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Hr‘adkkd Aknbg ‘) Id–qńld K‘mf a) Q‘ln–m Ohmn Od–qdy b ‘mc B‘qknr Tyb‘–sdfth c

‘Rnqanmmd Tmhudqrhsá) BMPR) KGO4) O‘qhr) Eq‘mbd: aBMPR) Tmhudqrhsá O‘qhr,C‘toghmd) ORK) K@LR@CD) O‘qhr)
Eq‘mbd: bBPGK,BMPR) Tmhudqrhsá c&@qsnhr) Kdmr) Eq‘mbd: cDrbtdk‘ cd L‘sdl–shb‘r) E‘btks‘c cd Bhdmbh‘r)
Tmhudqrhc‘c Gmctrsqh‘k cd R‘ms‘mcdq) Atb‘q‘l‘mf‘) Bnknlah‘
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Rdudq‘k s‘rjr hm ‘qsh}bh‘k hmsdkkhfdmbd qdpthqd sgd ‘ahkhsx sn }mclncdkr
‘ants jmnvkdcfd cxm‘lhbr- Sgdx hmbktcd adkhde qduhrhnm) etrhnm ‘mc
adkhde ldqfhmf) ‘mc ‘actbshnm- Hm sghr o‘odq) vd dwoknhs sgd ‘kfdaq‘hb
eq‘ldvnqj ne l‘sgdl‘shb‘k lnqognknfx hm sgd bnmsdws ne oqnonrh,
shnm‘k knfhb ‘mc cd}md nodq‘shnmr rtbg ‘r chk‘shnm nq dqnrhnm ne ‘
rds ne enqltk‘r- Vd cdqhud bnmbqdsd nodq‘snqr) a‘rdc nm ‘ rdl‘mshb
‘ooqn‘bg) sg‘s g‘ud ‘m hmsthshud hmsdqoqds‘shnm ‘mc sg‘s ‘qd enql‘kkx
vdkk adg‘udc) sn odqenql qduhrhnm) etrhnm ‘mc ‘actbshnm- Bnlots‘,
shnm ‘mc sq‘bs‘ahkhsx ‘qd ‘ccqdrrdc) ‘mc rhlokd dw‘lokdr hkktrsq‘sd
sgd l‘hm qdrtksr-
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L‘sgdl‘shb‘k lnqognknfx:
lnqognknfhb: imnvkdcfd
qdoqdrdms‘shnm: imnvkdcfd
cxm‘lhbr: adkhde qduhrhnm:
etrhnm: ‘actbshnm

0- Fmspnctbshnm

Rdudq‘k s‘rjr hm ‘qsh}bh‘k hmsdkkhfdmbd qdpthqd sn ad ‘akd sn }mc lncdkr ‘ants jmnvk,
dcfd cxm‘lhbr- Hm o‘qshbtk‘q) gnv cn adkhder bg‘mfd hm sgd khfgs ne ‘ mdv nardqu‘shnm)
gnv b‘mvd dwsq‘bs ‘ bngdqdms rntqbd ne hmenql‘shnm eqnll‘mx rntqbdr ne hmenql‘shnm
’dudmst‘kkx bnmsq‘chbsnqx( ‘mc gnv b‘m ‘ fhudm nardqu‘shnm ad dwok‘hmdc; ?kk sgdrd
ptdrshnmr e‘kk lnqd oqdbhrdkx tmcdq sgd enkknvhmf snohbr9 adkhde qduhrhnm) adkhde ldqfhmf
nq etrhnm) ‘mc ‘actbshnm) qdrodbshudkx-
Rtbg s‘rjr g‘ud addm enql‘khrdc ‘mc ‘whnl‘shrdc hm u‘qhntr knfhbr- Hs hr nts ne sgd

rbnod ne sghr o‘odq sn qduhdv sgd gtfd ‘lntms ne vnqj cnmd hm sghr chqdbshnm) ‘mc vd
vhkk qdkx nm dwhrshmf onrstk‘sdr) mnv q‘sgdq vhcdkx ‘bbdosdc) rtbg ‘r ?FLonrstk‘sdr enq
qduhrhnm ’J‘srtmn �Ldmcdkynm) 0880() hmsdfqhsx bnmrsq‘hmsr onrstk‘sdr enqldqfhmf ‘mc
etrhnm ’Jnmhdbymx � Ohmn Od–qdy) 0887) 1//1: Jnmhdbymx � Ohmn Od–qdy) 1/00() q‘shnm‘khsx
onrstk‘sdr enq ‘actbshnm ‘mc dwok‘m‘snqx qdk‘shnmr ’Ohmn Od–qdy � Tyb‘–sdfth) 0888: Ohmn
Od–qdy � Tyb‘–sdfth) 1//2(-
Gdqd oqnonrhshnm‘k knfhb hr bnmrhcdqdc) ‘mc oqnonrhshnm‘k enqltk‘r ‘qd trdc sn

dmbncd dhsgdq ohdbdr ne jmnvkdcfd ’vghbg l‘x ad fdmdqhb) enq hmrs‘mbd hmsdfqhsx
bnmrsq‘hmsr) nq e‘bst‘k rtbg ‘r nardqu‘shnmr() nq rtaidbshud hsdlr rtbg ‘r adkhder nq
oqdedqdmbdr- Rtbg enqltk‘r ‘qd sgdm trdc enq bnlokdw qd‘rnmhmf nq cdbhrhnm,l‘jhmf
s‘rjr-

BNMR:BR Gr‘adkkd Aknbg hr‘adkkd-aknbg;rnqanmmd,tmhudqrhsd-eq) hr‘adkkd-aknbg;sdkdbnl,o‘qhr-eq

° 1/12 Gmenql‘ TJ Khlhsdc) sq‘chmf ‘r S‘xknq � Eq‘mbhr Fqnto



311 H- AKNBG DS ?K-

Hm sghr o‘odq) vd oqnonrd sn athkc snnkr enq lncdkkhmf jmnvkdcfd cxm‘lhbr a‘rdc
nm l‘sgdl‘shb‘k lnqognknfx nodq‘snqr ‘ookhdc sn oqnonrhshnm‘k enqltk‘r- L‘sgd,
l‘shb‘k lnqognknfx hr nqhfhm‘kkx a‘rdc nm rds sgdnqx- Hs v‘r hmsqnctbdc hm 0853 ax
L‘sgdqnm ’0856) 0864() sn rstcx onqntr ldch‘- Ats sghr sgdnqx dunkudc q‘ohckx sn ‘
fdmdq‘k sgdnqx ne rg‘od ‘mc hsr sq‘mrenql‘shnmr) ‘mcv‘r ‘ookhdc hm o‘qshbtk‘q hm hl‘fd
oqnbdrrhmf ‘mc o‘ssdqm qdbnfmhshnm ’Rdqq‘) 0871(- ?cchshnm‘kkx sn hsr rds,sgdnqdshb‘k
entmc‘shnmr) hs ‘krn qdkhdr nm snonknfx nm rdsr) nm q‘mcnl rdsr) nm snonknfhb‘k ‘kfdaq‘)
nm hmsdfq‘k fdnldsqx) nm k‘sshbd sgdnqx- Hm o‘qshbtk‘q) sgd fdmdq‘k ‘kfdaq‘hb eq‘ld,
vnqj ne k‘sshbdr ‘kknvr cdudknohmf l‘sgdl‘shb‘k lnqognknfx hm u‘qhntr cnl‘hmr ne
hmenql‘shnm oqnbdrrhmf) adxnmc rdsr ‘mc etmbshnmr) rtbg ‘r etyyx rdsr) knfhbr) fq‘ogr)
gxodqfq‘ogr) enql‘k bnmbdos ‘m‘kxrhr ‘mc rn nm ’Aknbg) 1/00: Aknbg � Aqdssn) 1/02:
Aknbg ds ‘k-) 1//6: Aknbg � K‘mf) 1//1: Qnmrd) 088/(-
Sghr o‘odq ‘hlr sn cdudknol‘sgdl‘shb‘k lnqognknfx hm oqnonrhshnm‘k knfhbr) b‘kkdc

lnqognknfhb) ‘mc sn rgnv sg‘s hs b‘m b‘ostqd l‘mx s‘rjr nq nodq‘snqr hm qduhrhnm)
etrhnm ‘mc ‘actbshnm) rnld ne vghbg ‘qd ‘kqd‘cx jmnvm hm sgd khsdq‘stqd) rnld nsgdqr
‘qd mdv- Sgd ‘lahshnm ne ntq o‘odq hr) adenqd ‘kk) sn rgnv sgd fdmdq‘khsx ne ntq eq‘ld,
vnqj ‘mc hsr ‘ahkhsx sn bnmmdbs ‘tsnl‘sdc qd‘rnmhmf nq cdbhrhnm s‘rjr ‘mc sn rdd sgdl
tmcdq ‘ fdmdqhb tlaqdkk‘-
Vd vhkk l‘jd trd ne svn hlonqs‘ms nodq‘shnmr9 chk‘shnmr ‘mc dqnrhnmr- Hmsthshudkx)

vgdm ‘ookhdc sn ‘ rds) sgd deedbs ne chk‘shnm hr sn dwo‘mc sgd rds vghkd sgd deedbs ne
dqnrhnm hr sn rgqhmj sgd rds-
Sgd enkknvhmf hcd‘r dwok‘hm hmsthshudkx vgx lnqognknfhb hr ‘m ‘cdpt‘sd snnk enq

jmnvkdcfd cxm‘lhbr9

• Adkhde qduhrhnm9 Kds ϕ ‘mcψ ad svn oqnonrhshnm‘k enqltk‘r- Sgdlncdkr ne sgd qduh,
rhnmϕ ◦ ψ neϕ axψ ‘qd sgdlncdkr neψ vghbg ‘qd bknrdrs ’vhsg qdrodbs sn ‘ fhudm
oqnwhlhsx mnshnm( sn ‘lncdk ne ϕ- Hmsthshudkx) trhmf sgd k‘mft‘fd nelnqognknfhb)
hs ld‘mr sg‘s ϕ g‘r sn ad chk‘sdc dmntfg sn adbnld bnmrhrsdms vhsg ψ -

• Adkhde ldqfhmf9 Ehmchmf sgd adrs bnloqnlhrd adsvddm ‘ }mhsd rds ne enqltk‘r
ϕ0)- - -ϕm ‘lntmsr sn rdkdbshmf sgd lncdkr sg‘s lhmhlhrd sgd ‘ffqdf‘shnm ’trhmf
rnld fhudm nodq‘snq( ne sgd chrs‘mbdr sn d‘bg ne sgd ϕh- Sghr ‘lntmsr hmsthshudkx
sn chk‘shmf rhltks‘mdntrkx ‘kk sgd ϕh tmshk sgdx bnmrshstsd ‘ bnmrhrsdms rds-

• ;actbshud qdXrnmhmf9 Oqdedqqdc dwok‘m‘shnmr ne ‘ enqltk‘ ‘qd cd}mdc a‘rdc nm
‘ rds ne ‘whnlr) rdudq‘k ne vghbg adhmf bknrd sn oqnodqshdr ne lnqognknfhb‘k
nodq‘snqr) hm o‘qshbtk‘q dqnrhnm-

?m hlonqs‘ms mnshbd‘akd ‘rodbs hr sg‘s sgd eq‘ldvnqj ne lnqognknfhb fhudr tr mns
nmkx m‘stq‘k ‘mc fdmdq‘k mnshnmr sn cd‘k vhsg l‘mx s‘rjr ne jmnvkdcfd cxm‘lhbr)
ats sghr ‘ooqn‘bg hr ‘krn vdkk adg‘udc- ?bst‘kkx) sgd nodq‘snqr ‘mc qdk‘shnmr nas‘hmdc
uh‘ sgd lnqognknfhb‘k snnkr dminx fnnc q‘shnm‘khsx oqnodqshdr- Lnqdnudq) k‘rs ats mns
kd‘rs) tmcdq bdqs‘hm ‘rrtloshnmr sgdqd ‘qd hmsdqdrshmf v‘xr ne bnlotshmf rnld ne ntq
oqnonrdc nodq‘snqr-
Sgd l‘hm bnmsqhatshnm ne sghr vnqj hr sn oqnonrd rtbg lncdkr hm sgd eq‘ldvnqj ne

lnqognknfhb) a‘rdc nm ‘ rdl‘mshb ‘ooqn‘bg- Nmd hmsdqdrshmf ‘rodbs hr sg‘s sgd oqn,
onrdc nodq‘snqr hmbktcd rnld ne sgd dwhrshmf nmdr ‘mc ‘krn mdv nmdr- Enq d‘bg ne
sgdl) sgd oqnodqshdr vhkk ad ‘m‘kxrdc ‘mc chrbtrrdc- Ehm‘kkx) sgd ntsbnld hr ‘ snnkanw
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ne nodq‘shnm‘k ldsgncr) ‘lnmf vghbg ‘ trdq b‘m bgnnrd ‘bbnqchmf sn sgd qdpthqdc
oqnodqshdr-
Vd g‘ud sn l‘jd hs bkd‘q) gnvdudq) sg‘s ntq oqhl‘qx fn‘k hr mns sn cdudkno aq‘mc

mdv ldsgncr enq qduhrhnm) ldqfhmf nq ‘actbshnm ’dudm he vd cn) hm Rdbshnm 5) oqnonrd
mdv nodq‘snqr(- Mdhsgdq hs hr sn cdrhfm rodbh}b ‘kfnqhsglr enq d‘bg ne sgdrd sxodr ne
qd‘rnmhmf nq cdbhrhnm s‘rjr sg‘s vntkc odqenql adssdq sg‘m dwhrshmf ‘kfnqhsglr- Sgd
nqhfhm‘khsx ne ntq ‘ooqn‘bg hr hsr fdmdq‘khsx9 vd cdudkno mnshnmr ‘mc snnkr sg‘s b‘m ad
‘ookhdc sn ‘ u‘qhdsx ne s‘rjr: vd enbtr nm qduhrhnm) ldqfhmf ‘mc ‘actbshnm l‘hmkx sn
cdlnmrsq‘sd sg‘s hs b‘m ad rtbbdrretkkx ‘ookhdc sn u‘qhntr s‘rjr) ats hs b‘m adlnqd fdm,
dq‘kkx ‘ookhdc sn nsgdq rtacnl‘hmr ne ?H vgdqd chrs‘mbdr ok‘x ‘ l‘inq qnkd ’d-f- ro‘sh‘k
qd‘rnmhmf9 ?hdkkn � Nssdmr) 1//6: ?hfthdq � Aknbg) 1/08: Aknbg) 1//1: Aknbg ds ‘k-) 1/10(-
Sghr o‘odq hr nqf‘mhrdc ‘r enkknvr9 Rdbshnm 1 hr cdunsdc sn sgd oqdrdms‘shnm ne

bnmbdosr hml‘sgdl‘shb‘k lnqognknfx ‘mc sn hmsqnctbd knfhb‘k lnqognknfx ’lnqogn,
knfhb(- Rdbshnm 2 rgnvr sgd fdmdq‘k sdbgmhptdr ne bnlots‘shnm ne sgd nodq‘snqr vgdm
sgd ldsqhb nudq sgd ro‘bd ne u‘kt‘shnmr hr fhudm ax sgd G‘llhmf chrs‘mbd- Rdbshnm 3
hr cdunsdc sn rgnvhmf gnv vdkk,jmnvm qduhrhnm nodq‘snqr b‘m ad hmsdqoqdsdc hm sgd
eq‘ldvnqj ne lnqognknfhb- Rdbshnm 4 oqnonrdr ‘ rhlhk‘q ‘m‘kxrhr hm sgd eq‘ldvnqj ne
etrhnm- Hs rgnvr gnv adkhde ldqfhmf nodq‘snqr b‘m ad hmsdqoqdsdc hm sgd eq‘ldvnqj ne
lnqognknfhb- Rdbshnm 5 hr cdunsdc sn ‘actbshnm ’dwok‘m‘snqx qdk‘shnmr( athks nm lnq,
ognknfhb‘k nodq‘shnmr ‘hlhmf sn b‘ostqd sgd mnshnm ne sgd lnrs bdmsqXk oXqs- A‘rdc nm
‘ bnllnm mnshnm ne oqd,nqcdq qdk‘shnm nmlncdkr) cdqhudc eqnllnqognknfhb‘k nodq‘,
snqr) Rdbshnm 5-2 oqdrdmsr ‘ tmh}dc eq‘ldvnqj enq qduhrhnm ‘mc ‘actbshnm- Hm Rdbshnm 6)
vd }mhrg vhsg rnld bnmbktchmf qdl‘qjr ‘mc odqrodbshudr enq etstqd vnqj-

1- EpnllUsgdlUshbUk lnpognknfx sn knfhbUk lnpognknfx

Hm sghr rdbshnm) vd qdb‘kk sgd l‘hm bnmbdosr ‘mc snnkr trdc hm l‘sgdl‘shb‘k lnqognk,
nfx ‘mc sgdhq hmsdqoqds‘shnm hm l‘sgdl‘shb‘k knfhb- Sghr hmsdqoqds‘shnm hr onrrhakd uh‘
sgd hcdmsh}b‘shnm adsvddm ‘ knfhb‘k enqltk‘ ‘mc ‘ rds ne hmsdqoqds‘shnmr ’hsr lncdkr( hm
sgd eq‘ldvnqj ne }mhsd oqnonrhshnm‘k knfhb-

1-.- :kfdapUhb epUldvnpi6 bnlokdsd kUsshbdr

L‘sgdl‘shb‘k lnqognknfx qdkhdr nm bnmbdosr ‘mc snnkr eqnl u‘qhntr aq‘mbgdr ne
l‘sgdl‘shbr9 ‘kfdaq‘ ’k‘sshbd sgdnqx() snonknfx) chrbqdsd fdnldsqx) hmsdfq‘k fdnl,
dsqx) fdnldsqhb‘k oqna‘ahkhsx) o‘qsh‘k cheedqdmsh‘k dpt‘shnmr) dsb- ’L‘sgdqnm) 0864:
Rdqq‘) 0871(: hm e‘bs ‘mx l‘sgdl‘shb‘k sgdnqx sg‘s cd‘kr vhsg rg‘odr) sgdhq bnlahm‘,
shnmr nq sgdhq dunktshnm) b‘m ad aqntfgs sn bnmsqhatsd sn lnqognknfhb‘k sgdnqx- Vgdm
‘cnoshmf ‘ knfhbr onhms ne uhdv) sgd ‘kfdaq‘hb eq‘ldvnqj hr o‘qshbtk‘qkx qdkdu‘ms) ‘mc
vd vhkk bnmbdmsq‘sd nm hs hm sgd rdptdk-
Sgd a‘rhb rsqtbstqd hm sghr eq‘ldvnqj hr ‘ bnlokdsd k‘sshbd (K)≤(0- Vd cdmnsd sgd

rtoqdltl ax
∧
) sgd hm}ltl ax

∑
) sgd rl‘kkdrs dkdldms ax /K ‘mc sgd fqd‘sdrs

dkdldms ax 0K- Vd g‘ud /K +
∑

K +
∧

¬ ‘mc 0K +
∧

K +
∑

¬- Sgd eq‘ldvnqj ne bnl,
okdsd k‘sshbdr hr etmc‘ldms‘k hm l‘sgdl‘shb‘k lnqognknfx) ‘r dwok‘hmdc ax Gdhil‘mr
‘mc Qnmrd ’088/() Qnmrd ‘mc Gdhil‘mr ’0880( ‘mc Qnmrd ’088/(-
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?kk sgd enkknvhmf cd}mhshnmr ‘mc qdrtksr ‘qd cds‘hkdc hm sdwsannjr nm l‘sgdl‘sh,
b‘k lnqognknfx ’Gdhil‘mr) 0883: M‘il‘m � S‘kans) 1/0/: Rdqq‘) 0877(- Vd qdrsqhbs sgd
oqdrdms‘shnm sn nodq‘snqr eqnl (K)≤( hmsn hsrdke-
?m ‘kfdaq‘hb chk‘shnm hr cd}mdc ‘r ‘m nodq‘snq δ nm K sg‘s bnlltsdr vhsg sgd rtoqd,

ltl) ‘mc ‘m ‘kfdaq‘hb dqnrhnm ‘r ‘m nodq‘snq ε sg‘s bnlltsdr vhsg sgd hm}ltl) h-d-
enq dudqx e‘lhkx (wh(h∈H ne dkdldmsr ne K ’}mhsd nq mns() vgdqd H hr ‘m hmcdw rds) vd g‘ud

δ

{
∨

h∈H

wh

)

+
∨

h∈H

δ(wh() ’0(

ε

{
∧

h∈H

wh

)

+
∧

h∈H

ε(wh(- ’1(

Sgdrd ‘qd sgd svn l‘hm nodq‘snqr) eqnl vghbg ‘ kns ne nsgdqr b‘m ad athks-
?lnmf sgd mtldqntr dw‘lokdr ne bnlokdsd k‘sshbdr) nmd vhkk ad o‘qshbtk‘qkx hmsdq,

drshmf enq sgd dwsdmrhnm sn knfhbr9 (O(D()⊆() sgd rds ne rtardsr ne ‘ rds D) dmcnvdc vhsg
sgd rds,sgdnqdshb‘k hmbktrhnm- Hs hr ‘ Annkd‘m k‘sshbd ’h-d- bnlokdldmsdc ‘mc chrsqhatshud(-
Sgd rl‘kkdrs ‘mc fqd‘sdrs dkdldmsr ‘qd /K + ¬ ‘mc 0K + D) qdrodbshudkx-
?kfdaq‘hb chk‘shnmr ‘mc dqnrhnmr hm (K)≤( r‘shrex sgd enkknvhmf oqnodqshdr9

• δ(/K( + /K ‘mc ε(0K( + 0K)
• δ ‘mc ε ‘qd hmbqd‘rhmf vhsg qdrodbs sn sgd o‘qsh‘k nqcdqhmf nm K)
• hm (O(D()⊆() δ(W( + ˇw∈Wδ({w{(-

?mnsgdq hlonqs‘ms bnmbdos hr sgd nmd ne ‘citmbshnm- ? o‘hq ne nodq‘snqr (ε) δ(
cd}mdr ‘m ‘citmbshnm nm (K)≤( he

∀(w) x( ∈ K1) δ(w( ≤ x ⇔ w ≤ ε(x(- ’2(

He ‘ o‘hq ne nodq‘snqr (ε) δ( cd}mdr ‘m ‘citmbshnm) sgd enkknvhmf hlonqs‘ms oqnodqshdr
gnkc9

• δ(/K( + /K ‘mc ε(0K( + 0K:
• δ hr ‘ chk‘shnm ‘mc ε hr ‘m dqnrhnm ’hm sgd ‘kfdaq‘hb rdmrd dwoqdrrdc ax Dpt‘,
shnmr ’0( ‘mc ’1((:

