutatiorl of {1,...,k}, a tourT is in the part identified
by L if Dyy(T) < ... < Dy (T). For the notion of closeness, we introduce a
preference relation over all possible distance vectorghvltioks like a lexicographic
order. This preference relation which dependsiofdenoted by<.) is defined by
usingk + 1 setsSy, ..., Sk41 :

Sq

Sk = {1,2}%

{Ge{l,2}"|Vi<k+1-q dp =1}, for1<q<k

-

COROLLARY 3.—For any edgee, we say thak is S,-preferred(for <) if d(e) €
Sy\Sq—1 (WhereS, = 0). For two edges ande’ such that is S,-preferred anct’ is
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S1 So 75'3 §4
| | [ 211

121 | 212
122 | 221
222

Figure 1.8. One has
111 <p 112 < 121 <1 122 < 211 <1, 212 <, 221 <, 222.

KNN : k-criteria Nearest Neighbor
P:=0;
For each permutatioh of {1,2,...,k} do
Take arbitrarilyv € V;
W= {v};u:=wv;
While W #£ V do
Taker € V\W s.t.r is the closest vertex to by <y, ;
W :=Wu{r};
plu):=r;u:=r;
End While;
p(r) == wv;
P :=PU{p};
End do;
ReturnP ;

Tableau 1.4. For v € V andp a tour, p(v) denotes the node which
immediately follows in p.

Sy -preferred, we say thaf(e) is preferred (resp., weakly preferred) ﬁﬁe’) and we

- — — -

noted(e) <z, d(e’) (resp.,d(e) < d(¢')) iff ¢ < ¢’ (resp.,¢ < ¢').
An example wheré = 3 and L is the identity permutation is given in Figure 1.8.

The algorithm that we propose for thecriteria7'SP(1,2) is given in Table 1.4.
Calledk NN for k-criteria Nearest Neighbor, it is composedkdfsteps. A permuta-
tion L of {1,2,...,k} is determined at each step. With a permutatigrmwe build a
preference relatior<, and finally, a solution is greedily generated with the ndares
neighbor rule.

1.4.2.1. Analysis ok NN

We prove thakNN returns a(k — 1)/(k + 1)-approximate Pareto curve for the
k-criteriaT'SP(1,2) whenk > 3. The proof of this result requires some notations
and intermediate lemmata.
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In the following, we consider two particular toupsand p*. We assume that is
the tour generated byNN with the preference relatior; and thatp* is a Pareto
optimal tour satisfying

5L(1)(p*) < ﬁL(z)(P*) <...< ﬁL(k)(P*)- (1.14)

The set of all possible distance vectdiis 2}* is denoted by. For every;j < k, we
introducel; = {d € Q| d; =1} andU; = {a € Q| @; = 2}. Forad € Q, we note

Xz ={v eV |d(v,p(v)]) =da}andX}; = {v € V | d([v,p*(v)]) = @}. Finally,
xz (resp.x} ) denotes the cardinality ofz (resp.X7).

If nis the number of vertices then by constructionwe haye , 2z = > .. 25 =

n, Dj(p) =2n =3 gy, xa andDj;(p*) = 2n — 3 ey, T3

LEMMA 11.—The following holds for any < & :

2 Z Tg > Z 1‘2.

= k+1— = k+1—
aeNfti ULy aen;Z " Ury)

PROOF— We defineF, = {v € V | d([v,p(v)]) € S} andF} = {v € V |

-

d([v, p*(v)]) € S,}. Then, we have to prove thatf,| > |Fy|. The key result is to
see thap*[F;\Fy] C F, wherep*[W] = J, ¢y {p"(v)}. Take a vertex in F;\F,
(see Figure 1.9). Theni([v, p*(v)]) € S, d([v,p(v)]) € Sy andq’ > ¢. During
the computation op, suppose that is the current node and that(v) is not already
visited. We get a contradiction (the nearest neighbor aNgdlated) since(v) imme-

-

diately followswv in p andd([v, p*(v)]) <1 d([v, p(v)]). Now, suppose that*(v) was
already visited. It directly precedegp*(v)) in p and therrf([p x (v),p(p*(v))]) <L
d([v,p*(v)]). As a consequence][p*(v), p(p*(v))]) € S, such thaty” < ¢ and

p*(v) € F, sinceS,» C S,.

sincelp* [F;\Fyl| = |[F{\F,|, |F}| = |[F;\Fy |+ |Fy N Fy| and|F,| > |F; N F,)
we deducdF;| = [p*[F;\F,]| + |F; N Fy| < 2|F,|. Finally, since\}*| =7 Uy ;) =
Sqr [Fgl = Xges, va and|Fj| = > ;.5 a7, the result follows.

