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t. A version of weighted 
oloring of a graph is introdu
ed:ea
h node v of a graph G = (V, E) is provided with a positive integerweight w(v) and the weight of a stable set S of G is w(S) = max{w(v) :

v ∈ V ∩ S}. A k-
oloring S = (S1, . . . , Sk) of G is a partition of Vinto k stable sets S1, . . . , Sk and the weight of S is w(S1) + . . . + w(Sk).The obje
tive then is to �nd a 
oloring S = (S1, . . . , Sk) of G su
h that
w(S1) + . . . + w(Sk) is minimized. Weighted node 
oloring is NP-hardfor general graphs (as generalization of the node 
oloring problem). Weprove here that the asso
iated de
ision problems are NP-
omplete forbipartite graphs, for line-graphs of bipartite graphs and for split graphs.We present approximation results for general graphs. For the other fam-ilies of graphs dealt, properties of optimal solutions are dis
ussed and
omplexity and approximability results are presented.1 Introdu
tionA k-
oloring of G = (V,E) is a partition S = (S1, . . . , Sk) of the node set Vof G into stable sets Si. The obje
tive is here to determine a node 
oloringminimizing k. A natural generalization of the problem, denoted by WC in whatfollows, is the one where a stri
tly positive integer weight w(v) is 
onsidered forany node v ∈ V , and where the weight of stable set S of G is w(S) = max{w(v) :

v ∈ S}. Then, the obje
tive is to determine S = (S1, . . . , Sk) a node 
oloringof G minimizing the quantity ∑k
i=1 w(Si). This problem is easily shown NP-hard; it su�
es to 
onsider w(v) = 1, ∀v ∈ V and WC be
omes the 
lassi
alnode 
oloring problem.In [1℄ we show that WC is not a toy problem. In terms of s
heduling, aweighted node 
oloring amounts to assigning ea
h job v to a time-slot (or pe-riod) i in su
h a way that no two jobs u, v assigned to the some time slot iare in
ompatible. In our situation, the lengths of the time slots 1, 2, . . . , k arenot given in advan
e; assuming that the jobs s
heduled in time slot i may bepro
essed simultaneously, the amount of time needed will be given by w(Si) =

max{w(v) : v ∈ Si}. As a 
onsequen
e, the total amount of time needed to
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omplete all jobs will be val(S) =
∑k

i=1 w(Si). where S = (S1, . . . , Sk). Theproblem then amounts to �nding for a weighted graph Gw = (V,E,w) a 
olor-ing S = (S1, . . . , Sk) su
h that val(S) is minimum. This problem is related tothe bat
h s
heduling problem whi
h has been studied by several authors (see forinstan
e [2℄ for a survey, or [3℄ for a spe
ial 
ase). In the papers on bat
h s
hedul-ing, there are usually in
ompatibility 
onstraints between operations belongingto a same job, or pre
eden
e 
onstraints. The general 
ase of in
ompatibilityrequirements represented by an arbitrary graph is formulated in [4℄, where they
onsider the 
omplement of our graph: edges indi
ate 
ompatibilities and theypartition the node set into 
liques. On the other hand, several types of require-ments are introdu
ed, like sequen
ing 
onstraints or limitations in the size of abat
h.After establishing approximation results for the weighted 
oloring problemin general graphs, we examine some spe
ial 
ases, dealing with bipartite graphs,split graphs and 
ographs. We also study the weighted edge 
oloring problem inbipartite graphs. For all these 
ases, 
omplexity issues as well as approximabilitywill be dis
ussed. For graph theoreti
al terms not de�ned here, the reader isreferred to [5℄.2 General propertiesThe following proposition des
ribes a general property whi
h will be neededlater.Proposition 1. Consider an instan
e of WC given by a weighted graph G =
(V,E,w) and a 
oloring S ′. We 
an always 
onstru
t in polynomial time a k-
oloring S = (S1, . . . , Sk) verifying val(S) 6 val(S ′) and k 6 ∆(G) + 1.Proof (Sket
h). Set S ′ = (S′

1, S
′
2, . . .) and rank the S′

i's in de
reasing weightorder. Take Si (the ith 
omponent of the 
oloring S) su
h that Si ⊇ S′
i is amaximal stable set in G \ S′

1 \ . . . \ S′
i−1. ⊓⊔In parti
ular, this result holds for an optimal weighted node 
oloring of G. If His the line-graph of G, denoted by L(G), we have the following.Corollary 1. If G = L(H), then the solution S of Proposition 1 veri�es k 6

2∆(H) − 1.We 
an easily show that in Corollary 1 we have k 6 p(ω(G)− 1)+1 where ω(G)is the maximum 
ardinality of a 
lique in G and p is the maximum number of(maximal) 
liques in whi
h one node of G is 
ontained. If G is a line-graph L(H)then p = 2 and ω(G) = ∆(G), so Corollary 1 follows. Also, it follows fromProposition 1 that the number k of 
olors in an optimal k-
oloring val(S) 
anbe bounded above by any bound on the 
hromati
 number whi
h is derived bya sequential 
oloring algorithm whi
h gives maximal stable sets in the subgraphgenerated by the 
olored nodes. In parti
ular the bounds of Welsh-Powell andof Matula are valid for k (see, for instan
e, [6℄).