• δε ≤ Hc) vgdqd Hc cdmnsdr sgd hcdmshsx l‘oohmf nm K ’h-d- δε hr ‘msh,dwsdmrhud(:
• Hc ≤ εδ ’h-d- εδ hr dwsdmrhud(:
• δεδε + δε ‘mc εδεδ + εδ) h-d- sgd bnlonrhshnm ne ‘ chk‘shnm ‘mc ‘m dqnrhnm ‘qd
hcdlonsdms nodq‘snqr ’δε hr b‘kkdc ‘ lnqognknfhb‘k nodmhmf ‘mc εδ ‘ lnqogn,
knfhb‘k bknrhmf(-

Sgd enkknvhmf qdoqdrdms‘shnm sgdnqdlgnkcr9 ‘m hmbqd‘rhmf nodq‘snq δ hr ‘m ‘kfdaq‘hb
chk‘shnm hee sgdqd hr ‘m nodq‘snq ε rtbg sg‘s (ε) δ( hr ‘m ‘citmbshnm: sgd nodq‘snq ε hr sgdm
‘m ‘kfdaq‘hb dqnrhnm ‘mc ε(w( +

∧
{x ∈ K) δ(x( ≤ w{- Rhlhk‘qkx) ‘m hmbqd‘rhmf nodq‘snq

ε hr ‘m ‘kfdaq‘hb dqnrhnm hee sgdqd hr ‘m nodq‘snq δ rtbg sg‘s (ε) δ( hr ‘m ‘citmbshnm: sgd
nodq‘snq δ hr sgdm ‘m ‘kfdaq‘hb chk‘shnm ‘mc δ(w( +

∑
{x ∈ K) ε(x( ≥ w{-
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Ehm‘kkx) kds δ ‘mc ε ad svn hmbqd‘rhmf nodq‘snqr rtbg sg‘s δε hr ‘msh,dwsdmrhud ‘mc εδ

hr dwsdmrhud- Sgdm (ε) δ( hr ‘m ‘citmbshnm-
Etqsgdq oqnodqshdr ‘mc cdqhudc nodq‘snqr b‘m ad entmc hm rdlhm‘k vnqjr ’Gdhi,

l‘mr) 0883: Rdqq‘) 0871) 0877( nq hm lnqd qdbdms nmdr ’Aknbg ds ‘k-) 1//6: M‘il‘m
� S‘kans) 1/0/(-
Hm sghr o‘odq) sgd e‘bs sg‘s chk‘shnmr ‘mc dqnrhnmr ‘qd hmbqd‘rhmf nodq‘snqr sg‘s

bnlltsd vhsg sgd rtoqdltl ‘mc sgd hm}ltl) qdrodbshudkx) vhkk ok‘x ‘m hlonqs‘ms
qnkd-

1-1- Psptbstphmf dkdldms Umc lnpognknfhbUk chkUshnmr Umc dpnrhnmr

Kds tr mnv bnmrhcdq sgd k‘sshbd (O(D()⊆( ne sgd rtardsr ne D- Vd g‘ud δ(W( +
ˇw∈Wδ({w{(- He D hr ‘ udbsnqh‘k nq ldsqhb ro‘bd ’d-f- Nm() ‘mc he δ ‘mc ε ‘qd ‘cchshnm‘kkx
rtoonrdc sn ad hmu‘qh‘ms tmcdq sq‘mrk‘shnm) sgdm hs b‘m ad oqnudc sg‘s sgdqd dwhrsr ‘
rtards A) b‘kkdc rsqtbstqhmf dkdldms) rtbg sg‘s

δ(W( + {w ∈ D | =Aw ∩ W ∈+ ¬{ ’3(

‘mc

ε(W( + {w ∈ D | Aw ⊆ W{) ’4(

vgdqd Aw cdmnsdr sgd sq‘mrk‘shnm ne A ‘s onhms w ’h-d- w + A() ‘mc =A hr sgd rxlldsqhb‘k
rds ne A vhsg qdrodbs sn sgd nqhfhm ’h-d- x ∈ Aw hee w ∈ =Ax(- Sgd nodq‘snqr ‘qd sgdm b‘kkdc
lnqognknfhb‘k chk‘shnmr ‘mc dqnrhnmr- Cds‘hkr nm sgdrd cd}mhshnmr ‘mc sgdhq oqnodqshdr
b‘m ad entmc) d-f- hm Aknbg ds ‘k- ’1//6() Gdhil‘mr ’0883() M‘il‘m ‘mc S‘kans ’1/0/( ‘mc
Rdqq‘ ’0871(-
Sgd rsqtbstqhmf dkdldms Acd}mdr ‘ mdhfgantqgnnc sg‘s hr bnmrhcdqdc ‘s d‘bg onhms-

Sghr hr sxohb‘kkx sgd b‘rd hm hl‘fd oqnbdrrhmf ‘mc bnlotsdq uhrhnm) vgdqd sgd tmcdqkx,
hmf k‘sshbd hr athks nm rdsr nq etmbshnmr ne sgd ro‘sh‘k cnl‘hm- Hs hr ‘ rtards ne D vhsg }wdc
rg‘od ‘mc rhyd) chqdbskx hmfitdmbhmf sgd dwsdms ne sgd lnqognknfhb‘k nodq‘shnmr- Hs hr
fdmdq‘kkx ‘rrtldc sn ad bnlo‘bs) rn ‘r sn ft‘q‘msdd fnnc oqnodqshdr- Hm sgd chrbqdsd
b‘rd ’sg‘s vhkk ad bnmrhcdqdc sgqntfgnts sghr o‘odq() vd ‘rrtld sg‘s hs hr bnmmdbsdc)
‘bbnqchmf sn ‘ chrbqdsd bnmmdbshuhsx cd}mdc nm D-
Sgd fdmdq‘k oqhmbhokd tmcdqkxhmf lnqognknfhb‘k nodq‘snqr bnmrhrsr hm sq‘mrk‘shmf

sgd rsqtbstqhmf dkdldms ‘s dudqx onrhshnm hm ro‘bd ‘mc bgdbjhmf he sghr sq‘mrk‘sdc rsqtb,
stqhmf dkdldms r‘shr}dr rnld qdk‘shnm vhsg sgd nqhfhm‘k rds ’hmsdqrdbshnm enq chk‘shnm)
Dpt‘shnm 3) hmbktrhnm enq dqnrhnm) Dpt‘shnm 4( ’Rdqq‘) 0871(-
?m dw‘lokd nm ‘ ahm‘qx hl‘fd hr chrok‘xdc hm Ehftqd 0-
Sgd rsqtbstqhmf dkdldms b‘m ‘krn ad rddm ‘r ‘ ahm‘qx qdk‘shnm adsvddm onhmsr ’Aknbg

ds ‘k-) 1//6() h-d- x ∈ Aw hee Q(w) x( vgdqd Q cdmnsdr ‘ qdk‘shnm nm D · D- Chk‘shnm ‘mc
dqnrhnm ‘qd sgdm dwoqdrrdc ‘r enkknvr9

δ(W( + {w ∈ D | ∃x ∈ W ) Q(x) w({)
ε(W( + {w ∈ D | ∀x ∈ D) Q(w) x( ⇒ x ∈ W{-

Sgdrd enqltk‘r ‘ookx enq ‘mx ahm‘qx qdk‘shnm Q- He ‘mc nmkx he Q hr qdfidwhud ’h-d- Q(w) w( enq
‘kk w() sgdm δ hr dwsdmrhud ’W ⊆ δ(W(( ‘mc ε hr ‘msh,dwsdmrhud ’ε(W( ⊆ W(- Sgdrd oqnodq,
shdr gnkc hm sgd b‘rd hkktrsq‘sdc hm Ehftqd 0- Sgd naidbsr hm sgd nqhfhm‘k hl‘fd ‘qd sgdm
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Agerlb 0� ’‘( Rsqtbstqhmf dkdldms � ’a‘kk ne sgd Dtbkhcd‘m chrs‘mbd(: ’a( rtards S hm sgd Dtbkhcd‘m ok‘md
’hm vghsd(: ’b( hsr chk‘shnm δ�(S(: ’c( hsr dqnrhnm ε�(S(-

dwo‘mcdc ax chk‘shnm) sn ‘m dwsdms sg‘s cdodmcr nm sgd rg‘od ‘mc sgd rhyd ne sgd rsqtb,
stqhmf dkdldms) ‘mc qdctbdc ax dqnrhnm- Rhlhk‘q hmsdqoqds‘shnmr gnkc enq ‘mx qdk‘shnm Q)
‘mc sgdrd oqnodqshdr vhkk ‘krn ad hlonqs‘ms hm sgd qdl‘hmcdq ne sghr o‘odq-

1-2- EUsshbd ne enpltkUr Umc lnpognknfhb

Sgd hcd‘ ne trhmf l‘sgdl‘shb‘k lnqognknfx hm ‘ knfhb‘k eq‘ldvnqj v‘r }qrs hmsqn,
ctbdc ax Aknbg ‘mc K‘mf ’1///( ‘mc Aknbg ‘mc K‘mf ’1//1(- Kds OR ad ‘ }mhsd rds ne
oqnonrhshnm‘k rxlankr) vhsg |OR| + M- Sgd rds ne enqltk‘r ’fdmdq‘sdc ax OR ‘mc sgd
trt‘k bnmmdbshudr( hr cdmnsdc ax &- Vdkk,enqldc enqltk‘r ‘qd cdmnsdc ax Fqddj kds,
sdqr ϕ)ψ . . . Sgd rds ne ‘kk hmsdqoqds‘shnmr enq& hr cdmnsdc ax( + 1|OR|) hmsdqoqds‘shnmr
‘qd cdmnsdc ax ω) ω⇔ . . .) ‘mc ZZϕ[[ + {ω ∈ ( |ω |+ ϕ{ hr sgd rds ne ‘kk lncdkr ne ϕ ’h-d- ‘kk
hmsdqoqds‘shnmr enq vghbg ϕ hr sqtd(-
Sgd tmcdqkxhmf hcd‘ enq bnmrsqtbshmf lnqognknfhb‘k nodq‘shnmr nm knfhb‘k enqlt,

k‘r hr sn bnmrhcdq enqltk‘r ‘mc hmsdqoqds‘shnmr eqnl ‘ rds,sgdnqdshb‘k odqrodbshud- Rhmbd
& hr hrnlnqoghb sn 1( to sn sgd rxms‘bshb dpthu‘kdmbd) h-d- jmnvhmf ‘ enqltk‘ cd}mdr
bnlokdsdkx sgd rds ne hsr lncdkr ’‘mc bnmudqrdkx) ‘mx rds ne lncdkr bnqqdronmcr sn ‘
rtards ne & athks ne rxms‘bshb dpthu‘kdms enqltk‘r() vd b‘m hcdmshex ϕ vhsg sgd rds ne
hsr lncdkr ZZϕ[[) ‘mc sgdm ‘ookx rds,sgdnqdshb lnqognknfhb‘k nodq‘shnmr- Vd qdb‘kk sg‘s
ZZϕ ∨ ψ [[ + ZZϕ[[ ˇ ZZψ [[) ZZϕ ∧ ψ [[ + ZZϕ[[ ∩ ZZψ [[) ZZϕ[[ ⊆ ZZψ [[ hee ϕ |+ ψ ) ‘mc ϕ hr bnmrhrsdms
hee ZZϕ[[ ∈+ ¬- Bnmrhcdqhmf sgd hmbktrhnm qdk‘shnm nm 1() (1()⊆( hr ‘ Annkd‘m bnlokdsd k‘s,
shbd- Rhlhk‘qkx) ‘ k‘sshbd ’vghbg hr hrnlnqoghb sn 1(( hr cd}mdc nm&•) vgdqd&• cdmnsdr
sgd ptnshdms ro‘bd ne& ax sgd dpthu‘kdmbd qdk‘shnm adsvddm enqltk‘r ’vhsg sgd dpthu,
‘kdmbd cd}mdc ‘r ϕ • ψ hee ZZϕ[[ + ZZψ [[(- Hm sgd enkknvhmf) sghr hr hlokhbhskx ‘rrtldc) ‘mc
vd rhlokx trd sgd mns‘shnm &- ?mx rtards {ϕh) h ∈ H{ ne &) vgdqd H hr ‘m hmcdw rds) g‘r ‘
rtoqdltl

∧
h∈H ϕh) ‘mc ‘m hm}ltl

∑
h∈H ϕh ’bnqqdronmchmf qdrodbshudkx sn tmhnm ‘mc

hmsdqrdbshnm hm 1((- Sgd fqd‘sdrs dkdldms hr∅ ‘mc sgd rl‘kkdrs nmd hr⊥ ’bnqqdronmchmf
qdrodbshudkx sn 1( ‘mc ¬(-
A‘rdc nm sghr k‘sshbd rsqtbstqd) hs hr rsq‘hfgsenqv‘qc sn cd}md ‘ chk‘shnm ‘r ‘m nodq,

‘shnm sg‘s bnlltsdr vhsg sgd rtoqdltl ‘mc ‘m dqnrhnm ‘r ‘m nodq‘shnm sg‘s bnl,
ltsdr vhsg sgd hm}ltl) ‘r hm Dpt‘shnmr ’0( ‘mc ’1(- Sgdx m‘stq‘kkx hmgdqhs ‘kk fdmdq‘k
oqnodqshdr ne sgd ‘kfdaq‘hb eq‘ldvnqj-
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1-3- LnpognknfhbUk chkUshnm Umc dpnrhnm ne knfhbUk enpltkUr

Trhmf sgd oqduhntr dpthu‘kdmbdr) vd oqnonrd sn cd}mdlnqognknfhb‘k chk‘shnm ‘mc dqn,
rhnm ne ‘ enqltk‘ vhsg ‘ rsqtbstqhmf dkdldms ‘r enkknvr) ‘bbnqchmf sn sgd oqdkhlhm‘qx
vnqj ax Aknbg ‘mc K‘mf ’1///( ‘mc Aknbg ‘mc K‘mf ’1//1(- Sgd tmcdqkxhmf k‘sshbd hr
(&•) |+() nq dpthu‘kdmskx (1()⊆(- Rhmbd sgdrd svn k‘sshbdr ‘qd hrnlnqoghb) vd vhkk trd
sgd r‘ld mns‘shnmr enq lnqognknfhb‘k nodq‘shnmr nm d‘bg ne sgdl-

Cdzmhshnm 1-09 ? lnqognknfhb‘k chk‘shnm ne ‘ enqltk‘ ϕ vhsg ‘ rsqtbstqhmf dkdldms A
’A ∈ 1(( hr cd}mdc sgqntfg hsr lncdkr ‘r

ZZδA(ϕ([[ + δA(ZZϕ[[( + {ω ∈ ( | =Aω ∧ ϕ bnmrhrsdms{- ’5(

Rhlhk‘qkx) ‘ lnqognknfhb‘k dqnrhnm hr cd}mdc ‘r

ZZεA(ϕ([[ + εA(ZZϕ[[( + {ω ∈ ( | Aω |+ ϕ{- ’6(

Hm sgdrd dpt‘shnmr) sgd rsqtbstqhmf dkdldms A qdoqdrdmsr ‘ qdk‘shnmrgho adsvddm
vnqkcr) h-d- ω⇔ ∈ Aω hee ω⇔ r‘shr}dr rnld qdk‘shnmrgho vhsg ω- Sgd bnmchshnm hm
Dpt‘shnm ’5( dwoqdrrdr sg‘s sgd rds ne vnqkcr hm qdk‘shnm sn ω rgntkc ad bnmrhrsdms vhsg
ϕ- Sgd bnmchshnm hm Dpt‘shnm ’6( hr rsqnmfdq ‘mc dwoqdrrdr sg‘s ‘kk vnqkcr hm qdk‘shnm
sn ω rgntkc ad lncdkr ne ϕ- Mnsd sg‘s hm sghr o‘odq) vd nmkx bnmrhcdq rxlldsqhb‘k
rsqtbstqhmf dkdldmsr-
Sgdqd ‘qd rdudq‘k onrrhakd v‘xr sn cd}md rsqtbstqhmf dkdldmsr hm sgd bnmsdws ne enq,

ltk‘r- Vd rtffdrs ‘ edv nmdr gdqd- Sgd qdk‘shnmrgho b‘m ad ‘mx qdk‘shnmrgho adsvddm
vnqkcr ‘mc cd}mdr ‘ _mdhfgantqgnnc& ne vnqkcr- He hs hr rxlldsqhb‘k) hs kd‘cr sn rxl,
ldsqhb‘k rsqtbstqhmf dkdldmsr- He hs hr qdfidwhud) hs kd‘cr sn rsqtbstqhmf dkdldmsr rtbg
sg‘s ω ∈ Aω ) vghbg kd‘cr sn hmsdqdrshmf oqnodqshdr) ‘r vhkk ad rddm k‘sdq- Enq hmrs‘mbd)
sghr qdk‘shnmrgho b‘m ad ‘m ‘bbdrrhahkhsx qdk‘shnm ‘r hm mnql‘k lnc‘k knfhbr ’Gtfgdr
� Bqdrrvdkk) 0857( ’rdd Aknbg) 1//1 enq hsr trd sn cd}md lnc‘khshdr ‘r lnqognknfhb‘k
nodq‘snqr(-
?m hmsdqdrshmf v‘x sn bgnnrd sgd qdk‘shnmrgho hr sn a‘rd hs nm chrs‘mbdr adsvddm

vnqkcr- Sghr ‘kknvr cd}mhmf rdptdmbdr ne hmbqd‘rhmf rsqtbstqhmf dkdldmsr cd}mdc
‘r sgd a‘kkr ne ‘ chrs‘mbd- Eqnl ‘mx chrs‘mbd c adsvddm vnqkcr ’c 9 ( · ( → N+()
‘ chrs‘mbd eqnl ‘ vnqkc sn ‘ enqltk‘ hr cdqhudc ‘r ‘ chrs‘mbd eqnl ‘ onhms sn ‘ rds9
c(ω)ϕ( + lhmω⇔|+ϕ c(ω)ω⇔(- Ne o‘qshbtk‘q hlonqs‘mbd hr sgd G‘llhmf chrs‘mbd cG)
vgdqd cG(ω)ω⇔( hr sgd mtladq ne oqnonrhshnm‘k rxlankr sg‘s ‘qd hmrs‘msh‘sdc cheedq,
dmskx hmω ‘mcω⇔- Hs hr sgdlnrs bnllnmkx trdc chrs‘mbd adsvddmvnqkcr ’nqlnqd fdm,
dq‘kkx ldladqr ne ‘ bnlahm‘snqh‘k cnl‘hm() ansg hm ‘tsnl‘sdc qd‘rnmhmf ’drodbh‘kkx
hm adkhde qduhrhnm) C‘k‘k) 0877: adkhde toc‘sd) J‘srtmn � Ldmcdkynm) 0880: ‘mc ldqf,
hmf) Jnmhdbymx � Ohmn Od–qdy) 0887( ‘mc hm oqdedqdmbd g‘mckhmf ’drodbh‘kkx hm bnlo‘bs
oqdedqdmbd qdoqdrdms‘shnm) K‘e‘fd � K‘mf) 1//4) ‘mc unshmf) Aq‘lr ds ‘k-) 1//6(-
Ax cde‘tks) vd s‘jd c sn ad cG) ‘mc sghr hr sgd chrs‘mbd vd vhkk trd hm lnrs ne sgd

dw‘lokdr cdudknodc hm sghr o‘odq- Hm sghr b‘rd) sgd chrs‘mbd s‘jdr u‘ktdr hm N- Sgd
dwsdmrhnm ne vg‘s enkknvr sn chrs‘mbdr s‘jhmf u‘ktdr hm N+ hr rsq‘hfgsenqv‘qc- Mnsd
sg‘s ‘kk vg‘s enkknvr ‘ookhdr enq fdmdq‘k chk‘shnmr) mns mdbdrr‘qhkx cdqhudc eqnl cG-
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Sgdm chk‘shnm ‘mc dqnrhnm ne rhyd m ‘qd cd}mdc eqnl Dpt‘shnmr ’5( ‘mc ’6( ax trhmf
sgd chrs‘mbd a‘kkr ne q‘chtr m ‘r rsqtbstqhmf dkdldmsr ’h-d- Am

ω + {ω⇔ | c(ω)ω⇔( ≤ m{(9

ZZδm(ϕ([[ + {ω ∈ ( | ∃ω⇔ ∈ ()ω⇔ |+ ϕ ‘mc c(ω)ω⇔( ≤ m{ + {ω ∈ ( | c(ω)ϕ( ≤ m{) ’7(

ZZεm(ϕ([[ + {ω ∈ ( | ∀ω⇔ ∈ () c(ω)ω⇔( ≤ m ⇒ ω⇔ |+ ϕ{ + {ω ∈ ( | c(ω)¬ϕ( / m{- ’8(

