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Motivations Integer Programs

Integer Program
(IP) min{cz:z € X}
where X = PNZ" with P = {z € R} : Az > a}.
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Motivations Integer Programs

Integer Program
(IP) min{cz:z € X}
where X = PNZ" with P = {z € R} : Az > a}.

Mixed Integer Program

(MIP) min{cz + hy : (z,y) € X}
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Gz + Hy > b}.
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Motivations Integer Programs

Integer Program
(IP) min{cz:z € X}
where X = PNZ" with P = {z € R} : Az > a}.

Mixed Integer Program

(MIP) min{cz + hy : (z,y) € X}
where X = PN (Z" x R?) with P = {(z,y) € R? x R :
Gz + Hy > b}.

e MIP solvers are quite efficient but can still “fail” on
many problems (beyond a certain size).

e They barely exploit “problem structure” .
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Motivations Interests of reformulations

1] To introduce new variables — better LP bounds

m tighter relations between variables
m new variables for branching
m new variables to formulate cuts

2] To work is a smaller dimensional space (if size is an issue)
3] To eliminate symmetry

4] To lead to a decomposition approach and specific (more
effective) algorithms

5/ 61



Motivations

The Steiner Tree example

Arc flow formulation

min E G5
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Z y]l_ Z yzy
JEV=(4) JEVT(4)
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Motivations

The Steiner Tree example

Multi commodity arc flow formulation: y; =

min g B5i5
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_Motivations The Steiner Tree example

Network design formulation

min g (13

(i,5)€A
Y m > 1reUT\U#D
(i,4)ed* (V)
z € {01}
Note: This projection onto the x space has the same LP

value than the multi-commodity arc flow formulation (itself
better than the initial arc flow formulation).
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Motivations Decomposition

(IP) min{cz:z € X}
1] Constraint decomposition
m X=YNZ

> tighter formulation for Z

> “implicitly” enumerate set Z
(Lagrangian/Dantzig-Wolfe approach relying on a
tractable optimisation over Z, OPT(Z))

> ‘“implicitly” give the polyhedral description of conuv(Z)

(Cutting Plane approach relying on a tractable
separation over Z, SEP(Z))

m X = Y U Z (Variable splitting, Disjunctive Cuts)
2] Variable decomposition: z = (z?, z?)

m Fixing z! yields an “easier” problem in 2% (Bender’s
approach relying on cut generation for proj,i1 X).

OPT(Z) € P iffSEP(Z) € P
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Motivations

The Bin Packing Example

Item Assignment Formulation
K

min Zuk
k=1

K
E ik
k=1

E Si ik,
i

Uk, Tik
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_Motivations The Bin Packing Example

Arc Flow Formulation

5 5 5 5 5 5
////"’ [ T T T —
@)o> 0’@0'%}0’850'5:\’)0’6:)0;(‘)
P i i S
7 7 7 7 7 7

min Zth
t
Zwt_sht = 1 Vi
t
Zwﬁ—Zwtj = 0 tzl,,b—]_
J J
Wt € {07 1} V(], t)
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Definitions

Combinatorial Optimization Problem

(CO) min{c(z): z € X}
where X is the “discrete” set of feasible solutions.
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Definitions

Combinatorial Optimization Problem

(CO) min{c(z): z € X}
where X is the “discrete” set of feasible solutions.
Polyheron

P C R" is the intersection of a finite number of half-spaces:
JA € R™*", a € R™ such that P = {z € R" : Az > a}.
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Definitions

Combinatorial Optimization Problem

(CO) min{c(z): z € X}
where X is the “discrete” set of feasible solutions.

Polyheron

P C R" is the intersection of a finite number of half-spaces:
JA € R™*", q € R™ such that P = {z € R" : Az > a}.

