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From part 1
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Now let’s consider
specific tools
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Tools for «point 2» problems

(i) Perception
(ii) Experiments & dec. tree
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(i) A real decision process: perception

� Uncertainties (non deterministic context, …)

� Complexity (problem dimension, non linearity, …) 

� Several stakeholders (distributed decision power)

� Different rationalities (criteria and preferences)

� Different time horizons (often)

� Need of simulation models

what …  if …

� The DM perception of the problem

4
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Decision processes in a non-deterministic context

Information

Objectives

Dec. makers

1. Math. programming
2. Risk analysis
3. Multi-objective (criteria)
4. Group choice
5, 6, 7, 8  � ….

info

obj

dec.

2

1
3

4

complete

partial [*]

one

more

one

more

5

[*] � non-deterministic context

perception & mental models
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Two (opposite) theories

(a) Normative theory
(prescriptive)
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Normative theory: principles & (counter)exemples

N-1° Principle of INVARIANCE
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Lotteries (case A and case B)
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Lotteries (case C)
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Ellsberg
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Cognitive theory: a first principle

C-1° ,����������(�� *-*�*�./0�12/3
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Normative theory: principles & (counter)examples

N-2° Principle of  DOMINANCE
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Extraction (in two conditions)
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Choice (in two conditions)
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Cognitive theory: three more principles

C-2° Principle of EVIDENCE
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Normative theory: principles & (counter)examples 

N-3° Principle of TRANSITIVITY
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Cognitive theory: progression vs. crash

C-5° ,����������(� �0�=>
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Cognitive theory: estimation
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A famous example: the frame effect 
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(ii) Experiments:  axioms of probability theory
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Probabilities before and after the experiment  (Bayes)

��������������

0'7������0-6

0-6������0-6
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• If the probability distribution of w is available …

• … consider the logic of the expected value (to be maximized)  

• In the example � p(w1) = 0.3,  p(w2) = 0.7

L5 5.7 4.5 6.6 4.4

0.21 5.25 13.44 13.44

• Sometimes  also variance is considered 
(to be minimized)

�������������	�
��
�����
����
����	��
��������������
��
��
���� ���w�������������������������� w���
��	�������
������������

( )jxf

( ) ( )[ ]

( )   j ealternativ of  valueexpected:

ealternativ:j   

nature of state:i   

)(,
22

j

ii jjij

xf

pxfxf vvs ×-= �

The expected value logic removes the  
dependence from   the state of nature

(if probabilities are available) 

� % � - � 7 � 5

� % 6 3 % %4

� - ' 7 & -

Uncertainty: the expected value

21
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An example: oil extraction

x1 x2 x3 x4

wwww1 100 80 20 0

wwww2 -30 -6 -4 0

• A potentially rich area
• States of nature  � � 1: oil;   � 2= no oil
• Possible actions � x1: buy taking full advantage

x2: rent for 50 years
x3: rent for 10 years
x4: do nothing

Experiment ( a sample drill): 
• y1 = probably there is oil
• y2 = analysis not clear
• y3 = probably there is no oil

y1 y2 y3

w1 0.18 0.24 0.08
w2 0.02 0.16 0.32

p(w,y) 

p(w)=
0.50

0.50

0.20 0.40 0.40p(y)=

p(w/y)

0.90  0.60  0.20
0.10  0.40  0.80

different w.r.t. p( wwww)



© Alberto Colorni 

w1

80
-6

100

0

20
-4

-30
w2

w1

w2

w1

w2

w1

w2x1 x2

x3

x4

100

-30

w1

w2

w1 80
-6

0

20

-4

w2

w2

w1
w2

w1

x1 x2
x3

x4

w1

80

-6

100

0

20

-4

-30
w2

w1

w2

w1

w2

w1

w2

x1 x2

x3

x4

w1 80
-6

100

0

20

-4

-30

w2

w1

w2

w1
w2

w1
w2

x1 x2

x3

x4

0

0

0

0

. /
��������	��
	���

result y2

. 0��
	����	
�������F%G�
������������
���
������ @�
�����
�
�����������
������ w�

. 1�(	����	
��������F%G��
������������
����������
��
�
����������������

[1]

Decision tree: construction
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(37) x1

*�����������

� expected value

� best option

x1 x2
x3

x4

x1 x2
x3

x4

x1

x2

x3

x4

x2

x3

x4

y1

y2

y3

(35)

(8)

(37)

(0)

(87)

(17.6)

(71.4)

(0)

(48)

(10.4
)

(45.6)

(0)

(-4)

(0.8)

(11.2)

(0)

(87)

(48)

(11.2)

(40.1)

(41.1)

����������4

- do the experiment

- select the following strategy �

if y1® x1

if y2® x1

If y3® x2

The final outcome: a strategy

24
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Tools for «point 3» problems

(i) Pairwise comparison
(ii) Choquet integral
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Onda Bruco Torre Selva

Horse 100 0 45 30

Jockey 0 100 45 65
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Tools for «point 4» problems

(i) Two approaches
(ii) Peer evaluation
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Utility function Utility function

Weights Weights

Problem definition Problem definition

:������% :������-

Agreement

Agreement

Agreement

Agreement

Final decision



8��	����	���4�������������������


� �������
 ��1��� ���� �� ������
���� �������


� ��
�
��
��� ���
�� � ��!��
���
� �8��
�
��
��� ���
�� � �
���������� �
������

�������� �������
 ��1��

� D������
 ����E

� �
��������
������ !��������
����� �!��������
�����
�
����

� �
��������
������ �
������ �������� �������
 ��1���
��
�������� ��
����� �
����

� 	������������������
E�������������
!