Mnsd sg‘s vd g‘ud δ/(ϕ( + ε/(ϕ( + ϕ- Ax bnmudmshnm) vgdm sgdqd hr mn ‘lahfthsx) vd
vhkk rds δ(ϕ( + δ0(ϕ( ‘mc ε(ϕ( + ε0(ϕ(- Lnqd fdmdq‘kkx) vg‘sdudq sgd nodq‘snq e) vd
cd}md e0(ϕ( + e (ϕ( ‘mc e m(ϕ( + e (e m−0(ϕ(( enq m/0-
Eqnl nodq‘shnmr vhsg sgd tmhs a‘kk vd cd}md sgd dwsdqm‘k ’qdrodbshudkx hmsdqm‘k(

antmc‘qx ne ϕ ‘r δ0(ϕ( ∧ ¬ϕ ’qdrodbshudkx ϕ ∧ ¬ε0(ϕ(() bnqqdronmchmf sn sgd vnqkcr
sg‘s ‘qd dw‘bskx ‘s chrs‘mbd 0 ne ϕ ’qdrodbshudkx ne¬ϕ(-
?r ‘m hkktrsq‘shud dw‘lokd) kds tr bnmrhcdq sgd b‘rd vgdqd vd g‘ud sgqdd oqnon,

rhshnm‘k rxlankr X) a ‘mc b- Sgd rds ne vnqkcr ( sgdm g‘r dhfgs dkdldmsr) vghbg
b‘m ad qdoqdrdmsdc ‘r sgd udqshbdr ne ‘ btad- Hm sghr dw‘lokd) vd bnmrhcdq sgd tmhs
btad ne N2 ’enq M oqnonrhshnm‘k rxlankr) sghr fdmdq‘khrdr sn sgd gxodqbtad ne NM(-
Enq sgd r‘jd ne rhlokhbhsx) vd ‘rrhlhk‘sd ‘ enqltk‘ enqldc ax ‘ rhlokd bnmitmbshnm
ne rxlankr vhsg hsr bnqqdronmchmf lncdk- Enq hmrs‘mbd) X ∧ a ∧ b hr ‘rrhlhk‘sdc sn
sgd bnqqdronmchmf vnqkc hm 1() qdoqdrdmsdc ax sgd onhms (0) 0) 0( hm sgd tmhs btad-
Sgd dcfdr khmj svn vnqkcr cheedqhmf ax nmd hmrs‘msh‘shnm ne ‘ oqnonrhshnm‘k rxlank
’h-d- ‘s ‘ G‘llhmf chrs‘mbd ne 0(- Enq hmrs‘mbd) udqshbdr qdoqdrdmshmf X ∧ a ∧ b ‘mc
¬X ∧ a ∧ b ‘qd khmjdc ax ‘m dcfd ’vd g‘ud c(X ∧ a ∧ b)¬X ∧ a ∧ b( + 0(- Sghr hr ‘ bnm,
udmhdms qdoqdrdms‘shnm enq fq‘oghb‘kkx hkktrsq‘shmf sgd lnqognknfhb‘k nodq‘shnmr) ‘r
rgnvm hm Ehftqdr 1 ‘mc 2- Sgd a‘kkr ne sgd G‘llhmf chrs‘mbd ‘qd trdc ‘r rsqtbstq,
hmf dkdldmsr- Hm Ehftqd 1) vd bnmrhcdq ‘ enqltk‘ ϕ + (X ∧ a ∧ b( ∨ (¬X ∧ ¬a ∧ b(- Hsr
chk‘shnm ’ne rhyd 0) h-d- ax ‘ a‘kk ne q‘chtr 0( hr sgdm δ(ϕ( + ¬((X ∧ ¬a ∧ ¬b( ∨ (¬X ∧ a ∧
¬b(( + (¬X ∨ a ∨ b( ∧ (X ∨ ¬a ∨ b(- Sgd chk‘shnm ne rhyd nmd itrs ‘lntmsr sn ‘cchmf
sn sgd udqshbdr qdoqdrdmshmf ϕ sgd udqshbdr khmjdc ax ‘m dcfd sn sgdl- Hm Ehftqd 2)
‘m dw‘lokd ne dqnrhnm hr hkktrsq‘sdc) enq ϕ + (X ∧ a ∧ b( ∨ (¬X ∧ a ∧ b( ∨ (X ∧ ¬a ∧
b( ∨ (¬X ∧ ¬a ∧ b( ∨ (¬X ∧ ¬a ∧ ¬b( + b ∨ (¬X ∧ ¬a(- Sgd dqnrhnm ne rhyd 0 hr sgdm
ε(ϕ( + ¬X ∧ ¬a ∧ b- Hs ‘lntmsr sn jddohmf hm sgd qdrtks nmkx sgd udqshbdr g‘uhmf ‘kk
sgdhq mdhfgantqr ’‘bbnqchmf sn sgd fq‘og cd}mdc ax sgd btad( hm ZZϕ[[-
Sgd l‘hm oqnodqshdr ne chk‘shnm ‘mc dqnrhnm) vghbg ‘qd r‘shr}dc hm l‘sgdl‘sh,

b‘k lnqognknfx nm rdsr) gnkc ‘krn hm sgd knfhb‘k rdsshmf oqnonrdc gdqd- Sgdx ‘qd

Agerlb 1� Dw‘lokd ne ‘ chk‘shnm ne rhyd 09 ϕ + (X ∧ a ∧ b( ∨ (¬X ∧ ¬a ∧ b( ‘mc δ(ϕ( + (¬X ∨ a ∨
b( ∧ (X ∨ ¬a ∨ b(- Mnsd sg‘s hm ‘kk zftqdr) sgd lncdkr ne sgd enqltk‘r ‘qd qdoqdrdmsdc- Mnsd sg‘s sghr
zftqd ‘mc sgd mdws nmdr l‘x ad adrs rddm hm bnkntqr nm sgd nmkhmd udqrhnm ne sghr o‘odq-



INTQM?K NE ?OOKHDC MNM,BK?RRHB?K KNFHBR 318

Agerlb 2� Dw‘lokd ne ‘m dqnrhnm ne rhyd 09 ϕ + (X ∧ a ∧ b( ∨ (¬X ∧ a ∧ b( ∨ (X ∧ ¬a ∧ b( ∨ (¬X ∧
¬a ∧ b( ∨ (¬X ∧ ¬a ∧ ¬b( + (b ∨ (¬X ∧ ¬a(( ‘mc ε(ϕ( + ¬X ∧ ¬a ∧ b-

rtll‘qhrdc adknv- Sgd oqnner ‘qd mns fhudm gdqd) ats sgdx ‘qd rsq‘hfgsenqv‘qc a‘rdc
nm rds.knfhb dpthu‘kdmbdr-
Sgd chk‘shnmr ‘mc dqnrhnmr cd}mdc hm Dpt‘shnmr ’5() ’6() ’7() ‘mc ’8( g‘ud sgd

enkknvhmf oqnodqshdr9

:citmbshnm pdkUshnm9 (εA) δA( hr ‘m ‘citmbshnm) h-d- δA(ψ( |+ ϕ hee ψ |+ εA(ϕ()
enq ‘mx rsqtbstqhmf dkdldms A- Sghr rgnvr sg‘s sgd oqnonrdc cd}mhshnmr ‘qd ‘
o‘qshbtk‘q b‘rd ne fdmdq‘k ‘kfdaq‘hb chk‘shnmr ‘mc dqnrhnmr-
BnlltsUshuhsx vhsg tmhnm np hmsdprdbshnm9 Chk‘shnm bnlltsdr vhsg tmhnm nq
chritmbshnm ’sghr hr ‘ etmc‘ldms‘k oqnodqsx ne chk‘shnm ‘r ldmshnmdc hm sgd fdm,
dq‘k ‘kfdaq‘hb eq‘ldvnqj) ‘mc hr cdqhudc eqnl sgd ‘citmbshnm oqnodqsx(9 enq ‘mx
e‘lhkx ϕ0) . . . ϕl ne enqltk‘r) vd g‘ud9 δA(∨l

h+0ϕh( + ∨l
h+0δA(ϕh(- Dqnrhnm nm sgd

nsgdq g‘mc bnlltsdr vhsg hmsdqrdbshnm nq bnmitmbshnm- Mnsd sg‘s sghr oqnodqsx
hr s‘jdm ‘r cd}mhshnm hm b‘rd ne ‘ fdmdq‘k ‘kfdaq‘hb chk‘shnm nq dqnrhnm-
Hm fdmdq‘k) chk‘shnm ’qdrodbshudkx dqnrhnm( cndr mns bnlltsd vhsg hmsdqrdb,

shnm ’qdrodbshudkx tmhnm() ‘mc nmkx ‘m hmbktrhnm qdk‘shnm gnkcr9 δA(ϕ ∧ ψ( |+
δA(ϕ( ∧ δA(ψ(-
Lnmnsnmhbhsx9 Ansg nodq‘snqr ‘qd hmbqd‘rhmf vhsg qdrodbs sn ϕ) h-d- he ϕ |+ ψ )
sgdm δA(ϕ( |+ δA(ψ( ‘mc εA(ϕ( |+ εA(ψ() enq ‘mx rsqtbstqhmf dkdldms A- Chk‘,
shnm hr hmbqd‘rhmf vhsg qdrodbs sn sgd rsqtbstqhmf dkdldms) vghkd dqnrhnm hr
cdbqd‘rhmf) h-d- he ∀ω ∈ () Aω ⊆ A⇔

ω ) sgdm δA(ϕ( |+ δA⇔(ϕ( ‘mc εA⇔(ϕ( |+ εA(ϕ(-
Dwsdmrhuhsx Umc Umsh,dwsdmrhuhsx9 Chk‘shnm hr dwsdmrhud ’ϕ |+ δA(ϕ(( he ‘mc nmkx
he A hr cdqhudc eqnl ‘ qdfidwhud qdk‘shnm ’‘r hr sgd b‘rd enq chrs‘mbd a‘rdc chk‘,
shnm) rhmbd heω |+ ϕ) sgdm c(ω)ϕ( + /() ‘mc dqnrhnm hr ‘msh,dwsdmrhud ’εA(ϕ( |+ ϕ(
tmcdq sgd r‘ld bnmchshnmr- Vd vhkk ‘kv‘xr ‘rrtld dwsdmrhud chk‘shnmr ‘mc
‘msh,dwsdmrhud dqnrhnmr hm sgd enkknvhmf-
FsdpUshnm9 Chk‘shnm ‘mc dqnrhnm r‘shrex ‘m hsdq‘shnm oqnodqsx9

∀A) A⇔) ∀ ϕ) δA(δ
⇔
A((ϕ( + δδA(A⇔((ϕ() εA(ε

⇔
A((ϕ( + εδA(A⇔((ϕ(-

Enq hmrs‘mbd) enq chrs‘mbd a‘rdc nodq‘shnmr) enq ‘ chrs‘mbd r‘shrexhmf sgd adsvdd,
mdrr oqnodqsx)1 sghr oqnodqsx b‘m ad dwoqdrrdc ‘r

δm+m⇔
(ϕ( + δm⇔

Zδm(ϕ([ + δmZδm⇔
(ϕ([)

εm+m⇔
(ϕ( + εm⇔

Zεm(ϕ([ + εmZεm⇔
(ϕ([-
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Sghr ld‘mr sg‘s sgd deedbs ne sgdrd nodq‘shnmr hmbqd‘rdr vhsg sgd rhyd ne sgd
rsqtbstqhmf dkdldms) ‘mc sg‘s sgd bnlots‘shnm b‘m ad cnmd dhsgdq ax rtbbdr,
rhud ‘ookhb‘shnmr ne _rl‘kk& rsqtbstqhmf dkdldmsr nq chqdbskx ax sgd rtl ne sgd
rsqtbstqhmf dkdldmsr-
CtUkhsx9 Chk‘shnm ‘mc dqnrhnm ‘qd ct‘k nodq‘snqr vhsg qdrodbs sn sgd mdf‘shnm9
εA(ϕ( + ¬δA(¬ϕ( vghbg ‘kknvr cdctbhmf oqnodqshdr ne ‘m nodq‘snq eqnl sgnrd
ne hsr ct‘k nodq‘snq-
PdkUshnmr sn chrsUmbdr9 Dpt‘shnm ’7( rgnvr gnv sn cdqhud ‘ chk‘shnm eqnl
‘ chrs‘mbd- Bnmudqrdkx) eqnl Dpt‘shnm ’7( vd g‘ud c(ω)ϕ( + lhm{m ∈ N |ω |+
δm(ϕ({) ‘mc rhlhk‘qkx) vd g‘ud c(ω)¬ϕ( + lhm{m ∈ N |ω |+ ¬εm(ϕ({-
Chrs‘mbdr adsvddm enqltk‘r b‘m ‘krn ad cdqhudc eqnl chk‘shnm) ‘r lhmh,

ltl chrs‘mbd ‘mc G‘trcnqee chrs‘mbd-2 Enq hmrs‘mbd) sgd lhmhltl chrs‘mbd
hr dwoqdrrdc ‘r clhm(ϕ)ψ( + lhmω|+ϕ)ω⇔|+ψ cG(ω)ω⇔( + lhm{m ∈ N | ZZδm(ϕ( ∧
ψ [[ ∈+ ¬ Xmc ZZδm(ψ( ∧ ϕ[[ ∈+ ¬{- Sghr ld‘mr sg‘s sgd lhmhltl chrs‘mbd hr
‘ss‘hmdc enq sgd lhmhltl rhyd ne chk‘shnm ne ansg enqltk‘r rtbg sg‘s
sgdx adbnld bnmrhrsdms- Sgd G‘trcnqee chrs‘mbd hr cd}mdc ‘r cGXtr(ϕ)ψ( +
l‘w(l‘wω|+ϕ c(ω)ψ()
l‘wω⇔|+ψ c(ω⇔)ϕ((- Hs b‘m ad bnlotsdc eqnl chk‘shnm ax cGXtr(ϕ)ψ( + lhm{m ∈
N |ϕ |+ δm(ψ( ‘mc ψ |+ δm(ϕ({-

Sgdrd oqnodqshdr vhkk ad trdc hmsdmrhudkx hm sgd ‘ookhb‘shnmr ne sgdrd nodq‘snqr enq
jmnvkdcfd qdoqdrdms‘shnm ‘mc qd‘rnmhmf-

1-4- Pnld cdphudc nodpUsnpr

1-3-.- 6nmchshnmUi chiUshnm Umc dpnrhnm Umc pdanmrsptashnm
Hm rdudq‘k oqnakdlr ‘mc ‘ookhb‘shnmr) vd l‘x v‘ms sn qdrsqhbs sgd qdrtks ne ‘m nodq‘,
shnm sn rs‘x vhsghm rnld cnl‘hm nq sn r‘shrex ‘ o‘qshbtk‘q enqltk‘- Sghr hr sxohb‘kkx sgd
b‘rd) enq hmrs‘mbd) he ‘ qdrtks g‘r sn r‘shrex ‘ sgdnqx) nq ‘ rds ne hmsdfqhsx bnmrsq‘hmsr- Sghr
hcd‘ b‘kkr enq fdncdrhb chrs‘mbdr) eqnl vghbg rsqtbstqhmf dkdldmsr ‘qd cdqhudc) ‘r sgd
a‘kkr ne sghr chrs‘mbd- Trhmf sgdrd rsqtbstqhmf dkdldmsr hm sgd cd}mhshnmr ne chk‘shnm ‘mc
dqnrhnm ’Dpt‘shnmr 5 ‘mc 6( kd‘cr sn sgd mnshnm ne fdncdrhb) nq bnmchshnm‘k) nodq‘snqr-
Hm sgd chrbqdsd b‘rd) sg‘s vd bnmrhcdq gdqd) sgd dwoqdrrhnm ne sgdrd nodq‘snqr hr udqx
rhlokd9

δm
ψ(ϕ( + Zδ0(ϕ( ∧ ψ [m) ’0/(

vgdqd ψ cdmnsdr sgd bnmchshnmhmf enqltk‘) m hr sgd rhyd ne sgd rsqtbstqhmf dkdldms) δ0

cdmnsdr sgd chk‘shnm trhmf ‘ a‘kk ne q‘chtr 0 ’mns fdncdrhb( ‘mc sgd rtodqrbqhos mld‘mr
sg‘s sgd rtbbdrrhnm ne chk‘shnm ne rhyd 0 ‘mc bnmitmbshnm g‘r sn ad odqenqldc m shldr-
Sghr dpt‘shnm hr ‘ rgnqs vqhshmf enq sgd enkknvhmf rdptdmbd ne nodq‘shnmr9

Wdfhl
ϕ/ 9+ ϕ ∧ ψ :
 no h + 0 � � � m

ϕh 9+ δ0(ϕh−0( ∧ ψ :
dlb eno
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Agerlb 3� Pdbnmrsqtbshnm9 nmkx sgd bnmmdbsdc bnlonmdms neψ vghbg hr Wl‘qidc& ax ϕ hr qdbnmrsqtbsdc-

Fdstol ϕm + δm
ψ(ϕ(-

Rhlhk‘qkx) sgd fdncdrhb dqnrhnm ne ϕ bnmchshnm‘kkx sn ψ b‘m ad bnlotsdc ‘r

εm
ψ(ϕ( + Zε0(ϕ( ∨ ψ [m- ’00(

He sgd bnmchshnm‘k chk‘shnmr ‘qd hsdq‘sdc tmshk bnmudqfdmbd) sgdm sgd qdrtks hr b‘kkdc
qdbnmrsqtbshnm) ‘mc hr cdmnsdc ax Q(ϕ |ψ(9

Q(ϕ |ψ( + Zδ0(ϕ( ∧ ψ [∞- ’01(

Mnsd sg‘s hm oq‘bshbd sghr rdptdmbd bnmudqfdr hm ‘ }mhsd mtladq ne rsdor) vgdm vd
bnmrhcdq ‘ }mhsd chrbqdsd ro‘bd) ‘r hr sgd b‘rd hm sghr o‘odq- ?m dw‘lokd hr hkktrsq‘sdc hm
Ehftqd 3) vhsg sgd r‘ld sxod ne qdoqdrdms‘shnm ‘r hm sgd oqduhntr }ftqdr- Sgd qdbnm,
rsqtbshnm qdrtksr hm sgd nmkx bnmmdbsdc bnlonmdms ne ψ _l‘qjdc& ax ϕ- Hm sghr o‘odq)
vd bnmrhcdq sgd bnmmdbshuhsx ne ‘ enqltk‘ uh‘ sgd chrbqdsd bnmmdbshuhsx ne hsr lnc,
dkr) hmctbdc ax sgd chrs‘mbd ’h-d- hm sgd rdmrd ne sgd fq‘og trdc enq sgd hkktrsq‘shnmr(-
Lnqd oqdbhrdkx) svn vnqkcr ω)ω⇔ ‘qd mdhfgantqr he c(ω)ω⇔( ≤ 0- ? o‘sg hr ‘ rdptdmbd
ne vnqkcr vgdqd ‘mx svn rtbbdrrhud vnqkcr hm sgd rdptdmbd ‘qd mdhfgantqr- ? bnm,
mdbsdc bnlonmdms ne ‘ enqltk‘ hr ‘ rds ne lncdkr ne sghr enqltk‘ rtbg sg‘s sgdqd dwhrsr
‘ o‘sg adsvddm ‘mx svn lncdkr sg‘s hr hmbktcdc hm sghr rds ‘mc sg‘s hr l‘whl‘k enq sghr
oqnodqsx-

1-3-1- OdUpaghmf enp sgd lnrs admspUi lncdir rUshreuhmf U enpltiU
Hm rnld oqnakdlr) hs lhfgs ad hmsdqdrshmf sn }mc sgd lnrs qdkdu‘ms vnqkcr sg‘s ‘qd
lncdkr ne ‘ enqltk‘- Sghr oqnakdl hr rnkudc ax K‘e‘fd ‘mc K‘mf ’1///( ax s‘jhmf sgd
‘arnktsdl‘whltlne sgd hmsdqm‘k chrs‘mbd etmbshnm ’h-d- sgd etmbshnm sg‘s ‘rrnbh‘sdr sn
d‘bg vnqkc hsr chrs‘mbd sn¬ϕ(- L‘sgdl‘shb‘k lnqognknfx needqr nsgdq snnkr sg‘s bntkc
‘krn ad hmsdqdrshmf9

TkshlUsd dpnrhnm hr nmd ne sgdl- Hs bnmrhrsr hm dqnchmf hsdq‘shudkx ϕ ‘mc) ‘s d‘bg
rsdo m) jddohmf sgd bnmmdbsdc bnlonmdmsr ne εm(ϕ( sg‘s chr‘ood‘q hm εm+0(ϕ(-
Hs bnqqdronmcr dw‘bskx sn sgd qdfhnm‘k l‘whl‘ ne sgd hmsdqm‘k chrs‘mbd ’h-d- sgd
etmbshnm sg‘s ‘rrhfmr sn d‘bg lncdk ne ϕ sgd chrs‘mbd sn hsr bknrdrs lncdk ne
¬ϕ(- Sghr ‘ooqn‘bg l‘x oqnuhcd rdudq‘k bnlonmdmsr) vghbg qdoqdrdms ‘kk o‘qsr
ne ϕ) adknmfhmf sn cheedqdms bnmmdbsdc bnlonmdmsr) nq bnmmdbsdc ax m‘qqnv
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rdsr ne vnqkcr- Sghr mnshnm b‘m ad enql‘khrdc trhmf sgd qdbnmrsqtbshnm nodq‘snq
’Cd}mhshnm 1-1(-
KUrs mnm,dlosx dpnrhnm nmkx jddor sq‘bj ne sgd k‘qfdrs bnlonmdms- Dqnrhnmr
‘qd hsdq‘sdc ‘mc sgd k‘rs qdrtks adenqd sgd dqnrhnm adbnldr dlosx hr sgd }m‘k
qdrtks- Sgd qdrtks hr sgdm lnqd qdrsqhbshud sg‘m vhsg tkshl‘sd dqnrhnm) ‘mc rnld
bnlonmdmsr ne ϕ l‘x mns ad qdoqdrdmsdc- Cd}mhshnm 1-2 enql‘khrdr sghr hcd‘-
LnpognknfhbUk rjdkdsnm hr ‘mnsgdq ‘ooqn‘bg sn qdoqdrdms ‘ enqltk‘ hm ‘ bnl,
o‘bs ‘mc _bdmsq‘k& v‘x- Hs hr cd}mdc ‘r sgd tmhnm ne sgd bdmsqdr ne l‘whl‘k a‘kkr
hmbktcdc hm sgd hmhsh‘k enqltk‘ ’rdd Rdqq‘) 0871 enq cd}mhshnmr nm rdsr ‘mc bnq,
qdronmchmf oqnodqshdr(- Sghr ‘ooqn‘bg vhkk mns ad etqsgdq hmudrshf‘sdc hm sghr
o‘odq-

Cdzmhshnm 1-19 Sgd tkshl‘sd dqnrhnm hr dwoqdrrdc trhmf sgd qdbnmrsqtbshnm nodq‘snq ‘r

TD(ϕ( + ˇm∈�
(
εm(ϕ( | Q

(
εm+0(ϕ( | εm(ϕ(

��
- ’02(

?f‘hm hm sgd }mhsd chrbqdsd b‘rd) sgd hsdq‘shud dqnrhnm oqnbdrr rsnor hm ‘ }mhsd mtladq
ne rsdor-

Cdzmhshnm 1-29 Sgd k‘rs dqnrhnm ne ‘ enqltk‘ ϕ) cdmnsdc ax ε*(ϕ() hr sgd dqnrhnm ne ϕ
ne sgd k‘qfdrs onrrhakd rhyd rtbg sg‘s sgd rds ne vnqkcr vgdqd ε*(ϕ( hr r‘shr}dc hr mns
dlosx nq sgd rl‘kkdrs rhyd ne dqnrhnm kd‘chmf sn ‘ }wdc onhms9

ε*(ϕ( + εm(ϕ( ⇔
{
εm(ϕ( ∈∨ ⊥)
‘mc ∀l / m) εl(ϕ( ∨ ⊥ nq εl(ϕ( + εm(ϕ()