Formulation

A polyhedron P is a formulation for (CO) if X = PNZ" and
(CO) can be modeled by the Integer Program:
(IP) min{cz:z€ PNZ"}.
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Definitions

Reformulation (loose definition)

P’ is a reformulation for (CO) if it provides an alternative
polyhedral description:
(CO)=min{cz:z € PNZ"} = min{c's’ : 2’ € P'NZ"}
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Definitions

Reformulation (loose definition)

P’ is a reformulation for (CO) if it provides an alternative
polyhedral description:
(CO) = min{cz : z € PNZ"} =min{c'z’ : 2’ € P'NZ"}

Stronger formulation

Reformulation P’ C R™ is a stronger than P C R™ if P’ C P:
min{cz : z € X} > min{cz : x € P’} > min{cz : z € P}.

Note: If P’ and P are in different variable space, one can
compare P and proj,(P’) (or P and TP', T is a lin. transf.).
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Definitions

Reformulation (loose definition)

P’ is a reformulation for (CO) if it provides an alternative

polyhedral description:
(CO) = min{cz : z € PNZ"} =min{c'z’ : 2’ € P'NZ"}

Stronger formulation

Reformulation P’ C R™ is a stronger than P C R™ if P’ C P:
min{cz : z € X} > min{cz : x € P’} > min{cz : z € P}.

Note: If P’ and P are in different variable space, one can
compare P and proj,(P’) (or P and TP', T is a lin. transf.).

Ideal formulation

Given X C R", the convex hull of X, denoted conv(X), is
the smallest closed convex set containing X. The convex hull
of an integer set X defined by rational data is a polyhedron.
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Definitions

Comparing P, P’, and conv(X)
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Definitions

Projection

of aset U C R™ x R? on the first n variables,
r= (21, ,2,), s

proj,(U) = {z € R" : 3 w € R? with (z,w) € U}.
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An extended Formulation for P C R"
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Definitions

Projection

of aset U C R™ x R? on the first n variables,
r= (21, ,2,), s

proj,(U) = {z € R" : 3 w € R? with (z,w) € U}.

An extended Formulation for P C R"

is a polyhedron @ = {(z, w) € R""? : Gz + Hw > d} such
that P =proj,(Q).

An extended Formulation for an IP set X C Z"
is a polyhedron @ C R™? such that X =proj,(Q) NZ".

An extended IP-formulation for an IP set X C Z"

is a set
Q = {(z,w!, w?) € R" X ZP xRP? : Gr+ H'w'+ H*w? > b}
such that X =proj, Q.
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Definitions

Extended formulation & reformulation in a new

variable space

If polyhedron @) is an extended IP-formulation for X and a
linear transformation z = T'w links the original z variables and
the additional variables w, then

min{cTw : ATw > a,w € W} provides an IP-reformulation.
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Definitions

Extended formulation & reformulation in a new
variable space

If polyhedron @) is an extended IP-formulation for X and a
linear transformation z = T'w links the original z variables and
the additional variables w, then

min{cTw : ATw > a,w € W} provides an IP-reformulation.

A formulation P (resp. extended f. @) is tight
if P = conv(X) (resp. proj,(Q) = conv(X)).

A formulation (resp. extended f.) is compact

if the length of the description of P (resp. ) is polynomial in
the input length of the description of C'O.
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Definitions

Extended formulation & reformulation in a new
variable space

If polyhedron @) is an extended IP-formulation for X and a
linear transformation z = T'w links the original z variables and
the additional variables w, then

min{cTw : ATw > a,w € W} provides an IP-reformulation.

A formulation P (resp. extended f. @) is tight
if P = conv(X) (resp. proj,(Q) = conv(X)).

A formulation (resp. extended f.) is compact
if the length of the description of P (resp. ) is polynomial in
the input length of the description of C'O.

Compactness of an Ideal Formulation
An ideal formulation cannot be compact unless CO isin P.  17/a
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Direct Reformulations

Variable Splitting
m Multi-Commodity Flow: z;; =), xZ’;
m Unary expansion:
T = 25:0 q zq, Z;J:O zg=1z¢€ {0’1}O+1
m Binary expansion:
z =31 02w, < C, ,we {0, 1} with
P =log,| C].

Dynamic Programming for OPT — reformulation

Separation is easy over a set — reformulation
e Union of Polyhedra
e Ad-hoc reformulations

In the context of a decomposition X = Y NZ, Z — 7'
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Direct Reformulations

Unary expansion: Time-Indexed Formulation

Single machine scheduling problem:

S; > Si+pi,or 5 >8+p; Vi,j

requires big M formulation. Instead let
w] = 1iff job j starts at the beginning of interval [t — 1, ¢].

