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Abstract. We present hardness results, approximation heuristics, and exact al-
gorithms for bottleneck labeled optimization problems arising in the context of
graph theory. This long-established model partitions the set of edgedéastes,
each of which is identified by a unique color. The generic objective is tetooct

a subgraph of prescribed structure (such as that of beirsgt grath, a spanning
tree, or a perfect matching) while trying to avoid over-picking or ureking
edges from any given color.

1 Introduction

Let G = (V,E) be a directed or undirected graph, with a weight functionE — R,
and a labeling functiol : E — {cy, ..., cq}. We interchangeably refer to the elements
of L(E) as labels or colors. In addition, f& ¢ E and 1< i < g, we useLi(E’) = {e€

E’ : L(e) = ¢} to denote the collection afi-colored edges ifE’. With this notation

in mind, theci-color weightof an edge seE’ C E is defined ag’e. 1,(g/) W(E), i.€., the
total weight of allcj-colored edges ii’.

Now let £ be a given graph property defined on subsetgofuch as that of in-
ducing a spanning tree, aat path, anst cut, or a perfect matching. Thmin-max
weighted labele@ problem (henceforth, WL-min-mag) asks to compute an edge set
E’ C E satisfying® that minimizes max}’e 1,y W(€), the maximum color weight of
E’. Similarly, in max-min weighted labeleg (WL-max-min #), the minimum color
weight should be maximized. We refer to both versionwaghted labeled bottleneck
# problems. Furthermore, for ease of presentation, we ddnotdl -min-max® the
unweighted special case of WL-min-m®&x that asks to minimize the maximum color
frequency. Analogous notation will also be used for theesponding max-min variant.

The complexity of WL-min-maxP has been investigated for several graph proper-
ties by Richey and Punnen [23], Punnen [21, 22], and AverlaakhBerman [5], in the
context of “optimization problems under categorizatiofs. indicated in [23, 5], WL-
min-max® contains both min-max weighte®t and min-sum weighte® as special

*Due to space limitations, some proofs were omitted from this extended ebstra
We refer the reader to the full version of this paper (currently availabibne at
http://www.lamsade.dauphine. fr/~monnot), in which all missing details are provided.



cases. One simply has to assign a distinct label to each adbe former variant, and
a single label for all edges in the latter variant. Similagruanents lead to an analogous
result, stating that max-sum weight@dcan be formulated in terms of WL-max-min
. Consequently, whenever min-sum weighted (respectivedx-sum weightedp is
NP-hard, so is WL-min-max (respectively, max-mi)

1.1 Our results

We now provide, for each problem considered in this paperied Bescription of our
main findings, accompanied by a concise summary of previauk.w

Labeled bottlenecks-t path. Previous work:

1. Averbakh and Berman [5] showed that WL-min-m&ak path is weakly NP-hard,
even in bicolored graphs. Moreover, they proved that UL-max st path is NP-
hard for an arbitrary number of colors. These results appligdth directed and
undirected graphs.

2. In [12] (problem [GT54], p. 203), it was mentioned that {heir-choice vertex
problem is NP-hard. Here, we are given a directed g@aph(V, E), two specified
nodes{s,t} C V, and a collection of pairwise-disjoint pairs of arcs. Thgeglive
is to determine whether there existsanpath traversing at most one arc from any
given pair. Since UL-min-max directesit path can be viewed as a special case
of this problem (pairs correspond to colors), the formemodrbe approximated
within a factor of 2— € for any fixede > 0, unless BNP.

3. Itis not dificult to verify that UL-max-mins-t path generalizes thengest path
problem, even in monochromatic graphs. Therefore, thelteesfi Karger, Mot-
wani and Ramkumar [15] imply that UL-max-mgit path cannot be approximated
within a factor of 20°9"°" for any fixede > 0, unless NRc DTIME(20(0g"“ M),

New results:

1. UL-max-mins-t path is not approximable at all, unlessNP (Theorem 6).

2. For afixed number of colors, there is a fully polynomiat¢i approximation scheme
for WL-min-max st path (Corollary 5).

3. For an arbitrary number of colors, there is dficéent algorithm that constructs a
feasible solution to UL-min-mas-t path in undirected graphs usi@ VvnOPT)
edges from any given color (Section 4.2). Hare; [V| and OPT denotes the ob-
jective value of an optimal solution. For directed grapl& path we construct
traverseO( VmOPT) edges from any color, whene= |E| (Section 4.3).