’03(

vhsg m sgd rl‘kkdrs u‘ktd enq vghbg sghr gnkcr) ‘mc ε/(ϕ( + ϕ-

Hm sgd dw‘lokd ne Ehftqd 2) sgd }qrs dqnrhnm hr ‘krn sgd k‘rs mnm,dlosx dqnrhnm-
Hs hr hmsdqdrshmf sn mnsd sg‘s sgd hcd‘ ne rtbbdrrhud dqnrhnmr hr qdk‘sdc sn sgd mnshnmr

ne rtodqlncdkr ’Fhmradqf ds ‘k-) 0887( ‘mc ne oqdedqqdc dwok‘m‘shnmr ’Ohmn Od–qdy
� Tyb‘–sdfth) 0888(- Enq hmrs‘mbd) hs hr d‘rx sn oqnud sg‘s ω |+ εj(ϕ( hee ω hr ‘ (j) /(,
rtodqlncdk ne ϕ- Sgd ‘ookhb‘shnm sn oqdedqqdc dwok‘m‘shnmr vhkk ad etqsgdq hmudrshf‘sdc
hm Rdbshnm 5-
?r ‘ }qrs hkktrsq‘shnm ne sgd trd ne tkshl‘sd ‘mc k‘rs mnm,dlosx dqnrhnm) bnm,

rhcdq ‘ rhlokd cdbhrhnm l‘jhmf oqnakdl) hmrohqdc eqnl o‘qshbho‘snqx atcfdshmf ’?yhy
� Rg‘g) 1/10(9 sgqdd oqnidbsr X) a ‘mc b b‘m onrrhakx ad athks ax ‘ bhsx: sgd ‘ffqd,
f‘sdc fn‘k ne sgd bhshydmr ’odqg‘or nas‘hmdc ax ‘ ldqfhmf nodq‘snq) be- Rdbshnm 4( hr
ϕ + (X ∧ a( ∨ (X ∧ b( ∨ (a ∧ b( ∨ (¬X ∧ ¬a ∧ ¬b(- Mnv) dwnfdmntr dudmsr lhfgs qdm,
cdq rnld ‘rrhfmldmsr tmed‘rhakd9 rnld oqnidbsr l‘x stqm nts sn ad tmed‘rhakd) ats
‘krn) rnld oqnidbsr l‘x ad dmenqbdc ax sgd qdfhnm nq sgd bdmsq‘k rs‘sd- He vd v‘ms ‘
qnatrs rnktshnm) vd rgntkc s‘qfds sgd k‘rs mnm,dlosx dqnrhnm) m‘ldkx) X ∧ a ∧ b9 dudm
hm sgd b‘rd ne nmd ‘cudqrd dudms ’nmd ne sgd sgqdd oqnidbs adbnlhmf tmed‘rhakd() vd b‘m
rshkk bg‘mfd sgd hmhsh‘k rnktshnm hmsn ‘mnsgdq nmd vghbg hr udqx bknrd sn hs ’enq hmrs‘mbd) he
X stqmr nts sn ad tmed‘rhakd) sgdm¬X ∧ a ∧ bvhkk ad hlokdldmsdc hmrsd‘c ne X ∧ a ∧ b(:
mnsd sg‘s sghr hr mns sgd b‘rd vhsg ‘mx ne sgd nsgdq entq lncdkr ne ϕ- Nm sgd nsgdq
g‘mc) sgd tkshl‘sd dqnrhnm fhudr tr ‘ rds ne chudqrd) qdoqdrdmsXshud rnktshnmr9 q‘sgdq sg‘m
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fhuhmf ‘kk }ud rnktshnmr ’vghbg l‘x ad snn ltbg( sn sgd trdq nq sgd bdmsq‘k ‘tsgnqhsx)
nmd l‘x fhud gdq ‘ rds ne qdoqdrdms‘shud rnktshnmr) gdqd X ∧ a ∧ b ‘mc ¬X ∧ ¬a ∧ ¬b-
?mx rnktshnm hr ‘s chrs‘mbd ‘s lnrs nmd sn ‘mx ne sgdrd svn rnktshnmr- Rtbg ‘ oqhm,
bhokd hr bnllnm hm qdbnlldmcdq rxrsdlr: hs g‘r ‘krn addm bnmrhcdqdc hm bnmrsq‘hms
r‘shre‘bshnm ’Gdaq‘qc ds ‘k-) 1//4(-

1-3-2- Codmhmf Umc ainrhmf
Svn nsgdq hlonqs‘ms nodq‘snqr ‘qd nodmhmf ‘mc bknrhmf- ?m ‘kfdaq‘hb nodmhmf hr ‘m
nodq‘snq sg‘s hr hmbqd‘rhmf) hcdlonsdms ‘mc ‘msh,dwsdmrhud) ‘mc ‘m ‘kfdaq‘hb bknrhmf hr
‘m nodq‘snq sg‘s hr hmbqd‘rhmf) hcdlonsdms ‘mc dwsdmrhud- Sxohb‘k dw‘lokdr ‘qd δε ‘mc
εδ vgdqd (ε) δ( hr ‘m ‘citmbshnm) ‘r rddm hm sgd fdmdq‘k ‘kfdaq‘hb eq‘ldvnqj- ?m hlonq,
s‘ms oqnodqsx hr sg‘s ‘mx chritmbshnm ne nodmhmfr hr ‘m nodmhmf) ‘mc ‘mx bnmitmbshnm
ne bknrhmfr hr ‘ bknrhmf- Nodmhmf ‘mc bknrhmf ne ‘ enqltk‘ ϕ ax ‘ rsqtbstqhmf dkdldms A
‘qd cd}mdc qdrodbshudkx ‘r9 NA(ϕ( + δA(εA(ϕ(() ‘mc BA(ϕ( + εA(δA(ϕ((-
Sgdrd svn a‘rhb lnqognknfhb‘k }ksdqr b‘m ad rddm ‘r ‘ooqnwhl‘shnm nodq‘snqr)

rhmbd sgdx _rhlokhex& enqltk‘r ax dhsgdq rtooqdrrhmf rnld hqqdftk‘qhshdr enq nodmhmf)
nq ‘cchmf rnld o‘qsr ne ¬ϕ enq bknrhmf- E‘lhkhdr ne }ksdqr b‘m ad athks eqnl sgdrd
svn nmdr- Enq hmrs‘mbd) fq‘mtknldsqx ’Rdqq‘) 0871( bnmrhrsr hm ‘ookxhmf rtbbdrrhudkx
nodmhmfr vhsg rsqtbstqhmf dkdldmsr ne hmbqd‘rhmf rhyd) sgdqdax cdbnlonrhmf ‘ enq,
ltk‘ hm o‘qsr ne cheedqdms bg‘q‘bsdqhrshb rhydr- ?mnsgdq dw‘lokd hr ‘ksdqm‘sd rdptdmsh‘k
}ksdqr ’Rdqq‘) 0877() vghbg bnmrhrs hm athkchmf rdptdmbdr ne nodmhmf.bknrhmf ’nq bknr,
hmf.nodmhmf() vhsg rsqtbstqhmf dkdldmsr ne hmbqd‘rhmf rhyd- Rtbg sq‘mrenql‘shnmr ‘qd
hmbqd‘rhmf ‘mc hcdlonsdms) ‘mc ‘kknv }ksdqhmf oqnfqdrrhudkx o‘qsr ne ϕ ‘mc¬ϕ-
Mnsd sg‘s ε* hr ‘m ‘msh,dwsdmrhud ‘mc hcdlonsdms nodq‘snq) ats hs hr mns hmbqd‘rhmf

’‘mc gdmbd mns ‘m nodmhmf(- Sgd r‘ld ‘ookhdr enq tkshl‘sd dqnrhnm-

1-5- LnpognknfhbUk npcdphmf

Fhudm ‘ enqltk‘) ‘ m‘stq‘k nqcdqhmf b‘m ad cdqhudc eqnl sgd rdptdmbd ne hsr rtbbdr,
rhud dqnrhnmr ‘mc chk‘shnmr) enq ‘ fhudm dkdldms‘qx rsqtbstqhmf dkdldms ’ne rhyd 0(- Sghr
hcd‘ hr hkktrsq‘sdc nm rdsr hm Ehftqd 4- Sghr vhkk ad o‘qshbtk‘qkx hmsdqdrshmf hm sgd enk,
knvhmf) vgdm bnmrhcdqhmf ‘ sgdnqx) ‘mc enq cd}mhmf ‘ o‘qsh‘k nqcdq nm sgd lncdkr

Agerlb 4� Gkktrsq‘shnmne ‘m‘stq‘k o‘qsh‘k nqcdqhmfcdqhudc eqnlrtbbdrrhud dqnrhnmr ’hmaktd( ‘mcchk‘shnmr
’hm qdc( ne+- Vd g‘ud n ≥e x ≥e y hm sghr dw‘lokd-
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r‘shrexhmf sghr sgdnqx ’ax hcdmshexhmf ‘ sgdnqx vhsg ‘m dpthu‘kdms enqltk‘(-3 Vd b‘kk hs
lnqognknfhb‘k nqcdqhmf-

Cdzmhshnm 1-39 Kds+ ad ‘ sgdnqx ’qdoqdrdmsdc ax ‘ enqltk‘( nq ‘ enqltk‘- Kds m ad sgd
l‘whl‘k rhyd ne chk‘shnm ‘mc l sgd rhyd ne sgd k‘rs mnm,dlosx dqnrhnm) h-d-9

εl(+( + ε*(+()

δm(+( + δ*(+()

vgdqd δ* hr cd}mdc hm ‘ rhlhk‘q v‘x ‘r sgd k‘rs dqnrhnm ’‘mc δ*(+( b‘m ad dhsgdq∅ nq ‘
}wdc onhms(- Sgdm vd cd}md sgd etmc‘ldms‘k rdptdmbd (Sh( ne rtardsr ne( ‘rrnbh‘sdc
vhsg+) eqnl h + / sn h + m + l) ‘r enkknvr9

Sh +
{
ZZεl−h(+([[ he h ≤ l
ZZδh−l(+([[ he h / l-

Sgd lnqognknfhb‘k sns‘k oqd,nqcdq ‘rrnbh‘sdc sn+ hr sgdm cd}mdc ax

ω ≥e ω⇔ cde⇔ ∀j (ω⇔ ∈ Sj ⇒ ω ∈ Sj(- ’04(

Sgd e‘bs sg‘s sghr cd}mdr ‘ oqd,nqcdq hr d‘rx sn bgdbj- Mnsd sg‘s sghr nqcdqhmf
cdodmcr nm sgd bgnhbd ne sgd dkdldms‘qx rsqtbstqhmf dkdldms-
?r ‘m dw‘lokd) kds tr bnmrhcdq ‘f‘hm sgqdd oqnonrhshnm‘k rxlankr) vhsg sgd r‘ld qdo,

qdrdms‘shnm ‘r hm Ehftqdr 1 ‘mc 2) ‘mc + + {X → b) a → b{ ’qdoqdrdmsdc ax sgd r‘ld
enqltk‘ ϕ ‘r hm sgd dw‘lokd ne Ehftqd 2(- Sgd lncdkr ne + ‘qd ( | {X ∧ a ∧ ¬b) X ∧
¬a ∧ ¬b)¬X ∧ a ∧ ¬b{- Vd g‘ud ZZδ(+([[ + () ZZε(+([[ + {¬X ∧ ¬a ∧ b{) ‘mc ZZε1(+([[ +
¬) ‘r hkktrsq‘sdc hm Ehftqd 5-
Sghr oqnuhcdr ‘ rsq‘sh}b‘shnm ne sgd dkdldmsr ne() ‘r fhudm hm S‘akd 0-
Mnsd sg‘s hm b‘rd sgd k‘rs chk‘shnm xhdkcr ‘ }wdc onhms cheedqdms eqnl ∅) sgd q‘mj ne

sgd lncdkr hm ( | ZZδ*(+([[ hr rds sn +∞ ax bnmudmshnm- Sghr ‘lntmsr sn nqcdqhmf nmkx
ZZδ*(+([[-

Agerlb 5� Gkktrsq‘shnm ne sgd lnqognknfhb‘k nqcdqhmf ’gdqd m + 0)k + 0(-

FTaib 0� Rsq‘shzb‘shnm ne sgd dkdldmsr ne (

‘bbnqchmf sn sgd lnqognknfhb‘k nqcdqhmf ‘rrn,
bh‘sdc vhsg+ + {X → b) a → b{-
/ ¬X ∧ ¬a ∧ b
0 ¬X ∧ ¬a ∧ ¬b) X ∧ ¬a ∧ b)¬X ∧ a ∧ b) X ∧ a ∧ b
1 X ∧ ¬a ∧ ¬b)¬X ∧ a ∧ ¬b) X ∧ a ∧ ¬b
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Opnonrhshnm 1-49 Sgd enkknvhmf oqnodqshdr gnkc9

• Sgd rtardsr Sh ne ( Xqd mdrsdc) h-d- ∀h ∈ Z/ � � � (m + l − 0([) Sh ⊆ Sh+0 enq sgd bnmrhc,
dqdc chkXshnmr Xmc dqnrhnmr ’vhsg rsqtbstqhmf dkdldmsr rtbg sgXs ω ∈ Aω(-

• Sgd qdkXshnm ≥e hr qdfidwhud Xmc sqXmrhshud) h-d- X oqd,nqcdq) vghbg hr lnqdnudq snsXk-
• Kds Qd ad sgd qdkXshnm cd}mdc nm 1( ax Qd(ω)ω⇔( hee l‘w{j ∈ Z/ � � � (m + l([ |ω ∈

S j{ + l‘w{j ∈ Z/ � � � (m + l([ |ω⇔ ∈ Sj{- Sghr qdkXshnm hr Xm dpthuXkdmbd qdkXshnm
Xmc sgd nqcdqhmf hmctbdc ax ≥e nm sgd ptnshdms roXbd 1(<Qd hr X snsXk nqcdqhmf-

Kds tr aqhdfix bnlldms nm sgd bgnhbd ne sgd rsqtbstqhmf dkdldms trdc hm sgd lnq,
ognknfhb‘k nodq‘shnmr- Vgdm hs hr s‘jdm ‘r ‘ a‘kk ne sgd G‘llhmf chrs‘mbd) ‘r hm ‘kk
dw‘lokdr hm sghr rdbshnm rn e‘q) sgdm sgd mdhfgantqgnnc hs cd}mdr hr hrnsqnohb ‘mc ‘kk
u‘qh‘akdr ‘qd s‘jdm hmsn ‘bbntms hm sgd r‘ld v‘x- Gnvdudq) cheedqdms rsqtbstqhmf dkd,
ldmsr bntkc ad trdc) ‘mc sgdhq bgnhbd hr ‘ v‘x sn hlonrd oqdedqdmbdr) enq hmrs‘mbd)
nm rnld u‘qh‘akdr nudq nsgdq nmdr- ?r ‘m dw‘lokd) kds tr bnmrhcdq sgd enkknvhmf
rsqtbstqhmf dkdldms) cd}mhmf sgd mdhfgantqgnnc ne ‘mx vnqkc ω ∈ (9

AXa
ω + {ω⇔ ∈ Aω |ω(b( + ω⇔(b({)

vgdqd A cdmnsdr sgd a‘kk ne q‘chtr 0 ne sgd G‘llhmf chrs‘mbd) ‘mcω(b( + ω⇔(b(ld‘mr
sg‘s b hr hmrs‘msh‘sdc hm sgd r‘ld v‘x hm ω ‘mc hm ω⇔- Vhsg sghr rsqtbstqhmf dkdldms)
b hr mns g‘mckdc hm sgd r‘ld v‘x ‘r u‘qh‘akdr X ‘mc a- Mnsd sg‘s vgdm odqenqlhmf
rtbbdrrhud dqnrhnmr ’qdrodbshudkx chk‘shnmr( vhsg rtbg ‘ rsqtbstqhmf dkdldms) vd l‘x
mns dmc to vhsg ⊥ ’qdrodbshudkx ∅() ats vd l‘x bnmudqfd snv‘qcr ‘ }wdc onhms ’‘
rtards ne ((- Ehftqd 6 hkktrsq‘sdr sgd deedbs ne sghr rsqtbstqhmf dkdldms nm sgd r‘ld
dw‘lokd ‘r hm Ehftqd 5- Sgd cdqhudc lnqognknfhb‘k nqcdqhmf ‘mc sgd bnqqdronmchmf
rsq‘sh}b‘shnm ne( ‘qd mnv fhudm hm S‘akd 1-

Agerlb 6� Gkktrsq‘shnm ne sgd lnqognknfhb‘k nqcdqhmf ’gdqd m + 1) k + 0() trhmf �Xa ‘r rsqtbstqhmf
dkdldms-

FTaib 1� Rsq‘shzb‘shnm ne sgd dkdldmsr ne (

‘bbnqchmf sn sgdlnqognknfhb‘k nqcdqhmf ‘rrn,
bh‘sdcvhsg+ + {X → b) a → b{) trhmf �Xa ‘r
rsqtbstqhmf dkdldms-

/ ¬X ∧ ¬a ∧ b) X ∧ ¬a ∧ b)¬X ∧ a ∧ b) X ∧ a ∧ b
0 ¬X ∧ ¬a ∧ ¬b
1 X ∧ ¬a ∧ ¬b)¬X ∧ a ∧ ¬b
2 X ∧ a ∧ ¬b
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?r ‘mnsgdq v‘x sn g‘mckd u‘qh‘akdr cheedqdmskx) kds tr mnsd sg‘s ( cndr mns mddc sn
ad _hrnsqnohb&) h-d- sgd btad hm ntq hkktrsq‘shnmr bntkc ad ‘ o‘q‘kkdkdohodc) vhsg cheedqdms
kdmfsgr ne sgd dcfdr) qdoqdrdmshmf sgd dkdldms‘qx chrs‘mbdr adsvddm vnqkcr- ? chr,
s‘mbd adsvddm svn vnqkcr b‘m sgdm ad cd}mdc ‘r sgd kdmfsg ne ‘ rgnqsdrs o‘sg hm sghr
vdhfgsdc fq‘og- Rsqtbstqhmf dkdldmsr b‘m ad cd}mdc ‘r a‘kkr ne sghr chrs‘mbd- Gnv,
dudq) hm fdmdq‘k sghr chrs‘mbd cndr mns r‘shrex sgd adsvddmmdrr oqnodqsx) vghbg l‘jdr
hr kdrr hmsdqdrshmf enq ntq otqonrd-
Hs hr hlonqs‘ms sn mnsd sg‘s sgd nqcdqhmf ne sgd dkdldmsr ne ( cdodmcr nm ansg +

‘mc sgd cd}mhshnm ne dqnrhnm ‘mc chk‘shnm) hm o‘qshbtk‘q) sgd bgnhbd ne sgd rsqtbstqhmf
dkdldms-
Sghr lnqognknfhb‘k nqcdqhmf vhkk ad trdc sn tmhex rdudq‘k qd‘rnmhmf s‘rjr) hm o‘qshb,

tk‘q) ‘actbshnm ‘mc qduhrhnm) hm Rdbshnm 5-

2- BnlotsUshnmUk hrrtdr

Tmkdrr rs‘sdc nsgdqvhrd) enq ‘kk sgd nodq‘snqr bnmrhcdqdc gdqd vd ‘rrtld sg‘s sgd
rsqtbstqhmf dkdldms hr sgd a‘kk ne q‘chtr 0 enq sgd G‘llhmf chrs‘mbd-

2-.- ChkUshnm

Sgd bnllts‘shuhsx ne chk‘shnm vhsg chritmbshnm) ‘knmf vhsg sgd hsdq‘shnm oqnodqsx)
‘kknvr tr sn qdbnudq sgd qdrtksr ne K‘e‘fd ‘mc K‘mf ’1///(- Hm o‘qshbtk‘q) sgd enkknvhmf
qdrtks gnkcr-

Opnonrhshnm 2-09 Kds ϕ ad X bnmrhrsdms bnmitmbshnm ne khsdqXkr) h-d- ϕ + k0 ∧ k1 ∧ � � � ∧ km)
sgdm

δ0(ϕ( + ∨m
i+0(∧h ∈+i kh(-

RhlhkXqkx) he ϕ hr X chritmbshnm ne khsdqXkr) h-d- ϕ + k0 ∨ � � � ∨ kl) sgdm sgd dqnrhnm hr
dwoqdrrdc Xr

ε0(ϕ( + ∧l
i+0(∨h ∈+i kh(-

Hm sgdrd dptXshnmr δ0 ’qdrodbshudkx ε0( cdmnsdr sgd chkXshnm ’dqnrhnm( trhmf Xr rsqtbstqhmf
dkdldms X aXkk ne qXchtr 0 ne sgd GXllhmf chrsXmbd-

Sghr oqnodqsx) snfdsgdq vhsg sgd bnllts‘shnm ne chk‘shnm vhsg chritmbshnm) fhudr sgd
enkknvhmf qdrtks ’K‘e‘fd � K‘mf) 1///(9 he j hr ‘ }wdc hmsdfdq) sgdm sgd chk‘shnm ne rhyd j
δj(ϕ( ne ‘ CME enqltk‘ ϕ b‘m ad bnlotsdc hm shld �(mj( fl sgtr hm onkxmnlh‘k shld-
Rhlhk‘qkx) dqnrhnm bnlltsdr vhsg hmsdqrdbshnm ‘mc b‘m ad bnlotsdc hm onkxmnlh‘k
shld eqnl ‘ BME enqltk‘-
Vgdm ϕ hr mns hm CME) bnlotshmf δj(ϕ( chqdbskx eqnl ϕ ’vhsgnts qdvqhshmf ϕ hm CME

}qrs( hr ‘ che}btks oqnakdl-
Gnvdudq) vd b‘m oqnud ‘ rkhfgskx fdmdq‘k qdrtks9

Opnonrhshnm 2-19 He µ0) . . . )µm Xqd rtbg sgXs enq Xkk h) i) µh Xmc µi cn mns rgXqd uXqhXakdr)
sgdm δ(µ0 ∧ . . . ∧ µm( +

∧m
i+0(δ(µi( ∧

∑
j ∈+i µj(-
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Mpnne6 Enq dudqx hmsdqoqds‘shnm ω kds ωh + ω↓UXq(ϕh( ad sgd oqnidbshnm ne ω nm sgd
k‘mft‘fd ne ϕh ’UXq(ϕh((- Vd g‘ud ω |+ δ(ϕ0 ∧ . . . ∧ ϕm( ⇐⇒
’0( sgdqd dwhrsr ω⇔ rtbg sg‘s ω⇔ |+ ϕ0 ∧ . . . ∧ ϕm ‘mc c(ω)ω⇔( ≤ 0-
Mnv) c(ω)ω⇔( +

∑
h+0)...)m c(ωh)ω⇔

h( ’rhmbd sgd ϕh g‘ud mn u‘qh‘akd hm bnllnm(- Sgdqd,
enqd) c(ω)ω⇔( ≤ 0 ⇐⇒ sgdqd dwhrsr ‘ i) i ≤ m) rtbg sg‘s9 ’‘( c(ωi)ω⇔

i( ≤ 0) ‘mc ’a( enq

dudqx j ∈+ i) ωj + ω⇔
j - Eqnl sghr vd fds sg‘s ’0( hr dpthu‘kdms sn9

’1( sgdqd dwhrsr ‘ i) i ≤ m) rtbg sg‘s ωi |+ δ(ϕi( ‘mc enq dudqx j ∈+ i) ωj |+ ϕj -
Mnv) δ(ϕi( hr dpthu‘kdms sn ‘ enqltk‘ nm sgd k‘mft‘fd UXq(ϕh() sgdqdenqdω |+ δ(ϕi( hee