Y wl =1V
n t .
Dot 2aumtpy1 Wa S 1V
wl € {0,1} for t € rj,....d; —p;+1, V)

Sp=2_4(t - 1)"”7?-

20 / 61



Direct Reformulations

Dynamic Programming based reformulation: knapsack example

G(t) = max _ {G(t — a;) + ¢}

j=1,...,n:t—a; >0

min G(b)
G(t)—G(t—aj)Zij:L...,n, t=aj--,0b
G(0) =0,

is the dual of a longest path problem.
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Direct Reformulations

Union of Polyhedra: 1 — &k Configurations

Y = {(m,2) € {0,1}"" : kzo + ij < n}.

Jj=1

Yoz{x():O,sz <n}U le{xgzl,ZJJj <n-—k}
j=1

=1

Tight extended formulation:

T = xjo—l—lejzl,...,n
:vJQ < l—z5=1,...,n
g < oz j=1,...,n
n
ijl < (n—Fk)x
j=1
z € [0,1"?
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Direct Reformulations

Separation — reformulatlon Uncapacitated Lot-Sizing
min > 7 pexy + ZF hese+ D —y 4ty

St_1+$t—dt+8tvt
Tt S Myt V t
s,v € RY,y €{0,1}"
Facet-defining inequalities: L ={1,...,1l}, SCL
ij + Z divy; = du
jes JEL\S
Let ujy = min{z;, dyy;} for 1 <j <Ii<n
= tight and compact extended formulation:

l
P
j=1

Mt
it

v

dll 1§l§n

r, 1<j<I<n
dyy; 1<j<1<n.

IN A
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Direct Reformulations

Ad hoc direct reformulation: vertex coloring

1VieV

&
ol
I

i+ 2 < yp VEV(i,j) € E
T < yp VENIEV
€ {0,1}Vk,Yie V,
w € {0,11VE.

zy, = 1 if node i gets color k (symmetries), or
Ty = 1 if node i gets the same color as node &k (yx = zx)-
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@ Resource Decomposition



Resource Decomposition

min cx + hy
Gr+ Hy > d
r€Z"ye R

e The integer variables x are seen as the “important”
decisions: ex. network design

e Fix z and compute the associated optimal y (solve SP).

¢ A feedback loop allowing one to adjust the z solution
after obtaining the associated y: Bender's cuts.
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Resource Decomposition

min{cz +hy: Gz+ Hy>d, v € Z",y€ RV}

min{cz + ¢(z) : z € proj,(Q) NZ"}
where
Q={(z,y) € R" x RY : Gz + Hy > d}

#(z) = min{hy: Hy > d— Gz,y € R}}
max{u(d — Gz) : uH < h,u € R'}
= max u'(d— Gr)

t=1,..,T

where {u'}L, are the extreme points of U = {u € R : uH < h}.

Bender's Ref = mincz + o

o > u(d-Gr) t=1,---,T
v'(d-Gz) < 0 r=1,---,R
xr € Z"

Branch-and-Cut
27 / 61



Resource Decomposition

Bender's algorithm: branch-and-cut

i) Solve the restricted master LP. If it is infeasible, that node is infeasible,
backtrack. Otherwise, record (o, z*).

ii) Solve the cut generation subproblem
#(z*) = min{hy : Hy > d — Gz*,y e R},
or its dual max{u(d — Gz*) : uH < h,u € RY"}.

ii.a) The separation problem is infeasible and one obtains a new
extreme ray v with v"(d — Gz*) > 0.
A feasibility cut, v"(d — Gz) < 0, is added to the master.

ii.b) The separation subproblem is feasible, and one obtains a new
dual extreme point u' with ¢(z*) = u*(d — Gz*) > o*.
An optimality cut o > u'(d — Gz), is added to the master.

ii.c) The separation subproblem is feasible with optimal value
o(z*) = o*. Then, (z*,0*) is a solution to the linear master program at
the node. 28 / 61



Resource Decomposition

Block Diagonal Structure: Resource Decomposition

mincr + hlyt +  K%y? + +hEyK
Glzr + Hy!
G%’z + H?y?
GKz + HE K
z €KX, yk ezZk k=1,....K

¢ =min{nFy* . H*y* > d* — G¥z, " € ZF}.

