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Exercise 2.1: Reformulations

a) Write the epigraph reformulation of the problem
minimize |||,
TER™

where ||z ||oc = maxi<i<p |zil.

b) Using that ||z|/o > 0, reformulate the epigraph problem so that it consists of a
linear objective function and linear constraints.

c) More generally, consider the Chebyshev approximation problem

miniﬁlize |Ay — b|loc where A € R™™ and b € R™. (1)
yeR™

Find a reformulation of problem (1) as a linear program with the same optimal
value.

d) Consider now a function ¢ : R™ — R" defined by ¢(y) = [¢i(y)]l"_,, where every
¢; : R™ — R is a nonnegative convex function.

Using the result of the previous question, reformulate the problem
minimize || ¢(y)| o
yeR™

as a convex optimization problem in standard form.
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Exercise 2.2: Nonlinear equality constraints

Consider the optimization problem

minimizezern  f(z) := 3|z — all3
subject to Srla?=o.

where a € R™.
a) Show that the feasible set of this problem is convex, and give a description of this
set that only involves convex inequalities and/or linear equalities.
b) Justify that the problem is convex.
c) Find the unique solution to this problem by hand.

d) Use the first-order optimality condition to compute the solution to this problem.
NB: The gradient of the objective is Vf(x) = x — a.

Exercise 2.3: Existence and optimality

We consider the following optimization problem:

minimizeyeps  f(x) = 22 + 23 + 3
subject to 1+ 2x9 —x3 =4
Tl — X2+ a3 = —2.
a) Justify that the problem is convex, and give a standard form reformulation.

b) Show that there is a unique solution to the problem.
Hint: Use that f is strictly convex.

c) Using the first-order optimality condition, check that the point * = [2 10 _
is the solution.

d) What happens to the solution set of this problem in absence of constraints (i.e. the
problem becomes minimize,cgs f(x)) ?
Exercise 2.4: Convex conjugate

Let f:R™ — RU {oo}. The convex conjugate of f, denoted by f(-), is given by

vy eR", fly) = eZup(f)(yTw — f(=)).

a) Using that the supremum of convex functions is always convex, justify that the
function f is convex.

b) Suppose that f is convex and differentiable on dom(f) = R™. Using the result of
question a), show that for z € R"™, we have

F(Vf(2) = 2TV [(2) - f(2).

c) Give a closed-form expression for f when f is linear on R”, i.e. f(x) =aTz +b
for some a € R™ and b € R;
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d) Show that if f(x) = 3||z|®> = iz Tx for all z € R, then f = f.
e) Consider the problem
minimizegepn  f ()
subject to Ax =b.
where A € RP*™ et b € RY. Show that the dual function of this problem, denoted
by d(p), is given by B
d(p) = —b'p— f(-ATp).

Exercise 2.5: Weak duality
Consider the problem

minimize x _ i
S TR I R

IN <

subject to =

0,
The domain of the problem is X = {(x1, z2)|z2 > 0}.

a) Justify that this problem is convex. What is its optimal value?

b) Write the dual problem of (2), give a formula for its solution A\* and its optimal
value d*. What is then the duality gap?

Exercise 2.6: KKT and optimality conditions

Let f: @+ 222 4 422 — 11 — 22 be a function from R? to R and let
C:{(.’E17$2)€R2 |21 >0etay>0}.

a) Justify that f is convex.

b) Justify that C is a convex cone and express then the first-order optimality condition
for the problem minimizezec f(x). Give then the solution of this problem.

c) Write the KKT conditions for this problem, and justify that they can be used to
compute a solution.
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Exercise 2.7: Trust-region subproblem (Bonus)

Let H € R™ ™ be a symmetric matrix, g € R™ and 6 > 0. We consider the so-called trust-region
subproblem defined by
T T
gr+z Hzx
; ©)

IN

minimizegern  q(x) :
subject to Tz

where dom(gq) = R"™.
a) Find a diagonal matrix D € R™*" and a vector ¢ € R™ such that problem (3) is equivalent to

minimizezegn  f(x) := c'x + T Dx (4)
subject to xle <1,

where dom(f) = R".

b) Write the primal and dual problems corresponding to (4), and justify that the primal problem is
equivalent to (4).

