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Abstract. In this paper, we deal with both the complexity and the
approximability of the labeled perfect matching problem in bipartite
graphs. Given a simple graph G = (V, E) with n vertices with a color
(or label) function L : E — {c1,...,¢q}, the labeled maximum match-
ing problem consists in finding a maximum matching on G that uses a
minimum or a maximum number of colors.
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1 Introduction

The maximum matching problem is one of the most known combinatorial op-
timization problem and arises in several applications such as images analysis,
artificial intelligence or scheduling. A matching M on a graph G = (V, E) on n
vertices is a subset of edges that are pairwise non adjacent; M is said maximum
if the size of the matching is maximum among the matchings of G and perfect if
it covers the vertex set of G (that is [M| = %). In the labeled maximum match-
ing problem (LABELED MM in short), we are given a simple graph G = (V, E)
on |V| = n vertices with a color (or label) function L : E — {c1,...,¢,} on the
edge set of G. For i = 1,...,q, we denote by L~ !({¢;}) C E the set of edges of
color ¢;. The goal of LABELED Min MM (resp., Max MM) is to find a maxi-
mum matching on G using a minimum (resp., a maximum) number of colors. An
equivalent formulation of LABELED Min M M could be the following: if G|C] and
m* denote the subgraph induced by the edges of colors from C C {eq,...,¢,} and
the size of the maximum matching of G respectively, then LABELED Min MM
aims at finding a subset C of minimum size such that G|[C] contains a matching of
size m*. The restriction of LABELED M M to the case where each color occurs at
most 7 times in I = (G, L) (i.e., |[L71({c;})| <rfori=1,...,q) will be denoted
by LABELED M M,. For the particular case where we deal with perfect match-
ings instead of maximum matchings, the labeled maximum matching problem is
called the labeled perfect matching problem and denoted by LABELED PM.
The LABELED Min M M problem has some relationship with the timetable
problem, since a solution may be seen as a matching between classes and teachers
that satisfies additional restrictions (for instance, a color corresponds to a school
where we assume that a professor may teach in several schools). An inspector



would like to assess all teachers during one lecture of each one of them and it
would be desirable that (s)he visits not twice the same class. Hence the lectures
to be attended would form a maximum matching. For convenience the inspector
would like these lectures to take place in the smallest possible number of schools.
Then clearly the inspector has to construct a maximum matching meeting a
minimum number of colors in the graph associated with the lectures.

2 Previous related works and generalization

Labeled problems have been mainly studied, from a complexity and an approx-
imability point of view, when IT is polynomial, [7-9, 12,19, 23, 24]. For example,
the first labeled problem introduced in the literature is the LABELED minimum
spanning tree problem, which has several applications in communication net-
work design. This problem is NP-hard and many complexity and approxima-
bility results have been proposed in [7,9,12, 19, 23,24]. On the other hand, the
LABELED maximum spanning tree problem has been shown polynomial in [7].
More recently, the LABELED path and the LABELED cycle problems have been
studied in [§]; in particular, the authors proved that the LABELED minimum
path problem is NP-hard and provided some exact and approximation algo-
rithms. Note that the NP-completeness also appears in [11] since the LABELED
minimum path problem is a special case of the red-blue set cover problem. To
our knowledge, the LABELED minimum (or maximum) matching problem has
not been studied yet in the literature. However, the restricted perfect match-
ing problem [17] is very closed to the LABELED perfect matching. This latter
problem aims at determining, given a graph G = (V, E), a partition F1,..., Ej
of ¥ and k positive integers r1,...,r,, whether there exists a perfect matching
M on G satisfying for all j = 1,...,k the restriction |M N E;| < r;. The re-
stricted perfect matching problem is proved to be NP-complete in [17], even if
(i) |E;| <2, (id) r; =1, and (4i7) G is a bipartite graph. On the other hand, it is
shown in [25] that the restricted perfect matching problem is polynomial when
G is a complete bipartite graph and k = 2; some others results of this problem
can be found in [13]. A perfect matching M only verifying condition (i) (that is
to say |[M N E;| <1) is called good in [10]. Thus, we deduce that the LABELED
maximum perfect matching problem is NP-hard in bipartite graph since the
value of an optimal solution opt(I) = % iff G contains a good matching.