AVAYS
QL

VIV
QL
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Resource Decomposition

Multi-Machine Job Assignment Problem: integer SP

n

K
: ko k.
mln{g cwy

k=1 j=1

ijk = 1V,

1

* € ZFV ik}

K
k=

where z* € Z"* if and only if the set S* = {j : ) = 1} of jobs
can be scheduled on machine k.
Otherwise one generates an infeasibility cut of the form:

> o <18 -1
jesk
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© Price Decomposition
@ Lagrangian relax.
@ Dantzig-Wolfe Reform.
@ Column Generation
@ Alternatives to Col Gen
@ Branch-and-Price
@ Price-and-Price
@ Branch-and-Price-and-Cut



Price Decomposition

(IP) z =min{cz : Dz > d,Bx > b,z € Z}

zeX

where Dx > d represent “complicating constraints” while the
set Z ={xz € Z} : Bz > b} is “more tractable”

(OPT(2))

e Relaxing Dz > d while penalizing (pricing) their
violation in the objective — Lagrangian relaxation

e Reformulate the problem as selecting a solution from Z
that satisfy Dz > d — Dantzig-Wolfe Reformulation

— Column Generation
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Price Decomposition

The block diagonal case

min c'z? + c? z? + . 4 KK
D' ! -+ D? z? + ... + DEzK >4
B! 2! > pl
B? 12 > b2
>
BE zK > pX
b ez, 2 ez, ... X ez

Relaxing the constraints Dz > d decomposes the problem into
K smaller size optimization problems:

min{cFz* : 2% € ZF}
The “complicating” constraints only depend on the aggregate
variables:

y= 1 at Y ={y €Z": Dy > d}.
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Price Decomposition

Lagrangian relax.

e Lagrangian sub-problem:
L(r) = ming{cx +7(d — Dz): Bx > b,z € Z}.

~
z€Z

e Lagrangian dual:
max,>o L(m) = max,>omingcz{cz + 7(d — Dz)}.

ZLD =

max,>oming;__r{cz’ + n(d — Dz*)}
maxnd + o

Dt +o<cxt t=1,...,T

7 >0,0€ IR

min 32, ezt

S Dzt > d

SE =1L A>0t=1,.T.

Lagrangian duality
zp = minf{cx : Dz > d,z € conv(Z)}
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Price Decomposition Lagrangian relax.

Example: the Bin Packing Problem
K
min Zuk
k=1
K
oag =1 Vi
k=1
Z Si Tik

Tik 5 Uk

IN

U Vk

m

{0,1} Vi k

L(m) = Zm + K min{(u — mez)
Z siti < wu

uwe{0,1}, € {0,1}}
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_Price Decomposition Dantzig-Wolfe Reform
— Reformulation of conv(Z) — convexification
Every Polyhedron P, in particular conv(Z), can be represented
as

P={zeR":x=3" A2+ cphirt’,
Tt = LA ERIFL s i)

where {29} ,c are the extreme points and {v"},cr the
extreme rays of P.
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_Price Decomposition Dantzig-Wolfe Reform.

Reformulation of conv(Z) — convexification

Every Polyhedron P, in particular conv(Z), can be represented
as
P={zeR":z=3" A9+ cplirt,
Sec =LA R e R}
where {29}, are the extreme points and {v"},cr the
extreme rays of P.