Labeled bottleneck spanning tree Previous work: Richey and Punnen [23] showed
that WL-min-max spanning tree is weakly NP-hard, even in lbigal graphs. We are
not aware of previous work regarding the max-min versiorhif problem.

New results:

1. WL-min-max spanning tree is strongly NP-hard (Theoremit®an be approxi-
mated within a factor o©(logn) (Section 5.3).
2. UL-min-max spanning tree can be solved in polynomial t{fifleeorem 11).



3. UL-max-min spanning tree can be solved in polynomial t{fieeorem 10). WL-
max-min spanning tree is strongly NP-hard (Theorem 9), arnisl also weakly
NP-hard in planar bicolored graphs (Theorem 1).

4. For afixed number of colors, there is a fully polynomiahé¢iapproximation scheme
for both versions of weighted labeled bottleneck spannieg (Corollary 5).

Labeled bottleneck perfect matching.Previous work:

1. Richey and Punnen [23] showed that WL-min-max perfect hiagcis weakly NP-
hard, even in bicolored graphs. A stronger result has rgcéeen obtained by
Punnen [22], who proved that even the simpler WL-min-maxgssent problem
is strongly NP-hard.

2. ltai, Rodeh, and Tanimoto [14] proved that the followinglem is NP-complete:
Given a bipartite graph and a collection of pairs of edgesid#awhether there ex-
ists a perfect matching that picks at most one edge from amngiair. This prob-
lem remains NP-complete for a collection of disjoint paitg][(problem [GT59],
p. 203). Since UL-min-max perfect matching can be viewed spegial case of
this problem, the former cannot be approximated within #ofacf 2 — € for any
fixede > 0, unless BNP.

3. Karzanov [16], and Yi, Murty and Spera [26] proved thategia complete bipartite
graphKn,, with edges colored either red or blue, the problem of findinpgdect
matching consisting of exactlyred edges and - r blue edges is polynomial-time
solvablé. Therefore, UL-min-max and UL-max-min perfect matchingamplete
bipartite bicolored graphs can be solved to optimality itypomial time.

4. To our knowledge, WL-max-min perfect matching has not betadied in the lit-
erature.

New results:

1. WL-max-min perfect matching is weakly NP-hard in bicotbpanar graphs (The-
orem 1). UL-max-min perfect matching is not approximableleh general graphs,
unless BNP.

2. There is an approximation-preserving reduction from rhin-max directeds-t
path to UL-min-max perfect matching.

3. Forafixed number of colors, there is a fully polynomiati approximation scheme
for both versions of weighted labeled bottleneck perfedicimag (Corollary 5).

Due to space limitations, these results appear in the fudioe of this paper.

Labeled bottleneck s-t cut. Previous work: To our knowledge, both versions of this
problem have not been studied yet.

New results:

1. UL-min-maxs-t cut is NP-hard in bicolored graphs (Theorem 3). When the under
lying graph is planar, UL-min-mag-t cut cannot be approximated within a factor
of 2 — e for any fixede > 0, unless BNP, and the weighted version of this problem
is weakly NP-hard when the graph is bicolored as well (Theote

3 On the other hand, the complexity of this problem in general bipartite giasti$i open.



2. WL-max-mins-t cut is weakly NP-hard in planar bicolored graphs (Theorem 1)
For an arbitrary number of colors, this problem is not apprnable at all in planar
multigraphs, unless+NP.

Due to space limitations, these results appear in the fullior of this paper.

1.2 Related work

In this section, we provide a brief survey of several framéwdao which our con-
tributions are related. Since some of the settings undesideration have received a
great deal of attention in recent years, it is beyond theesadphis writing to present
an exhaustive overview. We refer the reader to the underorestt papers and to the
references therein for a more comprehensive review of theature.