c) Suppose now that D is not positive semidefinite, i.e. that there exists i € {1,...,n} such that
[D]i; < 0. In that case, it can be shown that problem (4) is equivalent to

minimizegern  f(x)
: T, _ (5)
subject to rx=1,

i) Justify that problem (5) has a solution.
ii) Show that for any A > 0,

mienﬂ{n {f(m)’wTa: =1} = -A+ wienﬂgn {c"z+ 2T (D + )\I):n’a:Tm =1}.

iii) For any A > maxj<;<y, |[D]i|, show that strong duality holds for problem

minimizegerr  fr(x) = ctx + T (D + M)z — A
s.t. xle =1.

(6)

How is strong duality expressed using the Lagrangian of problem (6)?

iv) Use the result from the previous question to conclude that strong duality holds between
problem (5) and its dual.
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Solutions

Solution for Exercise 2.1: Chebyshev approximation

Question a) By definition, the epigraph reformulation of the problem is

minimizegzern ¢

teR

subject to |z]|co < t.

Question b) Using the definition of |||/, we have that
lz]loo <t < max |z <t
1<i<n

& x| <t Vi=1,...,n
& t>0and —t<a; <t Yi=1,....n

As a result, the problem can be equivalently reformulated as the linear program

minimizezerrn 1
teR

subject to —t—z; <0 Vi=1,...,n
—t+x, <0 Vi=1,...,n
—t <0.

Question c) Let [a]]™; denote the rows of the matrix A, and let ¢;(y) = a}y — b;, where b;
is the corresponding coefficient of the vector b. Applying the same reasoning as in question b), we
obtain the following reformulation:

minimizeyerm 1t
teR

subject to —t—|—aiTy—bi§0 Vi=1,...,n
—t—a?y%—bigo Vi=1,...,n
—t < 0.

This problem has a linear objective as well as linear constraints.

The solutions of the problem are that of the epigraph formulation of the original problem. As a
result, if (y*,t*) is a solution of the problem, then y* is a solution of the original problem, and we
must have t* = || Ay* — b||, otherwise this point would not be an optimal solution.

Question d) NB: The problem is already in standard form, but we seek another formulation.
By using the epigraph form of the problem and applying the same reasoning as in question b), we
obtain the formulation

minimizeycgm

teR
subject to —t — ¢i(y)

—t+ ¢i(y)
—t <0.
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Since ¢;(y) > 0 for any y, the constraint —t — ¢;(y) < 0 is always satisfied for ¢ > 0. As a result,
the problem can be equivalently reformulated as

minimizeyerm
teR
subject to —t+¢i(y) <0 Vi=1,....n

-t <0.

Since a sum of convex functions is convex, all functions of the form (y,t) — —t + ¢;(y) involved in
the inequality constraints are convex, hence the problem is a convex problem in standard form.

Solution for Exercise 2.2: Nonlinear equality constraints

Question a) Let F denote the feasible set. For any « € F, we have x; = 29 = -+ = x,_1, and
this property is preserved by convex combinations. As a result,

n—1

V(a:,y) € (Rn)via € [Ov 1]a Z(Oﬂ:l + (1 - a)yi)2 = 07
=1

hence ax + (1 — a)y € F, proving that the set is convex. Our reasoning provides the following
description of F:
F:{ZL'ERn | xlzo,...,xn_1:O}.

Question b) General justification: The objective function is a sum of quadratic functions of the
entries of x, that are all convex functions. As a result, the objective function is convex, hence the
problem is a convex optimization problem.

Detailed justification for the convexity of f: There are several ways to justify that the function
f is convex on R™. One possibility is to express it as a sum of n functions of one variable, then to
use the fact that = — %(:1: —a)? is a convex function. The proof of the latter observation follows
from that in the general case.

The general case is to show convexity of f : @ — 3|lz — al|? directly. For any (z,y) € (R")?
and any « € [0, 1], our goal is to show that

flax+(1-a)y) <af(x)+(1-a)fly) < aof(®)+1-a)f(y) - flar+(1-a)y) =0.