Weighted node 
oloring 3We 
an also establish the following property of optimal k-
olorings S in aweighted graph G = (V,E,w) for w(v) ∈ {t1, . . . , tr} with t1 > . . . > tr for ea
hnode v.Proposition 2. Let G = (V,E,w) be a r-valued weighted graph and let q =
χ(G) be its 
hromati
 number. Then every optimal k-
oloring S∗ = (S∗

1 , . . . , S∗
k)satis�es: w(S∗

i ) > w(S∗
i+q−1), for any i 6 k − q. In parti
ular, k 6 1 + r(q − 1).This bound is tight.Proof (Sket
h). Assume that there exists an index i 6 k − q su
h that w(S∗

i ) =
. . . = w(S∗

i+q−1); S∗
i ∪ . . . ∪ S∗

k indu
es a subgraph G′ verifying χ(G′) 6 χ(G).Thus, we 
an 
hange sets S∗
i , . . . , S∗

k by q other sets to obtain a q + i−1-
oloringwith a lower 
ost, a 
ontradi
tion. ⊓⊔3 Approximating weighted 
oloring in general graphsIn this se
tion, we establish approximability results for the weighted 
oloringproblem de�ned in se
tion 1. We use two approximation-quality 
riteria 
alledin what follows standard approximation ratio and di�erential approximation ra-tio, respe
tively. Consider an instan
e I of an NP-hard optimization problem Πand a polynomial time approximation algorithm A solving Π; we will denoteby worst(I), valA(I) and opt(I) the values of the worst solution of I, of theapproximated one (provided by A when running on I), and the optimal onefor I, respe
tively. If Π is a maximization (resp., minimization) problem, thevalue worst(I) is in fa
t the optimal solution of a minimization (resp., maximiza-tion) problem Π ′ having the same obje
tive fun
tion and the same 
onstraint setas Π. Let us note that 
omputation of the solution realizing worst(I) 
an be easyfor some NP-hard problems (this is the 
ase of graph 
oloring) but for otherones (for example, for traveling salesman, or for optimum satis�ability, or forminimum maximal independent set) this 
omputation is NP-hard. Commonly,the quality of an approximation algorithm for Π is expressed by the ratio (
alledstandard in what follows) ρA(I) = valA(I)/opt(I). On the other hand, the di�er-ential approximation ratio measures how the value of an approximate solution ispla
ed in the interval between worst(I) and opt(I). More formally, it is de�ned as
δA(I) = |worst(I)− valA(I)|/|worst(I)− opt(I)|. A very optimisti
 