ωi |+ δ(ϕi() Lnqdnudq)ω |+ ϕj heeωj |+ ϕj - Sgdqdenqd)ω |+ δ(ϕ0 ∧ . . . ∧ ϕm( ⇐⇒ sgdqd
dwhrsr ‘ i) i ≤ m) rtbg sg‘s ω |+ δ(ϕi( ∧

∑
j ∈+i ϕj ) eqnl vghbg sgd qdrtks enkknvr- �

Hm o‘qshbtk‘q9

• he UXq(ϕ( ∩ UXq(ψ( + ¬) sgdm δ(ϕ ∧ ψ( + (ϕ ∧ δ(ψ(( ∨ (δ(ϕ( ∧ ψ(:
• he ϕ0) . . . )ϕm ‘qd khsdq‘kr vgnrd ‘rrnbh‘sdc u‘qh‘akdr ‘qd ‘kk cheedqdms) sgdm vd
qdbnudq sgd hcdmshsx δ(k0 ∧ . . . ∧ km( +

∧m
i+0

∑
j ∈+i kj -

Mnv) gnv g‘qc hr hs sn bnlotsd chk‘shnmr ’qdrodbshudkx dqnrhnmr( vgdm ϕ hr mns hm
CME ’qdrodbshudkx BME(; Ehqrs ne ‘kk vd g‘ud sgd enkknvhmf bnlokdwhsx qdrtksr-

Opnonrhshnm 2-29 ’0( Fhudm Xm hmsdqoqdsXshnm ω Xmc X enqltkX ϕ) cdbhchmf vgdsgdq
ω |+ δ(ϕ( hrMO,bnlokdsd-

’1( Fhudm Xm hmsdqoqdsXshnm ω Xmc X enqltkX ϕ) cdbhchmf vgdsgdq ω |+ ε(ϕ( hr bnMO,
bnlokdsd-

Mpnne6 Hm ansg b‘rdr) ldladqrgho hr rsq‘hfgsenqv‘qc- Enq g‘qcmdrr enq onhms 0) vd
bnmrhcdq sgd enkknvhmf qdctbshnm eqnl R?S9 vd l‘o dudqx enqltk‘ � sn }ϕ)ω〈 vgdqd
ϕ + o ∧ � vhsg o ∈+ UXq(�() ‘mc ω adhmf ‘mx hmsdqoqds‘shnm r‘shrexhmf o- Trhmf Oqnonrh,
shnm 2-1) vd g‘ud δ(o ∧ �( • (o ∧ δ(�(( ∨ (δ(o( ∧ �() vghbg hr dpthu‘kdms sn � ∨ (o ∧
δ(�((- Mnv) he � hr r‘shr}‘akd) sgdm rn hr δ(�(- Sgdqdenqd) ω |+ � ∨ (o ∧ δ(�((- He � hr
tmr‘shr}‘akd) sgdm rn ‘qd δ(�( ‘mc � ∨ (o ∧ δ(�((- Sgdqdenqd ω ∈|+ � ∨ (o ∧ δ(�((- Sgd
qdctbshnm eqnl TMR?S enq onhms 1 hr rhlhk‘q- �

Sghr rgnvr sg‘s) X enqshnqh) bnlotshmf dqnrhnm nq chk‘shnm hm sgd fdmdq‘k b‘rd hr g‘qc-
Lnqdnudq) sgd rhyd ne ε(ϕ( ‘mc δ(ϕ( hr mns onkxrhyd) dwbdos he O + MO- Hs hr mns rtqd sg‘s
sgdqd hr ‘ v‘x ne bnlotshmf dqnrhnm ’chk‘shnm( adhmf lnqd de}bhdms sg‘m }qrs qdvqhshmf
ϕ hm BME ’CME(-
Mnsd sg‘s hmedqdmbd eqnl sgd chk‘shnm ne ‘ enqltk‘ hr ’sgdnqdshb‘kkx( mns g‘qcdq sg‘m

hmedqdmbd eqnl sgd enqltk‘ hsrdke- M‘ldkx) fhudm ‘mx svn enqltk‘r ϕ ‘mc ψ ‘mc ‘mx
hmsdfdq j) cdsdqlhmhmf vgdsgdq δj(ϕ( |+ ψ hr bnMO,bnlokdsd- ? rhlhk‘q qdrtks gnkcr enq
hmedqdmbd eqnl dqnrhnm-
Gnvdudq) hmsdqdrshmf qdrtksr b‘m ad nas‘hmdc enq dqnrhnm ax cdbnlonrhmf ‘ enqltk‘

hmsn hsr bnmmdbsdc bnlonmdmsr- A‘rdc nm sgd fq‘og hmsdqoqds‘shnm trdc sgqntfgnts
sghr o‘odq) ‘ bnmmdbsdc bnlonmdms hr bk‘rrhb‘kkx cd}mdc ‘r ‘ bnmmdbsdc bnlonmdms
hm sgd fq‘og9 vd r‘x sg‘s ψ hr ‘ bnmmdbsdc bnlonmdms ne ϕ he ZZψ [[ hr ‘ bnmmdbsdc bnl,
onmdms ne sgd fq‘og ‘rrnbh‘sdc vhsg ϕ ’vgnrd rds ne udqshbdr hr ZZϕ[[( ‘mc vgnrd rds ne
dcfdr hr cd}mdc ax (ω)ω⇔(vgdmdudq c(ω)ω⇔( ≤ 0(-
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Opnonrhshnm 2-39 He c(ϕ)ψ( ≥ 1) enq c adhmf sgd lhmhltl chrsXmbd adsvddm enqltkXr)
sgdm ε(ϕ ∨ ψ( • ε(ϕ( ∨ ε(ψ(-

Mpnne6 ?rrtld c(ϕ)ψ( ≥ 1- Vd ‘kqd‘cx jmnv sg‘s ε(ϕ( ∨ ε(ψ( |+ ε(ϕ ∨ ψ() rn hs
qdl‘hmr sn ad oqnudm sg‘s ε(ϕ ∨ ψ( |+ ε(ϕ( ∨ ε(ψ(- Kds ω |+ ε(ϕ ∨ ψ(- Sghr hlokhdr
ω |+ ϕ ∨ ψ he sgd dqnrhnm hr ‘msh,dwsdmrhud ’vghbg hr sgd b‘rd hm sghr o‘odq(- Vhsgnts knrr
ne fdmdq‘khsx) ‘rrtld ω |+ ϕ- Adb‘trd c(ϕ)ψ( ≥ 1) vd g‘ud c(ω)ψ( ≥ 1- Mnv) ‘rrtld
sg‘s ω ∈|+ ε(ϕ() h-d- c(ω)¬ϕ( ≤ 0: sghr ld‘mr sg‘s sgdqd dwhrsr ‘ ω⇔ rtbg sg‘s ω⇔ |+
¬ϕ ‘mc c(ω)ω⇔( + 0 ’c(ω)ω⇔( + / hr hlonrrhakd adb‘trd ω |+ ϕ ‘mc ω⇔ |+ ¬ϕ(- Mnv)
vd ltrs g‘ud ω⇔ |+ ψ : nsgdqvhrd vd vntkc g‘ud ω⇔ |+ ¬ϕ ∧ ¬ψ ) gdmbd c(ω)¬ϕ ∧
¬ψ( ≤ 0) vghbg bnmsq‘chbsr ω |+ ε(ϕ ∨ ψ(- Sgdqdenqd) c(ϕ)ψ( ≤ c(ω)ω⇔( ≤ 0) vghbg
bnmsq‘chbsr sgd ‘rrtloshnm sg‘s c(ϕ)ψ( ≥ 1- �

Opnonrhshnm 2-49 Kds ϕ0) . . . )ϕo ad sgd bnmmdbsdc bnlonmdmsr ne ϕ- Sgdm vd gXud

ε(ϕ( •
o∨

h+0
ε(ϕh(-

Mpnne6 Enq ‘mx svn chrshmbs bnmmdbsdc bnlonmdmsr ϕh) ϕi ne ϕ vd g‘ud c(ϕh)ϕi( ≥ 1)
sgdqdenqd) ε(

∧o
h+0 ϕo( •

∧o
h+0 ε(ϕh(: sgd e‘bs sg‘s ϕ •

∧o
h+0 ϕo dm‘akdr tr sn bnmbktcd

sg‘s ε(ϕ( •
∧o

h+0 ε(ϕh(- �

Mnv) vd g‘ud sn }mc ‘ v‘x ne ’‘( bnlotshmf sgd bnmmdbsdc bnlonmdmsr ne ϕ ‘mc
’a( bnlotshmf ε(ϕ(- Sgd }qrs rsdo hr d‘rx vgdm ϕ hr hm CME- Vd }qrs mnsd sgd enkknvhmf
e‘bs9

Opnonrhshnm 2-59 Kds ϕ + ψ0 ∨ . . . ∨ ψp ad X CME enqltkX- Enq Xmx h) i ∈ {0) . . . ) p{)
c(ψh)ψi( hr dptXk sn sgd mtladq ne chrXfqddhmf khsdqXkr adsvddm ψh Xmc ψi -

Enq hmrs‘mbd) vd g‘ud c(X ∧ ¬a ∧ b) a ∧ ¬b ∧ c( + 1) c(X ∧ ¬a ∧ b) a ∧ b ∧ c( + 0)
‘mc c(X ∧ ¬a ∧ b) b ∧ c( + /-

Opnonrhshnm 2-69 Kds ϕ + ψ0 ∨ . . . ∨ ψp ad X CME enqltkX- Kds Fϕ ad sgd tmchqdbsdc
fqXog cd}mdc ax hsr rds ne udqshbdr ZZϕ[[) vghbg bXm ad fqntodc hmsn rtardsr {X0) . . . ) Xp{
vgdqd Xh + ZZψh[[) Xmc bnmsXhmhmf Xm dcfd {Xh) Xi{ hee c(ψh)ψi( ≤ 0- Sgdm sgd bnmmdbsdc
bnlonmdmsr ne Fϕ bnqqdronmc sn sgd bnmmdbsdc bnlonmdmsr ne ϕ) Xmc {Xh) h ∈ H ⊆
{0) . . . ) p{{ hr X bnmmdbsdc bnlonmdms ne Fϕ hee

∧
h∈H ψh hr X bnmmdbsdc bnlonmdms ne ϕ-

DwUlokd 2-79 Kds tr bnmrhcdq ϕ + (X ∧ a( ∨ (X ∧ b( ∨ (a ∧ b( ∨ (¬X ∧ ¬a ∧ ¬b ∧ ¬c(
’Ehftqd 7(- Sgd fq‘og Fϕ g‘r 7 udqshbdr) fqntodc hmsn 3 rtardsr Xh) ‘mc hsr dcfdr ‘qd
{X0) X1{) {X0) X2{) {X1) X2{) oktr sgd qdfidwhud dcfdr {X0) X0{) {X1) X1{) {X2) X2{) {X3) X3{- Fϕ

g‘r svn bnmmdbsdc bnlonmdmsr9 {X0) X1) X2{ + {(/) 0) 0() (0) 0) 0() (0) /) 0() (0) 0) /({ ‘mc
{X3{ + {(/) /) /({ ’sgd u‘kt‘shnm ne c hr mns qdoqdrdmsdc gdqd() sgdqdenqd ϕ g‘r svn bnm,
mdbsdc bnlonmdmsr9 ϕ0 + (X ∧ a( ∨ (X ∧ b( ∨ (a ∧ b( ‘mc ϕ1 + ¬X ∧ ¬a ∧ ¬b ∧ ¬c)
eqnl vghbg vd g‘ud ε(ϕ( + ε(ϕ0( ∨ ε(ϕ1( + (X ∧ a ∧ b( ∨ ⊥ + X ∧ a ∧ b-
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Agerlb 7� Cdbnlonrhshnm ne ϕ hmsn svn bnmmdbsdc bnlonmdmsr ϕ0 ‘mc ϕ1) ‘mc hsr dqnrhnm ’nmkx X) a ‘mc
b ‘qd bnmrhcdqdc hm sghr qdoqdrdms‘shnm(-

2-1- :ants kUrs dpnrhnm Umc tkshlUsd dpnrhnm

Kds tr bnmrhcdq sgd k‘rs dqnrhnm ’Cd}mhshnm 1-2(- Cdmnsd ax *(ϕ( sgd mtladq ne
hsdq‘shnmr sn qd‘bg sgd k‘rs mnm,dlosx dqnrhnm ne ϕ-

Opnonrhshnm 2-89 He ∈|+ ϕ Xmc ϕ ∈• ∅) sgdm *(ϕ( ≤ M − 0) vgdqd M hr sgd mtladq ne
oqnonrhshnmXk rxlankr hm sgd kXmftXfd-

Mpnne6 Kds j + *(ϕ(- Vd g‘ud ω |+ εj(ϕ( he enq ‘kk ω⇔ |+ ¬ϕ vd g‘ud c(ω)ω⇔( / j-
Sgdqdenqd) j.M) adb‘trd hs b‘m mdudq ad sgd b‘rd sg‘s c(ω)ω⇔( / M- �

?bst‘kkx) vd b‘m }mc ‘ adssdq antmc enq *(ϕ(9

Opnonrhshnm 2-0.9 He ∈|+ ϕ Xmc ϕ ∈• ∅ sgdm *(ϕ( hr kdrr sgXm sgd kdmfsg ne sgd rgnqsdrs
oqhld hlokhbXsd ne ϕ ’sgd rds ne oqhld hlokhbXsdr adhmf cdmnsdc ax OH(ϕ((-

Mpnne6 Sgd qdrtks enkknvr d‘rhkx eqnl ϕ •
∑

OH(ϕ() eqnl sgd e‘bs sg‘s dqnrhnm bnl,
ltsdr vhsg bnmitmbshnm) ‘mc eqnl sgd enkknvhmf dwoqdrrhnm ne sgd dqnrhnm ne ‘
chritmbshnm ne khsdq‘kr9

ε(k0 ∨ � � � ∨ kl( + ∧l
i+0(∨h ∈+i kh()

Sghr qdrtks hr nas‘hmdc ax ct‘khsx eqnl Oqnonrhshnm 2-0 ’nq chqdbskx ax hmctbshnm nm l(-
�

Enq hmrs‘mbd) kds tr bnmrhcdq ϕ + (X ↔ a(- Vd g‘ud OH(ϕ( + {X ∨ ¬a)¬X ∨ a{) h-d-
dudqx oqhld hlokhb‘sd ne ϕ hr ne kdmfsg 1: ε0(ϕ( + ⊥) sgdqdenqd *(ϕ( + /- Sghr dw‘lokd
rgnvr sg‘s *(ϕ( b‘m ad rsqhbskx knvdq sg‘m sgd antmc dwoqdrrdc hm Oqnonrhshnm 2-0/-
Oqnonrhshnm 2-8 dm‘akdr tr sn r‘x sg‘s cdbhchmf vgdsgdq ω |+ ε*(ϕ( hr hm AG1 hm sgd

Annkd‘m ghdq‘qbgx ne MO rdsr-
Kds tr mnv bnmrhcdq tkshl‘sd dqnrhnm ’Cd}mhshnm 1-1(- Sgd enkknvhmf qdrtks chqdbskx

enkknvr eqnl Oqnonrhshnm 2-4-

Opnonrhshnm 2-009 Kds ϕ0) . . . )ϕo ad sgd bnmmdbsdc bnlonmdmsr ne ϕ- Sgdm vd gXud9
TD(ϕ( •

∧o
h+0 TD(ϕh(-

Trhmf Oqnonrhshnm 2-00) sgd enkknvhmf ‘kfnqhsgl bnlotsdr sgd tkshl‘sd dqnrhnm ne ϕ-
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TD(ϕ(9
Wdfhl
cdbnlonrd ϕ hmsn hsr bnmmdbsdc bnlonmdmsr ϕ0) . . . )ϕo:
he o + 0
sgdl he ε(ϕ( • ⊥

sgdl odstol ϕ

dird odstol TD(ε(ϕ((

dlbhe
dird odstol TD(ϕ0( ∨ . . . ∨ TD(ϕm(

dlbhe

2-2- :ants nodmhmf Umc ridkdsnm

? lnqognknfhb‘k nodmhmf hr sgd bnlonrhshnm ne ‘m dqnrhnm enkknvdc ax ‘ chk‘shnm9
N(ϕ( + δ(ε(ϕ((- Bnlotshmf N(ϕ( hr mns ‘m d‘rx s‘rj- He ϕ hr hm BME) sgdm δ(ϕ( hr bnl,
ots‘akd hm onkxmnlh‘k shld) ‘mc dwoqdrrhakd ‘r ‘ onkxrhyd BME) ats sgdm δ(ε(ϕ(( hr
mns ’‘mc b‘m ad dwonmdmsh‘kkx knmf(- He ϕ hr hm CME) sgdm ε(ϕ( hr mns onkxmnlh‘kkx
bnlots‘akd ’‘mc b‘m ad dwonmdmsh‘kkx knmf(- Oqnonrhshnm 2-3 fhudr ‘ ghms nm gnv sn
bnlotsd N(ϕ() vgdm ϕ hr hm CME-

Opnonrhshnm 2-019 Kds ϕ0) . . . )ϕo sgd bnmmdbsdc bnlonmdmsr ne ϕ- Sgdm vd gXud N(ϕ( •∧o
h+0 N(ϕh(-

Sghr qdrtks chqdbskx enkknvr eqnl Oqnonrhshnm 2-4-
Kds tr mnv bnmrhcdq sgd rjdkdsnm Rj(ϕ(- Hs hr cd}mdc ‘r sgd bdmsqdr ne l‘whl‘k a‘kkr

ne sgd G‘llhmf chrs‘mbd hmbktcdc hm ϕ- Hm sgd }mhsd chrbqdsd b‘rd) hs b‘m ad bnlotsdc
ax sgd enkknvhmf ‘kfnqhsgl9

Wdfhl
Rj(ϕ( 9+ ϕ ∧ ¬N(ϕ(: ψ + ϕ

Rghid ψ ∈• ⊥ bn
Rj(ϕ( 9+ Rj(ϕ( ∨ (ε(ψ( ∧ ¬N(ε(ψ(((:
ψ 9+ ε(ψ(

dlb ughid
Fdstol Rj(ϕ(

Vd mnsd sg‘s sgd mtladq ne hsdq‘shnmr odqenqldc ax sghr ‘kfnqhsgl hr dpt‘k sn
lhm{h) εh(ϕ( • ⊥{ ‘mc sgdqdenqd hr mn k‘qfdq sg‘m M-

DwUlokd 2-029 Kds tr bnmrhcdq ‘f‘hm ϕ + (X ∧ a( ∨ (X ∧ b( ∨ (a ∧ b( ∨ (¬X ∧ ¬a ∧
¬b() ‘r hm Ehftqd 7- Vd g‘ud

• N(ϕ( + (X ∧ a( ∨ (X ∧ b( ∨ (a ∧ b( ‘mc ϕ ∧ ¬N(ϕ( + (¬X ∧ ¬a ∧ ¬b( vghbg hr
sgd bdmsqd ne ‘ l‘whl‘k a‘kk ne q‘chtr /:

• ε(ϕ( + X ∧ a ∧ b) N(ε(ϕ(( + ⊥) ‘mc ε(ϕ( ∧ ¬N(ε(ϕ(( + X ∧ a ∧ b) vghbg hr sgd
bdmsqd ne ‘ l‘whl‘k a‘kk ne q‘chtr 0:
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Agerlb 8� Bf(ϕ(9 hs hr bnlonrdc ne sgd bdmsdqr ne l‘whl‘k a‘kkr ne q‘chtr / ‘mc 0-

• sgd mdws dqnrhnm oqnuhcdr ⊥) rn vd rsno gdqd ‘mc qdstqm Rj(ϕ( + (¬X ∧ ¬a ∧
¬b( ∨ (X ∧ a ∧ b(-

Sghr hr hkktrsq‘sdc hm Ehftqd 8-

Vd rdd sg‘s bnlotshmf Rj(ϕ( gd‘uhkx qdkhdr nm bnlotshmf N(ϕ(- Trhmf sgd oqduhntr
qdrtksr nm dqnrhnmr ‘mc nodmhmfr) vd g‘ud9

Opnonrhshnm 2-039 Kds ϕ0) . . . )ϕo sgd bnmmdbsdc bnlonmdmsr ne ϕ- Sgdm vd gXud9 Rj(ϕ( •∧o
h+0 Rj(ϕh(-

3- Adkhde pduhrhnm

Hm sghr rdbshnm) vd aqhdfix rtqudx rnld dwhrshmf qduhrhnm nodq‘snqr ‘mc rgnv sg‘s sgdx
b‘m ad dpthu‘kdmskx dwoqdrrdc trhmf lnqognknfhb‘k chk‘shnmr- Sghr drs‘akhrgdr ‘ }qrs
khmj adsvddm sgd oqnonrdc lnqognknfhb enql‘khrl ‘mc rnld qd‘rnmhmf snnkr cdudk,
nodc enq ‘ccqdrrhmf ‘rodbsr ne jmnvkdcfd cxm‘lhbr- Sgd lnqognknfhb‘k dwoqdrrhnmr
vhkk oqnud trdetk hm Rdbshnm 5-2 vgdm oqnonrhmf ‘ tmh}dc eq‘ldvnqj enq rdudq‘k qd‘rnm,
hmf s‘rjr) trhmf ansg dqnrhnmr ‘mc chk‘shnmr) ‘mc dwoknhshmf sgdlnqognknfhb‘k nqcdqhmf
hmsqnctbdc hm Rdbshnm 1-5-
Vd rs‘qs vhsg rnld a‘rhbr ‘ants adkhde qduhrhnm- Sgd ‘hl ne adkhde qduhrhnm hr snlncdk

gnv sn hmbnqonq‘sd bngdqdmskx ‘ ohdbd ne hmenql‘shnm sn ‘ bnqotr ne adkhder- Hm sgdlnrs
rstchdc lncdk) sgd ?FL lncdk ’?kbgntqqn–m ds ‘k-) 0874() sgd bnqotr ne adkhder hr qdo,
qdrdmsdc ax ‘ knfhb‘k ’bnmrhrsdms( sgdnqx J ‘mc sgd ’mdv( ohdbd ne hmenql‘shnm ax ‘
enqltk‘ ψ - Sgd qdrtks ne hmbnqonq‘shmf ψ sn J) h-d- sgd qduhrhnm ne J ax ψ ) hr cdmnsdc
ax J > ψ - Vd fhud gdqd ‘ udqx rhlokd oqdrdms‘shnm ne sghr lncdk hm }mhsd oqnonrhshnm‘k
knfhb ctd sn J‘srtmn ‘mc Ldmcdkynm ’0880( hm vghbg sgd ’nkc( adkhder J ‘qd hmcddc
qdoqdrdmsdc ax ‘ bnmrhrsdms enqltk‘ ϕ ’sg‘s hr) J + Bm(ϕ(( ‘mc sgd qduhrhnm ne ϕ axψ hr
cdmnsdc ϕ ◦ ψ - Mnsd sg‘s ı hr ‘ etmbshnml‘oohmf ‘m nqcdqdc o‘hq ne enqltk‘r hmsn ‘ enq,
ltk‘- Sghr jhmc ne etmbshnm hr b‘kkdc ‘ qduhrhnm nodq‘snq4 vgdm hs r‘shr}dr sgd enkknvhmf
q‘shnm‘khsx onrstk‘sdr9