IP-Reformulation of Z — discretization
Every IP set Z = {z € Z" : Bx > b} can be represented in
the form Z =proj,(Q), with
Q = {(z,\ p) e R" x Z!° x ZI" .
T = deG )‘gxg + ZreR :UT’UT> deG )‘9 = 1}7
where {29} ,c¢ is a finite set of integer points in Z, and
{v"},er are the extreme integer rays of conv(Z).
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_Price Decomposition Dantzig-Wolfe Reform.
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_Price Decomposition Dantzig-Wolfe Reform.

e The convexification approach:

min ) q.(cz9)A,
Spea(DE)y 2 d
(DWe) decc Ag = 1
T=D geqe Ay, € L7
Ag = 0Vge G°
e The discretization approach:
min ) cqa(cz?)A,
deGd(DIg))‘g > d
(DWd) decd Ag = 1
A, € {0,1}Vge G?
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_Price Decomposition Dantzig-Wolfe Reform.

e The convexification approach:

min ) q.(cz9)A,
Spea(DE)y 2 d
(DWe) decc Ag = 1
T=D geqe Ay, € L7
Ag = 0Vge G°
e The discretization approach:
min ) cqa(cz?)A,
deGd(DIg))‘g > d
(DWd) decd Ag = 1
A, € {0,1}Vge G?

Strength of the LP Bound

The linear program modeling LD is precisely the LP relaxation

of DWe and equivalent to the LP relaxations of DIWd. Hence

DWe _ ,DWd _
fLp = ZLp = ZLD-
38 / 61



_Price Decomposition Dantzig-Wolfe Reform.

The block diagonal case with Identical Subsystems

min Z(cxg)ug (1)

(DWad) ) (Dx*)v, > d (2)
Zug = K (3)
v ez (4)

The projection of reformulation solution v into the original
variable space will only provide the aggregate variables:

y= Z 7 (5)

geG
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_Price Decomposition Dantzig-Wolfe Reform.

Example: the Bin Packing Problem

K
min E U
k=1

K
E ik = 1 Vi
k=1
E Si Tik
i

ik y Uk

IA

Uk Yk

m

{0,1} Vi k

Z={zxel}: Zsi%‘ <1} ={z%%}gec
i=1

min{z Vg Z vy =1,v € Z_LG‘}

geqG geG
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Price Decomposition Column Generation

min Y o(cz9)A
geG 9 g
CoeaDia?)hy = Vi max ) midi + 0
9€ A= 1 YumiDiz?4+0 < cx? Vged
Zgecre = 7>00 € R
)\g Z 0 gGG
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Price Decomposition Column Generation

min Y o(cz9)A
geG 9 g
CoeaDia?)hy = Vi max ) midi + 0
9€ A= 1 YumiDiz?4+0 < cx? Vged
Zgecre = 7>00 € R
)\g Z 0 gEG

c—
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Price Decomposition Column Generation

min Y _(cz?)A
geG 9 A
deG(DixQ))\g > d Vi max ., mdg +o ,
A= 1 YumiDiz?4+0 < cx? Vged
2gecry = m>0,0 € IR.
A¢g =2 0ged

c—

m the reduced cost of 29 is cz9 — wDz9 — 0.

m ( =mingeg(czd — mDz9) = mingez(¢c — wD)z. Thus,
pricing consists in solving OPT(Z).

m BMLP — > gec(ca?)Ng =md +0 > zyrp.

m (m,() forms a feasible dual solution / L(7) is available
after pricing. Hence L(7w) = nd + ¢ < zyrp-

m If X\ is integer, it defines a primal (upper) bound for
problem IP.
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Price Decomposition Column Generation

. T
miny,_ (cz’)As max >, mid; + o
5 T ly

ZtT:l(Dz‘Tﬂjt))\t > d; Vi YimiDizt+o0 < cxt Vit
Zt:lit i (1) . T m>0,0 € IR

8447,5 > t=1,...,T.

o]

s ]

o1 |

o]

= ke o ——

3381 MW '

. W
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Price Decomposition Column Generation

i) Initialize PB = +00, DB = —oc0. Generate a subset of points z9 so
that RMLP is feasible.

ii) Iteration t,

ii.a) Solve RMLP; record the primal solution A and the dual solution
(m,0).

ii.b) Check whether A defines an integer solution of IP; if so update
PB. If PB = DB, stop.

ii.c) Solve the pricing problem

¢=min{(c—7D)z:z € Z}.