on�gurationfor both standard and di�erential approximations is the one where an algorithma
hieves ratios bounded below by 1− ǫ (1+ ǫ for the standard approximation forminimization problems), for any ǫ > 0. We 
all su
h algorithms polynomial timeapproximation s
hemes. The 
omplexities of su
h s
hemes may be polynomialor exponential in 1/ǫ (they are always polynomial in the sizes of the instan
es).When they are polynomial in 1/ǫ the s
hemes are 
alled fully polynomial timeapproximation s
heme.The standard approximation result presented in this se
tion is based uponthe so-
alled master-slave approximation strategy. Consider an NP-hard mini-mization 
overing graph-problem 
onsisting in 
overing the nodes of the inputgraph G, of order n, by subgraphsG′ verifying a 
ertain property π. Most of these
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an be approximated by the following strategy: (a) �nd a maximumsubgraph G′ of G verifying π; (b) delete V (G′) from V ; repeat steps (a) and (b)in the remaining graph until V = ∅. The maximization problem solved at step (a)is 
alled the slave, while the original minimization problem is 
alled the master.These terms are due to [7℄ who points out the fa
t that if the slave problem ispolynomial then the master problem is approximable within O(log n). A 
lassi-
al example of master-slave approximation for graph 
oloring, using maximumstable set as slave problem, is given in [8℄.Proposition 3. ([9℄) In the master-slave approximation game for weightedproblems, if the weighted slave problem is approximable within ratio ρ(n), then theweighted master problem is approximable within standard ratio O(log n/ρ(n)).For our problem, the (maximization) slave problem, denoted by SLAVE_WC,
onsists of determining a stable S∗ maximizing quantity |S|/w(S), over any sta-ble set S, where w(S) = max{w(v) : v ∈ S}. Consequently, the overall al-gorithm W_COLOR we devise for weighted 
oloring 
an be outlined as follows:(1) solve SLAVE_WC in G; let Ŝ be the solution obtained; set V = V \ Ŝ,
G = G[V ]; (2) 
olor the nodes of Ŝ with a new 
olor; repeat steps (1) and (2)until all the nodes of the input graph are 
olored.Lemma 1. SLAVE_WC is approximable in polynomial time within standardratio O(log2 n/n).Proof (Sket
h). Consider the following algorithm, 
alled SLAVE_WC in the sequel:(1) rank the nodes of V in nonin
reasing weight-order; let L the list obtained;(2) for any v ∈ L do: (2a) set Vv = {u ∈ L : w(u) > w(v)}, V = V \ (Vv ∪ ({v}∪
Γ (v))), G = G[V ]; (2b) run the maximum stable algorithm of [10℄ on G; let Svbe the stable set 
omputed; store set Sv = Sv ∪ {v} as 
andidate solution forSLAVE_WC; (2
) return to the original graph G; (3) among the sets stored instep (2b), 
hoose one, denoted by Ŝ, maximizing quantity |Sv|/w(v). We provein [1℄ that algorithm SLAVE_WC a
hieves, for problem SLAVE_WC the sameratio, O(log2 n/n), as the algorithm of [10℄, 
alled in step (2b) for stable set, thisratio being the best known, in terms of n for the latter problem. ⊓⊔Using Proposition 3 and Lemma 1, the following holds for algorithm W_COLOR.Proposition 4. The weighted 
oloring problem 
an be approximately solved inpolynomial time within standard approximation ratio O(n/ log n).We now deal with di�erential approximation and present a polynomial time ap-proximation algorithm guaranteeing a di�erential approximation ratio boundedbelow by a �xed 
onstant. Consider a graph G = (V,E,w), where w is the ve
torof the node-weights of G. Then, our algorithm, denoted by DW_COLOR works asfollows: [a℄ 
onstru
t an edge-weighted graph Ḡ = (V,E′, w′) where Ḡ is the
omplement of G and for any e = [v, u] ∈ E′, w′(e) = min{w(u), w(v)}; [b℄ 
om-pute a maximum-weight mat
hing M∗ of Ḡ; [
℄ 
olor the endpoints of any edgeof M∗ with a new 
olor; [d℄ 
olor every exposed node of V (with respe
t to M∗)with a new 
olor. The solution 
omputed DW_COLOR is a 
olle
tion of stable setsof size 2 and of singletons.
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oloring 5Proposition 5. The di�erential approximation ratio a
hieved by DW_COLOR isbounded below by 1/2. This bound is tight.Proof (Sket
h). Denote by S∗ = (S∗
1 , . . . , S∗

p) an optimal weighted 
oloring andby valḠ(M) the value of any maximum weight mat
hing M of Ḡ. For any G[S∗
i ],
onsider a maximum weight mat
hing M ′

i , set M ′ = ∪p
i=1M

′
i and apply steps [b℄to [d℄ of DW_COLOR starting from M ′; denote by S ′ the 
oloring so obtained.Then, val(S ′) = worst(G) − valḠ(M ′) 6 (worst(G) + opt(G))/2. Finally, sin
e