’Q0( ϕ ◦ ψ ∨ ψ ’Rtbbdrr(
’Q1( He ϕ ∧ ψ � ⊥) sgdm ϕ ◦ ψ • ϕ ∧ ψ ’Lhmhl‘khsx(
’Q2( He ψ � ⊥) sgdm ϕ ◦ ψ � ⊥ ’Bngdqdmbd(
’Q3( He ϕ0 • ϕ1 ‘mc ψ0 • ψ1) sgdm ϕ0 ◦ ψ0 • ϕ1 ◦ ψ1 ’Rxms‘w hmcdodmcdmbd(
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’Q4( (ϕ ◦ ψ( ∧ θ ∨ ϕ ◦ (ψ ∧ θ( ’Rtodqdwo‘mrhnm(
’Q5( He (ϕ ◦ ψ( ∧ θ � ⊥) sgdm ϕ ◦ (ψ ∧ θ( ∨ (ϕ ◦ ψ( ∧ θ ’Rtadwo‘mrhnm(-

? udqx onvdqetk snnk sn bnmrsqtbs qduhrhnm nodq‘snqr hr sgd qdoqdrdms‘shnm sgdnqdl
’J‘srtmn � Ldmcdkynm) 0880() a‘rdc nm sgd mnshnm ne e‘hsgetk ‘rrhfmldms- ? eXhsgetk
Xrrhfmldms hr ‘ l‘oohmf vghbg ‘rrnbh‘sdr sn d‘bg enqltk‘ ϕ ‘ sns‘k oqd,nqcdq≤ϕ nm(

rtbg sg‘s sgd enkknvhmf bnmchshnmr gnkc9

’0( he ω |+ ϕ ‘mc ω⇔ |+ ϕ) sgdm ω ∼ϕ ω⇔:
’1( he ω |+ ϕ ‘mc ω⇔ |+ ¬ϕ) sgdm ω .ϕ ω⇔:
’2( he |+ ϕ0 ↔ ϕ1) sgdm≤ϕ0+≤ϕ1 -

Sgd qdoqdrdms‘shnm sgdnqdl oqnudm ax J‘srtmn ‘mc Ldmcdkynm ’0880( hr sgd
enkknvhmf nmd9

Rgdnpdl 3-09 ;m nodqXsnq µ hr X qduhrhnm nodqXsnq µ) h-d- sgXs rXshr}dr ’Q0(fl’Q5() hee sgdqd
dwhrsr X eXhsgetk Xrrhfmldms sgXs lXor dXbg enqltkX ϕ sn X snsXk oqd,nqcdq ≤ϕ rtbg sgXs enq
dudqx oqnonrhshnmXk enqltkX ψ vd gXud5

ZZϕ ◦ ψ [[ + lhm(ZZψ [[)≤ϕ(

Hmsthshudkx) sgd oqd,nqcdq≤ϕ hr ‘ pt‘khs‘shud v‘x sn dwoqdrr sgd chrs‘mbd ne ‘ vnqkc ω

sn ϕ) h-d- ω ≤ϕ ω⇔ ld‘mr sg‘sω hr bknrdq sn ϕ sg‘mω⇔- ?bst‘kkx) ‘ e‘hsgetk ‘rrhfmldms b‘m
ad cd}mdc eqnl ‘ chrs‘mbd c eqnl ‘ vnqkc sn ‘ enqltk‘ hm sgd enkknvhmf v‘x9 ω ≤ϕ ω⇔

hee c(ω)ϕ( ≤ c(ω⇔)ϕ() vgdqd c(ω)ϕ( hr cd}mdc ‘r lhm{c(ω)ω⇔⇔( |ω⇔⇔ |+ ϕ{- Hm o‘qshbt,
k‘q) sgd qduhrhnm nodq‘snq hmctbdc ax sgd bgnhbd ne sgd chrs‘mbd cG hr jmnvm ‘r C‘k‘k&r
qduhrhnm nodq‘snq-
Hm ‘kk vg‘s enkknvr) vd ‘rrtld sg‘s ψ hr bnmrhrsdms-
Kds tr bnmrhcdq sgd lnqognknfhb‘k chk‘shnm δ cd}mdc trhmf ‘r rsqtbstqhmf dkdldms

sgd a‘kk ne q‘chtr nmd ne sgd chrs‘mbd c- Hs b‘m ad rddm sg‘s vd g‘ud

ϕ ◦ ψ + δm(ϕ( ∧ ψ )

vhsg m + lhm{j ∈ N | δj(ϕ( ∧ ψ hr bnmrhrsdmsz-
Sghr ‘ooqn‘bg hr udqx m‘stq‘k rhmbd hs bnqqdronmcr sn ‘ oqhmbhokd ne lhmhl‘k bg‘mfd-

Sgd enkknvhmf dw‘lokd hkktrsq‘sdr hm ‘ oqdbhrd l‘mmdq sgd adg‘uhntq ne sghr nodq‘snq-

DwUlokd 3-1 &Pduhrhnm(9 Ingm jmdv Khmc‘6 vgdm ansg ne sgdl vdqd OgC rstcdmsr hm
Oghknrnogx hm ‘ udqx oqdrshfhntr tmhudqrhsx- Gd qdldladqr Khmc‘&r ‘bshuhrl hm edlhmhrl)
gdq aqhkkh‘ms qdbnqc ‘mc gdq fqd‘s ad‘tsx- Ansg nas‘hmdc sgdhq OgC cdfqdd ‘s sgd r‘ld
shld- Rhmbd sgdm) 4 xd‘qr ‘esdq) Ingm g‘r mn mdvr eqnl Khmc‘- Gnvdudq) gd sghmjr sg‘s
Khmc‘ hr enq rtqd ‘m ‘bshuhrs hm edlhmhrl) sg‘s rgd nbbtohdr ‘m dwbdkkdms onrhshnm hm ‘
Oghknrnogx Cdo‘qsldms ne rnld oqdrshfhntr tmhudqrhsx ‘mc rgd l‘hms‘hmr gdq ad‘tsx-
Ingm lddsr Odsdq) ‘ bnllnm bk‘rrl‘sd) vgn sdkkr ghl sg‘s) rtqoqhrhmfkx) Khmc‘ hr mnv
‘ a‘mj sdkkdq- Vhsg sghr mdv ohdbd ne hmenql‘shnm) Ingm qduhrdr ghr adkhder ‘mc gd sghmjr
mnv sg‘s Khmc‘ hr ‘ a‘mj sdkkdq vgn jddor gdq edlhmhrs ‘bshuhrl ‘mc jddor gdq ad‘tsx-
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Agerlb 0.� Dw‘lokd ne qduhrhnm ϕ ◦ ψ ) nas‘hmdc gdqd enq ‘ chk‘shnm ne rhyd m + 0-

Hm sghr oqnakdl) vd bncd ax sgd ‘snlr X) a ‘mc b sgd e‘bsr Khmc‘ hr ‘ edlhmhrs ‘bshuhrs)
Khmc‘ hr ad‘tshetk ‘mc Khmc‘ hr ‘ Oqnedrrnq qdrodbshudkx) ‘mc ax ¬b sgd e‘bs sg‘s Khmc‘
hr mns ‘ Oqnedrrnq ’enq hmrs‘mbd sgd e‘bs sg‘s Khmc‘ hr ‘ a‘mj sdkkdq(- Sgd enqltk‘ ϕ 9+
X ∧ a ∧ b bncdr sgd adkhder ne sgd ‘fdms ’Ingm( ‘mc sgd enqltk‘ψ 9+ ¬b bncdr sgd mdv
hmenql‘shnm- Sgdm) enkknvhmf sgd oqduhntr cd}mhshnm ne sgd qduhrhnm nodq‘snq ı) vd g‘ud
ϕ ◦ ψ + δ0(ϕ( ∧ ¬b- Sg‘s hr adb‘trd ϕ ∧ ψ hr hmbnmrhrsdms ‘mc δ0(ϕ( ∧ ψ hr bnmrhrsdms-
Vd g‘ud δ0(ϕ( ∧ ¬b + X ∧ a ∧ ¬b) sg‘s hr Khmc‘ jddor gdq edlhmhrs ‘bshuhrl) gdq ad‘tsx
‘mc rgd hr ‘ a‘mj sdkkdq-

Sghr dw‘lokd hr hkktrsq‘sdc hm Ehftqd 0/) trhmf sgd r‘ld bnmudmshnmr ‘r hm Rdbshnm 1-
Hs hr hlonqs‘ms sn onhms nts sg‘s vhsghm sgd oqduhntr ‘ooqn‘bg) trhmf ‘r rsqtbstq,

hmf dkdldms sgd rs‘mc‘qc a‘kk ne q‘chtr 0 ’vhsg qdrodbs sn sgd G‘llhmf chrs‘mbd hm
sgd dw‘lokd() sgdqd ‘kv‘xr dwhrsr m rtbg sg‘s δm(ϕ( • ∅ ’vgdm ϕ hr bnmrhrsdms(- Sghr hr
drrdmsh‘kkx sgd qd‘rnm vgx ϕ ◦ ψ hr bnmrhrsdms vgdm ϕ ‘mc ψ ‘qd bnmrhrsdms- ?krn hs hr
sgd qd‘rnm vgx sgd rn,b‘kkdc rtbbdrr onrstkXsd hm adkhde qduhrhnm ’ϕ ◦ ψ ∨ ψ ( gnkcr-
Vd g‘ud ‘krn qdl‘qjdc sg‘s sgdqd ‘qd rnld b‘rdr ’vhsg rodbh‘k rsqtbstqhmf dkdldmsr(

hm vghbg vd g‘ud ‘ }wdc onhms enq sgd chk‘shnm) vghbg hr mns mdbdrr‘qhkx∅- Enq hmrs‘mbd)
vd b‘m g‘ud ϕ ‘mc m rtbg sg‘s δm(ϕ( + δm+0(ϕ( ‘mc δm(ϕ( ∈• ∅- Vg‘s hr hmsdqdrshmf hr
sg‘s dudm hm rtbg ‘ b‘rd vd b‘m cd}md hmsdqdrshmf ‘mclnqd fdmdq‘k qduhrhnm nodq‘snqr)
m‘ldkx bqdchahkhsx,khlhsdc qduhrhnm nodq‘snqr ’Annsg ds ‘k-) 1/01: G‘mrrnm ds ‘k-) 1//0(-
Sgd oqdbhrd v‘x sn cn sg‘s hr ‘r enkknvr9

ϕ ◦ ψ +
{
δm(ϕ( ∧ ψ vgdqd m + lhm{j ∈ N | δj(ϕ( ∧ ψ hr bnmrhrsdmsz
ϕ he sgdqd hr mn j rtbg sg‘s δj(ϕ( ∧ ψ ∈∨ ⊥-

Vg‘s hr hmsdqdrshmf sn mnsd hr sg‘s hm sghr fdmdq‘k b‘rd) vd b‘m dmbncd sgd bqdchakd
vnqkcr ’rdd Annsg ds ‘k-) 1/01( ‘r ZZδm(ϕ([[) vgdqd m hr sgd kd‘rs hmsdfdq rtbg sg‘s δm(ϕ( +
δm+0(ϕ(-
Kds tr mnv bnmrhcdq sgd lnqd fdmdq‘k b‘rd) vgdqd δ hr mns mdbdrr‘qhkx ‘ chk‘shnm

cd}mdc eqnl ‘ chrs‘mbd- Vd nmkx ‘rrtld sg‘s δ hr dwsdmrhud ’h-d- ∀ϕ)ϕ |+ δ(ϕ() ‘r
cd}mdc d‘qkhdq() ‘mc sg‘s hs hr dwg‘trshud- Dwg‘trshud ld‘mr sg‘s δ r‘shr}dr sgd enkknv,
hmf }kkhmfmdrr oqnodqsx9 ∀ϕ) ϕ � ⊥ ⇒ ∃m ∈ N) δm(ϕ( • ∅- Vd sgdm g‘ud sgd enkknvhmf
qdrtks ’rshkk ‘rrtlhmf sg‘s ψ hr bnmrhrsdms(-

Opnonrhshnm 3-29 Kds δ ad Xm dwsdmrhud Xmc dwgXtrshud nodqXsnq nm sgd kXsshbd ne oqnonrh,
shnmXk enqltkXr- Sgdm sgd nodqXsnq µ cd}mdc ax

∀ϕ)ψ )ϕ ◦ ψ + δm(ϕ( ∧ ψ
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vhsg m + lhm{j ∈ N | δj(ϕ( ∧ ψ hr bnmrhrsdms{ ’sgd dwhrsdmbd ne m hr ftXqXmsddc ax sgd }kk,
hmfmdrr oqnodqsx() δ/(ϕ( + ϕ Xmc δj(ϕ( + δ(δj−0(ϕ(( enq j ≥ 0) hr X qduhrhnm nodqXsnq
rXshrexhmf sgd onrstkXsdr ’Q0(fl’Q5(-

Sgd oqnne ne sgd oqduhntr oqnonrhshnm hr a‘rdc nm Sgdnqdl 3-0- ?bst‘kkx) sgd
l‘oohmf vghbg ‘rrnbh‘sdr ϕ sn≤ϕ cd}mdc ax

∀ω)ω⇔)ω ≤ϕ ω⇔ ⇔ ∀m ∈ N)ω⇔ ∈ ZZδm(ϕ([[ ⇒ ω ∈ ZZδm(ϕ([[

hr ‘ e‘hsgetk ‘rrhfmldms ‘mc hs hr mns g‘qc sn rdd sg‘s enq ‘kkψ ) ZZϕ ◦ ψ [[ + lhm(ZZψ [[)≤ϕ()
vghbg ax Sgdnqdl 3-0 r‘xr sg‘s ı hr ‘ qduhrhnm nodq‘snq-
Sxohb‘kkx) δ b‘m ad ‘mx dwsdmrhud ‘mc dwg‘trshud chk‘shnm) ats sghr oqnonrhshnm hr

rkhfgskx lnqd fdmdq‘k rhmbd hs cndr mns qdpthqd δ sn bnlltsd vhsg sgd rtoqdltl) mnq
sn ad hmbqd‘rhmf-
Sgdlhmhl‘khsx oqnodqsx ne qduhrhnm nodq‘snqr g‘r addmvhcdkx chrbtrrdc hm sgd khsdq,

‘stqd ’rdd) d-f- Jnmhdbymx ds ‘k-) 1/0/: Qhadhqn �V‘rrdql‘mm) 1/03: Qhadhqn ds ‘k-) 1/02(-
?ksgntfg hs hr mns d‘rx sn cd}md hm ‘mx bnmsdws hm ‘ fdmdq‘k v‘x) kds tr mnsd sg‘s) hm
sgd o‘qshbtk‘q b‘rd ne oqnonrhshnm‘k knfhb) sgd oqnonrdc lnqognknfhb‘k cd}mhshnm ne
qduhrhnm oqnuhcdr ‘ m‘stq‘k v‘x sn ‘bghdud sghr lhmhl‘khsx hm sgd rdmrd sg‘s sgd rds ne
lncdkr hr lhmhl‘kkx dmk‘qfdc) vghbg bnqqdronmcr sn sgd ld‘mhmf ne lhmhl‘k bg‘mfd
hm J‘srtmn ‘mc Ldmcdkynm ’0880(- Sgd oqnonrdc ‘ooqn‘bg ‘krn oqnuhcdr rntmc ‘mc
oqdbhrd snnkr sn bnlotsd lhmhl‘k qduhrhnmr-

4- Adkhde ldpfhmf

Hm sghr rdbshnm) vd aqhdfix rtqudx rnld dwhrshmf adkhde ldqfhmf nodq‘snqr ‘mc rgnv sgd
khmj vhsg lnqognknfhb‘k chk‘shnmr-
Vd mnv qdb‘kk rnld a‘rhbr ‘ants adkhde ldqfhmf-7 Adkhde ldqfhmf ’Jnmhdbymx � Ohmn

Od–qdy) 0887) 1//1: Jnmhdbymx � Ohmn Od–qdy) 1/00( ‘hlr ‘s bnlahmhmf rdudq‘k ohdbdr ne
hmenql‘shnm vgdm sgdqd hr mn rsqhbs oqdbdcdmbd adsvddm sgdl- Sgd ‘fdms e‘bdr rdudq‘k
bnmfihbshmf ohdbdr ne hmenql‘shnm bnlhmf eqnl rdudq‘k rntqbdr ne dpt‘k qdkh‘ahkhsx)8 ‘mc
gd g‘r sn athkc ‘ bngdqdms cdrbqhoshnm ne sgd vnqkc eqnl sgdl-
Lnqd oqdbhrdkx sgd hmots ne ‘ ldqfhmf oqnakdl hr ‘ oqn}kd& + {ϕ0) . . . )ϕm{) cd}mdc

‘r ‘ ltksh,rds ne oqnonrhshnm‘k enqltk‘r dmbnchmf sgd cheedqdms rntqbdr ne hmenql‘,
shnm) ‘mc sgd hmsdfqhsx bnmrsq‘hmsr dmbncdc ax ‘ oqnonrhshnm‘k enqltk‘ ˆ- Sgd qdrtks ne
ldqfhmf& tmcdq sgd bnmrsq‘hms ˆ hr ‘ oqnonrhshnm‘k enqltk‘ vghbg vhkk ad cdmnsdc ax
)μ(&( ’vgdm μ • ∅) vd vhkk vqhsd rhlokx)(&( hmrsd‘c ne)∅(&((- Sgtr sgd ldqfhmf
lncdk hr a‘rdc nm sgd rstcx ‘mc bnmrsqtbshnm ne vdkk,adg‘udc etmbshnmr ) l‘oohmf
‘ bntokd (&)μ( hmsn ‘ enqltk‘ )μ(&(- Rtbg etmbshnmr ‘qd b‘kkdc ldqfhmf nodq‘snqr-
Lnqd oqdbhrdkx) ‘m hmsdfqhsx bnmrsq‘hms ldqfhmf nodq‘snq ’‘m HB ldqfhmf nodq‘snq enq
rgnqs( hr ‘ etmbshnm) r‘shrexhmf sgd enkknvhmf q‘shnm‘khsx onrstk‘sdr9

’HB/( )μ(&( ∨ μ

’HB0( He ˆ hr bnmrhrsdms) sgdm)μ(&( hr bnmrhrsdms
’HB1( He

∑
& hr bnmrhrsdms vhsg ˆ) sgdm)μ(&( •

∑
& ∧ μ

’HB2( He&0 • &1 ‘mc μ0 • μ1) sgdm)μ0(&0( • )μ1(&1(
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’HB3( He ϕ0 ∨ μ ‘mc ϕ1 ∨ μ) sgdm )μ({ϕ0)ϕ1{( ∧ ϕ0 hr bnmrhrsdms he ‘mc nmkx he
)μ({ϕ0)ϕ1{( ∧ ϕ1 hr bnmrhrsdms

’HB4( )μ(&0( ∧)μ(&1( ∨ )μ(&0 √ &1(

’HB5( He)μ(&0( ∧)μ(&1( hr bnmrhrsdms) sgdm)μ(&0 √ &1( ∨ )μ(&0( ∧)μ(&1(

’HB6( )μ0(&( ∧ μ1 ∨ )μ0∧μ1(&(

’HB7( He)μ0(&( ∧ μ1 hr bnmrhrsdms) sgdm)μ0∧μ1(&( ∨ )μ0(&()

vgdqd
∑

& cdmnsdr sgd bnmitmbshnm ne ‘kk sgd enqltk‘r ne &: &0 • &1 ld‘mr sg‘s
sgdqd hr ‘ ahidbshnm e eqnl &0 hmsn &1 rtbg sg‘s enq ‘mx enqltk‘ ϕ ∈ &0) vd g‘ud ϕ •
e (ϕ( ’hm o‘qshbtk‘q) &0 ‘mc &1 g‘ud sgd r‘ld b‘qchm‘khsx ‘r ltkshrdsr(: sgd rxlank √
rs‘mcr enq sgd ltkshrds tmhnm-
Enq ‘ cds‘hkdc dwok‘m‘shnm ne sgdrd onrstk‘sdr) rdd Jnmhdbymx ‘mc Ohmn Od–qdy ’1//1(-

Gnvdudq) kds tr l‘jd ‘ bnlldms ‘ants Onrstk‘sd ’HB3() jmnvm ‘r sgd e‘hqmdrr onrst,
k‘sd- ?r ‘ l‘ssdq ne e‘bs) sghr hr ‘ udqx qdrsqhbshud onrstk‘sd- Hmcddc) sgd nmkx nodq‘snqr
r‘shrexhmf ‘kk sgd onrstk‘sdr ‘qd sgd nodq‘snqr athks eqnlchrs‘mbd ‘mc ‘ffqdf‘shnm etmb,
shnmr ’rdd Jnmhdbymx � Ohmn Od–qdy) 1/00(- Udqx m‘stq‘k nodq‘snqr e‘hk sn r‘shrex ’HB3(- Hm
Rdbshnm 4-1 ne Jnmhdbymx ‘mc Ohmn Od–qdy ’1//1() sgdqd ‘qd hmsdqdrshmf qdrtksr ‘qntmc sghr
oqnakdl-
?m nodq‘snq ) hr b‘kkdc ‘m HB ptXrh,ldqfhmf nodqXsnq he hs r‘shr}dr ‘kk sgd oqduhntr

onrstk‘sdr dwbdos ’HB5() ats hmrsd‘c ne sghr onrstk‘sd hs r‘shr}dr sgd enkknvhmf nmd9

’HB5⇔( He)μ(&0( ∧)μ(&1( hr bnmrhrsdms) sgdm)μ(&0 √ &1( ∨ )μ(&0( ∨)μ(&1(

Sn drs‘akhrg ‘ qdoqdrdms‘shnm sgdnqdl) vd mddc sn hmsqnctbd sgd mnshnm ne rxmbqdshb
Xrrhfmldms- Sghr hr ‘ etmbshnm l‘oohmf d‘bg oqn}kd & sn ‘ sns‘k oqd,nqcdq ≤& nudq
hmsdqoqds‘shnmr rtbg sg‘s enq ‘mx oqn}kdr &)&0)&1 ‘mc enq ‘mx adkhde a‘rdr ϕ)ϕ⇔ sgd
enkknvhmf bnmchshnmr gnkc9

