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hos, and F. SerrièreLAMSADE, Université Paris-DauphinePla
e du Maré
hal De Lattre de Tassigny, 75775 Paris Cedex 16, Fran
e,We present in this paper di�erential approximation resultsfor min set 
over and min weighted set 
over. We �rst show that thedi�erential approximation ratio of the natural greedy algorithm for minset 
over is bounded below by 1.365/∆ and above by 4/(∆+1), where ∆is the maximum set-
ardinality in the min set 
over-instan
e. Next, westudy an approximation algorithm for min weighted set 
over and providea tight lower bound of 1/∆.1 Introdu
tionGiven a family S = {S1, . . . , Sm} of subsets of a ground set C = {c1, . . . , cn} (weassume that ∪Si∈SSi = C), a set-
over of C is a sub-family S ′ ⊆ S su
h that
∪Si∈S′Si = C; min set 
over is the problem of determining a minimum-sizeset-
over of C. min weighted set 
over 
onsists of 
onsidering that sets of Sare weighted by positive weights; the obje
tive be
omes then to determine aminimum total-weight 
over of C.Given I = (S, C) and a 
over Ŝ, the sub-instan
e Î of I indu
ed by Ŝ isthe instan
e (Ŝ, C). For simpli
ity, we identify in what follows a feasible (resp.,optimal) 
over S ′ (resp., S∗) by the set of indi
es N ′ (resp., N∗) of the sets ofthe 
over, i.e., S′ = {Si : i ∈ N ′} (resp., S∗ = {Si : i ∈ N∗}).For an instan
e (S, C) of min set 
over, its 
hara
teristi
 graph B =
(L,R;E) is a bipartite graph B with 
olor-
lasses L = {1, . . . ,m}, 
orrespondingto the members of the family S and R = {c1, . . . , cn}, 
orresponding to theelements of the ground set C; the edge-set E of B is de�ned as E = {(i, cj) :
cj ∈ Si}.A 
over S ′ of C is said to beminimal (orminimal for the in
lusion) if removalof any set S ∈ S ′ results in a family that is not anymore a 
over for C.Consider an instan
e (S, C) of min set 
over and a minimal set-
over S ′for it. Then, for any Si ∈ S ′, there exists cj ∈ C su
h that Si is the onlyset in S ′ 
overing cj . Su
h a cj will be 
alled non-redundant with respe
t to
Si ∈ S ′; furthermore, Si itself will be 
alled non-redundant for S ′. With respe
tto the 
hara
teristi
 bipartite graph B′ 
orresponding to the sub-instan
e I ′ of Iindu
ed by S ′ (it is the subgraph B′ of B indu
ed by L′ ∪ R where L = N ′),for any i ∈ L′, there exists a c ∈ R su
h that d(c) = 1, where, for a vertex v of
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hos, and F. Serrièrea graph G, d(v) denotes the degree of v. In parti
ular, there exists at least |N ′|non-redundant elements, one for ea
h set. For simpli
ity, we will 
onsider onlyone non-redundant element with respe
t to Si ∈ S ′. Moreover, we assume thatthis element is ci for the set i ∈ N ′. Thus, the set of non-redundant elementswith respe
t to S ′ 
onsidered here is C1 = {ci, i ∈ N ′}.In this paper we study di�erential approximability for min set 
over inboth unweighted and weighted versions. Di�erential approximability is analyzedusing the so-
alled di�erential approximation ratio de�ned, for an instan
e I ofan NPO problem Π (an optimization problem is in NPO if its de
ision versionis in NP) and an approximation algorithm 
omputing a solution S for Π in I,as δA(I) = |ω(I)−mA(I, S)|/|ω(I)− opt(I)| where ω(I) is the value of the worst
Π-solution for I, mA(I, S) is the value of S and opt(I) is the value of an optimal
Π-solution for I. For an instan
e I = (S, C) of min set 
over, ω(I) = m,the size of the family S. Obviously, this is the maximum-size 
over of I. Finally,standard approximability is analyzed using the standard approximation ratiode�ned as mA(I, S)/opt(I).Surprisingly enough, di�erential approximation, although introdu
ed in [1℄sin
e 1977, has not been systemati
ally used until the 90's ([2, 3℄ are, to ourknowledge, the most notable uses of it) when a formal framework for it and amore systemati
 use started to be drawn ([4℄). In general, no apparent links ex-ist between standard and di�erential approximations in the 
ase of minimizationproblems, in the sense that there is no evident transfer of a positive, or negative,result from one paradigm to the other. Hen
e a �good� di�erential approximationresult does not signify anything for the behavior of the approximation algorithmstudied when dealing with the standard framework and vi
e-versa. As alreadymentioned, the di�erential approximation ratio measures the quality of the 
om-puted feasible solution a