8��	����	���4�	��	
���������	��

4A

7A

4A

8A

5A

5A

9A

4A

D4A

D8A

: 5A

D4A

D4A

: 8A

5A

8A

4A

9A

���!
��� ������
���� ������

$$$����
�������!
������0 ��1���%

��������������
�������
����������
��
��
�����
�
�������
��������������
�����!
������
���
��������
���1����
���
�������
�
������
�
�����!
����������
���� ������

���!
������0 ��1���-



A���	���
	

�������������� �
������
������
�� )�E

=����
! �������
 %

�������������� �
������
������
�� )�E

=����
! �������
 


�������

��1���%

�������

��1���


	�
����� ��
�!���
�

D�
�� �������


'$

�������

��1���-



� K���
	� ��	������� ��������4

� ������8�������
 ��1���������R

� 
��
�� �����!
� ���������
�� ����
��
����� ��������� �
� �

���������
��0

� K���
	� ��	������	�� ���	
������� �	���( ��� �
��� � �����%�
��)5����� �
����	���4

� �%�� �����!� ���
��

� �-����!�
������ ���
��

� ��������������������������������	�����

� �������	
�������������������
���������������������

�����,�����
����	���

O��� ��� �
���������
 ��1��� �
������ �������
�� �



�$��
����� ��	
��

/
��
�����
�� � ��������
�����
�������������
���+

:������ 8�� ��
���������
������

Vectors of the weights expressed by 
each player (column sum = 1)
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D3D2D1

0.317
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w

Average vectors of the 
weights of the players
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Sw = w

Sw = lll l w (principal eigenvalue = 1)
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D1 D2 D3 D4

D1 0 0 0 0

D2 0 0 0 1

D3 0 0 0 0

D4 1 1 1 0 0.5

0

0.5

0

w

D1 and D3 have
no preferences
(> 0),    so
D1 and D3 p. of 
view are 
not relevant !!!

http://en.wikipedia.org/wiki/Perron-Frobenius_theorem
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Veto ��� � United Nations Security Council

15 members, 5 can veto
(USA, Russia, China, France, Great Britain)

Rule � a resolution is approved if:
(i) gets at least 9 votes,
(ii) there is no veto (from 1 of the 5).

How to determinate the weight of the members
(USA, Russia, China, … , D1, D2, … , D9, D10) 
and coalition threshold in order to simulate 
UN Security Council working process  ???
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Service design
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Green Move

Objective: design & test an electric car-sharing 
system in Milan

Coordinating a 2½ years project financed by the 
Lombardia Region (5 millions €), involving 8 
research centers of Politecnico di Milano

Outcome:

� the design of a full scale service

� a trial with a limited number 
of docking stations in Milan

Switch from “buy a vehicle” paradigm 
to “buy mobility services”
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The scheme

Best practices and 
literature review

Strategic 
design

Hw & sw
development

Full scale 
service design

Trial
Context 
analysis

Service idea 
identification

Mar 2011 Oct 2012 Sept 2013

F
inal recom

m
endations
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Problem characteristics: 

� different actors and stratification of governance levels,
e.g. public administration (municipality, region), associations, …

� uncertainty in the definition of the variables,                            
e.g. future policies for urban mobility, travel demand estimation 
for a non-existing service

� conflicting criteria ,
e.g. costs vs territorial coverage (such as in BikeMI)

� structuring the problem itself is an issue,
e.g. definition of the configuration options to be evaluated is a 
key issue  (Hull and Tricker, 2005; Kelly et al., 2008; Jones et 
al., 2009)

How to design/formalize the service ?

How to formalize the complexity ?
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Integration of causal maps with multi-criteria analysis:

� a powerful way of capturing decision-makers’ views 

� widely used in problem-structuring
(Rosenhead and Mingers, 2004)

� model the effects of a link
(qualitative or quantitative methods)

� definition of 

aggregation rules

qualitative � experts

quantitative  

models (e.g. 

demand analysis)
causal maps

multi-criteria model

(Montibeller and Belton, 2006)

Casual maps & MCDA
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Partial map
for the design of a vehicle sharing service

Parameters 
defining 

the service

Evaluation 
criteria

cars on the 
road network

km travelled 
by car on the 
road network

fuel 
consumption

pollutant 
emissions

GHG 
emissions

spatial flexibility
[2ways,1way]

fare functional form
[cost., increasing]

time of use of 
the vehicle

users that would 
like to use the 

service

probability to 
find a vehicle at 

disposal 

number of 
pickups

reduction in car 
use+

+

-

-

-

-

-

+

+

+

+

-

+

A (partial) map for GM
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Parameters

1. Type of vehicle (EV, hybrid, ICE)

2. Service area

3. Capillarity and intermodality

4. Spatial flexibility � 1w-2w

5. Flexibility of service � temporal flexibility of booking

6. Fare:

6.1. modes (hourly, km)

6.2. function type (concave, convex, linear)

6.3. level (high, medium, low)

7. Economic incentives (parking, congestion tax, LPT)

8. Incentives for service (areas with traffic restrictions, lanes ...)

9. Re-allocation model

10. Mechanisms for promotion and marketing
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Indicators

After the setting up of different options (alternatives), they can 
be evaluated and compared thanks to adequate indicators.

Evaluation and performance indicators (to measure 
the achievement of the objectives of stakeholders):

• Net Present Value
• � km traveled on the network 
• � greenhouses gases
• � polluting emission
• Modal shift to sustainable mobility
• Number of users
• Connection in the social network
• Space occupied by parking
• Accessibility indicators
• ….
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Flow chart

In
di

ca
to

rs

O
bj

ec
tiv

es

P
ar

am
et

er
s

Cause–effect chain Stakeholders

LPT 
company

Local 
authorities

…
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Conclusions
(part 2)
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