Most of the labelled problems can be embedded in the following framework.
Let IT be a NP O problem accepting simple graphs G = (V, F) as instances, edge-
subsets B’ C E verifying a given polynomial-time decidable property Pred as
solutions, and the solutions cardinality as objective function; the labeled problem
associated to IT, denoted by LABELED II, seeks, given an instance I = (G, L)
where G = (V, E) is a simple graph and L is a mapping from E to {c1,...,¢4},
in finding a subset E’ verifying Pred that optimizes the size of the set L(E’) =
{L(e) : e € E'}. Note that two versions of LABELED IT may be considered
according to the optimization goal: LABELED Min IT that consists of minimizing
|L(E")| and LABELED Maxz IT that consists of maximizing |L(E’)|. Roughly



speaking, the mapping L corresponds to assigning a color (or a label) to each
edge and the goal of LABELED Min IT (resp., Max IT) is to find an edge subset
using the fewest (resp., the most) number of colors. If a given NPO problem I7 is
NP-hard, then the associated labeled problem LABELED II is clearly NP-hard
(consider a distinct color per edge). For instance, the LABELED Longest path
problem or the LABELED maximum induced matching problem are both NP-
hard. Moreover, if the decision problem associated to IT is NP-complete, (the
decision problem aims at deciding if a graph G contains an edge subset verifying
Pred), then LABELED Min II can not be approximated within performance ratio
better than 2—e for all ¢ > 0 unless P=NP, even if the graph is complete. Indeed,
if we color the edges from G = (V, F) with a single color and then we complete the
graph, adding a new color per edge, then it is NP-complete to decide between
opt(I) = 1 and opt(I) > 2, where opt(I) is the value of an optimal solution.
Notably, it is the case of the LABELED traveling salesman problem (LABELED
TSP in short) or the LABELED minimum partition problem into paths of length
k for any k > 2. Note that the problem consisting in deciding whether opt(I) = n
in colored complete graphs K, for LABELED Maxz T'SP, has been studied. For
instance in [1, 14, 16], some conditions (mainly using probabilistic methods) were
mentioned for a colored complete graph K,, to contain a hamiltonian cycle using
n colors.

In this paper, we go into the investigation of the complexity and the approx-
imability of labeled matching problems in bipartite graphs. More precisely, we
deal with 2 extreme classes of 2-regular or F-regular bipartite graphs. For both
cases, we obtain hardness results. For these graphs, observe that a maximum
matching is a perfect matching; thus, in these graphs LABELED MM and LA-
BELED PM are the same problem. In section 3, we analyze both the complexity
and the approximability of the LABELED minimum perfect matching problem
and the LABELED maximum perfect matching problem in 2-regular bipartite
graphs. Finally, section 4 focuses on the case of complete bipartite graphs K, .

Now, we introduce some terminology and notations that will be used in the
paper. We denote by opt(I) and apx(I) the value of an optimal and an approx-
imate solution, respectively. We say that an algorithm A is an e-approximation
of LABELED Min PM with e > 1 (resp., Max PM with ¢ < 1) if apx(I) <
e X opt(I) (resp., apx(I) > & x opt(I)) for any instance I = (G, L), for more
details see for instance [4].

3 The 2-regular bipartite case

In this section, we deal with a particular class of graphs that consist in a col-
lection of pairwise disjoints cycles of even length; note that such graphs are
2-regular bipartite graphs.

Theorem 1. LABELED Min PM, is APX-complete in 2-reqular bipartite graphs
foranyr>2.



Proof. Observe that any solution of LABELED Min PM, is an r-approximation.
The rest of the proof will be done via an approximation preserving reduction
from the minimum balanced satisfiability problem with clauses of size at most
r, MIN BALANCED 7-SAT for short. An instance I = (C, X)) of MIN BALANCED
r-SAT consists of a collection C = (C4,...,Cy,) of clauses over the set X =
{z1,...,2,} of boolean variables, such that each clause C; has at most r literals
and each variable appears positively as many times as negatively; let B; denote
this number for any ¢ = 1,...,n. The goal is to find a truth assignment f
satisfying a minimum number of clauses. MIN BALANCED 2-SAT where 2 <
B; < 3 has been shown APX-complete by the way of an L-reduction from MAX
BALANCED 2-SAT where B; = 3, [6, 18].