ording to both optimal value and the value of a worstfeasible solution. The motivation for this measure is to look for the pla
ement ofthe 
omputed feasible solution in the interval between an optimal solution and aworst-
ase one. Even if di�erential approximation ratio is not as popular as thestandard one, it is interesting enough to be investigated for some fundamentalproblems as min set 
over, in order to observe how they behave under severalapproximation 
riteria. Su
h joint investigations 
an signi�
antly 
ontribute to adeeper apprehension of the approximation me
hanisms for the problems dealt. Afurther motivation for the study of di�erential approximation is the stability ofthe di�erential approximation ratio under a�ne transformations of the obje
tivefun
tion. This stability often serves in order to derive di�erential approximationresults for minimization (resp., maximization) problems by analyzing approx-imability of their maximization (resp., minimization) equivalents under a�netransformations. We will apply su
h transformation in Se
tion 4.We study in this paper the performan
e of two approximation algorithms.The �rst one is the 
lassi
al greedy algorithm studied, for the unweighted 
aseand for the standard approximation ratio, in [5, 6℄ and, more re
ently, in [7℄.For this algorithm, we provide a di�erential approximation ratio bounded belowby 1.365/∆ when ∆ = maxSi∈S{|Si|} is su�
iently large. We next deal with min
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over and analyze the di�erential approximation performan
eof a simple greedy algorithm that starts from the whole S 
onsidering it assolution for min weighted set 
over and then it redu
es it by removing theheaviest of the remaining sets of S per time until the 
over be
omes minimal.We show that this algorithm a
hieves di�erential approximation ratio 1/∆.Di�erential approximability for both min set 
over and min weightedset 
over have already been studied in [8℄ and dis
ussed in [9℄. The di�erentialapproximation ratios provided there are 1/∆, for the former, and 1/(∆ + 1),for the latter. Our 
urrent work improves (quite signi�
antly for the unweighted
ase), these old results. Note also that an approximation algorithm for min set
over has been analyzed also in [4℄ under the assumption m > n, the size of theground set C. It has been shown that, under this assumption, min set 
over isapproximable within di�erential approximation ratio 1/2. More re
ently, in [9℄,under the same assumption, min set 
over has been proved approximablewithin di�erential approximation ratio 289/360.It is proved in [4℄ that if 6= , then inapproximability bounds for standard(and di�erential) approximation for max independent set hold as di�erentialinapproximability bounds for min set 
over. Consequently, unless = ,min set 
over is not di�erentially approximable within O(nǫ−(1/2)), for any
ǫ > 0. This result implies that approximation ratios of the same type as instandard approximation (for example, O(1/ ln ∆), or O(1/ log n)) are extremelyunlikely for min set 
over in di�erential approximation. Consequently, di�er-ential approximation results for min set 
over 
annot be trivially a
hieved bysimply transposing the existing standard approximation results to the di�erentialframework. This is a further motivation of our work.In what follows, we deal with non-trivial instan
es of (unweighted) min set
over. An instan
e I is non-trivial for unweighted min set 
over if the twofollowing 
onditions hold simultaneously: (i) no set Si ∈ S is a proper subset ofa set Sj ∈ S, and (ii) no element in C is 
ontained in I by only one subset of S(i.e., there is no non-redundant set for S).2 The natural greedy algorithm for min set 
overLet us �rst note that a lower bound of 1/∆ 
an be easily proved for the di�erentialratio of any algorithm 
omputing a minimal set 
over. We analyze in this se
tionthe di�erential approximation performan
e of the following very 
lassi
al greedyalgorithm for min set 
over, 
alled SCGREEDY in the sequel:1. 
ompute Si ∈ argmaxS∈S{|S|}; set N ′′ = N ′′ ∪ {i} (N ′′ is initialized to ∅);2. update I setting: S = S \{Si}, C = C \Si and, for any Sj ∈ S, Sj = Sj \Si;3. repeat Steps 1 to 2 until C = ∅;4. range N ′′ in the order sets have been 
hosen and assume N ′′ = {i1, . . . , ik};5. Set N ′ = N ′′; for j = k downto 1: if N ′ \ {ij} is a 
over then N ′ = N ′ \ {ij};6. output N ′ the minimal 
over 
omputed in Step 5.Theorem 1. For ∆ su�
iently large, algorithm SCGREEDY a
hieves di�er-ential approximation ratio 1.365/∆.
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hos, and F. SerrièreProof. Consider N ′′ and the sets S ′′ = {S′
i1