Multiobjective combinatorial optimization [11, 24, 25]. The basic ingredients of a
multiobjective optimization problem are typically: A sdtinstances ; a set of feasible
solutions# (x) associated with every instanges 7; and a collection of cost functions
wi (X Y), ..., Wk(X, y) associated with every instansee 7 and feasible solutioy €
F(X). Given an instance € I, the goal is to solve migz){wi(X,y),. .., WX, y)},
where the exact meaning of “min” depends on the particuldingein question. For
example, it may stand for Pareto optimality (see SectiofoBxgiming to minimize the
worst cost function, or for lexicographically minimizinke vector of cost functions. It
is not dificult to verify that WL-min-max® is actually a multiobjective optimization
problem in disguise: The set of feasible solutions consistdl edge sets that satisfy;
for every colorg; there is a corresponding cost functianwhich is exactly the;-color
weight; and the goal is to minimize the maximum cost functiblinor adjustments
allow us to treat WL-max-mifP in a similar way.

Robust discrete optimization [17, 6].Very informally, robust optimization deals with
decision making in environments of considerable data daicgy, trying to come up
with solutions that hedge against the worst contingendyrttagy arise. Several alterna-
tive approaches for coping with uncertainty have been ezdland exploited; however,
the scenario-baseftamework of Kouvelis and Yu [17] seems most relevant to as p
per. In this context, future developments are describedfinita number of scenarios,
each of which corresponds to a possible realization of tlhk@owmn model parameters.
The objective is to optimize against the worst possible aderby using a min-max ob-
jective. Once again, we note that WL-min-n&xcan be easily cast as a scenario-based
robust optimization problem: For every colgrthere is an analogous scenagoin
which the weightws (€) of an edgee € E is set tow(e) if its color isc;, and to 0 other-
wise. In addition, the cost of an edge &tC E in scenarics is given by o Ws (€),
which is exactly thesi-color weight of this set.

The min-sum-max setting.A complementary line of work [23, 5, 22] on edge-colored
graphs attempts to minimize the sum of the maximal edge weigked from every
given color. In particular, when all edges are associatet wiit weights, a problem
of this nature reduces to that of constructing subgraphshgalg a required property
while minimizing the number of colors used. Some propeities have recently been



studied in this context include spanning trees [10, 7, 9,48paths [8, 13], and perfect
matchings [19].

2 Fixed Number of Colors: Hardness Results

2.1 Weak NP-hardness in bicolored graphs

In what follows, we prove that several weighted labeledlbo#ck problems are NP-
hard, even in planar bicolored graphs. As noted in SectibV¥L-min-max® is known
to be NP-hard in bicolored graphs f& € {spanning trees-t path perfect matching
[23, 5].

Theorem 1. WL-min-max? and WL-max-miP are NP-hard, even in planar bicolored
graphs, forP e {s-t path s-t cut perfect matchingspanning treg

2.2 Strong NP-hardness fors-t cuts

Aissi, Bazgan and Vanderpooten [4] proved that min-max soBwvith a fixed number
of scenarios admits pseudo-polynomial algorithmsgtmpaths and spanning trees in
general graphs and for perfect matchings in planar graphse $VL-min-max® can
be viewed as a special case of these settings (see Sectjoiit fofows that the cor-
responding min-max labeled problems have pseudo-polyadaatgorithms for a fixed
number of colors.

In contrast, we proceed by proving that WL-min-m&kcut is strongly NP-hard in
bicolored graphs. A similar result was established forriiega st cut [20, Thm. 6],
and more recently for min-max robust cut with two scenarios [3, Cor. 1]. Unfortu-
nately, in their reductions the resulting instances do natspond to WL-min-mas-t
cut instances, and it appears as if we cannot conclude theedessult for WL-min-
max st cut in an obvious way. However, we can slightly modify the stomction of
Papadimitriou and Yannakakis [20].

Theorem 2. WL-min-max s-t cut is strongly NP-hard in bicolored graphs.

