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Today’s session

An example (not for a lab session)
Continuous relaxations of SAT problems.
Differentiable solvers (Wang et al ’19).

A more toy example (easier for a lab session)
Learning solver hyperparameters.
Unfolded ISTA (Ablin et al ’19).
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Roadmap

1 SATNet

2 Learning with unfolded solvers
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Context: Continuous relaxations of combinatorial problems

Classical example: MaxCut (Goemans, Williamson ’95).
Problem: Given graph (V,E) with weighted edges, find a cut with
maximum edge weight.

Using graph Laplacian matrix L ∈ Rn×n, can be formulated as

maximize
x∈{−1,1}n

xTLx.

Equivalent to the continuous program

maximize
X∈Sn×n

trace(LTX) subject to Xii = 1,X ⪰ 0, rank(X) = 1.

Remove rank constraint: Get the SDP relaxation!

maximize
X∈Sn×n

trace(LTX) subject to Xii = 1,X ⪰ 0.
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From the relaxation to a solution

1 Solve Max-Cut SDP ⇒ Solution X∗ ⪰ 0, X∗
ii = 1.

2 Write X∗ = [vT
i vj ] with v1, . . . ,vn unit vectors in Rn.

3 Draw u uniformly at random in the unit sphere, and set

∀i = 1, . . . , n, x∗i =

{
−1 if uTvi ≤ 0
1 if uTvi > 0.

Guarantees
Randomized rounding above finds an 0.87856-approximation!
Similar guarantees can be obtained for other problems, such as
MAXSAT.
Challenge: SDPs are difficult to solve at scale.
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MaxSAT case

MAXSAT problem

Given m vectors {s̃i} ⊂ {−1, 0, 1}m, solve

maximize
ṽ∈{−1,1}n

m∑
j=1

n∨
i=1

1 {s̃ij ṽi > 0}

Continuous SDP relaxation

minimize
V ∈Rk×(n+1)

〈
STS,V TV

〉
s.t. ∥vi∥ = 1∀i = 1, . . . , n+ 1.

Relax ṽi into vi ∈ Rk, ∥vi∥ = 1.
Add a variable v0 to apply randomized rounding.
S built from the s̃i with scaling.
If k >

√
2n, recovers the original solution.
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SATNet (Wang et al. ’19)

Optimization solver
Use vector representation of SDP
matrix.
Cheap update, one vector at a time.
Amenable to batch parallelism.
Can differentiate through the solver!

SDP layer
Careful encoding of
backpropagation.
Continuous relaxation
and randomized rounding
encoded through
probability distributions.
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Cool SATNet example

Setup: Learn rules and fill out Sudoku grids, represented as vectors.
Convolutional networks treat grids as images, must learn the masked
bits.
Permuting the inputs does not change the rules to learn⇒Clear
advantage of SATNet.
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Problem

Goal: Sparse representation/coding

minimize
z∈Rm

f(z) =
1

2
∥x−Dz∥2 + λ∥z∥1.

x ∈ Rn: Target vector.
D ∈ Rn×m: Dictionary.
∥z∥1 =

∑d
j=1 |zi|: Promotes sparsity of z.
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An algorithm: ISTA

Problem minimizez∈Rm f(z) = 1
2∥x−Dz∥2 + λ∥z∥1..

ISTA iteration

zk+1 = ST(zk − αkD
T(Dzk − x);λαk)

Gradient descent step+ Soft-thresholding (ST) (≡ Proximal gradient)

ST(t;µ) =


t− µ if t > µ
t+ µ if t < µ
0 otherwise.

Key parameter: Stepsize αk.
Popular choice: αk = 1

L for every k, where L = ∥D∥2 (Lipschitz
constant for the gradient of 1

2∥x−Dz∥2).
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Unrolling ISTA

Neural net representation of ISTA
One “layer” = K iterations of ISTA starting from z0.
Network parameters: α0, . . . , αK−1.
Fixed parameters: D, λ.

Training
Forward: Feed x, get f(zK(x)) from explicit ISTA iterations.
Backward: Automatic differentation (nothing to do!).
Training data: Unsupervised, try to minimize

1

N

N∑
i=1

f(zK(xi)).
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