, S′
i1

. . . , S′
ik
}, 
omputed in Step 4with their residual 
ardinalities, i.e., as they have been 
hosen during Steps 1and 2; remark that, so-
onsidered, the set S ′′ forms a partition on C. On theother hand, 
onsider solution N ′ output by the algorithm SCGREEDY andremark that family {S′

i : i ∈ N ′} does not ne
essarily 
over C.PSfrag repla
ements
c1 c7 c5 c6 c3 c4 c2

1 2 3 4

An example of appli
ation of Step 5 of .As an example, assume some min set 
over-instan
e (S, C) with C =
{c1, . . . , c7} and suppose that exe
ution of Steps 1 to 4 has produ
ed a 
over
N ′′ = {1, 2, 3, 4} (given by the sets {S1, S2, S3, S4}). Figure 1 illustrates 
har-a
teristi
 graph B′, i.e., the subgraph of B = (L,R;E) indu
ed by L′ ∪ Rwhere L′ and R 
orrespond to the sets N ′′ and C respe
tively. It is easy tosee that N ′′ is not minimal and appli
ation of Step 5 of SCGREEDY drops theset S1 out of N ′′; hen
e, N ′ = {2, 3, 4}. The residual parts of S2, S3 and S4 are
S′

2 = {c2, c6}, S′
3 = {c3} and S′

4 = {c4}, respe
tively. Note that Step 5 of SC-GREEDY is important for the solution returned in Step 6, sin
e solution N ′′
omputed in Step 4 may be a worst solution (see the previous example) andthen, δ(I,S ′) = 0.Consider an optimal solution N∗ given by the sets Si, i ∈ N∗ and denoteby {S∗
i }, S∗

i ⊆ Si, i ∈ N∗, an arbitrary partition of C (if an element c is
overed by more than one sets Si, i ∈ N∗, then c is randomly assigned to oneof them). Let C ′
1 = {ci : i ∈ N ′ \ N∗} be a set of non-redundant elementswith respe
t to N ′; obviously, by 
onstru
tion |C ′

1| = |N ′ \ N∗|. Finally, set
N∗

1 = {j ∈ N∗ : ∃c ∈ C ′
1, c ∈ S∗

j }. We dedu
e N∗
1 ⊆ N∗ \ N ′, sin
e any element

c ∈ C ′
1 is non-redundant for N ′ (otherwise, there would exist at least a c ∈ C ′

1
overed twi
e: one time by a set in N ′ \ N∗ and one time by a set in N ′ ∩ N∗,absurd by the 
onstru
tion of C ′
1). Finally, set N̄ = {1, . . . ,m} \ (N ′ ∪ N∗).Observe that, using the notations just introdu
ed, we have:

δ (I,S ′) =
|N∗

1 | + |N∗ \ (N ′ ∪ N∗
1 )| +

∣

∣N̄
∣

∣

|N ′ \ N∗| +
∣

∣N̄
∣

∣

(1)



Di�erential approximation of 5Consider the bipartite graph B′′ = (L′′, R′′;E′′) with L′′ = N∗
1 ∪ (N ′ \ N∗),

R′′ = C ′
1 and (i, cj) ∈ E′′ i� i ∈ S∗

j or i = j. This graph is a partial graph of the
hara
teristi
 bipartite graph B′ indu
ed by L′ = N∗
1 ∪ (N ′ \ N∗) and R′ = C ′