We only prove the case r = 2. Let I = (C, X) be an instance of MIN BAL-
ANCED 2-SAT on m clauses C = {C4,...,Cy,} and n variables X = {z1,...,z,}
such that each variable x; has either 2 occurrences positive and 2 occurrences
negative, or 3 occurrences positive and 3 occurrences negative. We build the
instance I’ = (H, L) of LABELED Min PM, where H is a collection of pair-
wise disjoints cycles {H(z1),...,H(z,)} and L colors edges of H with colors
Cly---1Cjy--.,Cm, by applying the following process:

e For each variable z;, create 2B;-long cycle H(z;) = {e;1,...,€ik;---,€i 2B, }-

e Color the edges of H(z;) as follows: if xz; appears positively in clauses
Cjis- .., Cjp, and negatively in clauses Cj;, ..., Cj. , then set L(ei2x) = cjy
and L(ewk_l) = lelc for k = 1, . ,Bi.

Clearly, H is made of n disjoint cycles and is painted with m colors. Moreover,
each color appears at most twice.

Let f* be an optimal truth assignment on [ satisfying m* clauses and consider
the perfect matching M = U}_, M; where M; = {e; ox|k = 1,...,B;} if f(z;) =
true, M; = {ejor—1lk = 1,...,B;} otherwise; M uses exactly m™ colors and
thus:

opt(I'y <m* (1)

Conversely, let M’ be a perfect matching on H using apz(I’) = m/ colors; if one
sets f'(z;) = true if e;2 € M', f'(x;) = false otherwise, we can easily observe
that the truth assignment f’ satisfies m’ clauses.

apz(I) =m’ (2)
Hence, using inequalities (1) and (2) the result follows.

Trivially, the problem becomes obvious when each color is used exactly once.
We now show that we have a 2-approximation in 2-regular bipartite graphs,
showing that the restriction of LABELED Min PM to 2-regular bipartite graphs
is as hard as approximate as MINSAT.

Theorem 2. There exists an approrimation preserving reduction from LABELED
Min PM in 2-regular bipartite graphs to MINSAT of expansion c(e) = e.



Proof. The result comes from the reciprocal of the previous transformation. Let
I = (G, L) be an instance of LABELED Min PM where G = (V, E) is a collection
{H,...,H,} of disjoint cycles of even length and L(E) = {c1,..., ¢y} defines
the label set, we describe every cycle H; as the union of two matchings M; and
M;. We construct an instance I’ = (C, X) of MINSAT where C = {C},...,C,,}
is a set of m clauses and X = {x,...,2,} is a set of n variables, as follows.
The clause set C is in one to one correspondence with the color set L(E) and the
variable set X is in one to one correspondence with the connected components
of G; a literal x; (resp., T;) appears in C; iff ¢; € L(M;) (resp., ¢; € L(M;)). We
easily deduce that any truth assignment f on I’ that satisfies k clauses can be
converted into a perfect matching My on I that uses £ colors.

Using the 2-approximation of MINSAT [20] and the Theorem 2, we deduce:
Corollary 1. LABELED Min PM in 2-regular bipartite graphs is 2-approximable.

Dealing with LABELED Max PM,., the result of [17] shows that computing a
good matching is NP-hard even if the graph is bipartite and each color appears
at most twice; a good matching M is a perfect matching using |M| colors. Thus,
we deduce from this result that LABELED Max PM, is NP-hard for any r > 2.
We strengthen this result using a reduction from MAX BALANCED 2-SAT.

Theorem 3. LABELED Max PM,. is AP X-complete in 2-regular bipartite graphs
foranyr>2.

In the same way, there exists an approximation preserving reduction from
LABELED Maxz PM in 2-regular bipartite graphs to MAXSAT of expansion ¢(g) =
e. Thus, using the approximate result for MAXSAT [3], we obtain

Corollary 2. LABELED Max PM in 2-reqular bipartite graphs is 0.7846-approxi-
mable.

4 The complete bipartite case

When considering complete bipartite graphs, we obtain several results:

Theorem 4. LABELED Min PM, is APX-complete in bipartite complete graphs
K, for any r > 6.

Proof. We give an approximation preserving L-reduction (cf. Papadimitriou &
Yannakakis [21]) from the restriction MINSCj of the set cover problem, MINSC
for short. Given a family S = {S1,...,Sy,} of subsets and a ground set X =

{Z1,...,Tm,} (we assume that U, S; = X), a set cover of X is a sub-family
S" = {Sray,---, St} C S such that UY_, Sy = X; MINSC is the problem
of determining a minimum-size set cover S* = {Sf-(1),...,Sf+(} of X. Its

restriction MINSCj3 to instances where each set is of size at most 3 and each
element x; appears in at most 3 and at least 2 different sets has been proved
APX-complete in [21].
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Fig. 1. The gadget H(z;).