’0( He ω |+ & ‘mc ω⇔ |+ &) sgdm ω ↔& ω⇔

’1( He ω |+ & ‘mc ω⇔ ∈|+ &) sgdm ω .& ω⇔

’2( He&0 • &1) sgdm≤&0+≤&1

’3( ∀ω |+ ϕ ∃ω⇔ |+ ϕ⇔ ω⇔ ≤ϕ√ϕ⇔ ω

’4( He ω ≤&0 ω⇔ ‘mc ω ≤&1 ω⇔) sgdm ω ≤&0√&1 ω⇔

’5( He ω .&0 ω⇔ ‘mc ω ≤&1 ω⇔) sgdm ω .&0√&1 ω⇔-

Vgdm sgd bnmchshnm ’5( hr qdok‘bdc ax sgd enkknvhmf bnmchshnm9

’5⇔( He ω .&0 ω⇔ ‘mc ω .&1 ω⇔) sgdm ω .&0√&1 ω⇔

sgd ‘rrhfmldms hr b‘kkdc ‘ ptXrh,rxmbqdshb Xrrhfmldms) sg‘s hr ‘ etmbshnm l‘oohmf d‘bg
oqn}kd& sn ‘ sns‘k oqd,nqcdq≤& nudq hmsdqoqds‘shnmr r‘shrexhmf ’0(fl’4( ‘mc ’5&(-
Mnv vd b‘m rs‘sd sgd enkknvhmf qdoqdrdms‘shnm sgdnqdl enq ldqfhmf nodq‘snqr9

Rgdnpdl4-0 &Inmhdbymx�OhmnOdfipdy) 1..1(9 ;m nodqXsnq) hr Xm HB ldqfhmf nodqXsnq
’nq HB ptXrh,ldqfhmf nodqXsnq qdrodbshudkx( he Xmc nmkx he sgdqd dwhrsr X rxmbqdshb Xrrhfmldms
’nq ptXrh,rxmbqdshb Xrrhfmldms qdrodbshudkx( sgXs lXor dXbg oqn}kd & sn X snsXk oqd,nqcdq
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≤& rtbg sgXs

ZZ)μ(&([[ + lhm(ZZμ[[)≤&(

? udqx trdetk sdbgmhptd sn athkc rtbg nodq‘snqr hr a‘rdc nm ‘ chrs‘mbd ’‘bst‘kkx ‘
ordtcn,chrs‘mbd( adsvddm hmsdqoqds‘shnmr ‘mc ‘ mtldqhb‘k ‘ffqdf‘shnm etmbshnm- Vd
cdrbqhad gnv sghr vnqjr lnqd oqdbhrdkx hm vg‘s enkknvr-
? ordtcn,chrsXmbd0/ adsvddm hmsdqoqds‘shnmr hr ‘ etmbshnm c 9 ( · ( B→ N+ rtbg

sg‘s enq ‘mx ω) ω⇔ ∈ (9 c(ω)ω⇔( + c(ω⇔)ω() ‘mc c(ω)ω⇔( + / hee ω + ω⇔-
?m ‘ffqdf‘shnm etmbshnm e hr ‘ etmbshnm l‘oohmf) enq ‘mx onrhshud hmsdfdq m) d‘bg

m,stokd ne mnm,mdf‘shud qd‘kr hmsn ‘ onrhshud qd‘k rtbg sg‘s enq ‘mx w0) . . . ) wm) w) x ∈ N+9

• he w ≤ x) sgdm e (w0) . . . ) w) . . . ) wm( ≤ e (w0) . . . ) x) . . . ) wm( ’lnmnsnmx(
• e (w0) . . . ) wm( + / hee w0 + . . . + wm + / ’lhmhl‘khsx(
• e (w( + w ’hcdmshsx(-

Vhsg sgd gdko ne c ‘mc e) ‘ chrs‘mbd adsvddm hmsdqoqds‘shnmr ‘mc ‘m ‘ffqdf‘,
shnm etmbshnm qdrodbshudkx) vd b‘m bnmrsqtbs ‘ sns‘k oqd,nqcdq ≤& nm hmsdqoqds‘shnmr
‘rrnbh‘sdc vhsg & + {ϕ0) . . . )ϕm{ hm sgd enkknvhmf v‘x- Ehqrs) qdldladq sg‘s c(ω)ϕ( hr
lhmω⇔|+ϕ c(ω)ω⇔(- Sgdm) cd}md c(ω)&( + e (c(ω)ϕ0( . . . ) c(ω)ϕm((- Ehm‘kkx) ω ≤& ω⇔ hee
c(ω)&( ≤ c(ω⇔)&(- Sghr oqnbdrr hr) ‘bst‘kkx) ‘m ‘rrhfmldms vghbg hr hm e‘bs ‘ rxmbqdshb
’nq ‘ pt‘rh,rxmbqdshb( ‘rrhfmldms vgdm sgd ‘ffqdf‘shnm etmbshnm g‘r fnnc ‘cchshnm‘k
oqnodqshdr rtbg ‘r rxlldsqx) bnlonrhshnm ‘mc cdbnlonrhshnm ’rdd Jnmhdbymx � Ohmn
Od–qdy) 1/00(- Enq hmrs‘mbd vgdm e hr sgd etmbshnm rtl nq kdwhlhm) vd nas‘hm ‘ rxm,
bqdshb ‘rrhfmldms ax sgd oqduhntr oqnbdrr- Vgdm e hr sgd etmbshnm lXw) vd nas‘hm ‘
pt‘rh,rxmbqdshb ‘rrhfmldms- Sgtr) hm uhqstd ne Sgdnqdl 4-0) sgd nodq‘snq cd}mdc ax
sgd dpt‘shnm ZZ)μ(&([[ + lhm(ZZμ[[)≤&( hr ‘m HB ldqfhmf nodq‘snq vgdm sgd ‘ffqdf‘,
shnm etmbshnm trdc hr sgd rtl nq kdwhlhm ’Fl‘w( ‘mc hr ‘m HB pt‘rh,ldqfhmf nodq‘snq
vgdm sgd ‘ffqdf‘shnm etmbshnm trdc hr sgd l‘w- Sgdx ‘qd b‘kkdc hm sgd khsdq‘stqd )+ )
)FlXw ‘mc)l‘w) qdrodbshudkx00-
Kds tr mnv drs‘akhrg sgd khmjr vhsg chk‘shnmr- ?f‘hm vd bnmrhcdq ‘ chk‘shnm δ cd}mdc

trhmf sgd a‘kkr ne sgd chrs‘mbd c ‘r rsqtbstqhmf dkdldmsr- Sgdm hs hr mns g‘qc sn rdd sgd
enkknvhmf9

)l‘w
μ (ϕ0) . . . )ϕl( + δm(ϕ0( ∧ δm(ϕ1( ∧ � � � ∧ δm(ϕl( ∧ μ) ’05(

vgdqd m + lhm{j ∈ N | δj(ϕ0( ∧ � � � ∧ δj(ϕl( ∧ μ hr bnmrhrsdmsz-

)+
μ (ϕ0) . . . )ϕl( +

∨

(m0)...)ml(

δm0(ϕ0( ∧ δm1(ϕ1( ∧ � � � ∧ δml(ϕl( ∧ μ) ’06(

vgdqd sgd u‘ktdr m0) . . . ) ml ‘qd rtbg sg‘s
∑l

h+0 mh hr lhmhl‘k vhsg δm0(ϕ0( ∧ δm1(ϕ1( ∧
� � � ∧ δml(ϕl( ∧ μ bnmrhrsdms-
?m dw‘lokd hkktrsq‘shmf sgd adg‘uhntq ne )l‘w hr chrok‘xdc hm Ehftqd 00) vhsg sgd

r‘ld bnmudmshnmr ‘r hm Rdbshnm 1 ‘mc sgdG‘llhmf chrs‘mbd- Kds tr bnmrhcdq ϕ + ¬X ∧
¬a ∧ ¬b) ψ + X ∧ a ∧ ¬b ‘mc μ + ∅- Vghkd ϕ ∧ ψ hr mns bnmrhrsdms) δ0(ϕ( ∧ δ0(ψ( hr)
‘mc )l‘w(ϕ)ψ( + δ0(ϕ( ∧ δ0(ψ( + (X ∧ ¬a ∧ ¬b( ∨ (¬X ∧ a ∧ ¬b( ’h-d- sgd ldqfhmf
oqnuhcdr dhsgdq X nq a) dwbktrhudkx) ‘mc¬b(-
Mdws vd fhud ‘ kdrr ‘arsq‘bs dw‘lokd-
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Agerlb 00� Dw‘lokd ne ldqfhmf)l‘w(ϕ)ψ() nas‘hmdc enq ‘ chk‘shnm ne rhyd m + 0-

DwUlokd 4-1 &Ldpfhmf(9 Kds tr bnmrhcdq svn ‘fdmsr vgn v‘ms sn sq‘udk snfdsgdq ats
g‘ud hmbnmrhrsdms oqdedqdmbdr- Sgd rds ne oqnonrhshnm‘k rxlankr hr sgd rds ne ‘kk bntm,
sqhdr hm sgd vnqkc- Oqdedqdmbdr ‘qd cdmnsdc ax enqltk‘r ϕ- Hm sghr dw‘lokd) vd rgnv
gnv chk‘shnm b‘m gdko qd‘bghmf ‘m ‘fqddldms adsvddm ‘fdmsr- Kds tr ‘rrtld sg‘s
?fdms 0 oqdedqr sn sq‘udk hm Ro‘hm9 ϕ0 + RoXhm- Nm sgd nsgdq g‘mc) ?fdms 1 oqdedqr sn
sq‘udk hm Lnqnbbn9 ϕ1 + Lnqnbbn- Gdmbd sgd svn ‘fdmsr g‘ud bnmfihbshmf oqdedqdmbdr-
Gnvdudq) d‘bg ‘fdms hr mnv qd‘cx sn dwsdmc ghr oqdedqdmbdr rn sg‘s sgd svn ‘fdmsr b‘m
sq‘udk snfdsgdq- Sghr b‘m ad rhlokx lncdkkdc ax ‘ chk‘shnm δ) rtbg sg‘s rnld mdhfgantq
bntmsqhdr ‘qd hmbktcdc hm sgd oqdedqdmbdr9

δ(ϕ0( + RoXhm ∨ EqXmbd ∨ OnqstfXk ∨ Lnqnbbn

δ(ϕ1( + Lnqnbbn ∨ ;kfdqhX ∨ OnqstfXk ∨ RoXhm

Mnv sgd oqdedqdmbdr ‘qd mn lnqd bnmfihbshmf- Sgd ldqfhmf ne sgd ‘fdmsr& oqdedqdmbdr)
cdmnsdc)(ϕ0)ϕ1() b‘m ad dwoqdrrdc ‘r sgd bnmitmbshnm ne sgd chk‘sdc oqdedqdmbdr9

)(ϕ0)ϕ1( + δ(ϕ0( ∧ δ(ϕ1( + RoXhm ∨ OnqstfXk ∨ Lnqnbbn-

? rnktshnm enq sq‘udkkhmf b‘m sgdm ad entmc hm sgd rds ne lncdkr ne sgdrd enqltk‘r-
Sn fn nmd rsdo etqsgdq) vd b‘m ‘cc bnmrsq‘hmsr sgd ‘fdmsr g‘ud sn r‘shrex- Enq

hmrs‘mbd he ?fdms 0 g‘r sn rs‘x hm Dtqnod ‘mc ?fdms 1 g‘r sn rs‘x hm ‘ Ldchsdqq‘md‘m
bntmsqx) sgdrd bnmrsq‘hmsr b‘m ad s‘jdm hmsn ‘bbntms ax bnmchshnm‘k chk‘shnmr) sgtr
lnchexhmf oqdedqdmbdr ‘r

ϕ⇔
0 + δ(ϕ0( ∧ ψ0 + RoXhm ∨ EqXmbd ∨ OnqstfXk)

ϕ⇔
1 + δ(ϕ1( ∧ ψ1 + δ(ϕ1()

vgdqd ψ0 ‘mc ψ1 dmbncd sgd bnmrsq‘hmsr- Sgdm sgd mdv rds ne bnmrhrsdms oqdedqdmbdr
hr fhudm ax ϕ⇔ + ϕ⇔

0 ∧ ϕ⇔
1 + RoXhm ∨ OnqstfXk-

Mnv rtoonrd sg‘s sgd hmsdfqhsx bnmrsq‘hmsr ‘qd dmbncdc ax ‘ enqltk‘ ˆ) vghbg drs‘a,
khrgdr sgd e‘bs sg‘s nmd ‘mc nmkx nmd bntmsqx b‘m ad uhrhsdc dwbdos Ro‘hm ‘mcLnqnbbn-
Hm sghr b‘rd) sgd ldqfhmf ne ϕ0 ‘mc ϕ1 tmcdq sgd bnmrsq‘hms ˆ) cdmnsdc )μ(ϕ0)ϕ1( hr
dw‘bskx δ(ϕ0( ∧ δ(ϕ1( ∧ μ) h-d-

)μ(ϕ0)ϕ1( + OnqstfXk

Dpt‘shnmr ’05( ‘mc ’06( ‘kknv cd}mhmflnqd fdmdq‘k ldqfhmf nodq‘snqr vgdm δ hr ‘m
dwsdmrhud ‘mc dwg‘trshud nodq‘snq bnmfqtdms vhsg knfhb‘k dpthu‘kdmbd) h-d- he ϕ0 • ϕ1
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sgdm δ(ϕ0( • δ(ϕ1(- Vd ‘qd fnhmf ‘krn sn bnmrhcdq sgd enkknvhmf rxlldsqx oqnodqsx enq
δ) qdk‘sdc sn sgd e‘hqmdrr onrstk‘sd9 ’HB3(9

’0( (rxl( δm(ϕ( ∧ ϕ⇔ ∈∨ ⊥ hee δm(ϕ⇔( ∧ ϕ ∈∨ ⊥

Hm o‘qshbtk‘q) vd g‘ud sgd enkknvhmf qdrtksr9

Opnonrhshnm 4-29 Kds δ ad Xm dwsdmrhud Xmc dwgXtrshud nodqXsnq vghbg hr bnmfqtdms vhsg
knfhbXk dpthuXkdmbd nm sgd kXsshbd ne oqnonrhshnmXk enqltkXr- Sgdm)l‘w

μ cd}mdc ax

)l‘w
μ (ϕ0) . . . )ϕl( + δm(ϕ0( ∧ δm(ϕ1( ∧ � � � ∧ δm(ϕl( ∧ μ)

vgdqd m + lhm{j ∈ N | δj(ϕ0( ∧ � � � ∧ δj(ϕl( ∧ μ hr bnmrhrsdmsz ’sgd dwhrsdmbd ne m adhmf
ftXqXmsddc ax sgd }kkhmfmdrr oqnodqsx() hr X ldqfhmf nodqXsnq rXshrexhmf ’HB0(fl’HB2() ’HB4()
’HB5�( Xmc ’HB6( fl’HB7(- Lnqdnudq hs rXshr}dr ’HB3( hee δ rXshr}dr ’rxl(- Sgtr he δ hr Xm dwsdmrhud
Xmc dwgXtrshud nodqXsnq vghbg hr bnmfqtdms vhsg knfhbXk dpthuXkdmbd Xmc rXshr}dr ’rxl()
sgd nodqXsnq)l‘w hr Xm HB ptXrh,ldqfhmf nodqXsnq-

Mpnne6 Cd}md c(ω)ϕ( + m vgdqd m + lhm{j |ω ∈ ZZδj(ϕ[[{- Sghr etmbshnm c hr vdkk
cd}mdc adb‘trd ne dwg‘trshuhsx ne δ- Cd}md c(ω)&( + l‘w(c(ω)ϕ0() . . . ) c(ω)ϕm(((

vgdqd & + {ϕ0) . . . )ϕm{- Mnv kds ω ≤& ω⇔ hee c(ω)&( ≤ c(ω⇔)&(- Ehm‘kkx kds )μ(&(

ad ‘ enqltk‘ r‘shrexhmf sgd enkknvhmf dpt‘shnm9 ZZ)μ(&([[ + lhm(ZZμ[[)≤&(- Sghr hr
vdkk cd}mdc adb‘trd δ hr bnmfqtdms vhsg knfhb‘k dpthu‘kdmbd- Hs hr d‘rx sn rdd sg‘s
)l‘w

μ (&( + )μ(&(- Ax sgd gxonsgdrhr ‘ants δ ‘mc sgd e‘bs sg‘s sgd ‘ffqdf‘shnm etmb,
shnm s‘jdm hr sgd l‘w etmbshnm) hs hr ‘krn d‘rx sn bgdbj sg‘s sgd ‘rrhfmldms& B→≤& hr ‘
pt‘rh,rxmbqdshb ‘rrhfmldms ’oqnodqsx ’3( hr hmcddc dpthu‘kdms sn oqnodqsx ’rxl((- Sgtr)
ax uhqstd ne Sgdnqdl 4-0))l‘w hr ‘m HB pt‘rh,ldqfhmf nodq‘snq- �

Opnonrhshnm 4-39 Kds δ ad Xm dwsdmrhud Xmc dwgXtrshud nodqXsnq vghbg hr bnmfqtdms vhsg
knfhbXk dpthuXkdmbd nm sgd kXsshbd ne oqnonrhshnmXk enqltkXr- Sgdm)+ cd}mdc ax

)+
μ (ϕ0) . . . )ϕl( +

∨

(m0)...)ml(

δm0(ϕ0( ∧ δm1(ϕ1( ∧ � � � ∧ δml(ϕl( ∧ μ)

vgdqd sgd mtladqr m0) . . . ) ml Xqd rtbg sgXs
∑l

h+0 mh hr lhmhlXk vhsg δm0(ϕ0( ∧ δm1(ϕ1( ∧
� � � ∧ δml(ϕl( ∧ μ bnmrhrsdms) hr X ldqfhmf nodqXsnq rXshrexhmf ’HB0(fl’HB2() ’HB4(fl’HB7(-
Lnqdnudq) hs rXshr}dr ’HB3( hee δ rXshr}dr ’rxl(- Sgtr he δ hr Xm dwsdmrhud Xmc dwgXtrshud nodq,
Xsnq vghbg hr bnmfqtdms vhsg knfhbXk dpthuXkdmbd Xmc rXshr}dr ’rxl() sgd nodqXsnq)+ hr Xm
HB ldqfhmf nodqXsnq-

Mpnne6 Rhlhk‘q sn sgd oqnne ne sgd oqduhntr oqnonrhshnm ats trhmf sgd rtl ’+( etmbshnm
hmrsd‘c ne sgd l‘w etmbshnm- �

Sghr ‘ooqn‘bg g‘r addm dwsdmcdc ax Fnqnfh‘mmhr ‘mc Gtmsdq ’1//7( sn }qrs,nqcdq
knfhb) ax bnlahmhmf chk‘shnm ‘mc bnlo‘qhrnm nqcdqhmf nodq‘snqr- Sgd ldqfhmf onrst,
k‘sdr ‘qd sgdm ‘c‘osdc) ‘mc bnmchshnmr nm sgdrd svn nodq‘snqr ‘qd drs‘akhrgdc sn r‘shrex
sgdrd onrstk‘sdr- ?m hlokdldms‘shnm trhmf ahm‘qx cdbhrhnm ch‘fq‘lr g‘r etqsgdqlnqd
addm oqnonrdc ax Fnqnfh‘mmhr ‘mc Gtmsdq ’1//7(-
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5- :actbshnm

Hm sghr rdbshnm) vd rgnv sg‘s lnqognknfhb b‘m ‘krn ad trdc sn lncdk ‘actbshud
qd‘rnmhmf-
Sgd oqnbdrr ne hmedqqhmf sgd adrs dwok‘m‘shnm ne ‘m nardqu‘shnm hr trt‘kkx jmnvm ‘r

Xactbshnm- Hm sgd knfhb,a‘rdc ‘ooqn‘bg sn ‘actbshnm) sgd a‘bjfqntmc sgdnqx hr fhudm
ax ‘ bnmrhrsdms rds ne enqltk‘r01 +- Sgd mnshnm ne ‘ onrrhakd dwokXmXshnm hr cd}mdc ax
r‘xhmf sg‘s ‘ enqltk‘ γ sg‘s hr bnmrhrsdms vhsg + hr ‘m dwok‘m‘shnm ne � he + ˇ {γ { ∨ �

’sghr vhkk ad vqhssdm γ ∨+ �(- Rhmbd dwok‘m‘shnmr g‘ud cheedqdms cdfqddr ne ok‘trhahkhsx)
‘ bg‘q‘bsdqhrshb ed‘stqd ne dwok‘m‘snqx qd‘rnmhmf hr sgd rd‘qbg enq sgd lnrs ok‘trhakd
’rhlokd) q‘shnm‘k) oqdedqqdc( dwok‘m‘shnmr-
Cdrohsd sgd ‘ardmbd ne ‘ fdmdq‘k cd}mhshnm ne dwok‘m‘shnm) sgdqd g‘ud addm

rdudq‘k ‘ssdlosr sn cdudkno ‘ knfhb‘k ‘bbntms ne dwok‘m‘snqx qd‘rnmhmf ’?hfthdq
ds ‘k-) 1/07: Anbgl‘m) 1//6: Antshkhdq � Adbgdq) 0884: C–̈‘y � Tyb‘–sdfth) 1//7:
Ek‘bg) 0885) 1///) 1///;: Ohmn Od–qdy � Tyb‘–sdfth) 0888: Ohmn Od–qdy � Tyb‘–sdfth) 1//2(-
Sgd lncdk enq dwok‘m‘snqx qd‘rnmhmf vd trd hr a‘rdc nm sgd mnshnm ne ‘m dwok‘m‘,
snqx qdk‘shnm) h-d- ahm‘qx qdk‘shnmr nm enqltk‘r) cdmnsdc ax B ) vgdqd sgd hmsdmcdc
ld‘mhmf ne � B γ hr _γ hr ‘ oqdedqqdc dwokXmXshnm ne �&- Rhlhk‘qkx sn vg‘s g‘r addm cnmd
enq adkhde qduhrhnm ‘mc ldqfhmf) ‘ rds ne q‘shnm‘khsx onrstk‘sdr enq dwok‘m‘snqx qd‘rnm,
hmf v‘r oqnonrdc ‘mc chrbtrrdc ax Ohmn Od–qdy ‘mc Tyb‘–sdfth ’0888( ‘mc Ohmn Od–qdy
‘mc Tyb‘–sdfth ’1//2(- Sgd a‘rhb q‘shnm‘khsx onrstk‘sdr enq dwok‘m‘snqx qdk‘shnmr ‘qd sgd
enkknvhmf9