1.By 
onstru
tion, B′′ is not 
onne
ted and, furthermore, any of its 
onne
ted
omponents is of the form of Figure 2.PSfrag repla
ementsi j k S∗

l

ci cj ckA 
onne
ted 
omponent of B′′.For i = 1, . . . ,∆, denote by xi the number of 
onne
ted 
omponents of B′′
orresponding to sets S∗
l of 
ardinality i. Then, by 
onstru
tion of this sub-instan
e, we have:

|N∗
1 | =

∆
∑

i=1

xi (2)
|N ′ \ N∗| = |C ′

1| =
∆

∑

i=1

i · xi (3)Consider z ∈ [1,∆] su
h that |C ′
1| = i0|N∗

1 | where i0 = ∆/z. One 
an easily seethat i0 is the average 
ardinality of sets in N∗
1 (when we 
onsider the sets S∗

i ,
i ∈ N∗

1 , that form, by 
onstru
tion, a partition on C ′
1). Indeed,

i0 =
1

|N∗
1 |

∑

i∈N∗

1

|S∗
i | =

∆
∑

i=1

i · xi

∆
∑

i=1

xi

(4)We have immediately from (1), (2) and (3):
δ (I,S ′) >

|N∗
1 |

|N ′ \ N∗| =
|N∗

1 |
|C ′

1|
=

1

i0
=

z

∆
(5)Consider on
e more the 
omponent of Figure 2, suppose that set S∗

ℓ has 
ardi-nality i and denote it by S∗
ℓ = {cℓ1 , . . . , cℓi

} with ℓ1 < . . . < ℓi. By greedy rule ofSCGREEDY, we dedu
e that the sets S′
ℓ1

, . . . , S′
ℓi
(re
all that we only 
onsider
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hos, and F. Serrièrethe residual part of the set) have been 
hosen in this order (
f., Steps 4 and 5 ofSCGREEDY) and verify |S′
ℓp
| > i + 1 − p for p = 1, . . . , i. Consequently, thereexist (i−1)+(i−2)+. . .+1 = i(i−1)/2 elements of C not in
luded in C ′

1. Iteratingthis observation for any 
onne
ted 
omponent of B′′ we 
an 
on
lude that thereexists a set C2 ⊆ C, outside set C1, of size at least |C2| >
∑∆

i=1 i(i − 1)xi/2. El-ements of C2 are obviously 
overed, with respe
t to N∗, by sets either from N∗
1 ,or from N∗ \ N∗

1 . Suppose that sets of N∗
1 of 
ardinality i (there exist xi su
hsets), i = 1, . . . ,∆, 
over a total of kixi elements of C2. Therefore, there exists asubset C ′

2 ⊆ C2 of size at least: |C ′
2| >

∑∆
i=1((i(i − 1)/2) − ki)xi. The elementsof C ′

2 are 
overed in N∗ by sets in N∗ \N∗
1 . In order that C ′

2 is 
overed, a family
N∗

2 ⊆ N∗ \ N∗
1 of size

|N∗
2 | >

1

∆
·

∆
∑

i=1

(

i(i − 1)

2
− ki

)

xi (6)is needed. Dealing with N∗
2 , suppose that for a y ∈ [0, 1]: (i) (1 − y)|N∗

2 | setsof N∗
2 belong to N∗ \N ′ (indeed, they belong to N∗ \ (N ′ ∪N∗

1 )) and (ii) y|N∗
2 |sets of N∗

2 belong to N∗ ∩ N ′.We study the two following 
ases: y 6 (∆ − 1)/∆ and y > (∆ − 1)/∆.The �rst 
ase is equivalent to (1 − y) > 1/∆ and then, taking into a

ountthat ki 6 ∆ − i, we obtain: (1 − y)|N∗
2 | > |N∗

2 |/∆ >
∑∆

i=1((i(i − 1)/(2∆2)) +
(i/∆) − 1)xi. Using (1), (2), (3) and (6), we dedu
e:

δ (I,S ′) >
|N∗

1 | + |N∗
2 | /∆

|N ′ \ N∗| >

∆
∑

i=1

(

i(i−1)
2∆2 + i

∆

)

xi

∆
∑

i=1

i · xi

=
1

∆
+

∆
∑

i=1

f(i)xi

∆
∑

i=1

i · xi

(7)where f(x) = x(x − 1)/(2∆2), with 1 6 x 6 ∆. We will now show the followinginequality (see also (4)) that i0 = (
∑∆

i=1 ixi)/(
∑∆

i=1 xi)):
∆
∑

i=1

f(i) · xi

∆
∑

i=1

i · xi

>
f(i0)

i0
(8)Remark that (8) is equivalent to ∑∆

i=1 f(i) · (xi/
∑∆

i=1 xi) > f(i0). On the otherhand, sin
e f is 
onvex, we have by Jensen's theorem ∑∆
i=1 zif(i) > f(