Proof. We propose a reduction from thésection widthproblem. Given a connected
graphG = (V, E) on 2n vertices, a bisection is a cu¥{, V,) in G with [V3| = [V,| = n.
The decision version of bisection width asks to determioeafgiven integek, whether
there exists a bisection with at mdstdges. This problem is known to be NP-complete
[12] (problem [ND17], p. 210).

Given an instance of bisection width, as described abovesometruct an instance
I = (G,w, L) of WL-min-max st cut, withG’ = (V',E’) and £L(E’) = {c1,Cp}, as
follows:

— G’ has two additional vertices,andt, each of which is connected to every vertex
of G.

— L(s V) = ¢, for everyv € V; all other edges have colos.

— w(s,v) = k(n+ 1) andw(t, v) = knfor everyv € V; w(e) = nfor every original edge
eec E.



We now argue thaG has a bisection of size at mdsif and only if | has ans-t
cut whose min-max value is at mdst(n + 1). If (V1, V>) is a bisection with at most
k edges, then{6} U V4, {t} U V5) is ans-t cut in G’ that picksc;-colored edges of total
weight Y ec(s).v,) W(E) = kn(n + 1) andc,-colored edges of total weigtec (i v,) W(€) +
Dec(vivy) W(E) = kr? + kn = kn(n + 1). Conversely, let{€} U Vi, {t} U V,) be ans-

t cut in G’ with min-max value of at mostn(n + 1). Since eaclt;-colored edge in
this cut has a weight df(n + 1), it follows that|V,| < n. In addition, thec,-colored
edges in this cut have a total weight@E”| + knV,|, whereE” = (Vi,V2), and we
conclude thafv| < n+ 1. Now, if V1] = n+ 1 the inequalityn|E”| + knV1| < kn(n+ 1)
impliesE” = 0, soG is clearly disconnected (contradicting our initial asstioT;
thus|V4| < n. Finally, sinceV,| < nand|V,| < n, we havgVs| = |V,| = n, and therefore
(V1, Vo) is a bisection with at most edges. O

Theorem 3. UL-min-max s-t cut is NP-hard in bicolored graphs.

Proof. To prove the theorem, we show thab-@pproximation for UL-min-mays-t cut
can be converted in polynomial time intgaapproximation for WL-min-mays-t cut
when the edge weights are integers upper bounded by a polghionm. The theorem
follows from the combination of this result and Theorem 2.

Letl = (G,w, L) be an instance of WL-min-magt cut, whereG = (V,E) has
n vertices and maxg w(e) = O(n°Y). We replace each edge= (u,v) € E by a
collection H(e) of w(e) edge-disjoint paths of length two (connectingandv), each
edge of which is colored by(e). The verticeau andv will be calledextreme vertices
of H(e), whereas other vertices &f(e) will be calledinner vertices We refer to the
resulting UL-min-maxs-t cut instance ak = (G/, £).

Consider arst cut (S',T’) in G/, with s € S’ andt € T’. We iteratively apply
the following procedure for each original edge= E: If the extreme vertices dfi(e)
appear in the same set of the partition, assign all innercesrbfH(e) to that set. These
changes can only decrease the total weighf@)-colored edges in the currest cut,
and therefore also its min-max value. From the resulgigut (S’, T'), we can find an
st cut in G of identical min-max value by considering’(n V, T’ N V), the restriction
of this cut toG. O

3 Fixed Number of Colors: An FPTAS

Inwhat follows, we present a fully polynomial-time appnmtion scheme for weighted
labeled bottleneck-t path, spanning tree, and perfect matching, for a fixed nummber
colors.

Approximate Pareto curves.Let P be a property described in Section 1, and consider
the multiobjective version oP (henceforth, Mul§®). An instancel of this problem
consists of a grapts = (V, E), and a weight vectow(e) = (wy(e), ..., w(e)) for each
edgee € E. An edge seE’ C E forms a feasible solution to MulP if it satisfiesP,
and the objective value @&’ is given by the vectorX eg Wi(€), ..., Y ecer Wk(€))- INn @
minimization problem, we say that a soluti@ is dominatedby E” if > .- Wi(€) <
> eer Wi(e) for every 1< i < k, and the inequality is strict for at least one index; the



inequalities are reversed for a maximization problem. Tded ¢ to compute thPareto
curveC(l), which is the set of all undominated solutiond té-inally, ane-approximate
Pareto curvefor the minimization (respectively, maximization) vensiof Multi,# is a
setC¢(l) of solutions such that

1. |Cc(1)] is polynomially bounded in terms of the input size and.1
2. For everyE* € C(l), there existE’ € C.(I) with Yecp Wi(€) < (1 + €) X ecr- Wi(€)
for every 1< i < k (respectivelyy e Wi(€) = (1 — €) X ecr- Wi(€)).

