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Exercise 2.1: Reformulations
a) Write the epigraph reformulation of the problem
minimize ||| o0,
xeR"

where ||z ||o = maxi<i<p |z;l.

b) Using that ||x||oc > 0, reformulate the epigraph problem so that it consists in a
linear of objective function and n linear constraints.

c) More generally, consider the Chebyshev approximation problem
miniﬂr{pize |Ay — blloc where A € R™™ and b € R".
yeR™

Find a reformulation of this problem as a problem with linear constraints and linear
objective. Justify that the two problems have the same optimal value.

d) Consider now a function ¢ : R™ — R" be defined by ¢(y) = [¢i(y)];_;, where
every ¢; : R™ — R is a nonnegative convex function.

Using the result of the previous question, reformulate the problem
minimize
iimize |$(y)]
as a convex optimization problem in standard form.

Exercise 2.2: Nonlinear equality constraints

Consider the optimization problem

minimizegern  f(x) := 3/lz — all3
subject to Z?;ll z? = 0.

where a € R"™.

a) Show that the feasible set of this problem is convex, and give a description of this
set that only involves convex inequalities and/or linear equalities.
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b) Justify that the problem is convex
c) Find the unique solution to this problem by hand.

d) Use the first-order optimality condition to compute the solution to this problem.
NB: The gradient of the objective is V f(x) = x — a.

Exercise 2.3: Existence and optimality

We consider the following optimization problem:

minimizeyeps  f(x) = 22 + 23 + 3
subject to T1+ 2190 —x3 =4
T — X2 + 23 = —2.

a) Justify that the problem is convex, and give a standard form reformulation.

b) Show that there is a unique solution to the problem..

c) Using the first-order optimality condition, check that the point * = [2 0
is the solution.

d) What happens to the solution set of this problem in absence of constraints (i.e. the
problem becomes minimize,cgs f(x)) ?

Exercise 2.4: Convex conjugate

Let f:R™ — R U {oo}. The convex conjugate of f, denoted by f(-), is given by

vy eR", f(y) = ezup(f)(nyc — f(=)).

a) Using that the supremum of convex functions is always convex, justify that the
function f is convex.

b) Suppose that f is convex and differentiable on dom(f) = R"™. Using the result of
question a), show that for z € R™, we have

F(Vf(2) =2V [(2) - f(2).

c) Give a closed-form expression for f when f is linear on R", i.e. f(x) = a'x +b
for some a € R"™ and b € R;

d) Show that if f(x) = i||z||? = iz Tz for all x € R, then f = f.
e) Consider the problem
minimizegern  f ()
subject to Ax =b.
where A € R*™ et b € RY. Show that the dual function of this problem, denoted
by d(w), is given by B
d(p) = —b"p— f(—ATp).
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Exercise 2.5: Weak duality

Consider the problem

minimize, g2

8

)
subject to <0 00 otherwise.

(x
2
1
2

, where f(x)= { exp(—a1) if 22 > 0 (1)

8

The domain of the problem is X = {(x1,x2)|x2 > 0}.

a) Justify that this problem is convex. What is its optimal value?

b) Write the dual problem of (1), give a formula for its solution A\* and its optimal
value d*. What is then the duality gap?

c) Show that Slater’s constraint qualification does not hold for this problem. Hint:
Use the property ri(X) = X.

Exercise 2.6: KKT and optimality conditions

Let f: @ — 222 + 423 — 21 — 22 be a function from R? to R and let
C:{(xl,xg)eRZ\xlzoeta:QZO}.

a) Justify that f is strongly convex.

b) Justify that C is a convex cone and express then the first-order optimality condition
for the problem minimizezcc f(x). Give then the solution of this problem.

c) Write the KKT conditions for this problem, and justify that they can be used to
compute a solution.



4 Tuto 02 MDS - 2023/2024

Solutions

Solution for Exercise 2.1: Reformulations
Question a) By definition, the epigraph reformulation of the problem is

minimizegzcrr
teR
subject to Izl <t

Question b) Using the definition of ||| s, we have that
|Z|loo <t & max |z;| <t
1<i<n

& || <t Vi=1,...,n
& t>0and —t<x; <t Vi=1,...,n

As a result, the problem can be equivalently reformulated as the linear program

minimizegzecgr ¢

tER
subject to —t—x; <0 Vi=1,...,n
—t4+x2, <0 Vi=1,...,n
t <0.

Question c) Let [a]™; denote the rows of the matrix A, and let ¢;(y) = ajy — b;, where b;
is the corresponding coefficient of the vector b. Applying the same reasoning as in question b), we
obtain the following reformulation:

minimizeycgm
teR

subject to —t+a;ry—bz-§0 Vi=1,...,n
~t—ajy+b;<0 Vi=1,...,n
—t <0.

This problem has a linear objective as well as linear constraints.

The solutions of the problem are that of the epigraph formulation of the original problem. As a
result, if (y*,t*) is a solution of the problem, then y* is a solution of the original problem, and we
must have t* = ||Ay* — b||~, otherwise this point would not be an optimal solution.

