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t. We prove that both minimum and maximum traveling sales-man problems on 
omplete graphs with edge-distan
es 1 and 2 are ap-proximable within 3/4. Based upon this result, we improve the stan-dard approximation ratio known for maximum traveling salesman withdistan
es 1 and 2 from 3/4 to 7/8. Finally, we prove that, for any
ǫ > 0, it is NP-hard to approximate both problems within better than
5379/5380 + ǫ.1 Introdu
tionGiven a 
omplete graph on n verti
es, denoted by Kn, with edge distan
es ei-ther 1 or 2 the minimum traveling salesman problem (min_TSP12) 
onsists inminimizing the 
ost of a Hamiltonian 
y
le, the 
ost of su
h a 
y
le being thesum of the distan
es on its edges (in other words, in �nding a Hamiltonian 
y
le
ontaining a maximum number of 1-edges). The maximum traveling salesmanproblem (max_TSP) 
onsists in maximizing the 
ost of a Hamiltonian 
y
le (inother words, in �nding a Hamiltonian 
y
le 
ontaining a maximum number of2-edges). A generalization of TSP12, denoted by TSPab, is the one where theedge-distan
es are either a, or b, a < b. Both min_ and max_TSP12, and TSPabare NP-hard.Given an instan
e I of anNP optimization (NPO) problem Π and a polyno-mial time approximation algorithm A feasibly solving Π, we will denote by ω(I),

λA(I) and β(I) the values of the worst solution of I, of the approximated one(provided by A when running on I), and the optimal one for I, respe
tively.Commonly ([9℄), the quality of an approximation algorithm for an NP-hardminimization (resp., maximization) problem Π is expressed by the ratio (
alledstandard in what follows) ρA(I) = λ(I)/β(I), and the quantity ρA = inf{r :
ρA(I) < r, I instan
e of Π} (resp., ρA = sup{r : ρA(I) > r, I instan
e of Π})
onstitutes the approximation ratio of A for Π. Another approximation-quality
riterion used by many well-known resear
hers ([2, 1, 3, 4, 14, 15℄) is what in [7,6℄ we 
all di�erential-approximation ratio. It measures how the value of an ap-proximate solution is pla
ed in the interval between ω(I) and β(I). More for-mally, the di�erential-approximation ratio of an algorithm A is de�ned as δA(I) =



|ω(I)−λ(I)|/|ω(I)−β(I)|. The quantity δA = sup{r : δA(I) > r, I instan
e of Π}is the di�erential approximation ratio of A for Π. Another type of ratio, very
lose to the di�erential one, has been de�ned and used in [5℄. There, insteadof ω(I), the authors used a value zR, 
alled referen
e-value, smaller than ω(I).The ratio introdu
ed in [5℄ is de�ned as dA(I) = |β(I)− λA(I)|/|β(I)− zR|. Thequantity |β(I) − λA(I)| is 
alled deviation of A, while |β(I) − zR| is 
alled ab-solute deviation. For reasons of e
onomy, we will 
all dA(I) deviation ratio. Fora given problem, setting zR = ω(I), dA(I) = 1− δA(I) and both ratios have, as ithas already mentioned above, a natural interpretation as the estimation of therelative position of the approximate value in the interval worst solution-value �optimal value. In [2℄, the term �trivial solution� is used to denote the solutionrealizing the worst among the feasible solution-values of an instan
e. Moreover,all the examples in [2℄ 
arry overNP-hard problems for whi
h worst solution 
anbe trivially 
omputed. This is for example the 
ase of maximum independent setwhere, given a graph, the worst solution is the empty set, or of minimum vertex
over, where the worst solution is the vertex-set of the input-graph, or even of theminimum graph-
oloring where one 
an trivially 
olor the verti
es of the input-graph using a distin
t 
olor per vertex. On the 
ontrary, for TSP things are verydi�erent. Let us take for example min_TSP. Here, given a graph Kn, the worstsolution for Kn is a maximum total-distan
e Hamiltonian 
y
le, i.e., the optimalsolution of max_TSP in Kn. The 
omputation of su
h a solution is very farfrom being trivial sin
e max_TSP is NP-hard. Obviously, the same holds whenone 
onsiders max_TSP and tries to 
ompute a worst solution for its instan
e,as well as for optimum satis�ability, for minimum maximal independent set andfor many other well-known NP-hard problems. In order to remove ambiguitiesabout the 
on
ept of the worst-value solution of an instan
e I of an NPO prob-lem Π, we will de�ned it as the optimal solution opt(Π ′) of anNPO problem Π ′having the same set of instan
es and feasibility 
onstraints as Π verifying
opt(Π ′) =