Whenk is fixed, Papadimitriou and Yannakakis [20, Cor. 5] propoaed-PTAS for
constructings-approximate Pareto curves of multiobjectssewalk, spanning tree, and
perfect matching.

The approximation scheme.We now relate the approximability of several weighted
labeled bottleneck problems to that of their multiobjeetiowunterparts. This approach
has already been suggested in the context of robust optioniZd 7, 2], implying that
results similar to those described in the next theorem cambeediately derived for
the min-max variants.

Theorem 4. For a fixed number of colors, thghieient construction of ag-approximate
Pareto curve for the maximization versionMiilti % implies a(1 — ¢)-approximation
to WL-max-min. A similar result for the minimization version leads taa+ €)-
approximation to WL-min-maR.

By combining Theorem 4 and the results of Papadimitriou aadnékakis [20]
mentioned earlier, Corollary 5 follows. However, an impoittremark is in place. Even
though the algorithm in [20] constructs ampproximate Pareto curve of multiobjective
st walk, note that any such walk can be converted (by elimigatircles) to ars-t path
of no greater min-max objective value. An analogous claigarding the max-min
version is incorrect.

Corollary 5. For a fixed number of colors, weighted labeled bottlenecksey tree
and perfect matching admit a fully polynomial-time appmation scheme. A similar
result also holds for WL-min-max s-t path.

4  Arbitrary Number of Colors: s-t Paths

For a fixed number of colors, UL-min-mas<t path is polynomial time solvable. This
claim follows from the observation that we can decide whethere exists a walk
connectings andt whose objective value is exactly € {1,...,n — 1} by means of

dynamic programming. In contrast, we proceed by showing ltbth versions of the
problem under consideration become NP-hard for an arpimamber of colors. We

complement these results by devisinfyaent approximation algorithms.

4.1 Hardness results

We now derive new inapproximability bounds for both versiafi labeled bottleneck
st path, in undirected as well as directed graphs. To our kraydethese results do
not follow from existing work.



Theorem 6. UL-min-max s-t path is nq2 — €)-approximable for any fixed > 0, and
UL-max-min s-t path is not approximable at all, unlessNP. Similar results hold for
directed graphs.

4.2 UL-min-max s-t path: Approximating the undirected case

In what follows, we show how tofBciently construct an undirectesit path using
O(VnOPT) edges from any given color, wheate= [V| and OPT denotes the cost of
an optimal solution. An essential building block of our aitfum is a constant-factor
approximation formulti-budget maximum coverag@n instance of this problem con-
sists of a ground sd#l and a collection of subset$ ¢ 2, which is partitioned into
S1,...,S;. Given an integral budgds; for each partS;, the objective is to find a sub-
collectionS’ € S such thatS’ picks at mosty sets from eackB; and such that the
number of elements covered I8/ is maximized. For these particular settings, a per-
formance guarantee of 1 1/e can be achieved by adopting the maximum coverage
heuristic of Ageev and Sviridenko [1, Rem. 2].

The algorithm. For simplicity of presentation, it would be convenient te@ase that
OPT is known in advance. Clearly, this assumption can beeadidy testingL..,n—
1 as candidate values, and returning the best solution faedalso make use of =
A(n, OPT) as a parameter whose value will be determined later.

1. F<0,H « G.
2. While disty(s,t) > 4
(a) Create a multi-budget maximum coverage instance bygfend set i8/(H);
for each edge € E(H) there is a corresponding subs&t consisting of the
endpoints of; these subsets are partitioned iff, . . ., Sq}, whereS; = {Ve :
L(e) = ¢j}; eachS; has a budget of OPT.
(b) Approximate the instance defined above, andrtebe the collection of edges
e € E(H) for which V¢ is picked by the resulting solution.
(¢) F « FUF*, H « the contraction oF* in H.
3. LetP be a shortest-t path inH. ReturnF U P.