Question d) By using the epigraph form of the problem and applying the same reasoning as in
question b), we obtain the formulation

minimizeyegm ¢
teR
subject to —t— @iy
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Since ¢;(y) > 0 for any y, the constraint —t — ¢;(y) < 0 is always satisfied for t > 0. As a result,
the problem can be equivalently reformulated as

minimizeyegm ¢
teR
subject to —t+¢i(y) <0 Vi=1,...,n

—t <0.

Since a sum of convex functions is convex, all functions of the form (y,t) — —t + ¢;(y) involved in
the inequality constraints are convex, hence the problem is a convex problem in standard form.

Solution for Exercise 2.2: Nonlinear equality constraints

Question a) Let F denote the feasible set. For any ¢ € F, we have z; = 29 = -+ = 2,1, and
this property is preserved by convex combinations. As a result,

n—1

Y(z,y) € (R)?, Va € [0,1], Z(a:ri +(1-a)y)?=0,
i=1

hence ax + (1 — a)y € F, proving that the set is convex. Our reasoning provides the following
description of F:
]::{.’BERn ’ w1:0,...,xn_1:0}.

Question b) The objective function is a sum of quadratic functions of the entries of x, that are
all convex functions. As a result, the objective function is convex, hence the problem is a convex
optimization problem.

Question c¢) For any x € F, f(x) = &(zn, —an)? + 337 a2, As a result, for any z € F, we

=19
have f(x) > 33" | a?, and this value is only attained for & = [0---0a,]T. As a result, we have

inf { f(a)|@ € F} = %Za% and  argmin {f(a)|@ € F} = {[0-- - 0an]"}.
=1

Question d) Since the problem is convex and the objective is differentiable, we know that a point
& is a solution if and only if

zcF and Vf(@)'(z—z)=0vzeF.

Thanks to the description of F, we know that any vector in F has its first n — 1 components equal
to 0. Thus, the conditions above translate to

T1 =0

Tn—1 =0
Vf(®)], (zn — Zn) = 0Vz, € R.
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Using V f(Z) = & — a, the last condition becomes (Z,, — ay,)(2n — Zn) = 0, which only holds for all
zn € Rif Z, —a, = 0. As a result, we obtain the system

T =0
Tn—1 = 0
Ty, —ap, = 0,

confirming the result of Question c).

Solution for Exercise 2.3: Existence and optimality

Question a) The objective function is convex on R3 as the sum of three convex functions. More-
over, the feasible set is an affine set in R3, hence it is convex. As a result, the problem is a convex
optimization problem. Up to the right-hand sides of the linear equality constraints, it is already in
standard form.

Question b) The objective function is strongly convex since it is a quadratic function based on
a positive definite matrix (the identity). Moreover, the feasible set is not empty as it contains the
vector [0 — 2 0]T. As a result, we are guaranteed that there exists a unique solution.

Question c) Given that the feasible set of the problem is an affine set, we know that the solution
x* of the problem is the unique vector such that

x] + 225 — x3 = 4
] — x5 + a3 = -2
Vi) (y—a*) = 0 VyeF,

. . , T ... ,
where F denotes the feasible set. It is clear that the choice * = [%, = —7] satisfies the first two
conditions. Using V f(x) = 2z, the latter condition can be written (after division by 2) as

w1 (y1 — 21) + 25(y2 — 25) + 23(ys — 23) = 0 & 14y + 70y — 42y3 = 140.
Since y is feasible, it satisfies the two constraints

y1+2y2—ys = 4 ys = —3n
2N
yn—Y2+tys = —2 y2 = 2 -2y,

implying that
14y1 + 70yy — 42y3 = 14y; + 140 — 140y, + 126y; = 140,

as desired. This shows that x* is the solution to the problem.

Question d) In absence of constraints, the problem still has a unique solution, as the function is
strongly convex over R™. This solution is immediately found to be the zero vector.
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Solution for Exercise 2.4: Convex conjugate

Question a) For any & € dom(f), the function y +— yTx — f(x) is a linear function of y hence
it is a convex function of y. Since the supremum of convex functions is convex, this shows that f is
convex. N.B. The proof of convexity of sup,c7 f; with f; convex follows from the definition of the
supremum.

Question b) Computing f(Vf(2)) = supyepn {Vf(2) @ — f(z)} amounts to computing the
optimal value for the problem
maximize V f(z) e — f(x),

xreR”™

which is the opposite of that of

minimize ¢(z) = f(x) — Vf(z) x.

xeR™

This problem is convex and differentiable. As a result, we know that the solutions to this problem
are characterized by the equation

Vo(x) = Vf(x) - Vf(z) =0.