∑∆
i=1 izi),where zi ∈ [0, 1], ∑∆

i=1 zi = 1. Setting zi = xi/
∑∆

i=1 xi, (8) follows.Thus, sin
e i0 = ∆/z and we study an asymptoti
 ratio in ∆, (7) be
omes
δ (I,S ′) >

1

∆
+

1

2∆2

(

∆

z
− 1

)

≈ 1

∆
+

1

2∆z
(9)Expression (9) is de
reasing with z, while (5) is in
reasing with z. Equality ofboth ratios is rea
hed when 2z2 − 2z − 1 = 0, i.e., for z = (2 +

√
12)/4 ≈ 1.365.
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ase y > (∆ − 1)/∆. Sub-family N∗
2 ∩ N ′ (of size y|N∗

2 |)is, by hypothesis, 
ommon to both N ′ (the 
over 
omputed by SCGREEDY)and N∗. Minimality of N ′ implies that, for any set i ∈ N∗
2 ∩ N ′, there exists atleast one element of C non-redundant with respe
t to Si. So, there exist at least

|C3| = |N∗
2 ∩ N ′| elements of C outside C ′

1 and C2.Some elements of C3 
an be 
overed by sets in N∗
1 . In any 
ase, for the sets

{j1, . . . , jxi
} of N∗

1 of 
ardinality i with respe
t to the partition S∗
ℓ , there exist atmost (∆− (i+ki))xi elements of C3 that 
an belong to them (so, these elementsare 
overed by the residual set Sjp

\ S∗
jp

for p = 1, . . . , xi). Thus, there exist atleast
|C ′

3| = |C3| −
∆

∑

i=1

(∆ − (i + ki))xi = y |N∗
2 | −

∆
∑

i=1

(∆ − (i + ki))xi (10)elements of C3 not 
overed by sets in N∗
1 . Sin
e initial instan
e (S, C) is non-trivial, elements of C ′

3 are also 
ontained in sets N3 either from N∗ \ N∗
1 , orfrom N̄ . So, the family N3 has size at least |C ′

3|/∆. Moreover, using (6), (10)and y 6 1, we get:
|N3| >

y |N∗
2 |

∆
−

∆
∑

i=1

(∆ − (i + ki))xi

∆
> y

∆
∑

i=1

i(i − 1)

2∆2
xi +

∆
∑

i=1

(
i

∆
− 1)xi (11)We so dedu
e: δ(I,S ′) > (|N∗

1 | + |N3 \ N̄ | + |N̄ |)/(|N ′ \ N∗| + |N̄ |), whi
h, tak-ing into a

ount that |N̄ | > |N̄ ∩ N3|, �nally be
omes:
δ (I,S ′) >

|N∗
1 | + |N3|

|N ′ \ N∗| + |N3|
(12)Note, furthermore, that fun
tion (a + x)/(b + x) is in
reasing with x, for a 6 band x > −b. Therefore, using (2), (3), (11) and y > (∆ − 1)/∆, (12) be
omes:

δ (I,S ′) >

∆
∑

i=1

(

(∆−1)·i(i−1)
2∆3 + i

∆

)

xi

∆
∑

i=1

(

i + (∆−1)·i(i−1)
2∆3 + i

∆ − 1
)

xi

(13)Set now f(x) = (∆− 1) · (x(x− 1)/2∆3) + (x/∆); (13) 
an now be expressed as:
δ (I,S ′) >

