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Outline
! Truthfulness without money

! Execution models; strong and weak

!                  , strong model

!                     , weak model

!                  , weak model

P ||Cmax
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Standard approximation 

" Combinatorial optimization problem: 
# A set of instances. 
# For every instance : a Þnite set of feasible solutions.
# An objective function. 

" Goal: 
$ Find an approximate solution s with respect to the 

optimum 

obj(s) ! (1 + ! )obj(s! )
s!
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Truthfulness without money

" Multiplayer evironnement  
" Existence of a coordinator 

" Every player (e.g. task): 
#  has an individual objective function (e.g. its 

completion time) 
#  has private data (e.g. its processing time) 

" The coordinator has to Þnd a solution such that :
# the (global) objective function is optimized 
# the players have no incentive to lie 
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Scheduling of selfish tasks

" Every task i is controlled by a player which is 
the only to know its length   

(task ! player)

" The tasks bid their lengths to a coordinator 
that aims to schedule them in such a way 
that the makespan is minimized

t i
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P||Cmax

" m identical machines
" n tasks
" every task i has a length   

Goal: minimize the makespan (the 
maximum completion time of the tasks)

M2 M2

M1 M1
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Approximation algorithms

" SPT (Shortest Processing Time first)

$ 2-1/m  

" LPT (Largest Processing Time first)

$ 4/3-1/(3m) 

" Approximation schemes
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An example

" The coordinator uses the LPT algorithm 
" 3 tasks of lengths {2,1,1}, 2 machines

The red task has incentive to bid a false value in 
order to minimize its completion time.
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Truthful Algorithm:

an algorithm in which no task has incetive to lie

Motivation:
   An efficient algorithm may lead to bad  

solutions if it is not designed to cope with  
the selfish behaviour of the agents.



11

Back to the example 

" The protocol uses the SPT algorithm

This is a 2-1/m approximation 
deterministic truthful algorithm. 
[observation in Christodoulou et al. ICALPÕ04]
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Goal 

" Bound the performance of a truthful 
protocol (algorithm) in different cases
$ Deterministic or randomized
$  Strong or weak models of execution

" No payments



t i
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Execution models
" Strong model

$ A task i that bids     finishes its execution      
units of time  after its starting time.

" Weak model
$  A task i that bids     finishes its execution    

units of time after its starting time.

ti = 2

bi = 3

bi bi

bi



Known bounds for P||Cmax

2 !
5
3 + 1

3m

m + 1

Deterministic Randomized

LB UB LB UB

Strong 2Ð1/m*** 2-1/m *
3/2-1/(2m)

***
                    

Weak
m=2: "#1.1

m#3: 7/6
     ***

4/3-1/(3m)
***

      1 ****
       1 ****

*     [ICALP 2004]

**    [TCS 2006]

***  [COCOON 2007]

**** [SPAA 2007]
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 P||Cmax strong model: 
Starting Time Equalizer (STE)
 Idea of STE : Make the expected starting 
times of all tasks equal to 

how?

S1

COP T
max

2

Construct a schedule       based on an optimal schedule

Construct a schedule       introducing ÒunecessaryÓ idle times

Choose         or        with probability 1/2

S2

S2S1
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 Starting Time Equalizer (STE)

COP T
maxConsider an optimal schedule with makespan 

On every machine     reorder the tasks in decreasing 
order of their bids, i.e.                                  . Let      be 
the obtained schedule.

So, every task      in      starts at

bj 1 ! bj 2 ! á á á! bj k

j

j i

k∑

l = i +1

bj l

S1

S1

Schedule       :S1
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S2

COP T
max !

k!

l = i +1

bl

Starting Time Equalizer (STE)

Construct a schedule        based on the task allocation of the 
tasks on the machines and the previous numbering, starting 
every task     at time      j i

S2Schedule      :
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Starting Time Equalizer (STE)

4 3

 1.5

  1

  0

  4

  7 8.5  9.5

43  1

  0   7

 1.5

  4

  b4 

  
b3

  
b3

S1

S2

b1.5

2.5
19

 =11

 =11



Starting Time Equalizer (STE)

= ti +
COP T

max

2

#  Truthfulness

Ci =
1
2

(( ti +
j k!

l = i +1

bl ) + ( ti + COP T
max !

j k!

l = i +1

bl )) =

t iIf i makes a bid greater than    then the value of the 
makespan of the  optimal solution may be increased, 
implying the possible increase of its completion time.
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Starting Time Equalizer (STE)

#  The obtained solution is 3/2-approximate 
since     is optimal and      is 2-approximate

#  Increasing algorithms for polynomiality

S1 S2
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Recall: An algorithm A is increasing whenever the makespan 
of the solution obtained by A on an instance where a task is 
replaced by a larger task becomes greater than or equal to the 
makespan of the initial instance.



Bounds for P||Cmax

Deterministic Randomized

LB UB LB UB

Strong 2Ð1/m 2-1/m 3/2-1/(2m) 3/2 

Weak m=2: "#1.1
m#3: 7/6

4/3-1/(3m) 1 1
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P |r i |Cmax

R||Cmax

Extensions to the weak model

#                    : MTE

#                    : CTE
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P|r i |Cmax

(r b
i , bi )

bi ! t i

ti

The problem                  for the weak 
model       
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" m identical machines
" n tasks
" every task i has a release date     and a length 
" every task i may bid any pair               with                     

r i

rb
i ! ri and



Mid-Time Equalizer (MTE)
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Idea of the approach: make equal the expected times at 
which every task has completed half of its total lenght.

To do so, use a similar idea as in the case of STE by 
constructing two schedules and by choosing one with 
probability 1/2.



Mid-Time Equalizer (MTE)
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R||Cmax

(t1
i , t2

i , . . . , tm
i )

t j
i

The problem               for the weak 
model       
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" m unrelated machines
" n tasks
" every task i has a vector                             where                    

is the processing time of i  if it is executed on                            
machine j



Completion Time Equalizer (CTE)
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Idea of the approach: make equal the expected 
completion times of the tasks

To do so, use a similar idea as in the case of STE by 
constructing two schedules and by choosing one with 
probability 1/2.



Completion Time Equalizer (CTE)
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P|r i |Cmax R||Cmax

Open questions
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Lower bounds for                           and  

Results for the strong model for both problems ?