The following inequality is equivalent to (1.14) :

Z xh > Z Te> .2 Z T

dEUL(l) EEUL(Q) dEUL(k)

Q¥

We easily deduce that for any couple j» such thatj; < j, we have :

> zh < > Tk, (1.15)

aG€UL\ULGy) a€UL;1H\UL(y)
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p(v) p*(v)

v pop*(v)

~

Figure 1.9. The tourp generated bxNN. The edgév, p*(v)] belongs ta*.

Letdy, be, j andm be such thab, € {1,2}, 02 € {1,2},1 <j < kandl <m < j.
Let R(b1, j, m, b2) be the set of alli € Q2 such thatiy,(;) = b; and there exists exactly
m distinct coordinates of among{ay,(1), dr(2), - - -, Gr(j—1)} Which are equal td,.
Remark that(by, j,m, by) = R(b1,5,5 — 1 — m, by) whereby = 3 — bs.

LEMMA 12.—Foranyj < k, one has:

Jj—1 Jj—1
Sl X w) <G-1)( 7))
=1 d@€R(1,j,q,2)UR(2,4,q,2) =0 GeR(2,5,q,1)

PROOF—We sum up inequality (1.15) witly € {1,...,57 — 1} andjs, = j. We get
the following inequality :

Jj—1 Jj—1
> z3) < > @) (1.16)
=1 @€l \Us(e) a=1 @€l \Ur(y)

We also have the following equality :

j—1 j—1
Vi<k > ( 3 x) = (q 3 xa) (1.17)
q=1 @eUr;\ULy ¢=1  d@eR(1,,q,2)

Let @ be a distance vector iR(1, j, ¢, 2). By definition,d ;) = 1 and there exists
aset{iy,...,igy With 1 <i; < iy < ... < iy < jsuchthatiy;,) = dru,) =

. = dr,) = 2. Moreover, for allj’ < j — 1 such that/” ¢ {iy,...,i,}, we have
6L(j,) =1.Thus,d € UL(j)\UL(g) iff g < {il,ig, R ,iq}.

Using a similar argument, we obtain :

Vj<k7jzl( Z xig)sz(q Z xa) (1.18)

q=1 EGUL(Q)\UL(]-) q=1 acR(2,5,9,1)
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Then, using (1.16), (1.17) and (1.18) we get :

3 ;) < ]Z( 3 x;;.). (1.19)

¢=1  d@eR(1,5,q,2) = GER(2,j,q,1)

j—1

SinceR(2,4,q,2) = R(2,7,7 — 1 — ¢, 1), the following equality holds :

1 j—1 i—1

g 7i) = ( 3_12( w) =2 (¢ > @) @20

€R(2,5,9,1) 9=0 @eR(2,5,9,1) q9=1 aGe€R(2,5,9,2)

<.
<

q=1

So, Lemma 12 follows from (1.19) and (1.20).

THEOREM 8.— KNN returns a(k — 1)/(k + 1)-approximate Pareto curve for the
k-criteria TSP(1,2) whenk > 3.

PrRoOF—In the following, we consider that is any permutation of1,...,k}, p*
is a Pareto optimal tour satisfying (1.14) amds built with the nearest neighbor rule
and the preference relatieny,. Then, we have to show thatjf> 3 thenDy,;(p) <

(1+ j_&)DL(j)(p*)-
The previous inequality holds if we have the following inadjty :

—G+D) D wa<2i-1) > wp-2 Y ah (1.21)

acUr) aclp ) aclrg)

EL(j)(p)S%EL(j)(p*) & (j+1)(2n— > xa)§2j(2n— > 1‘2)

a€lr() a€lr()

s —(+1) Z 2z <2(j —1)n—2j Z Th

aGUL(J) anL(J)
s —(G+1) E 2z <2(j—1) g Th—2 E Tk
acUL( acUp) acUr)

1 —_ * _ *
usingn = ZanLm i+ ZdeUL(j) T
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Let us denote byl andB the following quantities :