valḠ(M∗) > valḠ(M ′), the result 
laimed is easily dedu
ed. The tightness ofthe ratio is proved in [1℄ by 
onsidering an 1-valued graph Gm indu
ed by amat
hing of size m. ⊓⊔Note that algorithm DW_COLOR 
omputes an optimal solution when α(G) 6 2.We �nish this se
tion by two inapproximability results. Consider any 
lass G′of graphs and a node-weighted graph G ∈ G′ and suppose that WC is NP-
omplete for any G ∈ G′. Then, the following holds.Proposition 6. For any 
lass G′ of node-weighted graphs: if WC(G′) is NP-
omplete, then, unless P = NP, for any c ∈ N, c > 1, no polynomial timealgorithm 
an 
ompute a solution of WC in any 
lass of graphs su
h that thedi�eren
e between its value and the optimal value is bounded above by c; fur-thermore, if WC(G′) is strongly NP-
omplete, then, unless P = NP, WC(G′)
annot be solved neither by a standard nor by a di�erential fully polynomial timeapproximation s
heme.4 The bipartite 
ase and some related 
ases4.1 The bipartite graphsIn this se
tion G = (V,E,w) will be a weighted bipartite graph where L (resp. R)is the �left set� (resp. �right set�) of nodes and ea
h edge has one endpoint in Land the other in R. An instan
e of WC is given by a bipartite weighted graph Gwith a positive integer q. Let WC(G, q) be the following problem: does thereexist a 
oloring S of G with val(S) 6 q?Proposition 7. WC(G, q) is NP-
omplete in the strong sense even if G is abipartite graph of maximum degree at most 14.Proof (Sket
h). We use a redu
tion from 1-PrExt ([11℄): �given a bipartite graph
G = (V,E) with |V | > 3 and three nodes v1, v2, v3, does there exist a 3-
oloring
(S1, S2, S3) of (the nodes of) G su
h that vi ∈ Si for i = 1, 2, 3?� Consider aninstan
e of 1-PrExt given by a bipartite graph and spe
i�
 nodes v1, v2, v3. Itis immediate to see that we may assume {v1, v2, v3} ⊆ L. We introdu
e threenew nodes u1, u2, u3 in R and edges [vi, uj ] for i 6= j and 1 6 i, j 6 3. In thenew bipartite graph G′ we asso
iate weights w(ui) = w(vi) = 23−i for i = 1, 2, 3and w(v) = 1 for every other node v in G′. Then we set q = 7 and we 
onsiderproblem WC(G′, 7). There exists a 
oloring S of G′ with val(S ′) 6 7 if and onlyif there exists a 3-
oloring (S1, S2, S3) of G with vi ∈ Si, i = 1, 2, 3. ⊓⊔
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onsequen
e of Proposition 7, WC is also NP-
omplete if G is a 
ompara-bility graph (i.e., a graph whose edges 
an be transitively oriented, see [5℄).Proposition 8. If G = (V,E,w) is a bipartite weighted graph with bivaluedweights, then one 
an 
onstru
t an optimal k-
oloring S in polynomial time.Proof (Sket
h). By Proposition 2, an optimal solution is either a 2- or a 3-
oloring. In the former 
ase we 
an 
onstru
t it by a greedy algorithm. For thelatter 
ase, if any optimal solution is a 3-
oloring, then the set Vmax of themaximum-weight nodes is stable (if not, there exists an optimal 2-
oloring) and
S = (Vmax, L \ Vmax, R \ Vmax). ⊓⊔We now propose a polynomial time approximation algorithm a
hieving a 
on-stant standard approximation ratio for WC in bipartite graphs. This algorithm,denoted by BIP_WCOLOR works as follows: (1) sort the nodes of G in nonin
reas-ing weight order; let L̄ = (v1, v2, . . . , vn) be the list obtained; (2) starting from v1
olor the nodes of L̄ with 
olor c whenever it is possible; (3) optimally 
olor theremaining un
olored nodes with at most two new 
olors b and g following thebipartition of G; store the solution obtained during steps (2) and (3); (4) 
om-pute a minimum-weight 2-
oloring; store the solution obtained; (5) output thesmallest between the solutions stored in steps (3) and (4).As the bi
oloring of a of a 
onne
ted bipartite graph is unique, a minimum-weight 2-
oloring is simply the unique bipartition of V . If the graph is not 
on-ne
ted, then a minimum-weight 2-
oloring 
an be easily 
omputed by taking
are of assigning the same 
olor to all the heaviest 
olor-
lasses of the 
onne
ted
omponents of G. In what follows, we denote by wmax (resp., wmin) the largest(resp., smallest) node weight.Proposition 9. BIP_WCOLOR polynomially solves WC in bipartite graphs withinstandard approximation ratio bounded above by 4rw/(3rw + 2), where rw =
wmax/wmin. This bound is tight.Proof (Sket
h). Obviously, the weight of 
olor c equals wmax. Suppose now thatstep (2) stops while a node of weight wmax/t, for some t > 1, has been en
oun-tered. Then, opt(G) > wmax + (wmax/t) + wmin (otherwise, the optimal solutionfor WC on G would be a 2-
oloring). On the other hand, valBIP_WCOLOR(G) 6