Given an instance Iy = (S, X) of MINSC, its characteristic graph G, =
(Lo, Ro; E1,) is a bipartite graph with a left set Lo = {l1,...,ln,} that rep-
resents the members of the family S and a right set Ro = {r1,...,7m,} that
represents the elements of the ground set X; the edge-set Ep, of the character-
istic graph is defined by Ej, = {[l;,r;] : ©; € S;}. Note that Gy, is of maximum
degree 3 iff Iy is an instance of MINSCg3. From I an instance of MINSCgs, we
construct the instance I = (K, ,,L) of LABELED Min PMg. First, we start
from a bipartite graph having mo connected components H(x;) and ng + mg
colors {c1, ..., Cnotme}, described as follows:

e For each element z; € X, we build a gadget H(x;) that consists of a bipartite
graph of 2(dg, (r;)+1) vertices and 3dg, (r;) edges, where dg, (r;) denotes
the degree of vertex r; € Ry in Gp,. The graph H(x;) is illustrated in Figure
1.

e Assume that vertices {lf(1),...,l¢(»)} are the neighbors of r; in Gy,, then
color H (x;) as follows: for any k = 1,...,p, L(v1,j, 51 5, rk)) = L(v2,5, 52,5, 5 (k))
= cr(ey and L(s1,5, (k)5 52,5, (k) = Co+-

— We complete H = Uy, ex H(x;) into Ky, ,,, by adding a new color per edge.

Clearly, Ky is complete bipartite and has 2n =23, . (da,, (r;) +1) =
2|E1,| + 2mg vertices. Moreover, each color is used at most 6 times.

Let 8* be an optimal set cover on Iy. From S§*, we can easily construct a
perfect matching M* on I using exactly |S*| + mg colors (since we assume that
each element appears in at least 2 sets) and thus:

0P ABELED in P (L) < 0PEVINSC, (Do) + M0 (3)

Conversely, we can show that any perfect matching M may be polynomially
transformed into a perfect matching M” with value apxz(I), using the edges of
H and verifying:

Property 1. apz(I) < |L(M)]



From such a matching, we may obtain a set cover §” = {Si|cx, € L(M”)} on I
verifying:

87| = apx(I) —mo (4)

Using (3) and (4), we deduce opty spprep ain par, (L) = oPENINSC, (T0) +
mo and [S”| — optyring o, ({o) < |L(M))| — opty ABELED ain pas, (L) Finally,
since opt\[NSC, (Jo) = %52 the result follows.

Applying the same kind of proof from the vertex cover problem (MINVC in
short) in cubic graphs [2], we obtain a stronger result.

Theorem 5. LABELED Min PM, is APX-complete in bipartite complete graphs
K, for any r > 3.

Proof. Starting from a cubic graph G = (V, E) instance of MINVC, we associate
to each edge e = [z,y] € E a 4-long cycle {a1¢,a2., a3, a4} together with a
coloration L given by: L(a1,.) = ¢g, L(ase) = ¢, and L(as,) = L(as.e) = ce.
We complete this graph into a complete bipartite graph, adding a new color per
edge.

Unfortunately, we can not apply the proof of Theorem 2 since in this lat-
ter, on the one hand, we have some cycles of size 6 and, on the other hand,
a color may occur in different gadgets. One open question concerns the com-
plexity of LABELED Min PM, in bipartite complete graphs. Moreover, from
Theorem 4, we can also obtain a stronger inapproximability result concerning
the general problem LABELED Min PM: one can not compute in polynomial-
time an approximate solution of LABELED Min PM that uses less than (1/2 —
€)In(opt], ABELED Max pas(L)) colors in complete bipartite graphs.

Corollary 3. For any e > 0, LABELED Min PM is not (% —¢) xIn(n) approz-
imable in complete bipartite graphs K, ,, unless NPC D TIME(n!o9'o9m).

Proof. First, we apply the construction made in Theorem 4, except that I, =
(8, X) is an instance of MINSC such that the number of elements my is strictly

larger than the number of sets ng. From Iy, we construct ng instances I7,..., I,
of LABELED Min PM where I/ = (H, L;). The colors L;(E) are the same as
L(E), except that we replace colors ¢pq41,- .., Cng+me Dy ¢i- Finally, as previ-

ously, we complete each instance I/ into a complete bipartite graph K, , by
adding a new color by edge.