Theorem 7. By settingd = VnOPT, the subgraph induced by &P picks G VnOPT)
edges from any given color.

Proof. We begin by showing that, for any value #f step 2 terminates within no more
than 4/4 iterations. For this purpose, it is ficient to prove that the number of ver-
tices inH decreases by at leagf4 whenever an edge set is contracted. EetC E
be an optimal solution, with makZ;(E*)] = OPT, and consider a single iteration.
Since the edgek* n E(H) form a subgraph oH containing ans-t path, it follows
that{Ve : e€ E* n E(H)} is a feasible solution to the multi-budget maximum coverage
instance defined in step 2a. Moreover, as shalistance inH is at least4, the latter
solution satisfie$ Jecg gy Vel = 4. Consequently, for the curreft” we must have
|Ueee+ Vel = (1 - 1/€)4, implying that the contraction df* decreases the number of
vertices by at least (2 1/€)4/2 > A/4.

Now, starting with an empty set of edges, in each iteratiostep 2 we augment
F with an edge seft* that contains at most OPT edges from each color. Therefgre, b



settingd = vnOPT, the maximum number of edges we pick from any given celat i
most (4/4)OPT+ |P| < (4n/4)OPT+ 4 = 5VnOPT. O

4.3 UL-min-max s-t path: Approximating the directed case

In the following, we demonstrate that ideas similar to thpeesented in Section 4.2
can be employed to construct a directetpath usingd( VmOPT) arcs from any given
color. Herem = |E| and OPT denotes the cost of an optimal solution.

The algorithm. Once again, we assume that OPT is known in advance, antl 4et
A(m, OPT) be a parameter whose value will be determined later.

1. F « 0, yg\r « characteristic function dE \ F.
2. While dist, . (s,t) > 4

(a) Create a multi-budget maximum coverage instance bygidwnd set i&/; for
each are = (u,v) € E\ F there is a corresponding singletva = {v}; these
subsets are partitioned intS1, . .., Sq}, whereS; = {Ve : L(€) = ¢;}; eachS;
has a budget of OPT.

(b) Approximate the instance defined above, and-lebe the collection of arcs
e e E\ F for which V; is picked by the resulting solution.

(c) F— FUF*.

3. LetP be a shortest-t path (with respect tge\r). ReturnP.

Theorem 8. By settingd = VmOPT, the path P traverses 3/mOPT)arcs from any
given color.

Proof. We first demonstrate that step 2 consists of at mogydterations, by showing
that we always havd="*| > 4/2. Let P* be an optimal solution, with mak/;(P*)| =
OPT. In each iteration{Ve : e € P*\ F} is a feasible solution to the multi-budget
maximum coverage instance defined in step 2a. Moreoversgs dis, t) > 4, the latter
solution satisfie$( Jecp-\r Vel > 4. Consequently, we must haVle*| > | Jecp+ Vel =
(1-1/e)4 > 4/2.

Now, starting with an empty set of arcs, in each iterationtep we augmerit
with an arc seF™* that contains at most OPT arcs from each color. Thereforsetiing
4 = VYmOPT, the maximum number of edgBsraverses from any given color is at
most|F| + 4 < (2m/4)OPT+ 4 < 3VmOPT. O

5 Arbitrary Number of Colors: Spanning Trees

In Corollary 5 we have shown that, for a fixed number of coltrsth versions of
weighted labeled spanning tree admit an FPTAS. In this@ectie provide hardness
results, exact algorithms, and approximation algorithongHe general case of an arbi-
trary number of colors.



5.1 Hardness results

As indicated in Section 1.1, WL-min-max spanning tree is kneobe weakly NP-hard
[23]. Here, we show that both weighted labeled bottleneensmng tree problems are
in fact strongly NP-hard.

Theorem 9. Both weighted labeled bottleneck spanning tree problemstongly NP-
hard.