>, @ = 2. Tt ), aa=A

acUr) aG€ULG)\(Nim<j—1 UrLem)) €N m<; ULm)
E xh = g Th+ E s =B.
EEUL(j) EEUL(j)\(ﬂmSj71 UL(m)) Eeﬂmgj UL(m)

Then, inequality (1.21) becomes :

=

—U+1DA<2(G-1) rg =2
aclp )

(1.22)

To prove (1.22), we propose the following decomposition :

2-1) Y ap-2 3 -4 Y w (129)

acUyp ;) G€UL(H\ Ny<j—1 UL(m) @€, <j UL(m)
-(j+1A<C (1.24)
c<2i-1) > ap-2B (1.25)
aEUL(J)

Thus, (1.24) becomes :

~(j+1) > ra—(G-3) Y, @<

aG€UL;H\ Nim<j—1 UL(m) €N < ULm)
<2(j-1) E TE—2 g Tk
aclyp aG€UL(;H\ Nim<j—1 UL(m)

Since the left part of this inequality is negative, we wanptove that the right part is

positive :
0<2(j=1) > 25-2 > s (1.26)
aely) aG€UL(H\ Mim<j—1UL(m)
> vz < (j-1) z; (1.27)

anL(j)\ﬂmgj_1 UL(m) aEﬁL(j)
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We also have :

j—1
Z rE = ( 1’2») and
UL\ Nim<j—1 ULim) =1 @eR(1,5,4,2)
j—1
G- X w o= G-0X( X =)
(LEUL(J) q=0 deR(2,5,9,1)
The first equality follows fromUz ;)\ (,,,<; 1 Ur(m Uq 1 R(1,7,¢,2) since
a € Ur(j)\Np<j—1 UL(m) iff @r;) = 1and there eX|sts exacﬂMndexes{zl,. g}
such thaﬂ <g<j-—1 andaL(“) = dr(iy) = = dr(,) = 2, whichis equivalent

tod € R(1,j,q,2). The second equality foIIows fromr ;) = U R(2.4,0,1)
because € U ;) meansiy ;) = 2.

As a consequence, (1.27) becomes :

Jj—1 j—1
>ow)<G-uxX (X )
¢=1 dcR(1,5,4,2) 9=0  GeR(2,5,q,1)

With Lemma 12, we have :
j—1

(¢ ¥ w)s H;( i)

q=1 a€eR(1,5,q,2)UR(2,7,q,2) acR(2,5,q,1)
and (1.27) follows from
j—1 j—1
SICHEND ST D S (D SN
q=1  @eR(1,5,4,2)UR(2,4,q,2) q=1 a@eR(1,5,q,2)

By Lemma 11 withy = k£ + 1 — j we have :

2 Z Tz > Z s

6€ﬂm§j UL(m) deﬂmgj UL(m)

which is exactly (1.25).

1.5. Concluding remarks

Negative results for multi-criteria optimization problsmwere not extensively in-
vestigated though their approximability motivated a loadicles. By connecting the
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size of the approximate Pareto curve and the best apprarimeagttio which can be
achieved, we present a way to get negative results which tieelyoon NP-hardness.
We applied the method to thecriteria7.SP(1,2) but it also works with problems
where all feasible solutions have the same size.

The approximability of thek-criteria T'SP(1,2) is also investigated with multi-
criteria versions of the classical local search and theastareighbor heuristics. Ho-
wever, as the number of criteria grows, and even though thebeu of solutions is
large !), the approximation ratio NN tends to 2. Then, it would be interesting to
reduce the gap between positive and negative results viintiahis direction, Man-
they et al. [MANTHEY 06] recently considered randomizedaaithms for several
particular cases of the multicriteria traveling salesmiabfem.

1.6. Bibliographie

[ANGEL 04] ANGELE., BAMPISE., GOURVES L., « Approximating the iego curve
with local search for the bi-criteria TSP(1,2) problem sT;heoretical Computer Science
vol. 310, p. 135-146, 2004.

[ANGEL 05] ANGEL E., BAMPIS E., GOURVES L., MONNOT J., «(Non)
Approximability for the Multi-criteria TSP(1, 2) »Proc. of FCT'05, LNCSvol. 3623,
p. 329-340, 2005.

[ANGEL 05b] ANGEL E., BAMPIS E., GOURVES L., MONNOT J., « A Noten
the Bicriterial' S P(1, 2) », Technical Report2005.

[BERMAN 06] BERMAN P. , KARPINSKI M., «8/7-Approximation Algorithm for
(1,2)-TSP »,in Proc. of SODA2006p. 641-648, 2006.