wmax(t + 2)/t if the �nal solution is the one of step (3) and valBIP_WCOLOR(G) 6

2wmax if the �nal solution is the one of step (4). Combination of the expres-sions above and some algebra show that the 
ommon value for both ratios is
4rw/(3rw + 2) 6 4/3. Tightness is shown in [1℄. ⊓⊔In the proof of Proposition 7, one 
an see that WC isNP-
omplete when wmax =
4 and wmin = 1. Here, algorithm BIP_WCOLOR yields ratio 7/8 and this ratio isthe best possible. So the following holds.Proposition 10. Unless P = NP, for any ǫ > 0 no polynomial time algorithma
hieves a standard approximation ratio bounded above by (8/7) − ǫ for WC inbipartite graphs.
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oloring 7We now deal with the di�erential approximation of WC in bipartite graphs.Consider the following algorithm, 
alled C_SCHEME in what follows and run itwith parameters G and a �xed 
onstant ǫ > 0: (a) rank the nodes of G innon-in
reasing weight and set wi = w(vi), i = 1, . . . , n; (b) set η = ⌈1/ǫ⌉; set
SL = {v4η+3, . . . , vn} ∩ L; set SR = {v4η+3, . . . , vn} ∩ R; (
) set S̃ the bestpartition into stable sets of the nodes v1, . . . , v4η+2; (d) output Ŝ = SL ∪SR ∪S̃.Sin
e η is a �xed 
onstant, the whole 
omplexity of C_SCHEME is linear in n.Denote now by G′ the subgraph of G indu
ed by the node-set {v1, . . . , v4η+2}and re
all that S̃ is optimal for G′.Proposition 11. For any �xed ǫ > 0, the di�erential approximation ratio ofC_SCHEME when 
alled with inputs G and ǫ, is bounded below by 1 − ǫ.Proof (Sket
h). We 
an easily see that |S̃| 6 2η + 2 and val(S̃) = opt(G′) 6

opt(G) (the relative proof is given in [1℄). Then, ǫ(worst(G′)−opt(G′)) > 2w4η+2.Moreover, opt(G′) 6 opt(G). Hen
e, valC_SCHEME(G) 6 opt(G′) + 2w4η+2 6 (1 −
ǫ)opt(G′) + ǫworst(G′) 6 (1 − ǫ)opt(G) + ǫworst(G). ⊓⊔4.2 The split graphsTo 
on
lude the study of the bipartite 
ase, we have to examine the situationof split graphs, i.e., graphs G in whi
h the node set V (G) 
an be partitionedinto a stable set S and a 
lique K. These graphs 
an be 
onsidered as interme-diate between bipartite graphs and 
omplements of bipartite graphs. In this last
ase, WC is polynomial (α(G) 6 2, 
f., Proposition 5).Proposition 12. WC is NP-
omplete in the strong sense if G is a split graph.Proof (Sket
h). The redu
tion is from the Min-Set-Cover: given a 
olle
tion C =
(Ci : i ∈ I) of subsets Ci of a set S and a positive integer q (q ≤ |I|) does thereexist a sub-
olle
tion C′ = (Cj : j ∈ J) with |J | ≤ q and ∪j∈JCj = S?Let us 
onstru
t a split graph G as follows. Ea
h element v of S be
omesa node v of a stable set S; ea
h subset Ci in C 
orresponds to a node ci ofthe 
lique K of G. The set N(ci) of neighbors of node ci is given by: N(ci) =
{v : v ∈ S} \ {v : v ∈ Ci}. The weights are given by w(ci) = |I|, i ∈ I, and
w(v) = |I| + 1,v ∈ S. Now there exists a 
over C′ = (Cj : j ∈ J) ⊂ C with
∪j∈JCj = S and |C′| = |J | ≤ q if and only if there exists in G a k-
oloring
S = (S1, . . . , Sk) with val(S) ≤ |I|2 + q. ⊓⊔The proof of Proposition 12 shows that the problem is NP-
omplete even if theweights 
an take only two values. It also follows from this proof that WC(G, q) isNP-
omplete if G is a 
hordal graph, sin
e a split graph is a 
hordal graph ([5℄).5 An edge 
oloring modelIf the weighted graph G = (V,E,w) is a line-graph L(H), then our node 
oloringproblem be
omes an edge 
oloring problem in a graph H where the edges e haveweights w(e).
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hosProposition 13. WC is NP-
omplete in the strong sense if G is the line-graph L(H) of a regular bipartite multigraph H with ∆(H) = 3.Proof (Sket
h). We shall start from the followingNP-
omplete problem 
alled 2-SIM ([12℄): given a bipartite regular multigraph H = (V,E) and two disjoint(partial) mat
hings M∗
1 ,M∗

2 , does there exist an edge 3-
oloring (M1,M2,M3)of H su
h that M∗
i ⊆ Mi for i = 1, 2?Repla
e any edge e = [u, v] in M∗

2 by edges [u, ve], [ve, ue]1, [ve, ue]2 and [ue, v]where ue and ve are new nodes and introdu
e [u, ve] and [ue, v] in M∗
2 and [ve, ue]1in M∗