{

max opt(Π) = min
min opt(Π) = maxIn general, no apparent links exist between standard and di�erential approx-imations in the 
ase of minimization problems, in the sense that there is noevident transfer of a positive, or negative, result from the one framework to theother. Hen
e a �good� di�erential-approximation result signi�es nothing for thebehavior of the approximation algorithm studied when dealing with the stan-dard framework and vi
e-versa. When dealing with maximization problems, weshow in [11℄ that the approximation of a maximization NPO problem Π withindi�erential-approximation ratio δ, implies its approximation within standard-approximation ratio δ.The best known standard-approximation ratio known for min_TSP12 is 7/6(presented in [12℄), while the best known standard inapproximability bound is

5381/5380− ǫ, for any ǫ > 0 ([8℄). On the other hand,the best known standard-ratio max_TSP is 3/4 ([13℄). To our knowledge, no better result is known in stan-dard approximation for max_TSP12. Furthermore, no spe
ial study of TSPab



has been performed until now (a trivial standard-approximation ratio or b/aof a/b is in any 
ase very easily dedu
ed for min_ or max_TSPab).Here we show that min_ and max_TSP12 and min_ and max_TSPab areall equi-approximable within 3/4 for the di�erential approximation. We alsoprove that all these problems are inapproximable within better (more than)
3475/3476 + ǫ, for any ǫ > 0. Finally, we improve the standard -approximationratio of max_TSP12 from 3/4 ([13℄) to 7/8.In what follows, we will denote by V = {v1, . . . , vn} the vertex-set of Kn,by E its edge-set and, for vivj ∈ E, we denote by d(vi, vj) the distan
e of theedge vivj ∈ E; we 
onsider that the distan
e-ve
tor is symmetri
 and integer.Given a feasible TSP-solution T (Kn) of Kn (both min_ and max_TSP have thesame set of feasible solutions), we denote by d(T (Kn)) its (obje
tive) value. Givena graph G, we denote by V (G) its vertex-set. Finally, given any set C of edges,we denote by d(C) the total distan
e of C, i.e., the quantity ∑

vivj∈C d(i, j).2 Di�erential-approximation preserving redu
tionsfor TSP12Theorem 1. min_TSP12, max_TSP12, min_TSPab and max_TSPab are allequi-approximable for the di�erential approximation.Proof (sket
h). In order to prove the theorem we will prove the following strongerquoted proposition.Consider any instan
e I = (Kn,d) (where d denotes the edge-distan
eve
tor of Kn). Then, any legal transformation d 7→ γ.d+η.1 of d (γ, η ∈
Q) produ
es di�erentially equi-approximable TSP-problems.Suppose that TSP 
an be approximately solved within di�erential-approxima-tion ratio δ and remark that both the initial and the transformed instan
ehave the same set of feasible solutions. By the transformation 
onsidered, thevalue d(T (Kn)) of any tour T (Kn) is a�nely transformed into γd(T (Kn)) + ηn.Sin
e di�erential-approximation ratio is stable under a�ne transformation, theequi-approximability of the original and of the transformed problem is immedi-ately dedu
ed, 
on
luding so the proof of the quoted proposition.In order to prove that min_TSP12 and max_TSP12 are equi-approximableit su�
es to apply the proposition above with γ = −1 and η = 3. On theother hand, in order to prove that min_ or max_TSP12 redu
es to min_or max_TSPab, we apply the quoted proposition with γ = 1/(b − a) and

η = (b − 2a)/(b − a), while for the 
onverse redu
tion we apply the quotedproposition with γ = b − a and η = 2a − b. Sin
e the redu
tions presented aretransitive and 
omposable, the equi-approximability of the pairs (min_TSP12,max_TSP12) and (TSP12, TSPab) proves the theorem.