[CHRISTOFIDES 76] CHRISTOFIDES N., « Worst-Case analysis oba heuristic for
the traveling salesman problem sTechnical Report, GSIA, Carnegie Mellon University
1976.

[CROES 58] CROES A., « A method for solving traveling-salesman prosle Operations
Researchvol. 5, p. 791-812, 1958.

[DENG 02] DENG X., PAPADIMITRIOU C. H., SAFRA S., « On the Comgpley of
Equilibria » in Proc. of STOC'02p. 67-71, 2002.

[EHRGOTT 00] EHRGOTT M., « Multicriteria optimization >§pringer-Verlag 2000.

[ENGEBRETSEN 01] ENGEBRETSEN L., KARPINSKI M., « Approximatiddard-
ness of TSP with Bounded Metricsii Proc. of ICALP’2001 p. 201-212, 2001.

[HAS 00] HASSIN R., RUBINSTEIN S., « Better approximations for M&$P », Infor-
mation Processing Lettersol. 75, p. 181-186, 2000.

[HAS 02] HASSIN R., RUBINSTEIN S., « A 7/8-approximation algorithor fnetric Max
TSP »,Information Processing Lettersol. 81, p. 247-251, 2002.



32 Optimisation Combinatoire

[JOHNSON 85] JOHNSON D.S., PAPADIMITRIOU C. H., « Perforntanguarantees
for heuristics »in The Traveling Salesman Problem : a guided tour of Combinatorial Op-
timization LAWLER E.L, LENSTRA J.K, RINNOOY KAN A.H.G. and SHMOYS
D.B (eds.), Wiley Chichester, p. 145-180, 1985.

[KHANNA 98] KHANNA S., MOTWANI R., SUDAN M., VAZIRANI V., «On
syntactic versus computational views of approximabilityS1AM Journal on Computing
vol. 28, p. 164-191, 1998.

[LUCAS 92] LUCAS D. E., « Récréations mathématiques Vol. IIGauthier Villars Paris,
1892.

[MANTHEY 06] MANTHEY B., SHANKAR RAM L., « Approximation Algorithns for
Multi-criteria Traveling Salesman ProblemsByoc. of WAOA'06, LNCSvol. 4368, p. 304-
317, 2006.

[MONNOT 02] MONNOT J., « Differential approximation results for theveing salesman
and related problems snformation Processing Lettersol. 82, p. 229-235, 2002.

[MONNOT 02b] MONNOT J., PASCHOS V. ., TOULOUSE S., « Approximation
algorithms for the traveling salesman problemathematical Models of Operations Re-
search vol. 56, p. 387-405, 2002.

[MONNOT 03] MONNOT J., PASCHOS V. fi., TOULOUSE S., « Differential ap-
proximation results for the traveling salesman problem with distances 1 anH®opean
Journal of Operational Researckol. 145, p. 557-568, 2003.

[PAPADIMITRIOU 93] PAPADIMITRIOU C. H., YANNAKAKIS M., « The traveling
salesman problem with distances one and twdathematics of Operations Research
vol. 18(1), p. 1-11, 1993.

[PAPADIMITRIOU 00] PAPADIMITRIOU C. H., YANNAKAKIS M., « On the ap-
proximability of trade-offs and optimal access of web sourcesoc. of FOCS’2000
p. 86-92, 2000.

[ROSENKRANTZ 77] ROSENKRANTZD. J., STEARNSR.E, LEWISII B, « An
analysis of several heuristics for the traveling salesman probledi J. Comp.vol. 6,
p. 563-581, 1977.

[VASSILVITSKII 05] VASSILVITSKIIS., YANNAKAKIS M., « Effic iently computing
succinct trade-off curves »Theoretical Computer Scienceol. 348, p. 334-356, 2005.

[WARBURTON 87] WARBURTON A., « Approximation of Pareto optima in multiple-
objective shortest path problems®perations Researchol. 35(1), p. 70-79, 1987.



Dominance, 3

Local optimum, 8

Local search, 8
Multi-criteria optimization, 2
Nearest neighbor, 12, 24
Neighborhood, 7
Non-approximability, 5, 20

Chapitre 2

Index

33

Pareto curve, 3
e-approximate, 4, 6, 25
Pareto optimality, 3
Preference relation, 8
Traveling Salesman Problem, 3
Multi-criteria, 3