Focusing on the latter expression, we have

af(@)+ (1 -a)f(y) — flaz+(1-a)y) = 5(allz—al®+(1-a)ly-al®~|(az+(1-a)y)-a

(ellz —al* + (1 - a)lly - all’ - a(z — a) + (1 - a)(
Using then the identity ||u + v||? = ||u||? + 2uTv + ||v||? leads to
of(@)+ (1~ 0)f(y) ~ [low+ (1~ a)y) = 4 (alz—al?+ (- )y —al’ 0|z~ a?

—2a(1 - a)(z — a)"(y — a) — (1 - @)’|lvy - a?)

— 1 (a(l—a)|oz - al’ —2a(1 - a)(@ - @) (y - a)
tl-a-(1-a)?)y-al?).
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Noticing that 1 —a — (1 — a)? = a(1 — ), we can factorize a(1 — ) in the last expression, and we
obtain

1—
af@)+(1—a)f(y) ~ floz+ (1 -a)y) = “GF(|lz—al’~(@—-a)(y-a)+|y-al?)
1—
= Uy —a?,
where we again used the identity (but with v = —wv). Since the last value is always nonnegative, we
have established convexity (and even 1-strong convexity).

Note that f is differentiable on R™ with Vf(x) = & — a, hence we can also use the first-order
characterization. For any (z,y) € (R™)?, we obtain that

fy) = sly—al?
= Sl —a)+(y—=)?
= YHe-al®+(x-a) (y—=)+ 3lly — z|
> flz—al’+(xz—a) (y—=)
= f@®)+ V@) (y—=),

showing the desired result.

Question ¢) Forany z € F, f(x) = 3(2, — an)? + 5 Y1 q a?. As a result, for any z € F, we

G

have f(z) > £ 3" | a?, and this value is only attained for z = [0 --- 0 a,,)T. As a result, we have

inf {f(z)|z € F} = %Za? and  argmin { f(z)x € F} = {[0 - 0 .an"}.
i=1

Question d) Since the problem is convex and the objective is differentiable, we can characterize
solutions via the first-order optimality conditions. Since here the feasible set is a linear subspace, we
know that a point & is a solution if and only if

zcF and Vf(@)Tz=0 VzeF.

Thanks to the description of F, we know that any vector in F has its first n — 1 components equal
to 0. Thus, the conditions above translate to

T = 0
Tn—1 =0
V@), (2n—%n) = 0 Vz, €R.

Using V f(Z) = & — a, the last condition becomes (Z,, — ay,)(2n, — Zpn) = 0, which only holds for all
zn € Rif Z, — a, = 0. As a result, we obtain the system

I =0
Tn—1 = 0
Ty —ap = 0,

confirming the result of Question c).
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Solution for Exercise 2.3: Existence and optimality

Question a) The objective function is convex on R? as the sum of three convex functions. More-
over, the feasible set is an affine set in R3, hence it is convex. As a result, the problem is a convex
optimization problem. Up to the right-hand sides of the linear equality constraints, it is already in
standard form.

Question b) The objective function is coercive since it is a quadratic function based on a positive
definite matrix (the identity). Moreover, the feasible set is not empty as it contains the vector
[0 —20]T and it is closed because it is a linear subspace. As a result, we are guaranteed that there
exists at least one solution to the problem.

Since f is strictly convex and the feasible set is convex, the problem has at most one solution,
from which we conclude that the solution is unique.

Question c) Given that the feasible set of the problem is an affine set, we know that the solution
x* of the problem is the unique vector such that

x] + 225 — x3 = 4
x] — x5+ ay = —2
Vi)' (y—x*) = 0 VyeF,
where F denotes the feasible set. It is clear that the choice * = [%, 1—70, —%]T satisfies the first two

conditions. Using V f(x) = 2x, the latter condition can be written (after division by 2) as
2 (y1 — x]) + 25(y2 — x5) + 25(ys — x3) = 0 < 14y; + 70y, — 42y3 = 140.
Since y is feasible, it satisfies the two constraints

n+2y2—ys = 4 ys = =3y

2N
yn—Y2+tys = —2 Yo 2 =2,

implying that
14y; + 70ya — 42y3 = 14y; + 140 — 140y + 126y; = 140,

as desired. This shows that x* is the solution to the problem.

Question d) In absence of constraints, the problem still has a unique solution, which is immediately
found to be the zero vector.