1 . The resulting graph is still regular bipartite with degree 3. Let us giveweights w(e) = 23−i to all edges e ∈ M∗
i for i = 1, 2 and weights w(e) = 1 to allremaining edges of H. Let Ĥ be the resulting weighted graph. Then, by de�ningthe weight w(Mi) of a mat
hing Mi as the maximum of the weights of the edgesin Mi, we have the following: Ĥ has an edge k-
oloring M̂ = (M̂1, . . . , M̂k) with

val(M̂) = w(M̂1) + . . . + w(M̂k) 6 7 if and only if H has an edge 3-
oloring
M = (M1, . . . ,M3) with M∗

i ⊆ Mi (i = 1, 2). ⊓⊔In what follows, we denote by EWC(Gk, q) the edge 
oloring version of WC in
k-regular bipartite graphs Gk = (L,R,E).Proposition 14. EWC is strongly NP-
omplete in k-regular bipartite graphswith k > 3.Proof (Sket
h). The proof is by indu
tion. For k = 3, we use Proposition 13and the gadget of �gure 1 showing how one 
an transform a 
ubi
 bipartitemultigraph G to a simple 
ubi
 bipartite graph B. Note that in any feasibleedge 
oloring of B, {color(a), color(b)} = {color(a′), color(b′)}.Suppose that strong NP-
ompleteness is true for k−1. We use the followingredu
tion from EWC(Gk−1, q) to EWC(Gk, 3q). Consider a (k−1)-regular bipar-tite graph Gk−1 = (L,R,E) and denote by wk−1 is edge-weight ve
tor. Remarkthat |L| = |R| and let ri and li be for i = 1, . . . , |L| the nodes of R and L, respe
-tively. Constru
t a 
opy G′

k−1 = (L′, R′, E′) of Gk−1 (L = L′, R = R′, E = E′)and denote by r′i and l′i the nodes of R′ and L′, respe
tively. For i = 1, . . . , |L|link ri with l′i and li with r′i. Set wk(e) = wk−1(e) for e ∈ E∪E′ and wk(e) = 2qfor e ∈ {[ri, l
′
i], [li, r

′
i] : i = 1, . . . , |L|}. Obviously, Gk is k-regular. Then, thereexists an edge 
oloring of weight q in Gk−1, i� there exists an edge 
oloring ofweight 3q in Gk. ⊓⊔We now study the spe
ial 
ase where edge weights are bivalued.Proposition 15. WC(L(H), q) 
an be solved in polynomial time if H is bipartitewith weights w(e) ∈ {a, b} on the edges.Proof (Sket
h). In order to simplify the sket
h, suppose a = 1 and b = t. Startingfrom H, we 
onstru
t a network N and solve a parti
ular �ow problem. Let E(s)be the set of edges e with weight w(e) = s for s = 1, t. Let ∆(s) be the maximumdegree of the partial graph H(s) generated by the edges in E(s) for s = 1, t.Clearly if ∆(t) = ∆(H), then any edge ∆(H)-
oloring of H is optimal. Constru
t
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Fig. 1. Transformation of a 
ubi
 bipartite multigraph G into a simple 
ubi
 bipartitegraph B.a network N(r) as follows: remove from H all edges in E(t) and repla
e ea
hedge [u, v] in E(1) by an ar
 −→e = (u, v) with 
apa
ity c(−→e ) = 1 and lower boundof �ow l(−→e ) = 0; here r is a nonnegative integer. Introdu
e a sour
e s0 withar
 (s0, u) for ea
h u ∈ L whi
h is adja
ent in H to at least one edge of E(1); set
l(s0, u) = dH(1)(u)−r and c(s0, u) = ∆(t)−dH(t)(u). In the same way, introdu
ea sink t0 with ar
 (v, t0) from ea
h node v of R whi
h is adja
ent in H to at leastone edge of E(1); set l(v, t0) = dH(1)(v)−r and c(v, t0) = ∆(t)−dH(t)(v). We haveto �nd the smallest possible r for whi
h N(r) 
ontains a feasible �ow. Su
h an rwill give us an edge (∆(H(t))+r)-
oloringM su
h that val(M) = ∆(H(t))t+r.But su
h a 
oloring M may not be of minimum 
ost. We have to examine alsoedge k-
olorings M = (M1, . . . ,Mk) where w(Mi) = t for the �rst ∆(H(t)) + ℓmat
hings and minimize the number r of mat
hings Mj with w(Mj) = 1. This
an be done by the network �ow algorithm des
ribed above by in
reasing the
apa
ity of all ar
s (s0, u) and (v, t0) by ℓ units. We will have to do this for ℓ = 0to ∆(H) − ∆(H(t)). ⊓⊔In [13℄ it is shown that WC is NP-
omplete if G is the line graph L(H) ofa 
omplete bipartite graph Kn,n; the nodes of L(H) have degree 2n − 2. Theinterest of the above proof is to deal with the 
ase of �xed degrees, for any �xed
onstant. In addition [13℄ states Proposition 15 for the spe
ial 
ase of the linegraph of Kn,n.We now deal with the approximation of EWC. Remark �rst that, by König'stheorem ([14℄), the optimal solution of the (unweighted) edge 
overing a
hievesstandard approximation ratio ∆ for EWC, for any ∆ > 3, where ∆ is the maxi-mum degree of the input graph G.In what follows in this se
tion, we restri
t ourselves to bipartite graphsof maximum degree ∆ = 3. We are given a bipartite graph G; denote by wthe edge-weight ve
tor and, for E′ ⊆ E, by G[E′] the partial subgraph of Gindu
ed by E′, and 
onsider the following algorithm EW_COLOR, when we as-sume that the set E = {e1, e2, . . . , e|E|} of edges of G is ranked in de
reasingweight order and, for any j ∈ {1, . . . , |E|}, we set Ej = {e1, . . . , ej}: (1) set
M1