3 Approximating min_TSP12Let us �rst re
all that, given a graph G, a 2-mat
hing is a set M of edgesof G su
h that if V (M) is the set of the endpoints of M , the verti
es of thegraph (V (M),M) have degree at most 2; in other words, the graph (V (M),M)is a 
olle
tion of 
y
les and simple paths. A 2-mat
hing is optimal if it is thelargest over all the 2-mat
hings of G. It is 
alled perfe
t if any vertex of thegraph (V (M),M) has degree equal to 2, i.e., if it 
onstitutes a partition of V (M)into 
y
les. Remark that determining a maximum 2-mat
hing in a graph G isequivalent to determining a minimum total-distan
e vertex-partition into 
y
lesinto G ∪ Ḡ (the 
omplement of G), where the edges of G are 
onsidered ofdistan
e 1 and the ones of Ḡ of distan
e 2.As it is shown in [10℄, an optimal triangle-free 2-mat
hing 
an be 
omputedin polynomial time. As it is mentioned just above, this be
omes to 
omputea triangle-free minimum-distan
e 
olle
tion of 
y
les in a 
omplete graph Knwith edge-distan
es 1 and 2. Let us denote by M su
h a 
olle
tion. Startingfrom M , we will progressively pat
h its 
y
les in order to �nally obtain a uniqueHamiltonian 
y
le in Kn.In what follows, for reasons of paper length's 
onstraints, lemmata 4 and 5are presented without their proofs whi
h 
an be found in [11℄.3.1 Prepro
essing MDe�nition 1. Let C1 and C2 be two vertex-disjoint 
y
les. Then:� a 2-ex
hange is any ex
hange of two edges v1u1 ∈ C1, v2u2 ∈ C2 by theedges v1v2 and u1u2;� a 2-pat
hing of C1 and C2 is any 
y
le C resulting from a 2-ex
hange on C1and C2, i.e., C = (C1 ∪ C2) \ {v1u1, v2u2} ∪ {v1v2, u1u2}, for any pair
(v1u1, v2u2) ∈ C1 × C2.A mat
hing minimal with respe
t to the 2-ex
hange operation will be 
alled2-minimal.De�nition 2. A 2-mat
hing M = (C1, C2, . . . , C|M |) is 2-minimal if it veri�es,

∀(Ci, Cj) ∈ M ×M , Ci 6= Cj, ∀v1u1 ∈ Ci, ∀v2u2 ∈ Cj, d(v1, v2) + d(u1, u2) >
d(u1v1) + d(u2v2).In other words, a 2-mat
hing M is 2-minimal if any 2-pat
hing of its 
y
lesprodu
es a 2-mat
hing of total distan
e stri
tly greater than the one of M .Obviously, starting from a 2-mat
hing M transformation of M into a 2-minimalone 
an be performed in polynomial time. Moreover, suppose that there exist twodistin
t 
y
les C and C ′ of M , both 
ontaining 2-edges and denote by uv ∈ C and
u′v′ ∈ C ′ two su
h edges. Then, d(uu′) + d(vv′) > 4, while d(uv) + d(u′v′) = 4,a 
ontradi
tion. So, the following proposition holds.Proposition 1. In any 2-minimal 2-mat
hing, at most one of its 
y
les 
ontains2-edges.



Remark 1. If the size of a 2-minimal triangle-free 2-mat
hing M is 1, then, sin
ea Hamiltonian tour is a parti
ular 
ase of triangle-free 2-mat
hing, M is an op-timal min_TSP12-solution. Hen
e, in what follows we will suppose 2-mat
hingsof size at least 2.Assume now a 2-minimal triangle-free 2-mat
hing M = (C1, . . . , Cp, C0), verify-ing remark 1, where by C0 is denoted the unique 
y
le of M ′ (if any) 
ontaining2-edges. Constru
t a graph H = VH , EH) where VH = {w1, . . . , wp} and 
ontainsa vertex per 
y
le of M ′ and, for i 6= j, wiwj ∈ EH i� ∃(u, v) ∈ Ci × Cj su
hthat d(u, v) = 1. Consider a maximum mat
hing MH , |MH | = q, of H. With anyedge wiswjs of MH we asso
iate the pair (Cis , Cjs) of the 
orresponding 
y
lesof M . So, M 
an be des
ribed (up to renaming its 
y
les) as
M =

q
⋃

s=1

{Cs
1 , Cs

2}

r=p−2q
⋃

t=1

{Ct}
⋃

{C0} (1)where for s = 1, . . . , q, ∃es ∈ V (Cs
1)× V (Cs

2) su
h that d(es) = 1.Consider M as expressed in expression (1), denote by Vs the set of the fourverti
es of Cs
1 and Cs