Solution for Exercise 2.4: Convex conjugate

Question a) For any = € dom(f), the function y — yTx — f(x) is a linear function of y hence
it is a convex function of 4. Since the supremum of convex functions is convex, this shows that f is
convex. N.B. The proof of convexity of sup;c7 fi with f; convex follows from the definition of the
supremum.
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Question b) Computing f(Vf(2)) = supyern {Vf(2)T@ — f(z)} amounts to computing the
optimal value for the problem

maximize V f(z) e — f(x),
zcR™

which is the opposite of that of

mi;lei%}ze o(xz) = flx) — Vf(z) .

This problem is convex and differentiable. As a result, we know that the solutions to this problem
are characterized by the equation

Vo(x) = Vf(x) - Vf(z)=0.

The point = z is a solution of this equation, hence it gives the optimal value for the problem. As
a result,

inf 6(@) = f(2) = V(=)=

and thus

f(Vf(z)) = sup {Vf(z)Tz~ f(x)} = — inf ¢(x)=V[(2)"z- [(2).

zcR” zeR™

Question c) If f(x) = aTx — b, then f(y) = supgern ¥ @ — a’x — b, hence f is defined as

the supremum of linear functions. Given that a linear function is only bounded when it is constant
(recall Exercise 1.6), we have f(a) = —b and f(y) = oo for any y # a.
Question d) For any z,y € (R")?, we have

1 1
y'z—flz) =y 'z ll=z|* <llylll=l - ;|

by Cauchy-Schwarz inequality. The function ¢t — ||ly||t — % is maximized at t = ||y

|, hence

gl f@) < Sl = ) < Sl

It suffices then to notice that the first inequality is an equality for = y to obtain

Sl ="~ fw) < swp (" - f(@)} = Fw) < 5 ol

hence the result.

Question e) By definition of the dual function, we have for any u € R? :

dw) = inf (f(z)+p"(Az b))
= —bTu+ nf ([ATH]T T+ f(w)>

= —b'p- sup (ATH]" &~ /(=)

= —b'p—f(-ATp).
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Solution for Exercise 2.5: Weak duality

Question a) The function f is convex (it satisfies the function inequality for every pair of points in
the domain) on the feasible set of the problem {(0,z2) | z2 > 0}. The feasible set is a convex set,
hence the problem is convex. Given that the objective function is constant on the problem domain,
we have p* = f(0) = 1.

Question b) The Lagrangian of the problem is given by
L(x,\) = exp(—a1) + A2
where A € R. As a result, the dual function of the problem is defined for every A € R as
2
— _ 1
d(\) = ;g’( {exp( x1) + )\m} .

When A < 0, we have d(\) = —oo (taking x2 to be constant and taking x; to +00). When X = 0,
we obtain d(0) = infzecx exp(—z1) = 0. Finally, when A > 0, we get
2

(—x
2
inf _ AL — inf inf exp(— AL — inf exp(—xzy) =
g p(om) + A7) = Il il exp(-) 4 AZ] = fnf exp(—) =0

hence d(A) = 0 in that case as well. Overall, we obtain that

o0 ifA<O
“M_{o if A >0,

hence d* = sup,>od(A) = 0. As a result, the duality gap is p* — d* = 1, and strong duality does
not hold.

Solution for Exercise 2.6: KKT and optimality conditions

0 8
hence it is convex (even strictly convex). Another possibility to prove convexity relies on computing
the gradient

Question a) The function f is a quadratic defined by the positive definite matrix A = [4 0],

Vmeﬂﬁ,Vf@g::[4xl_1].

81‘2—1

and checking the characterization of convexity for differentiable functions.

Question b) The set C is a cone since to > 0 for any « € C and ¢t > 0, and it is also convex since
ax + (1 —a)y >0 for any (z,y) € C? and a € [0,1]. As a result, a solution * = (%, x3) of the
problem satisfies 7 > 0, 25 > 0 as well as

Vix)Tz* =0 and VyeC,Vf(z")Ty>o0.
Putting all conditions together, we obtain

x>0

x5 >0

4z — 1)y + (8x5 — 1)z5 =0

Yyr > 0,Yy2 > 0, (427 — 1)y1 + (825 — 1)y2 > 0.
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Letting y1 = 0 and y2 = 0 in the last condition gives 47 —1 > 0 and 825 —1 > 0. Combining with
the previous two, we obtain
(4] — 1)z} = (8z5 — 1)z5 = 0.