∆
∑

i=1

f(i)xi

∆
∑

i=1

(f(i) + i − 1) xi

(14)With the same arguments, as for the 
onvexity of f , we dedu
e from (14):
δ (I,S ′) >

f (i0)

f (i0) + i0 − 1
=

(∆−1)·i0(i0−1)
2∆3 + i0

∆

i0 + (∆−1)·i0(i0−1)
∆3 + i0

∆ − 1
(15)
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hos, and F. SerrièreRe
all that we have �xed i0 = ∆/z. If one assumes that ∆ is arbitrarily large,one 
an simplify 
al
ulations by repla
ing i0 − 1 by i0. Then, (15) be
omes:
δ (I,S ′) >

i2
0

2∆2 + i0
∆

i2
0

2∆2 + i0
∆ + i0

>

1
2z2 + 1

z
1

2z2 + 1
z + ∆

z

≈ 1

2z∆
+

1

∆
(16)Ratio given by (5) is in
reasing with z, while the one of (16) is de
reasing with z.Equality of both ratios is rea
hed when 2z2 − 2z − 1 = 0, i.e., for z ≈ 1.365.So, in any of the 
ases studied above, the di�erential approximation ratioa
hieved by SCGREEDY is greater than, or equal to, 1.365/∆ and the proofof the theorem is now 
omplete. 2Proposition 1. There exist min set 
over-instan
es where the di�erentialapproximation ratio of SCGREEDY is 4/(∆ + 2) for any ∆ > 3.Proof. Assume a �xed t > 1, a ground set C = {cij : i = 1, . . . , t − 1, j =

2, . . . , t, j > i} and a system S = {S1, . . . , St}, where Si = {cji : j < i} ∪ {cij :
j > i}, for i = 1, . . . , t. Denote by It = (S, C) the instan
e of min set 
overde�ned on C and S.Remark that the smallest 
over for C in
ludes at least t−1 sets of S. Indeed,
onsider a family S ′ ⊆ S of size less than t − 1. Then, there exists i0 < j0su
h that neither Si0 , nor Sj0 belong to S ′. In this 
ase element ci0j0 ∈ C isnot 
overed by S ′. Note �nally that, for It, the maximum size of the subsetsof S is ∆ = t − 1. Indeed, for any i = 1, . . . , t, |{cji : j < i}| = i − 1 and
|{cij : j < i}| = t − i; so, |Si| = t − 1.Fix an even ∆ and build the following instan
e (S, C) for min set 
over:
C =

{

aij , a
′
ij : i, j = 1, . . . ,

∆

2
, j > i

}

∪
{

bij : i = 1, . . . ,
∆ + 2

2
, j = 1, . . . ,∆

}

S1
i = {aji : j < i} ∪ {aij : j > i} ∪

{

bji : j = 1, . . . ,
∆ + 2

2

}

, i = 1, . . . ,
∆

2

S2
i =

{

a′
ij : j < i

}

∪
{

a′
ij : j > i

}

∪
{

bjk : j = 1, . . . ,
∆ + 2

2
, k = i +

∆

2

}

, i = 1, . . . ,
∆

2

Sj =

{

Sj
i : i = 1, . . . ,

∆

2

}

, j = 1, 2

S3 =

{{

{bij : j = 1, . . . ,∆} , i = 1, . . . ,
∆ + 2

2

}

i = 1, . . . ,
∆ + 2

2

}Set S = S1 ∪ S2 ∪ S3. Noti
e that, ∀Si ∈ S, |Si| = ∆. Hen
e, during its�rst iteration, SCGREEDY 
an 
hoose a set in S3. Su
h a 
hoi
e does notredu
e 
ardinalities of the remaining sets in this sub-family; so, during its �rst
(∆ + 2)/2 iterations, SCGREEDY 
an ex
lusively 
hoose all sets in S3. Re-mark that su
h 
hoi
es entail that the surviving instan
e is the union of two



Di�erential approximation of 9disjoint instan
es I∆/2 (i.e., instan
es of type It, as the ones de�ned in the be-ginning of this se
tion, with t = ∆/2), indu
ed by the sub-systems (S1, {aij})and (S2, {a′
ij}). A

ording to what has been dis
ussed at the beginning of these
tion, any 
over for su
h instan
es uses at least (∆/2) − 1 sets. So, for a set-
over S ′ 
omputed by SCGREEDY (remark that S ′ is minimal), we �nally have:

m(Î ,S ′) > (3∆/2)− 1. Furthermore, sin
e S1 ∪S2 is a 
over for C: opt(Î) = ∆;�nally, ω(Î) = (3∆/2) + 1. In all, δ(Î ,S ′) = 4/(∆ + 2).For the 
ase of odd ∆ (that is omitted here), it 
an be proved that thereexist an instan
e of min set 
over for whi
h attains di�erential ratioat least 4/(∆ + 1). 23 Di�erential approximation for min weighted set
overConsider an instan
e I = (S, C,w) of min weighted set 
over, where wdenotes the ve
tor of the weights on the subsets of S and the following algorithm,denoted by in what follows:� order sets in S in de
reasing weight-order (i.e., w1 > . . . > wm); let N =
{1, . . . ,m} be the set of indi
es in the (so-ordered) S; set N ′ = N ;� for i = 1 to m: if N ′ \ {i} 
overs C, then set N ′ = N ′ \ {i};� output N ′.Proposition 2. a
hieves di�erential approximation ratio bounded belowby 1/∆. This bound is asymptoti
ally tight.Proof. We use in what follows notations introdu
ed in Se
tion 2. Observe that

N \ N ′ = N̄ ∪ (N∗ \ N ′) and N \ N∗ = N̄ ∪ (N ′ \ N∗) where we re
all that
N̄ = N \ (N∗ ∪ N ′). Denoting, for any i ∈ N , by wi the weight of Si, and, forany subset X ⊆ N , by wX , the total weight of the sets with indi
es in X , i.e.,the quantity ∑

i∈X wi, the di�erential approximation ratio of be
omes
δ (I,N ′) =

wN\N ′

wN\N∗

(17)Let Cc = {cj : ∃i ∈ N ′∩N∗, cj ∈ Si} be the set of elements 
overed by N ′∩N∗and let C̄c = C \ Cc be the 
omplement of Cc with respe
t to C. It is easy tosee that both N ′ \ N∗ and N∗ \ N ′ 
over C̄c. Obviously, C ′
1 ⊆ C̄c (re
all that

C ′
1 = {ci : i ∈ N ′ \ N∗} is a set of non-redundant elements with respe
t to setsof N ′ \ N∗ and that any element of C ′

1 is 
overed by sets in N∗ \ N ′).Consider the sub-instan
e of I indu
ed by (N ′ \ N∗ ∪ N∗ \ N ′, C ′
1). Fix anindex i ∈ N∗ \ N ′ and denote by S∗

i = {ci1 , . . . , cik
} the restri
tion of Si to C ′

1,i.e., S∗
i = Si ∩ C ′

1. Assume that S∗
i 6= ∅; as it will be understood just below ifthis is not the 
ase, then the approximation ratio of will be even better.Obviously, sin
e sets i1, . . . , ik have been 
hosen by (i.e., {i1, . . . , ik} ⊆ N ′),

wij
6 wi and, k 6 ∆, we get: ∑k

j=1 wij
6 ∆wi. Summing it for all i ∈ N∗ \ N ′,we obtain wN ′\N∗ 6 ∆wN∗\N ′ and then, wN\N∗ 6 ∆wN∗\N . Expression (17)su�
es now to 
on
lude the proof of the ratio. The proof of the tightness isomitted here. 2
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hos, and F. Serrière4 max hypergraph independent setAn instan
e (S, C) of min set 
over 
an also be seen as a hypergraph Hwhere C is the set of its verti
es and S is the set of its hyper-edges. Then minset 
over 
onsists of determining the smallest set of hyper-edges 
overing C.The �dual� of this problem is the well-known min hitting set problem, where,on (S, C) one wishes to determine the smallest subset of C hitting any set in S.min hitting set and min set 
over are approximate equivalent in both stan-dard and di�erential paradigms (see, for example, [10℄; the former is the same asthe latter modulo the inter-
hange of the roles of S and C). On the other handanother well-known 
ombinatorial problem is max hypergraph independentset where given (S, C), one wishes to determine the largest subset C ′ of C su
hthat no Si ∈ S is a proper subset of C ′. It is easy to see that for max hyper-graph independent set and min hitting set, the obje
tive fun
tion of theone is an a�ne transformation of the obje
tive fun
tion of the other, sin
e ahitting set is the 
omplement with respe
t to C of a hypergraph independentset. Consequently, the di�erential approximation ratios of these two problems
oin
ide, and 
oin
ide also (as we have seen just above) with the di�erential ap-proximation ratio of min set 
over. Hen
e, the results of the previous se
tionsidenti
ally apply for max hypergraph independent set also.Referen
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