2 adja
ent to the endpoints of es, and 
onstru
t the bipartitegraph B = (V 1
B ∪ V 2

B , EB) where V 1
B = {w1, . . . , wr} (i.e., we asso
iate a vertexwith a 
y
le Ct, t = 1, . . . , r), V 2

B = {w11, . . . , wq} (i.e., we asso
iate a vertexwith a pair (Cs
1 , Cs

2), s = 1, . . . q) and, ∀(t, s), wtw
s ∈ EB i� ∃u ∈ Ct, ∃v ∈ Vssu
h that d(u, v) = 1. Compute a maximum mat
hing MB , |MB | = q′ in B.With any edge wtw

s ∈ MB we asso
iate the triple (Cs
1 , Cs

2 , Ct). So, M 
an bedes
ribed (up to renaming its 
y
les) as
M =

q′

⋃

s=1

{Cs
1 , Cs

2 , Cs
3}

q
⋃

s=q′+1

{Cs
1 , Cs

2}

r′
=r−q′

⋃

t=1

{Ct}
⋃

{C0} (2)where for s = 1, . . . , q′, ∃fs ∈ Vs × V (Cs
3) su
h that d(fs) = 1. In what followswe will reason with respe
t to M as it has been expressed in expression (2).3.2 Computation and evaluation of the approximate solution and alower bound for the optimal tourIn the sequel, 
all s.d.e.p. a set of vertex-disjoint elementary paths, denote byPREPROCESS the algorithm of the a
hievement of M (expression (2)) followingfrom the dis
ussion of se
tion 3.1 and 
onsider the following algorithm.BEGIN (*TSP12*)
ompute a 2-minimal triangle-free 2-mat
hing M in Kn;

M← PREPROCESS(M);
D← ∅;(1) FOR s← 1 TO q′ DOlet gs

1
be the edge of Cs

1
adja
ent to both es and fs;
hoose in Cs

2
an edge gs

2
adja
ent to es;




hoose in Cs
3
an edge gs

3
adja
ent to fs;

D← D ∪ Cs
1
∪ Cs

2
∪ Cs

3
\ {gs

1
, gs

2
, gs

3
} ∪ {es, fs};OD(2) FOR s← q′ + 1 TO q DO
hoose in Cs

1
an edge gs

1
adja
ent to es;
hoose in Cs

2
an edge gs

2
adja
ent to es;

D← D ∪ Cs
1
∪ Cs

2
\ {gs

1
, gs

2
} ∪ {es};OD(3) FOR t← 1 TO r′ DO
hoose any edge gt in Ct;

D← D ∪ Ct \ {gt};OD(4) IF there exists in C0 an 1-edge eTHEN 
hoose an edge g0 of C0 adja
ent to e;ELSE 
hoose any edge g0 of C0;
D← D ∪ C0 \ {g0};FI(5) 
omplete D in order to obtain a Hamiltonian tour T(Kn);OUTPUT T(Kn);END (*TSP12*)Both a
hievement of a 2-minimal triangle free 2-mat
hing and the PREPROCESSof it, 
an be performed in polynomial time. Moreover, steps (1) to (4) are alsoexe
uted in polynomial time. Finally, step (5) 
an be performed by arbitrarilyordering (mod|D|) the 
hains of the s.d.e.p. D and then, for i = 1, . . . , |D|,adding in D the edge linking the �last� vertex of 
hain i to the ��rst� vertex of
hain i + 1. Consequently, the whole algorithm TSP12 is polynomial.Lemma 1. d(T (Kn)) 6 d(M) + q + r′.Proof. During steps (1) to (4) of algorithm TSP12, set D remains a s.d.e.p.At the end of step (4), D 
ontains M minus the 3q′ + 2(q − q′) + r′ = q′ +