If 27 = 0, then 427 — 1 < 0, contradicting what we had before. Similarly, 5 = 0 leads to the
contradiction 8z5 — 1 < 0. Overall, we must have

4] —1=8x5—1=0,

* __ 1
and 73 = g.

W=

hence 27 =

Question c) Since the constraints defining C are linear, constraint qualification and strong duality
hold for this problem. A solution of the problem is then also a solution of the KKT equations

4] —1-A] =0
8x5—1—-X5=0
x] >0

x5 >0

A1 >0

A5 >0

Az =0

Asxs =0,

where A* = [\ A\3]T is a vector of dual variables, and the first two conditions correspond to the
gradient of the Lagrangian function

ViL(x,A)=Vf(x)— A

Solving this system leads to z] = %, Ty = % en A] = A5 = 0, recovering the solution computed in

question b).
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Solution for Exercise 2.7: Trust-region subproblem

Question a 'he matrix H is a symmetric real matrix, hence there exist an orthogonal matrix
Y g
€ R™*™ (j.e. such that T'— Q1) and a diagonal matrix A € R™ "™ such that
g

H =QAQ",

where the diagonal elements of D correspond to the eigenvalues of H. The objective function of
problem (3) can thus be written as

1
qx) =gz + §wTQTDQac.

Since Q is orthogonal, for any & € R"™, there is a unique y such that y = Qx. Using yTy =
2TQTQxz = Tz, it follows that the problem

minimizegern  q(x) := g x + " Hex
s.t. xTx < 6.

can equivalently be reformulated as

minimizeyern g QTy +y Dy
s.t. y'y <o

Letting z = %, ¢ =V5Qg and D = §A, the problem can be further reformulated as

minimize,cpn ¢z + 2T Dz
s.t. 2Tz <1,

which is the desired result.

Question b) The Lagrangian function associated with problem (4) is given by
V(z,A\) eR" xR, L(z,A):=f(x)+Nz'z—1)=c'z+2"Dx + \zTx - 1)
The dual problem of (4) is given by

infypepn Lz, ) ifA>0

—00 otherwise.

imize d(\ d(\) =
maimized()),  d(\ {

The primal problem corresponds to

minimize p(x),

xER?

() = supy>o £L(x,\) if z € dom(f)
L otherwise.

Since dom(f) = R", we have p(x) = sup,>o L(x, A) for any & € R™. Finally, since the feasible set
is not empty (unit ball in R™), the primal problem is equivalent to (4).
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Question c) D *# 0.

i) The function f is continuous and the feasible set is a nonempty compact set (unit sphere), hence
the problem has a solution.

i) Using the properties of the feasible set, we have for any A > 0 that

miéaﬂ{n {f(m)!:cTa: =1} = wiélﬂgn {f(z)+ Axle — )\me‘me =1}
= iélﬂgn {f(z) + Axle — )\|£UT$ =1}

= A+ ienﬂgn {f(a:)—i—/\ccTw‘a:Ta::l}

= -+ ienlgn{cTa:—i-xT(D—i-)\I)cc‘scTw:1}.

iii) Let A > 0 such that D + AI > 0. Then, the problem (6) is convex and satisfies LICQ at every
feasible point (V(||-||2—1)(z) = 2x # 0 for any feasible point). Therefore, strong duality holds
for that problem. Letting £y(x, 1) := fr(x) + u(xTx — 1) denote the Lagrangian function of
problem (6), we have

inf sup L (x, ) =sup inf Ly(z,pn) = L(z", 1"). (7)
TE€R™ |, eR ueR ©zER™

iv) Letting £ denote the Lagrangian function of problem (5), we have
L(x,v) = f(z) + v’z —1).
For any A > 0, we thus have Ly(z, ) = L(x, A+ p). It follows that

$H)£A(maﬂ)::$ﬂ)£(m7V%
HER veR

while (7) implies

inf sup L(x,v) =sup inf L(x,v)=L(x" X+ pu"),
z€R™ L eR veR TER”

which matches the definition of strong duality.



