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From CSE 2019 to CSE 2021

@ Stochastic Levenberg-Marquardt;
@ Stochastic estimates+probabilistic models.

@ A new version, with more complexity results;
A stochastic Levenberg-Marquardt method using random models
with complexity results and application to data assimilation.

@ Another work on Levenberg-Marquardt methods with constraints
(but derivatives...).
A nonmonotone matrix-free algorithm for nonlinear
equality-constrained least-squares problems.
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https://arXiv.org/abs/1807.02176
https://arXiv.org/abs/1807.02176

o Derivative-free least squares
@ Introducing randomness

e New complexity results
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Motivation: data assimilation problem

Strongly constrained 4DVAR formulation

Background state LT

/—’\—
minZo,Z1,...,ZTERn HZO szB 1 N Z Hyl z’ H
s.t. Z,‘:M,'(Z,‘_-|), i:1,...,T.

Governing equations
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Motivation: data assimilation problem

Strongly constrained 4DVAR formulation

Background state LT

—_—— T

, 1 1
Mingy ay,..arezn 51120 = Zol31+ 5 D 19— H(z)I2
i=0 :

s.t. Z,‘:M,'(Z,‘_-|), i:1,...,T.

Governing equations

Reformulation (x +» zg)

. 1 2 JUR——
min £(x) = 5 (I1x = 2ol[3-1 + ly = #(0I31)

@ Derivatives expensive to compute;

@ B unknown = Estimated via random samples. instead!

v
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A more general setup

Derivative-free nonlinear least-squares

: ] 2
min £(x) := 5 [r(0)]
or:R"—R™reC";

@ J(x) := [Vri(x)T] € R™*" not available;
@ Values of r only accessed through noisy estimates.
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A more general setup

Derivative-free nonlinear least-squares

: ] 2
min £(x) := 5 [r(0)]
or:R"—R™reC";

@ J(x) := [Vri(x)T] € R™*" not available;
@ Values of r only accessed through noisy estimates.

Classical Levenberg-Marquardt approach

@ Gauss-Newton model f(x + s) ~ 3 ||r(x) + J(x)s||2+3 ||
@ Regularization parameter ~ set adaptively.
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Derivative-free Levenberg-Marquardt for
&

Minxern %||F(X)

Inputs: xo € R", v > 0,7 > 0.
Iteration j: Given (x;, ),
@ Compute ry, ~ r(x;), Jm, ~ J(x;) and

. ) 1 77“J;nr-rm'||
sj ~ argming mj(s):= 5|Ifm; + Jm;s||*> + —3—|Is|1%.

@ Compute r) ~ r(x;) and rf = r(x; +s;).

1 1
o If 2112171
“mi0)-my(s)

@ Otherwise, set x; 1 = xj and j.1 = 2;.

> 1, setXj 1 =X;+S; and Vi1 = 05’}/1,
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Derivative-free Levenberg-Marquardt for
&

Minxern %||F(X)

Inputs: xo € R", v > 0,7 > 0.
Iteration j: Given (x;, ),
@ Compute ry, ~ r(x;), Jm, ~ J(x;) and

i1, P |
sj ~ argming m;(s):= 3 ||rm, + Jm;S||*> + U#HSHZ-

Compute r) ~ r(x;) and r} ~ r(x; + s).

H’OHZ [Ir?1I? .
o If % > 1, setXj 1 =X;+S; and Vj+1 = 05’}/1,

Otherwise, set x; 1 = x; and vj 1 = 2v;.

()

Goal: Complexity results.

©

Key: Accuracy properties for the models/estimates.
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Model and estimates quality

A model m; is called (kef, reg)-accurate if

T Ke 2 Kef
I906) r06) = I < =22 and - [31r0)I ~ Flem] < 75
J i

Accurate function estimates

gf-accu i
Estimates r0 rf are ¢s-accurate if

02 2 Ef 1 2 1 2 Ef
3P IP = 3lr0)IP| < =5 and {31717 - Fleg + )| < =5
J J
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Complexity analysis without derivatives

Goal: Bound the number of iterations to reach an ¢,-point x such that
IVEEO) = NGO r(x)]| < e

as a function of ¢,.
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Complexity analysis without derivatives

Goal: Bound the number of iterations to reach an ¢,-point x such that
IVEEO) = NGO r(x)]| < e
as a function of ¢,.

Theorem (BDKR "18)

Suppose that

@ Every model mj is (ker, keg)-accurate.

@ Every estimate pair (rjo, rjs) is ef-accurate.
Then, the method reaches an e4-point in at most

@ <ﬂ2652>

iterations with k = max{kef, keg, £ }-

v

@ Derivative-based case: O(e;?). |
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Considering randomness

Recall : Our function estimates are noisy.

Inputs: xg € R",~ > 0.
Iteration j: Given (x;, ),
@ Compute ry, ~ r(x;), Jm, ~ J(x;) and
_ g )
sj ~ argming my(s) = 3 [IFm, + Jms(|* + —%—|Is||*.

@ Compute r) ~ r(x;) and rf ~ r(x; +s;).

102 X2
211 =3I | .
o If W > 1, setXj 1 = X; +s;and i1 = 0.5;

@ Otherwise, set xj 1 = xj and j;1 = 2;.