1 = M1
2 = . . . = M1

|E| = ∅; (2) for i = 1 to |E| do: set j0 = min{j = 1, . . . |E| :

M1
j ∪ {ei} is a mat
hing}; set M1

j0
= M1

j0
∪ {ei}; (3) set S1 = (M1

1 , . . . ,M1
r1

)the list of the non-empty mat
hings of (M1
1 ,M1

2 , . . . ,M1
|E|); set k0 = max{j :
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hos
G[Ej ] has maximum degree at most 2}; (4) for ℓ = 2 to k0 do: (4a) 
omputean optimal 2-
oloring (M ℓ

1 ,M ℓ
2) for G[Eℓ]; (4b) 
omplete (M ℓ

1 ,M ℓ
2) by runningsteps (1) to (2) in G \ G[Eℓ]; (4
) set Sℓ = (M ℓ

1 ,M ℓ
2 , . . . ,M ℓ

rℓ
) the edge 
oloring
omputed in steps (4a) and (4b); (5) output S = argmin{val(Sℓ) : ℓ = 1, . . . , k0}.Any set Sℓ 
omputed by algorithm EW_COLOR verify Corollary 1; hen
e, rℓ 6 5.Proposition 16. EW_COLOR a
hieves standard approximation ratio 5/3 in poly-nomial time. This ratio is tight.Proof (Sket
h). Following the remark just above on the value of rℓ, one 
an set

Sℓ = (M ℓ
1 , . . . ,M ℓ

5), (some of the M ℓ
i , i = 1, . . . , 5 may be empty). Fix an optimalsolution S∗ and denote by M∗

1 , M∗
2 , M∗

3 the three largest mat
hings of S∗. Set
i∗3 = min{j : ej ∈ M∗

3 }. By 
onstru
tion, G[Ei∗
3
−1] has maximum degree atmost 2 and hen
e w(M

i∗
3
−1

1 ) + w(M
i∗
3
−1

2 ) 6 w(M∗
1 ) + w(M∗

2 ) and w(M
i∗
3
−1

3 ) +

w(M
i∗
3
−1

4 ) + w(M
i∗
3
−1

5 ) 6 3w(M∗
3 ). We so �nally obtain valEW_COLOR(S) 6

val(Si∗
3
−1) 6 5opt(G)/3. The proof of the tightness is shown in [1℄. ⊓⊔The same analysis as the one in the proof of Proposition 16 
on
ludes that EWCis approximable within standard approximation ratio bounded above by (2∆ −

1)/3, for any ∆ > 3.Proposition 17. Unless P = NP, for any ǫ > 0 no polynomial time algorithma
hieves approximation ratio bounded above by (2k/(2k−1))−ǫ, even in k-regularbipartite graphs.Proof (Sket
h). From the proofs of Propositions 13 and 14, where, in the latter,we 
hange 
ost wk(e) to 2max{wk−1(e)} (this 
ase remains NP-
omplete), one
an see that EWC in regular bipartite graphs of degree at least k isNP-
ompletewhenever the optimal value of the instan
e is at most 2k − 1. ⊓⊔We now give a di�erential approximation result for EWC. As previously we�rst assume G = (L,R,E) is a bipartite graph of maximum degree ∆ = 3 andwith edge-weight ve
tor w, and 
onsider the following algorithm, denoted byEC_SCHEME in what follows: set k = ⌈1/ǫ⌉; rank the edges in E in de
reasing-weight order; set E = {e1, . . . , e|E|}; set E′ = {e1, e2, . . . , e3k+5}; optimally
olor G[E′] and greedily 
omplete the edge 
oloring of step obtained in order to
olor E with at most three 
olors (in other words, omit weights and 
olor theunweighted version of G).Proposition 18. Algorithm EC_SCHEME is a polynomial time di�erential ap-proximation s
heme for EWC.Proof (Sket
h). Let (M∗
1 , . . . ,M∗

r ) be an optimal solution of G[E′]. By Corol-lary 1, we 
an suppose r 6 5. So, worst(G[E′]) − opt(G[E′]) > 3kw(e3k+5) >