The point & = z is a solution of this equation, hence it gives the optimal value for the problem. As
a result,

inf 6(@) = /(2) — V(=)=

and thus

f(Vf(2)) = sup {Vf(z)Tw — f(x)} = — inf ¢(x)= Vf(z)Tz — f(=).

z€R” zeR™

Question c) If f(z) = aTx — b, then f(y) = supgepn Yy @ — a’x — b, hence f is defined as

the supremum of linear functions. Given that a linear function is only bounded when it is constant
(recall Exercise 1.6), we have f(a) = —b and f(y) = oo for any y # a.
Question d) For any z,y € (R™)?, we have
T T Lo L2
yz—fl@)=y z -l < lylllzl - Sl
by Cauchy-Schwarz inequality. The function ¢ — ||y||t — % is maximized at t = ||y||, hence
1 — 1
y'e — (@) < yl* = F(y) < gl

It suffices then to notice that the first inequality is an equality for x = y to obtain

1 . 1
“yl? =y Ty — fly) < sup yTz — f(x) = f(y) < |yl
2 e 2

hence the result.
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Question e) By definition of the dual function, we have for any o € R? :

d(p) = inf (f(x)+p'(Az - b))

xeR?
_ 3T : T, 17T
= —b u+m1€r1]1£n<[A ] a:—i—f(x))

= —bTp— sup ([—ATN}T T — f(@)
TER™

= —b'pu—f(—-ATp).

Solution for Exercise 2.5: Weak duality

Question a) The function f is convex (it satisfies the function inequality for every pair of points in
the domain) on the feasible set of the problem {(0,z2) | 2 > 0}. The feasible set is a convex set,
hence the problem is convex. Given that the objective function is constant on the problem domain,
we have p* = f(0) = 1.

Question b) The Lagrangian of the problem is given by
£, \) = exp(—1) + AZ
where A € R. As a result, the dual function of the problem is defined for every A € R as

=2

II?Q
{exp(—:cl) + /\?;} :
When A < 0, we have d(\) = —oo (taking x2 to be constant and taking x; to +00). When A = 0,
we obtain d(0) = infzex exp(—z1) = 0. Finally, when A > 0, we get

2 2
inf exp(—z AA = inf inf exp(—zx A = inf exp(—z1) =0
z1€ER,22>0 Xp( 1)+_ T2 z1ER £2>0 Xp( 1)+_ T2 x1eR Xp( 1)

hence d(A) = 0 in that case as well. Overall, we obtain that

-0 ifA<O0
d(A):{ 0  ifA>0,

hence d* = sup,~od(\) = 0. As a result, the duality gap is p* — d* = 1, and strong duality does
not hold.

Question c) Recall that Slater’s condition applies to the relative interior of the problem domain,

which is X = {(z1,22)|x1 = 0,22 > 0}. Since ri(X) = X (which is clear from the fact that

aff(X) = {(x1,z2)|z1 = 0}), to check Slater’s condition we would need a point from this domain
2

that satisfies the constraint % < 0 with strict inequality. However, for any point in X', we have

2
% = 0, and thus Slater's condition does not hold. NB: This makes sense since Slater’s condition

would imply strong duality, contradicting the result of the previous question.
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Solution for Exercise 2.6: KKT and optimality conditions

Question a) The function f is a quadratic defined by the positive definite matrix A = [gl g]

hence it is convex (even strongly convex). Another possibility to prove convexity relies on computing
the gradient

41 —1

2 _ 1

Ve e R°,Vf(x) = [ Sy — 1 ]

and checking the characterization of strong convexity for differentiable functions.

Question b) The set C is a cone since tx > 0 for any € C and t > 0, and it is also convex since
az + (1 —a)y > 0 for any (z,y) € C? and a € [0,1]. As a result, a solution * = (%, x3) of the
problem satisfies 7 > 0, x5 > 0 as well as

Vi) z* =0 and VyeC,Vf(xz")Ty>0.
Putting all conditions together, we obtain

x] >0

x5 >0

(4x7 — D)7 + (8z5 — 1)a5 =10

Yy > 0,Vys > 0, (4] — D)y1 + (825 — 1)y2 > 0.

Letting y1 = 0 and y2 = 0 in the last condition gives 427 —1 > 0 and 825 —1 > 0. Combining with
the previous two, we obtain

(4] — D)z} = (8z5 — 1)z5 = 0.
If 27 = 0, then 427 — 1 < 0, contradicting what we had before. Similarly, 5 = 0 leads to the
contradiction 8z5 — 1 < 0. Overall, we must have

dgt —1=8z5—1=0,

1

and z3 = 3.

hence 2} = 1
Question c) Since the constraints defining C are linear, constraint qualification and strong duality
hold for this problem. A solution of the problem is then also a solution of the KKT equations

dr7 —1-A7 =0

8x5—1—-X5=0

x] >0

x5 >0

A1 >0

A5 >0

Az] =0

Asxs =0,

where A* = [A7 \3]T is a vector of dual variables, and the first two conditions correspond to the
gradient of the Lagrangian function

ViL(x,A)=Vf(x)— A

?
Solving this system leads to z] = %, x5 = % en A\] = A5 = 0, recovering the solution computed in
question b).