@ Two sources of randomness (models/estimates);
@ Accounted for via martingale-type properties.
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Probabilistic models

Accuracy property
For any realization, the model mj is called (kef, eg)-accurate if

T T Ke 2 Kef
1906)r06) = I < =22, {31061 = Flem 7| < =5
J j

Probabilistic accuracy property
The random model sequence {m;} is called (p, x¢f, keg)-accurate if

Vj, P (m; (Kef, reg)-accurate |Fj_1) > p.

@ Fi1=o0(mo,...,mj1,r0,r5,....I,r’_;) represents the history
of the algorithm up to iterationj.

C. W. Royer Stochastic Levenberg-Marquardt CSE 2021 10



Probabilistic function estimates

Accurate function estimates

Estimates (ro, r?) are eg-accurate if

02
[

€
3012 = eI < =5 and |32 = Blir(x; + )12

d |-
N
INA
2e
\

Probabilistically accurate estimates

The random estimate sequence {(rjo, r7)} is (g, er)-accurate if

Vj, P ((r}),r}) ef-accurate ‘]—},1/z> >q.

_ 0 0
° }“H/z_a(mo,...,mj_1,mj,r0,rg,...,rj T > ,) represents the

iteration of the algorithm up to the computation of rjo and rjs.

4
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Probabilistic complexity analysis

Goal: Bound the stopping time T, = min{j | [|[J(x;) "r(x;)|| < eq}-

Theorem (BDKR "18)

If {m;} is (p, kef, Keg)-accurate and {(rjo, r?)} is (g, er)-accurate, then

bq 2 -2
Bl < O<pq1/2ﬁ' E >

K= maX{lieﬁ "iega Ef}‘
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Probabilistic accuracy: An example

Theorem (BDKR '20)

If for every iteration j, B is approximated using an ensemble of
i—2p)? —T(x—
°n,=0 <max { [|; Zb||3—1 ||B~"(x Zb)”} n) samples to build m;,

Kef ’ Keg

lIXj—25112_
°on =0 <’€f‘31 n | samples to compute (rf, r?),

then there exists (p, q) such that {m;} is (p, ser, keg)-accurate, and

{(r, 1)} is (g, ef)-accurate.

@ p, g depend on variance terms, likely unknown;
@ p,g —1asnm,nf — co.
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About the complexity results

I

Our problem: minyegn |/F(X)

@ Used ||J(x)Tr(x)|| as a complexity metric;
@ Oblivious to the least-square structure;
@ May want to stop when residuals are small.
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About the complexity results

Our problem: minyegn |/F(x) ||

@ Used ||J(x)Tr(x)|| as a complexity metric;
@ Oblivious to the least-square structure;
@ May want to stop when residuals are small.

Scaled gradient (Cartis, Gould, Toint "13; Gould, Rees, Scott "19)

JOOTr(x) .
g(x) := ool HF(X)“ >0
0 otherwise.

@ Stopping criterion for complexity:

IrGAll < ep or Jlg(x)| < eg-

@ Complexity of LM: foranyie NU{-1}, @(6526;1/21).
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Our metric
New scaled gradient

Givenie NU{-1},

I 3¢ 111(x) | £ 0,

i roo)2-27"
g'(x) =
0 otherwise.

@ Stopping criterion for complexity:

)| < ep or [lg'(x)] < eq.

@ i = —1: Classical gradient;
@ i = 0: CGT scaled gradient;
@ i — oo: Resembles gradient dominance.
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Complexity table

Goal: Find an (ep, e4)-point x, such that

Ir(xei)ll < 6 or [lg" (x|l < €q-

Complexity results (BDKR "20)

@ Probabilistic counterparts (expected stopping time);
@ For the connoisseur: other analyzes get better bounds in terms of

i Arbitrary i=-1 i=0 i— o0

i MO Tr(x) | T IMOOTre | ) Tr)||
g0 | o= | MO Frmr | ot
Order 6;26;(4—’—214) 652 6;26,;2 6526;4.

ep/ €4 but have exponential dependencies in 2'.

C. W. Royer
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Summary

Our contributions

@ Redefined probabilistic property for Levenberg-Marquardt
schemes (analogy with trust region);

@ Complexity analysis for stochastic function estimates;
@ Application in a data assimilation setting.
@ A family of complexity metrics and results.

Derivative-free Levenberg-Marquardt

A stochastic Levenberg-Marquardt method using random models with
complexity results and application to data assimilation.
E. Bergou, Y. Diouane, V. Kungurstev and C. W. Royer.
https://arXiv.org/abs/1807.02176v2
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A nonmonotone matrix-free algorithm for nonlinear equality-constrained
least-squares problems.
E. Bergou, Y. Diouane, V. Kungurstev and C. W. Royer.

https://arXiv.org/abs/arXiv:2006.16340v2.

@ Addressed (among others) the original 4Dvar formulation:
. T
Minzoz,,..zrekn 31|20 = Zbl151 + 5 Yiso [IY; — H(@)I2

s.t. zi= M(zj_4),i=1,...,T.

@ Derivative-based approach but inexact.

Going forward (CSE 23?)

@ Combine random models with constraints;

@ Practical probabilistic approaches.
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