Let z* be an optimal solution. If { — o =0, set DB = z"MLP and stop.
Otherwise, add z* to G and include the associated column in RMLP (its

reduced cost is ( — o < 0).

ii.d) Compute the dual bound: L(m) = wd + (; update
DB = max{DB, L(r)}. If PB = DB, stop.
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Price Decomposition Column Generation

Example: the Bin Packing Problem
Numerical example: n =5, s =(1,2,2,3,4), S = 6.

[M]=minvy +v2 +vs +v4 + vs

10 0 0 O 121 1
01 0 0O vy 1
0 01 0O U3 > 1
0 0010 vy 1
0 0 0 01 vs 1

ZV=5 v=(1,1,1,1,1), 7 = (1,1,1,1,1).

[SP] = max 21 + @2 + 73 + T4 + 25
1 +2m+2x3+3xs+425 < 6
T, < {0,1}

KNP(7) = 3, solution z = (1,1, 1,0,0) 1 /61



Column Generation

Price Decomposition

Example: the Bin Packing Problem

O MMM MMM
N
702_2_32

I~~~ 2_33_4\)

1,21_31_40

S S H -~ - ~O
((((m1_31_4(

ol
- 2_3:
—
Il I~
I o 20
0 V; R
- o |
[Tl PRGE I~
m.w,ewo,_l,zu, Sl
AR L e N Y
S|l oy IS
Bl IS ol
>y 23
([T N
gsoh Sy =
RA R o Il
hY o0
1] o™ o
= [T
2 g o |l
S X
©
X
- w38
N[ »mm N AN
NN
*worw oo —~a
o

minvy + vy +v3 +vg tvs +ve+ vy +rvgtrgt+riotrin t iz

/
-
N—

Al
—_—
canFworoeSDd
AN AYANNTYT
N—

S

10 00 01001
0 0 0 0 1 10
0 1 1 0 00
0 1 0 0 1 0 0
000 O0OT1TO0O0O01

2, vi1 =1, v12
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Price Decomposition Alternatives to Col Gen

ZLD —ma8<tm1n {cz' + n(d — Dz")}

46 / 61



Price Decomposition Alternatives to Col Gen

The sub-gradient algorithm
i) Initialize 7™ =0, t = 1.
ii) Iteration t,

ii.a) Solve the Lagrangian subproblem to obtain the dual bound
L(m') = min{cz + 7'(d — Dz)} and an optimal solution z*.

ii.b) Compute z*'s violation of the dualized constraints (d — Dz*);
this provides a “sub-gradient" that can be used as a “potential direction
of ascent" to modify the dual variables.

ii.c) Update the dual solution using
7' = max{0, 7" + ¢;(d — Dz")}
where €, is a appropriately chosen step-size.

ii) If t < T, increment ¢ and return to ii).
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Price Decomposition Alternatives to Col Gen

The sub-gradient algorithm

e Step size: 7' = max{0, 7" + €,(d — Dz')} with
_ o
€ = =D
a) a; = C(PB — L(x")) with C € (0,2);
b) the oy form a geometric series: oy = Cp? with
p€(0,1) and C > 0;

c) the a; form a divergent series: f.i., ay = 1.

e Candidate primal solution: Z (no guarantee to satisfy
constraints Dz > d):
a) &= 22:1 29Ny where \j = <~4—, or
g=1"""9

b) 2 =n2 + (1 —n)z! with n € (0,1).
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Price Decomposition Alternatives to Col Gen

The volume algorithm

m 2 =n%+ (1 —mn)z’ with a suitable € (0, 1);
m 7 =argmax,_; {L(79)};
m the “direction of ascent” is defined by the violation of Z,

i.e. (d — D%), instead of z?;

m the dual price updating rule is computed from 7, instead
of #t: 7+l = max{0,# + €;(d — D2)}.

m Stopping criteria: when ||d — DZ|| < € and
[|cz — #d|| < e.