3w(e3k+5)/ǫ, and valEC_SCHEME(G) 6 opt(G[E′])+w(e3k+6)+w(e3k+7)+w(e3k+8).After some algebra and taking into a

ount that edges in E are ranked in de-
reasing weight order, valEC_SCHEME(G) 6 (1 − ǫ)opt(G) + ǫworst(G). ⊓⊔One 
an easily see that the result of Proposition 18 holds also for any �xed ∆ > 3and for any graph (not ne
essarily bipartite).
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oloring 116 CographsThe 
ase of 
ographs (or equivalently graphs 
ontaining no indu
ed 
hain P4 onfour nodes) has to be mentioned. These graphs, also 
alled P4-free graphs, area sub
lass of the perfe
tly ordered graphs introdu
ed in [15℄; for the perfe
tlyordered graphs, an order θ on the node set V 
an be de�ned in su
h a waythat for any indu
ed subgraph G′ of the original graph G the greedy sequentialalgorithm (GSC) based on the order θ′ indu
ed by θ on the nodes of G′ gives aminimum 
oloring of G′. Here the GSC algorithm based on an order θ 
onsistsin examining 
onse
utively the nodes as they o

ur in θ and 
oloring them withthe smallest possible 
olor. As observed in [6℄, a graph G is a 
ograph if andonly if for all indu
ed subgraphs G′ of G the GSC based upon any order θ givesa 
oloring of G′ in χ(G′) 
olors.Lemma 2. If G = (V,E,w) is a weighted 
ograph, then all optimal 
olorings
S = (S1, . . . , Sk) satisfy k = χ(G).Proof (Sket
h). Assume there exists an optimal k′-
oloring S ′ = (S′

1, . . . , S
′
k′)with k′ > χ(G). We 
an order the nodes of G by taking 
onse
utively the nodesof S′

1, those of S′
2 and so on. Using the resulting order θ we 
an apply the GSCalgorithm whi
h will produ
e a k-
oloring S = (S1, . . . , Sk) with k = χ(G) (wehave ordered S and S ′ by non-in
reasing 
osts). Ea
h node v ∈ S′

j will satisfy
v ∈ Si with i 6 j after applying GSC. Thus, we have w(S′

i ∪ {v}) = w(S′
i) and

Sk+1 = ∅, a 
ontradi
tion. ⊓⊔We 
an now show that there is a polynomial algorithm whi
h 
onstru
ts anoptimal k-
oloring S; su
h a result 
an be expe
ted from graphs like 
ographsfor whi
h several generally di�
ult 
oloring problems are easier ([16℄).Proposition 19. Let G = (V,E,w) be a a weighted 
ograph. Then, the k-
oloring S, 
onstru
ted by the GSC algorithm based upon any order θ where
u < v (u before v in θ) implies w(u) > w(v), is optimal.Proof (Sket
h). Let t1 > t2 > . . . > tr be the values taken by the weights w(v)in G. Every k-
oloring S = (S1, . . . , Sk) of G with k = χ(G) and w(S1) >

w(S2) > . . . > w(Sk) satis�es: w(Si) > max {ts : ω(G(s)) > i} where ω(H)denotes the maximum size of a 
lique in a graph H and G(s) is the subgraphgenerated by all nodes v with w(v) > ts. Indeed any su
h k-
oloring will havethe �rst ω(G(1)) sets Si with w(Si) = t1; also the �rst ω(G(2)) sets Si will have
w(Si) > t2 and generally the �rst ω(G(s)) sets Si will have w(Si) > ts.Now 
onsider the k-
oloring S = (S1, . . . , Sk) obtained by applying the GSCalgorithm based on any order θ with nonin
reasing weights. Let p(s) be thelargest 
olor given to a node v with w(v) = ts; let v0 be su
h a node. Sin
e
ographs are perfe
tly ordered graphs, it follows by 
onsidering the subgraph G′of G generated by v0 and all its prede
essors in θ that there is in G′ a 
lique
K ∋ v0 with K ∩ Si 6= ∅ for i = 1, . . . , p(s). So, S satis�es w(Si) = max{ts :
ω(G(s)) > i} and thus S is an optimal 
oloring. ⊓⊔
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hosThe above proof shows in fa
t that if we are given a perfe
tly ordered graph Gand if the order θ of nonin
reasing weights in su
h that the GSC algorithm givesa minimum 
oloring (i.e., a k-
oloring with k = χ(G)), then one 
an �nd anoptimal k-
oloring S whi
h minimizes val(S). For 
ographs, this 
ondition wassatis�ed sin
e any order θ 
ould be 
hosen to 
onstru
t a minimum 
oloring.Proposition 19 is best possible in the following sense. If G is simply a P4,then we may have no optimal k-
oloring S with k = χ(G).Referen
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