2q + r′ 1-edges of the set ∪q′

s=1{g
s
1, g

s
2, g

s
3} ∪

q
s=q′+1

{gs
1, g

s
2} ∪

r′

s=1 {gt} minus (if
C0 6= ∅) one 2-edge of C0 plus the 2q′ + (q − q′) = q′ + q 1-edges of the set
cupq′

s=1{e
s
1, f

s
2}cupq

s=q′+1
{es}. So D is a s.d.e.p. of size n − (q + r′) − 1C0 6=∅and of total distan
e d(M) − (q + r′) − 2.1C0 6=∅. Completion of D in order toobtain a tour in Kn, 
an be done by adding q + r′ + 1C0 6=∅ new edges. Ea
hof these new edges 
an be, at worst, of distan
e 2. We so have d(T (Kn)) 6

d(M)− (q + r′ + 2.1C0 6=∅) + 2(q + r′ + 1C0 6=∅) = d(M) + q = r′, q.e.d.On the other hand, the optimal tour being a parti
ular triangle-free 2-mat
hing,the following lemma holds immediately.Lemma 2. β(Kn) > d(M).3.3 Evaluation of the worst-value solutionIn what follows in this se
tion we will bring to the fore a s.d.e.p., all of itsedges being of distan
e 2 (
alled 2-s.d.e.p.). Given su
h a s.d.e.p. W , one 
an



pro
eed as in step (5) of algorithm TSP12 (se
tion 3.2), in order to 
onstru
t aHamiltonian tour Tw whose total distan
e is a lower bound for ω(Kn).Denote by E2 the set of 2-edges of 
y
le C0. If q = 0, i.e., MH = ∅, and if
C0 = E2, then the tour 
omputed by TSP12 is optimal.Lemma 3. ((q = 0) ∧ (C0 = E2))⇒ δTSP12(Kn) = 1.Proof. Let k = |V (C0)| = d(M) − n and set V (C0) = {a1, . . . , ak}. By thefa
t that M is 2-minimal, all the edges of Kn in
ident to these verti
es have dis-tan
e 2. On the other hand, between two distin
t 
y
les in the set {C1, . . . , Cp=r′}of M , there exist only edges of distan
e 2. Consider the family

F = {{a1} , . . . , {ak} , V (C1) , . . . V (Cp)} .By the remarks just above, any edge linking verti
es of two distin
t sets of Fis a 2-edge. Any feasible tour of Kn (a posteriori an optimal one) integratesthe k + p sets of F by using at least k + p 2-edges pairwise linking these sets.Hen
e, any tour uses at least k + p 2-edges, so does tour T (Kn) 
omputed byalgorithm TSP12, q.e.d.So, we suppose in the sequel that q = 0 ⇒ C0 6= C2. We will now prove theexisten
e of a 2-s.d.e.p. W of size d(M) + 4(q + r′)−n, where M is as expressedby expression (2).Proposition 2. Between two 
y
les Ca and Cb of M of size at least k, therealways exists a path, alternating verti
es of Ca and Cb, 
ontaining at least k2-edges.Proof. Let {a1, . . . , ak+1} and {b1, . . . , bk+1} be k + 1 su

essive verti
es of twodistin
t 
y
les Ca and Cb of size at least k (eventually a1 = ak+1 if |V (Ca)| = kand b1 = bk+1 if |V (Cb)| = k). We will show that there exists a path, alternatingverti
es of Ca and Cb, of size 2k − 1 and of distan
e at least 3k − 1. Considerpaths C = ∪k
i=1{aibi} ∪

k−1
i=1 {ai+1bi} and D = ∪k+1

i=2 {aibi} ∪
k−1
i=1 {aibi+1}. By the2-minimality of M we get: ∀i = 1, . . . , k

max {d (ai, bi) , d (ai+1, bi+1)} = 2⇒ d (ai, bi) + d (ai+1, bi+1) > 3and ∀i = 1, . . . , k − 1

max {d (ai, bi+1) , d (ai+1, bi)} = 2⇒ d (ai, bi+1) + d (ai+1, bi) > 3Summing the terms of the expression above member-by-member, one obtains:
k

∑

i=1

(d (ai, bi) + d (ai+1, bi+1)) +

k−1
∑

i=1

(d (ai+1, bi) + d (ai, bi+1)) > 6k − 3

⇐⇒ d(C) + d(D) > 6k − 3 ⇒ max {d(C), d(D)} >

⌈

6k − 3

2

⌉

= 3k − 1.
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Cb 1-edge2-edgeFig. 1. An example of 
laim 1.Appli
ation of proposition 2 in any pair (Cs
1 , Cs