Adapted conjugate gradient method, the method is equivalent
to making a suitable correction v! in the dual price updating
direction 7' = max{0, 7' + €;,(d — Dz"') + v'}.
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Price Decomposition Alternatives to Col Gen

The bundle method (stabilized col gen)

A2
1na><;{L(7r)—M

>0 n

}

$ (in the case Dz = d)

min{cz + #(d — Dx) +n||d — Dz||* : = € conv(Z)}
Thus, the dual restricted master is a quadratic program:

max y . m;d, +O’—W
SoymDizt+0 < et Vt=1,...,T
T>0,0 € IR
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Price Decomposition Alternatives to Col Gen

Accelerating column generation

> proper initialization (warm start): meaningful dual
solutions 7 from the outset (using a dual heuristic or a
rich initial set of points ¥, produced for instance by the
sub-gradient method)

> pricing strategy: multiple column gen., intelligent
sequence of pricing problems

» stabilization: penalizing deviations of the dual solutions
from a stability center 7t:

max{L(r) + 5(x — )}

» smoothing:

» interior point approaches: ACCPM, convex combination
of dual extreme points. 51 /61




Price Decomposition Alternatives to Col Gen

Stabilization functions

S(m —#)
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Price Decomposition Branch-and-Price

Single subsystem (or multiple non-identical subsystems)

min ZQGG(cx"))\g

deG(ng)Ag > d
geG )‘9 =1
Ag > 0VgeG

o Integrality Test. If \* is integer, or more generally if
Tl= deGxg)\; € Z", stop. z* is an optimal solution of
IP.

e Branching. Select a variable z; for which

= deG xng; ¢ 7. Separate into

XN {z:2 < |2f|} and X N {z: 25 > [z]]}.
m Option 1: the branching constraint is dualized as a
“difficult” constraint
m Option 2: the branching constraint is enforced in the
sub-problem
53 / 61



Price Decomposition Branch-and-Price

Single subsystem: consider the up-branch

e Option 1: The branching constraint goes in the master:

minZ(cmg))\g

geG

> (Dxh)N, > d

geG
ijg)‘g = Mﬂ
geG
doa =1
geG

Ag = 0 g€,

e Option 2: The branching constraint goes in the
subproblem:

G=min{(c—mD)z:z e ZN{z:z > f%*]}}
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Price Decomposition Branch-and-Price

Single subsystem: comparing the 2 options

Strength of the linear programming bound

M = min{er: Dz > d, x € conv(Z),z; > [z}
< ZMLPs

< = min{cz: Dz > d,z € conv(Z N{z :z; > [z]]}

Complexity of the subproblem For option 1 the subproblem is
unchanged, whereas for option 2 the subproblem
may become more complicated.

Getting Integer Solutions If an optimal solution z* of IP is not
an extreme point of conv(Z7), it cannot be
obtained as a solution of the subproblem under
Option 1. Under Option 2, one can eventually
generate a column 29 = z* in the interior of
conv(Z).
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Price Decomposition Branch-and-Price

Multiple identical subsystems (v, = >, A%): the set partitioning case

min deG(cxg)l/g

deGxgug =1
ZgGGVQ = K
vy, > 0Vge G
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Price Decomposition Branch-and-Price

Multiple identical subsystems (v, = >, A%): the set partitioning case

min deG(cxg)l/g

deGxgug =1
ZgGGVQ = K
vy, > 0Vge G

o Integrality Test.
If v is integer, stop. Else, sort columns and disaggregate v:
A =min{l,v, — YR I N (k=Y v)t} VE=1,...,K,ge G
Let 2% =3 o295 Vk. If z € Z" stop.
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Price Decomposition Branch-and-Price

Multiple identical subsystems (v, = >, A%): the set partitioning case

min deG(ch)l/g
deGxgug =1
ZgGGVQ = K
vy, > 0Vge G

o Integrality Test.
If v is integer, stop. Else, sort columns and disaggregate v:
. k— K
A =min{1,vy = Y2 N5 (k=3 L, v) ) VE=1,...,K,g€ G
Let 2% = deaxg)\’; Vk. If x € Z" stop.

v | 1]0 1|2 00 2] 1|00 % 0 % 00

z | 1|1 1|1 1 1 1/ 0[]0 0 00 0 0O

| 1|1 1/0 00 O 1|1 110000

| 1 /0 0|1 1 0 0| 1|1 001100

z, | 0|1 01 01 0| 1|01 01010

k| pke ks ke ks
=>:1:£3=%
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Price Decomposition Branch-and-Price