Let S* be an optimal set cover on Iy and assume that S; € S*, we consider
the instance I; of LABELED Min PM . From §*, we can easily construct a perfect
matching M} of I; that uses exactly |S*| colors. Conversely, let M; be a perfect
matching on I;; by construction, the subset &’ = {Si : ¢ € L(M;)} of Sis a
set cover of X using |L(M;)| sets. Finally, let A be an approximate algorithm
for LABELED Min PM, we compute ng perfect matchings M;, applying A on
instances I;. Thus, if we pick the matching that uses the minimum number of



colors, then we can polynomially construct a set cover on Iy of cardinality this
number of colors.

Since ng < mg — 1, the size n of a perfect matching of K, , verifies: n =
|Er,|+mo < ng xmo+mg < mg(mo—1) +mg = mé. Hence, from any algorithm
A solving LABELED Min PM within a performance ratio pa(I) < 1 x In(n),
we can deduce an algorithm for MINSC that guarantees the performance ratio
3In(n) < 3In(md) = In(me). Since the negative result of [15] holds when ny <
mo — 1, i.e., MINSC is not (1 — €) x In(mg) approximable for any € > 0, unless
NPCDTIME(n!?9!°9")  we obtain a contradiction.

On the other hand, dealing with LABELED Maxz PM, in K, ,, the result of
[10] shows that the case r = 2 is polynomial, whereas it becomes NP-hard when
r = £2(n?). Indeed, it is proved in [10] that, on the one hand, we can compute
a good matching in K, , within polynomial-time when each color appears at
most twice and, on the other hand, there always exists a good matching in such
a graph if n > 3. An interesting question is to decide the complexity and the
approximability of LABELED Max PM, when r is a constant greater than 2.

4.1 Approximation algorithm for LABELED Min PM,

Let us consider the greedy algorithm for LABELED Min PM, in complete bi-
partite graphs that iteratively picks the color that induces the maximum-size
matching in the current graph and delete the corresponding vertices. Formally,
if L(G") denotes the colors that are still available in the graph G’ at a given
iteration and if G’[c] (resp., G'[V’]) denotes the subgraph of G’ that is induced
by the edges of color ¢ (resp., by the vertices V'), then the greedy algorithm
consists of the following process:

Greedy

1SetC'=0,V' =V and G’ =G;

2 While V' # 0 do
2.1 For all ¢ € L(G"), compute a maximum matching M, in G'[c];
2.2 Select a color ¢* maximizing |M.|[;
23 C —CU{c}, V' «V'\V(My) and G' = G[V'];

3 output C’;

Theorem 6. Greedy is an %—appmm’mation of LABELED Min PM, in
complete bipartite graphs where H, is the r-th harmonic number H, = 22:1 %,
and this ratio is tight.

Proof. Let I = (G, L) be an instance of LABELED Min PM,. We denote by C
for : = 1,...,r be the set of colors of the approximate solution which appears
exactly ¢ times in C" and by p; its cardinality (thus, Ve € C] we have |M.| =i in



G'[c]); finally, let M; denote the matching with colors C.. If apxz(I) = |C’|, then
we have:

apr(l) = Zpi (5)

Let C* be an optimal solution corresponding to the perfect matching M* of
size opt(I) = |C*|; we denote by F; the set of edges of M* that belong to
G[Ui_,V(My)], the subgraph induced by Ui_,V (M},) and we set ¢; = |E;\ E;_1]

(where we assume that Eg = ). For any i =1,...,7 — 1, we get:
1
t > — )
op (I)_iqu (6)
k=1
Indeed, 22:1 qr = |F;| and by construction, each color appears at most @
times in G[Uj,_, V (My)].
We also have the following inequality for any ¢ =1,...,r — 1:

OPt(I)>i<QZkXPk—ZQk> (7)
k=1 k=1

Since M* is a perfect matching, the quantity 2 Z;Zl kX pi iZZzl qx counts the
edges of M* of which at least one endpoint belongs to G[Uj,_,V (M})]. Because
each color appears on at most r edges, the result follows.

Finally, since Y, _, k X py, is the size of a perfect matching of G, the following
inequality holds:

1 T
> Z
opt(I) > TZkka (8)
k=1
Using equality (5) and adding inequalities (6) with coefficient a;; = 2(1—1“) for

i=1,...,r — 1, inequalities (7) with coefficient 8; = fori=1,...,r—1

5T
and inequality (8), we obtain:

H.+r

apa(I) < ( ) opt (1) (9)

The proof of the tightness is omitted.

We conjecture that LABELED Min PM is not O(n®)-approximable in com-
plete bipartite graphs. Thus, a challenge will be to give better approximate
algorithms or to improve the lower bound.
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