2) of M results to the following.Claim 1. ∀s = 1, . . . , q, there exists a 2-s.d.e.p. W s of size 4, alternating verti
esof 
y
les Cs
1 and Cs

2 , 
ontaining a vertex of Vs whose degree with respe
t to W sis 1.In �gure 1, we show an appli
ation of 
laim 1. We assume es = a2b2; then
{a1, b1} ⊂ Vs. The 2-s.d.e.p. W s 
laimed is {b1a2, (a3b3, a4b4), a5b5} and thedegree of b1 with respe
t to W s is 1.Consider now the s.d.e.p. W s

t = W s∪W ′s
t , where W s as in 
laim 1 and W ′s

t isany path of size 4 alternating verti
es of Cs
3 and of Ct, s = 1, . . . , q′, t = 1, . . . , r′.By the optimality of MH , any edge linking verti
es of Cs

3 to verti
es of Ct is a2-edge. Consequently, W s
t is a 2-s.d.e.p. and the following 
laim holds.Claim 2. ∀s = 1, . . . , q′, ∀t = 1, . . . , r′, there exists a 2-s.d.e.p. W s

t of size 8,alternating verti
es of the 
y
les Cs
1 and Cs

2 , and of the 
y
les Cs
3 and Ct.For s = q′ + 1, . . . , q, t = 1, . . . r′, 
onsider the triple (Cs

1 , Cs
2 , Ct). Let es = es

1e
s
2,

Vs = {us
1, v

s
1, u

s
2, v

s
2} and 
onsider any four verti
es at, bt, ct and dt of Ct. Bythe optimality of MB , any vertex of Ct is linked to any vertex of V s ex
lusivelyby 2-edges. Moreover, the 2-minimality of M implies that at least one of us

1e
s
2and es

1u
s
2 is of distan
e 2. If we suppose d(us

1, e
s
2) = 2 (�gure 2), then the path

{es
2, u

s
1, at, v

s
1, bt, u

s
2, ct, v

s
2, dt} is a 2-s.e.d.p. In all, the following 
laim holds.Claim 3. ∀s = q′ +1, . . . , q, ∀t = 1, . . . , r′, there exists a 2-s.d.e.p. W s

t of size 8,alternating verti
es of the 
y
les Cs
1 , Cs

2 and Ct.Let r′ > 2 and 
onsider the (residual) 
y
les Ct, t = 1, . . . , r′. All edges betweenthese 
y
les are of distan
e 2. If we denote by at, bt, ct and dt four verti
es of Ct,the path
{a1, . . . , at, . . . , ar′ , b1, . . . , bt, . . . , br′ , c1, . . . , ct, . . . , cr′ , d1, . . . , dt, . . . , dr′}is a 2-s.d.e.p. of size 4r′ − 1 and the following 
laim holds.



2−s.d.e.p.
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t of 
laim 3.Claim 4. If r′ > 2, then there exists a 2-s.d.e.p. W r′ of size 4r′ − 1 alternatingverti
es of 
y
les Ct, t = 1, . . . , r′.Lemma 4. ((q > 1) ∨ ((C0 6= C2) ∧ (r 6= 1)))⇒ δTSP12(Kn) > 3/4.Lemma 4 is proved in [11℄. There, we use 
laims 1, 2, 3 and 4 in order to bring tothe fore a 2-s.d.e.p. W of total distan
e 4(q + r′)−1q=0 + d(M)−n+1C0 6=E2 >