Multiple identical subsystems (v, = >, A%): the set partitioning case

min deG(ch)l/g

deGxgug =1
ZgGGVQ = K
vy, > 0Vge G

o Integrality Test.
If v is integer, stop. Else, sort columns and disaggregate v:
A =min{l,v, — YR I N (k=Y v)t} VE=1,...,K,ge G
Let 2% =3 o295 Vk. If z € Z" stop.

e Branching. Option 1 and 2 are not useful, as
Y = dec xj’yg = 1 always. Instead, consider two
components ¢ and j. Branch on an auxiliary variable

wj;, using

(wyj= Y. v=0) or (wy= >  v,=1)

91 29— 91 9
g.xi—l,xj =1 g.a:i—l,xj =1
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Price Decomposition Branch-and-Price

The set partitioning case: branching implementation options

Up-branch (w; =" vg=1)

g:xf:l,@f:l
e Option 3: the branching constraint goes in the master

Zg:xf:l,mf:l Vg >1
¢z =min{(c — D)z — pwy : x € Z,wy; < z;, wy < z;, wy; € {0,1}}.

e Option 4: it is implicitly enforced in the sub-problem
CGr=min{(c—7mD)z:z € Z,z; = z;}.

e Option 5: differentiate 2 pricing problems, and enforce
BC explicitly in SP
(sa=min{(c—nmD)z:z € Z,z;, =z, =0}
Gp=min{(c—nD)z:z € Z,z; = 2; = 1}.
deG;,A vy =K —1and ZgEGw vy =1

Strength of the LP bound, Complexity of the SP, Integer Points, ¢



Price Decomposition Branch-and-Price

Multiple identical subsystems: the general case

min{3, e o(cx9)vy : Ygea(Dro)y 2 4,3 e g vy = Kov € R,
e Option 1: branch on the aggregate variables
Yi =D geqTivg=a ¢ L
decxiyug < |a] or decxiyug > [a].

e Option 3 & 4: branch on auxiliary variables (implicit
reformulation) in the master or the SP.
m VRP: edge use
m CSP: arc use of arc flow formulation of SP
e Option 2 & 5: Branch on one (or several) components of
z and differentiate subproblems: if Ygarsy Ve = €L,
Zg:x].gzlj vy 2 o] or Zg:mjgglj—l vy > K — |af
Pricing is carried out independently over the two sets
Z=270{z;>1;} and Z\ Z on both branches.
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Price Decomposition Branch-and-Price

Practical implementation issues

e Initialisation: initial columns (heuristic, sub-gradient,
volume), artificial columns (dual heuristic)

min 327, e\ + X2, Tipi maxy.,mid; + 0
ZtT:l(Dixt))\t—i—pi > d; Vi Y.miDizt+0 < cxtVi
Zthl)‘t = 1 m, < m; Vi
M>0t=1,...,T. p; > 0Vi m>0,0 € IR

e Preprocessing: “proper columns” (that account for
master constraints)

e Stabilization

e Primal heuristics: Restricted master solved as an IP,
rounding, local search.

e Cut generation: based on master constraints.

e Branching strategies: branch on constraints.
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Price Decomposition

Price-and-Price |

min cy
y—z
Y
z

o

m Mm

~

> B

jeJ
2.hi=1

jeJ
geRrl!

¢! = min{rz — 7, € Y}

¢? = min{—7z — po,z € Z}.
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_Price Decomposition Branch-and-Price-and-Cut

The Vehicle Routing Problem

min E Ce Te

eckE

Y oz = 2 VieV\{0,n+1}

Y oz = K Vie{o,n+1}

>z > 2B(S) VSCV\{0,n+1}
z. € {0,1} Ve€eFE,

Z = {g-routes}

mln{ZgEG(Z CeX )A : deG(Eeeﬁ(i) 'Teg))\g =2Vi ev \ {07 n + 1})
oA <K, A, €{0,1} Vg}

ezx\ >2B(5) 2 2[(Xics d:)/ 1

CUTS: dea e€s(9)
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