5.2 Exact algorithms

Broersma and Li [7] devised a polynomial-time algorithméxhen matroid intersection
for computing a spanning tree using a maximum number of soldere, we prove

that both unweighted labeled bottleneck spanning treel@mabcan also be solved in
polynomial time by utilizing matroid intersection. It istéresting to observe that this
result is in contrast to the weighted case, which was shovietstrongly NP-hard in

Theorem 9.

Theorem 10. UL-max-min spanning tree can be solved to optimality in poiyial
time.

Proof. Given an instanceQ, £) of UL-max-min spanning tree, wite = (V, E), we
may assume without loss of generality that OPT is known iraadg, since we can
test Q...,n — 1 as candidate values for this parameter, and return thesbasion
found. Now, since the optimal tree picks at least OPT edges &very color in£(E) =
{C1,...,Cq}, it follows that there exists a forest picking exactly OPTgesl from any
given color. Moreover, such a forest can figagently constructed by computing a max-
imum cardinality intersectidhof the matroidsv; andM,, where:

— M, = (E, I,) is the graphic matroid, that i, = {F C E : F is a fores}.
— My = (E, I,) is a partition matroid, with, = {F € E : |£i(F)| < OPT for every 1<
i <gh

We complete the resulting forest into a spanning tree in hitrary way, noting that
this augmentation leaves the objective value unchanged. O

Theorem 11. UL-min-max spanning tree can be solved to optimality in poiyial
time.

Proof. The algorithm for this version is nearly identical to the gieen for UL-max-
min spanning tree; however, an important remark is in pladter we “guess” OPT
and compute a maximum cardinality intersectienc E of M; and My, there is no
need to complete the subgraph inducedFynto a spanning tree, implying that its
objective value remains unchanged. This claim follows fayserving tha-| = [V|-1,
since the edge set of the optimal spanning tree forms a feasghution to the matroid
intersection problem we solve. O

4 See, for example, [18, Chap. 8].



5.3 WL-min-max spanning tree: A logarithmic approximation

In what follows, we show that a matroid intersection aldoritis not only a useful
tool for solving the unweighted version to optimality; rathit can also be applied to
approximate the weighted min-max version.

The algorithm. For ease of exposition, we assume without loss of genethilityyan
estimator of the optimunw e [OPT, 2 - OPT] is known in advance. Otherwise, for
every 0< K < [1og(NWmax/Wmin)1, we can test'Svmi, as a candidate value and return the
best solution found, whemsy,i, andwyax denote the minimum and maximum non-zero
edge weights, respectively.

1. Delete all edges of weight greater thah and define a partition of the undeleted
edges as follows:
(a) Forevery 1< i < gand 0< k < [logn], let &k be the set of edgeswith
£(e) = ¢ andw(e) e (W/2k1, Wy24].
(b) In addition, letSsee be the set of remaining edges (of weight at mafsh).
2. By applying a matroid intersection algorithm, find a spagrireeT that picks at
most 3*1 edges from eac8; x and any number of edges frofifee. ReturnT.

Note that the suggested algorithm is well-defined. To eistalihis claim, it is
suficient to show that a spanning tree satisfying the consgahstep 2 indeed ex-
ists. It is easy to verify that all edges of the optimal tigesurvive step 1 and that
T*N&ixl < 21 or otherwise there is a colar from which T* picks edges of total
weight strictly greater thaw > OPT.

Theorem 12. The edges picked by T from any given color have an overallhteify
O(logn) - OPT.

Proof. Consider some colag. Then,

Llogn]
Z w(e) = Z Z w(e) + Z w(e)
ecLi(T) k=0 esTN&ix ecLi(TNEkree)

Llogny

< ; (IT N&xl - max W(e)) +T N Ered - _max w(e)
Llogn]

W W
< Z 2k+1§ +(n- 1); < (2llogn] + 3)W < (4llogn] + 6)OPT.

k=0

The second inequality holds sinfen &;x| < 2<*1 for every 0< k < [logn], and since
IT N &Ereedl < N— 1. The last inequality follows from the assumptddh< 2- OPT. 0O
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