d(M) − n + 4(q + r′), the 
ompletion of whi
h produ
es a Hamiltonian tour ofdistan
e d(M) +′ (q + r′) at least.Lemma 5. ((q = 0) ∧ (r = 1) ∧ (C0 6= C2))⇒ δTSP12(Kn) > 3/4.In all, 
ombining lemmata 1, 2, 3 and 5, the following theorem 
an be immedi-ately proved.Theorem 2. min_TSP12 is approximable within di�erential-approximation ra-tio 3/4.Theorems 1 and 2 indu
e the following 
orollary.Corollary 1. min_ and max_TSP12 as well as min_ and max_TSPab areapproximable within differential-approximation ratio 3/4.Consider two 
liques and number their verti
es by {1, . . . , 4} and by {5, 6, . . . , n+
8}, respe
tively. Edges of both 
liques have all distan
e 1. Cross-edges ij, i = 1, 3,
j = 5, . . . , n+8, are all of distan
e 2, while every other 
ross-edge is of distan
e 1.Unraveling of TSP12 will produ
e: T = {1, 2, 3, 4, 5, 6, . . . , n + 7, n + 8, 1} (
y
le-pat
hing on edges (1, 4) and (5, n + 8)), while Tw = {1, 5, 2, 6, 3, 7, 4, 8, 9 . . . , n +
7, n + 8, 1} (using 2-edges (1, 5), (6, 3), (3, 7) and (n + 8, 1)) and T ∗ = {1, 2, n +
8, n+7, . . . , 5, 4, 3, 1} (using 1-edges (4, 5) and (2, n+8)). In �gure 3, T ∗ and Tware shown for n = 2 (T = {1, . . . , 10, 1}). Consequently, δTSP12(Kn+8) = 3/4 andthe following proposition holds.
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Fig. 3. Tightness of the TSP12 approximation ratio.Proposition 3. Ratio 3/4 is tight for TSP12Let us note that the di�erential approximation ratio of the 7/6-algorithm of [12℄,when running on Kn+8, is also 3/4. The authors of [12℄ bring also to the fore afamily of worst-
ase instan
es for their algorithm: one has k 
y
les of length fourarranged around a 
y
le of length 2k. We have performed a limited 
omparativestudy between their algorithm and ours one, for k = 3, 4, 5, 6 (on 24 graphs). Theaverage di�erential and standard approximation ratios for the two algorithmsare presented in table 1. Using 
orollary 1 and the fa
ts that ω(Kn) 6 bn and
k TSP12 The algorithm of [12℄3 0.931100364 0.8467020914 0.9000002 0.8333335 0.920289696 0.8333336 0.9222222 0.833333Di�erentialratio 3 0.923350955 0.870134 0.9094018 0.8571435 0.92646313 0.8571436 0.928178 0.857143StandardratioTable 1. A limited 
omparison between TSP12 and the algorithm of [12℄ on someworst-
ase instan
es of the latter.

β(Kn) > an, the following holds.Proposition 4. min_TSPab is approximable within ρ 6 (1 + (b− a/4a) in thestandard framework. This ratio tends to ∞ when b = o(a).



Revisit min_TSP12. Using n 6 β(Kn) 6 ω(Kn) 6 2n, one 
an see that ap-proximation of min_TSP12 within δ = 1 − ǫ implies its approximation within
ρ = 2 − (1 − ǫ) = 1 + ǫ, 0 6 ǫ 6 1. Using the result of [8℄ and theorem 1, onegets the following di�erential-inapproximability result.Theorem 3. min_ and max_TSPab and min_ and max_TSP12 are inapprox-imable within differential-ratio greater than, or equal to, 5379/5380 + ǫ, ∀ǫ > 0,unless P=NP.4 An improvement of the standard ratio for themaximum traveling salesman with distan
es 1 and 2Combining expressions δmax_TSP12 > 3/4, ωmax(Kn) > an and βmax(Kn) 6 bn,one dedu
es ρmax_TSP12 > (3/4)+(a/4b). Setting a = 1 and b = 2, the followingtheorem immediately holds.Theorem 4. max_TSP12 is polynomially approximable within standard-appro-ximation ratio bounded below by 7/8.The algorithm of [12℄ in K̄n solves max_TSP on Kn within standard-approxi-mation ratio bounded below by 2/3.Note that standard-approximation ratio 7/8 
an be obtained by the followingdire
t method.BEGIN /max_TSP12/find a triangle-free 2-mat
hing M = {C1, C2, . . .};FOR all Ci DO delete a minimum-distan
e edge from Ci ODlet MT the 
olle
tion of the paths obtained;properly link the paths of MT to get a Hamiltonian 
y
le T;OUTPUT T;END. /max_TSP12/Let p be the number of 
y
les of M where 2-edges have been removed dur-ing the FOR-loop of algorithm max_TSP12. Then, λmax_TSP12(Kn) > d(M) −
p, β(Kn) 6 d(M) and, sin
e M is triangle-free, d(M) > 8p. Consequently,
λmax_TSP12(Kn)/βmax(Kn) > 7/8.Referen
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