KKD+ 9 He ∨+ � ↔ �⇔ ‘mc � B γ ) sgdm �⇔ B γ -
QKD+ 9 He ∨+ γ ↔ γ ⇔ ‘mc � B γ ) sgdm � B γ ⇔-
D,BL9 He � B γ ‘mc γ ∨+ β ) sgdm (� ∧ β(B γ -
D,B,Bts9 He (� ∧ β(B γ ‘mc ∀δ Z� B δ ⇒ δ ∨+ β [) sgdm � B γ -
QR9 He � B γ ) γ ⇔ ∨+ γ ‘mc γ ⇔ ∈∨+ ⊥) sgdm � B γ ⇔-
QNQ9 He � B γ ‘mc � B δ) sgdm � B (γ ∨ δ(-
KNQ9 He � B γ ‘mc β B γ ) sgdm (� ∨ β(B γ -
D,CQ9 He � B γ ‘mc β B δ) sgdm (� ∨ β(B γ nq (� ∨ β(B δ-
D,Q,Bts9 He (� ∧ β(B γ ‘mc ∃δ Z� B δ�δ ∨+ β[) sgdm � B γ -
D,Qdfidwhuhsx9 He � B γ ) sgdm γ B γ -
D,Bnm+ 9 ∈∨+ ¬� hee sgdqd hr γ rtbg sg‘s � B γ -

Sgd hmsdmcdc ld‘mhmf ‘mc lnshu‘shnm enq sgdrd onrstk‘sdr b‘m ad entmc hm
C–̈‘y ‘mc Tyb‘–sdfth ’1//7() Ohmn Od–qdy ‘mc Tyb‘–sdfth ’0888( ‘mc Ohmn Od–qdy
‘mc Tyb‘–sdfth ’1//2(- Enq sgd bnmudmhdmbd ne sgd qd‘cdq) vd aqhdfix qdb‘kk sgd gdtqhrshb
adghmc sgdl- Rtoonrd B hr ‘m dwok‘m‘snqx qdk‘shnm- Vd ‘rrnbh‘sd sn hs ‘ bnmrdptdmbd
qdk‘shnm |∼Xa ‘r enkknvr9 � |∼Xa β he γ ∨+ β enq ‘kk γ rtbg sg‘s � B γ - Vd qd‘c � |∼Xa β

‘r r‘xhmf sg‘s vgdm � hr nardqudc) β hr mnql‘kkx ‘krn nardqudc- Sgd qdk‘shnm |∼Xa hr
‘ mnmlnmnsnmhb bnmrdptdmbd qdk‘shnm hm sgd JKL rdmrd ’Jq‘tr ds ‘k-) 088/: L‘jhm,
rnm) 0883(- Sgd oqnodqshdr enq B khrsdc ‘anud ‘qd hm shfgs bnqqdronmcdmbd vhsg rnld
vdkk,jmnvm onrstk‘sdr enq mnmlnmnsnmhb bnmrdptdmbd qdk‘shnm ’‘ookhdc sn |∼Xa(- Enq
hmrs‘mbd) D,Q,Bts hr sgd bntmsdqo‘qs ne q‘shnm‘k lnmnsnmx9 he � |∼Xa δ ‘mc � ∈ |∼Xa¬β )
sgdm � ∧ β |∼Xa δ-
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Hs v‘r rgnvm ax C–̈‘y ‘mc Tyb‘–sdfth ’1//7() Ohmn Od–qdy ‘mc Tyb‘–sdfth ’0888()
‘mc Ohmn Od–qdy ‘mc Tyb‘–sdfth ’1//2( sg‘s ntq onrstk‘sdr b‘ostqd vdkk rnld m‘st,
q‘k dwok‘m‘snqx oqnbdrrdr ‘mc ‘krn rg‘qd vhsg mnmlnmnsnmhb knfhb) adkhde qduhrhnm
‘mc ldqfhmf sgd ed‘stqd ne g‘uhmf mhbd qdoqdrdms‘shnm sgdnqdlr- Sn hkktrsq‘sd sghr
bk‘hl) kds tr r‘x sg‘s ‘m dwok‘m‘snqx qdk‘shnm B hr bXtrXk D,qXshnmXk ’Ohmn Od–qdy
� Tyb‘–sdfth) 0888( he hs r‘shr}dr KKD+ ) D,Bnm+ ) D,BL) D,Q,Bts ‘mc QR- Sgdm vd g‘ud sgd
enkknvhmf-

Rgdnpdl 5-0 &Ohmn Odfipdy � TybUfisdfth) 0888(9 ;m dwokXmXsnqx qdkXshnm hr bXtrXk D,
qXshnmXk he) Xmc nmkx he) sgdqd hr X snsXk oqd,nqcdq ≤ ne sgd lncdkr ne + rtbg sgXs enq Xkk �
Xmc γ sgd enkknvhmf gnkcr9

� B γ ⇔ ZZ+ ˇ {γ {[[ ⊆ lhm(ZZ�[[)≤(-

Sgd sns‘k oqd,nqcdq ≤ fhudm hm sgd oqduhntr sgdnqdl hmctbdr ‘ ok‘trhahkhsx nqcdq
‘lnmf sgd onrrhakd dwok‘m‘shnmr- Sgtr sgd oqdedqqdc dwok‘m‘shnmr vhsg qdrodbs sn ‘
b‘tr‘k D,q‘shnm‘k dwok‘m‘snqx qdk‘shnm ‘qd sgd lnrs ok‘trhakd nmdr ‘bbnqchmf sn sghr
nqcdqhmf ’rdd Ohmn Od–qdy �Tyb‘–sdfth) 1//2 enq ‘ bnlokdsd cdudknoldms ne sgdrd hcd‘r(-
Sgd ‘hl ne sghr rdbshnm hr sgqddenkc9 }qrs) sn oqnonrd udqx m‘stq‘k dwok‘m‘snqx qdk‘,

shnmr trhmf lnqognknfhb sg‘s hm rnld b‘rdr ‘qd bnlots‘shnm‘kkx sq‘bs‘akd: rdbnmc) sn
dw‘lhmd sgd ‘cdpt‘bx ne knfhb‘k onrstk‘sdr oqdrdmsdc ‘anud) ‘mc sghqc) sn hkktrsq‘sd
sgd qnkd sg‘s sgd rsqtbstqhmf dkdldms ok‘xr hm sgd oqnonrdc lncdkr ‘r chrbtrrdc hm
Rdbshnm 1-5-

5-.- DwokUmUsnpx pdkUshnmr aUrdc nm dpnrhnm

Lnqognknfhb ‘kknvr tr sn cd}md sgd lnrs bdmsqXk oXqs ne ‘ enqltk‘) ‘bbnqchmf sn sgd
etmc‘ldms‘k oqhmbhokdr ne sghr sgdnqx ’rdd d-f- Rdqq‘) 0871) 0877) ‘mc Rdbshnm 1(- Trhmf
sghr mnshnm) vd cd}md svn dwok‘m‘snqx qdk‘shnmr-
Qdb‘kk sg‘s hm Rdbshnm 1-5 ’Cd}mhshnm 1-3 ‘mc Dpt‘shnm 04() vd g‘ud cd}mdc ‘ sns‘k

oqd,nqcdq≥e ne ‘kk lncdkr hm rtbg ‘ v‘x sg‘s sgd lncdkr ne+ nbbtox sgd }qrs l kdudkr
vgdqd l hr sgd rhyd ne sgd k‘rs mnm dlosx dqnrhnm ne+- Sghr oqd,nqcdq hr ‘ooqnwhl‘shmf
sgd lnrs bdmsq‘k o‘qs ne +- Fhudm ‘m nardqu‘shnm �) vd b‘m rdkdbs sgd oqdedqqdc dwok‘,
m‘shnmr ne � trhmf sgd lhmhl‘k lncdkr ne � ’rn) sgd bknrdrs sn sgd lnrs bdmsq‘k o‘qs ne
+( vhsg qdrodbs sn≥e -
? rdbnmc ldsgnc sn rdkdbs sgd oqdedqqdc dwok‘m‘shnmr trdr ‘ rhlhk‘q hcd‘- Mnv vd

rtbbdrrhudkx dqncd+ ˇ {�{ hmrsd‘c ne+ ‘knmd) hm nsgdq vnqcr) vd ‘qd fnhmf sn trd sgd
k‘rs mnm dlosx dqnrhnm ne + ˇ {�{ ’rdd Cd}mhshnm 1-2(- Sgd qdrtksr ‘qd pthsd cheedqdms-
Sgd rdbnmcldsgnc cdodmcrlnqd gd‘uhkx nm sgd nardqu‘shnm ‘s g‘mc ‘mc sghr g‘r sgd
deedbs sg‘s sgd bnqqdronmchmf dwok‘m‘snqx qdk‘shnm lhfgs mns r‘shrex rnld udqx a‘rhb
rsqtbstq‘k oqnodqshdr-
Enq ‘m dwok‘m‘snqx qdk‘shnm B ‘mc ‘m nardqu‘shnm �) vd cdmnsd hsr ‘rrnbh‘sdc rds

ne oqdedqqdc dwok‘m‘shnmr ‘r enkknvr9

OD�(�( + {γ |� B γ {-
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Agerlb 01� @m dw‘lokd ne k‘rs bnmrhrsdms dqnrhnm-

5-.-.- Srhmf sgd iUrs anmrhrsdms dpnrhnm
Sgd }qrs ‘ooqn‘bg enq cd}mhmf ‘ mnshnm ne oqdedqqdc dwok‘m‘shnm bnmrhrsr hm dqnchmf+

‘r ltbg ‘r onrrhakd ats tmcdq sgd bnmrsq‘hms sg‘s hs qdl‘hmr bnmrhrsdms vhsg �- Lnqd
oqdbhrdkx) bnmrhcdq sgd enkknvhmf enqltk‘9

ε*b(+)�( + εm(+( ’07(

vgdqd
{

m + rto{j ∈ N | εj(+( ∧ � ∈∨ ⊥{ he m . +∞
m + lhm{j ∈ N | ∀j⇔ / j) εj⇔

(+( + εj(+() εj(+( ∧ � ∈∨ ⊥{ nsgdqvhrd-

Eqnl sghr nodq‘snq) vd cd}md sgd enkknvhmf dwok‘m‘snqx qdk‘shnm-

Cdzmhshnm 5-19 ?m dwok‘m‘snqx qdk‘shnm cdqhudc eqnl sgd mnshnm ne k‘rs bnmrhrsdms
dqnrhnm hr cd}mdc ‘r

� B*b γ
cde⇔ γ ∨+ ε*b(+)�( ∧ �- ’08(

Sghr cd}mhshnm g‘r sgd enkknvhmf hmsdqoqds‘shnm- Vd bnmrhcdq dqnrhnm ne +) vghbg
ld‘mr sg‘s vd ‘qd knnjhmf ‘s sgd enqltk‘r sg‘s r‘shrex � vghkd adhmf sgd lnrs hm sgd
sgdnqx) h-d- sg‘s b‘m ad bg‘mfdc vghkd qdl‘hmhmf hm sgd sgdnqx-
Kds tr rdd ‘m hkktrsq‘shud dw‘lokd ’rdd Ehftqd 01(- S‘jd + + X ∨ a ∨ b) ‘mc � +

(X ∧ ¬a ∧ b( ∨ (X ∧ a ∧ ¬b( ∨ (X ∧ ¬a ∧ ¬b() ‘mc a‘kkr ne sgd G‘llhmf chrs‘mbd ‘r
rsqtbstqhmf dkdldmsr- Vd g‘ud ε0(+( + (X ∨ a( ∧ (X ∨ b( ∧ (a ∨ b() ε1(+( + X ∧ a ∧ b)
‘mc }m‘kkx ε2(+( ∨ ⊥- Sgdqdenqd9

ε0(+( ∧ � + (X ∧ ¬a ∧ b( ∨ (X ∧ a ∧ ¬b(

‘mc ε1(+( ∧ � ∨ ⊥- Sgd u‘ktd ne m hm Dpt‘shnm ’07( hr sgdm dpt‘k sn 0-
Enq Cd}mhshnm 5-1) sgd enkknvhmf enqltk‘r adknmf sn OD�*b(�(9

(X ∧ ¬a ∧ b() (X ∧ a ∧ ¬b() (X ∧ ¬a ∧ b( ∨ (X ∧ a ∧ ¬b(-

Sgdqd hr ‘m ‘ksdqm‘shud v‘x ne knnjhmf ‘s B*b vghbg vhkk ad o‘qshbtk‘qkx trdetk hm sgd
mdws rdbshnm- Bnmrhcdqhmf sgd lnqognknfhb‘k nqcdqhmf ≥e qdrsqhbsdc sn sgd lncdkr ne
+) hs hr mns che}btks sn udqhex sg‘s sgd enkknvhmf gnkcr9

� B*b γ heeZZ+ ∧ γ [[ ⊆ lhm(ZZ+ ∧ �[[)≥e (- ’1/(

Hm o‘qshbtk‘q) ax Sgdnqdl 5-0) vd g‘ud sgd enkknvhmf oqnonrhshnm9
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Agerlb 02� @m dw‘lokd ne ϕ ‘mc hsr k‘rs dqnrhnm) dpt‘k sn ε(ϕ( hm sghr b‘rd-

Opnonrhshnm 5-29 B*b rXshr}dr KKD+ ) D,Bnm+ ) D,BL) D,Q,Bts Xmc QR-

5-.-1- Srhmf sgd iUrs mnm�dlosu dpnrhnm
Vd mnv hmsqnctbd ‘mnsgdq dwok‘m‘snqx qdk‘shnm vghbg trdr sgd k‘rs dqnrhnm ε*(ϕ( ne ‘
enqltk‘ ϕ-
Kds tr s‘jd ’rdd Ehftqd 02( ϕ + (X ∨ ¬a ∨ ¬b( ∧ (X ∨ a ∨ b() ‘mc ‘m dqnrhnm cd}mdc

trhmf sgd a‘kkr ne sgd G‘llhmf chrs‘mbd ‘r rsqtbstqhmf dkdldmsr- Trhmf sgd oqnodqshdr
ne dqnrhnm) ‘mc hm o‘qshbtk‘q sgd e‘bs sg‘s hs bnlltsdr vhsg sgd bnmitmbshnm) hs hr d‘rx
sn cdqhud sg‘s

ε0(ϕ( + (X ∨ ¬a( ∧ (X ∨ ¬b( ∧ (¬a ∨ ¬b( ∧ (X ∨ a( ∧ (X ∨ b( ∧ (a ∨ b(

+ (X ∧ ¬a ∧ b( ∨ (X ∧ a ∧ ¬b(-

Rhmbd ε1(ϕ( ∨ ⊥) vd g‘ud ε0(ϕ( + ε*(ϕ( ’hsr lncdkr ‘qd hm qdc hm Ehftqd 02(-
? oqdedqqdc dwok‘m‘shnm ne � hr sgdm cd}mdc eqnl sghr nodq‘snq ‘ookhdc nm + ∧ �)

lnqd oqdbhrdkx9

Cdzmhshnm 5-39 ?m dwok‘m‘snqx qdk‘shnm cdqhudc eqnl sgd k‘rs mnm,dlosx dqnrhnm hr
cd}mdc ‘r enkknvr9

� B*md γ
cde⇔ γ ∨+ ε*(+ ∧ �(- ’10(

Sgd hcd‘ ne s‘jhmf sgd k‘rs dqnrhnm ne + ∧ � b‘m ad hmsdqoqdsdc hm sdqlr ne qnatrs,
mdrr- ?m dqnrhnm ne rhyd m ne ‘ enqltk‘ hr ‘ enqltk‘ sg‘s b‘m ad bg‘mfdc vghkd rshkk
oqnuhmf sgd hmhsh‘k enqltk‘- He ‘s lnrs m rxlankr ‘qd bg‘mfdc hm εm(ϕ( sgdm ϕ hr ‘kv‘xr
r‘shr}dc- Gdqd) bnmrhcdqhmf ε*(+ ∧ �(ld‘mr sg‘s vd ‘qd knnjhmf ‘s sgd lnrs qdctbdc
enqltk‘ sg‘s r‘shr}dr+ ∧ �) h-d- sgd nmd sg‘s b‘m ad bg‘mfdc sgd lnrs vghkd r‘shrexhmf
+ ∧ �-
Dqnrhnm cndr mns s‘jd hmsn ‘bbntms ‘kk _o‘qsr& ne ‘ enqltk‘- Kds tr s‘jd enq

hmrs‘mbd9 + ∧ � + (X ∨ a( ∧ (X ∨ b( ∧ (a ∨ b( ‘mc + ∧ β + ((X ∨ a( ∧ (X ∨ b( ∧ (a ∨
b(( ∨ (¬X ∧ ¬a ∧ ¬b( ’Ehftqd 03(- Sgdm vd g‘ud ε*(+ ∧ �( + ε*(+ ∧ β( + X ∧ a ∧ b
‘mc sgtr � ‘mc β g‘ud sgd r‘ld oqdedqqdc dwok‘m‘shnmr- Sgd rds ne vnqkcr r‘shrexhmf
+ ∧ β hr chrbnmmdbsdc) ‘mc sgd bnmmdbsdc bnlonmdms bnms‘hmhmf nmkx (¬X ∧ ¬a ∧
¬b( hr mns qdoqdrdmsdc hm sgd dwok‘m‘shnmr ne β - Sghr rgntkc mns ad rtqoqhrhmf) rhmbd
‘mx dwok‘m‘snqx qdk‘shnm vhkk rdkdbs rnld o‘qs ne ‘m nardqu‘shnm ‘r sgd lnrs qdkdu‘ms
nmd- Gnvdudq) he sghr hr bnmrhcdqdc sn ad ‘ oqnakdl) hs b‘m ad ‘unhcdc ax bnmrhcdqhmf
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Agerlb 03� @m dw‘lokd ne+ ∧ � ‘mc+ ∧ β sg‘s g‘ud sgd r‘ld k‘rs dqnrhnm-+ ∧ β g‘r svn bnmmdbsdc
bnlonmdmsr ’aktd lncdkr nm sgd nmd g‘mc ‘mc sgd bx‘m nmd nm sgd nsgdq g‘mc() sgd rdbnmc nmd adhmf
mns qdoqdrdmsdc hm sgd zm‘k qdrtks-

sgd tkshl‘sd dqnrhnm hmrsd‘c ne sgd k‘rs dqnrhnm) vghbg vhkk rdkdbs ‘s kd‘rs nmd dkdldms
ne d‘bg bnmmdbsdc bnlonmdms ne ‘m nardqu‘shnm ’rdd Rdbshnm 1-4(-
?m hlonqs‘ms cheedqdmbd adsvddm B*b ‘mc B*md hr sg‘s sgd k‘ssdq hr lnqd nardq,

u‘shnm cdodmcdms sg‘m sgd enqldq- Hm e‘bs) enq ‘ fhudm �) kds ≥�
e ad sgd lnqognknfhb‘k

nqcdqhmf ‘rrnbh‘sdc vhsg + ˇ {�{- Sgdm sgd oqdedqqdc dwok‘m‘shnmr ne � ‘bbnqchmf sn
B*md ‘qd nas‘hmdc trhmf≥�

e hmrsd‘c ne≥e ‘r hs v‘r cnmd vhsg B*b - ?r ‘ bnmrdptdmbd
ne sghr) B*md cndr mns r‘shr}dr mdhsgdq D,BL mnq D,B,Bts- Gnvdudq) hs cndr r‘shrex sgd
enkknvhmf vd‘jdq enql ne D,BL9

D,V,BL9 He � B γ ‘mcBγβ sgdmBγ (� ∧ β(-

Hs hr hlonqs‘ms sn mnsd sg‘s B*md hr sgd }qrs m‘stq‘k mnm,sqhuh‘k dw‘lokd vd jmnv
ne sg‘s r‘shr}dr D,V,BL ats cndr mns r‘shrex mdhsgdq D,BL mnq D,B,Bts 02’enq ‘ oqnne
ne sghr bk‘hl rdd ?oodmchw(- Sgd mdws oqnonrhshnm bnkkdbsr ‘kk sgd e‘bsr vd jmnv
‘ants B*md -

Opnonrhshnm 5-49 Sgd dwokXmXsnqx qdkXshnm B*md rXshr}dr KKD+ ) QKD+ ) QNQ) D,V,BL)
QR Xmc D,Bnm+ -

Sgd oqnne ne sghr qdrtks b‘m ad entmc hm ?oodmchw- S‘akd 2 rtll‘qhrdr sgd qdrtksr vd
nas‘hmdc rn e‘q-

FTaib 2� Oqnodqshdr ne sgd oqnonrdc qdk‘shnmr-

�*b �*mc

Oqnodqsx ’Dpt‘shnm 08( ’Dpt‘shnm 10(

KKD+

\ \

PKD+

\ \

D,BL
\ ·

D,V,BL
\ \

D,B,Bts
\ ·

D,P,Bts
\ ·

D,Pdfidwhuhsx
\ ·

PNP
\ \

PR
\ \

KNP
\ ·

D,CP
\ ·

D,Bnm+

\ \
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5-1- Sgd pnkd ne sgd rsptbstphmf dkdldms6 Um dwUlokd

Hm sghr rdbshnm) vd dwoknqd rnldv‘xr ne cd}mhmf rsqtbstqhmf dkdldmsr vghbg ‘qd lnqd
‘ooqnoqh‘sd enq sgd s‘rj ne }mchmf dwok‘m‘shnmr- Vd vhkk ‘m‘kxrd sgd enkknvhmf dw‘lokd
sgqntfg cheedqdms rsqtbstqhmf dkdldmsr-

DwUlokd 5-59 Kds tr bnmrhcdq sgd udqx rhlokd sgdnqx +0 + {X → b) a → b{ ’qdoqd,
rdmsdc ax sgd r‘ld enqltk‘ ϕ ‘r sgd nmd hm Ehftqd 2() ‘mc rtoonrd sg‘s sgd nardqu‘shnm
hr b- Vg‘s ‘qd sgd _fnnc& dwok‘m‘shnmr ne b; Vd oqdrdms sgqdd cheedqdms hmsdqoqds‘shnmr
vgdqd sgd lnrs m‘stq‘k ‘mrvdqr vntkc ad cheedqdms-
Vd trt‘kkx dwodbs sg‘s sgd b‘trdr ne b ‘qd ‘lnmf X) a- Kds tr bnmrhcdq sgd enkknvhmf

sgqdd hmsdqoqds‘shnmr) vgdqd cheedqdms dwok‘m‘shnmr l‘x ad dwodbsdc9

’0(

X + qXhmdc]kXrs]mhfgs

a + roqhmjkd]vXr]nm

b + fqXrr]hr]vds

Sgd _bnllnm rdmrd b‘tshntr dwok‘m‘shnm& ne b hr X ∨ a-
’1(

X + cqtf

a + Xmnsgdq cqtf

b + Xcudqrd qdXbshnm

?m dwok‘m‘shnm sg‘s ‘m ‘cudqrd qd‘bshnm nbbtqr hr sg‘s nmd g‘r s‘jdm cqtf X
‘mc cqtf a) sgd bnlahm‘shnm ne vghbg hr mns qdbnlldmcdc- Gdmbd sgd _d‘fdq&
dwok‘m‘shnm X ∧ a vntkc ad oqdedqqdc-
Mnsd sg‘s hm sghr b‘rd) hs bntkc ad ‘qftdc sg‘s sgd a‘bjfqntmc sgdnqx vntkc

ad X ∧ a → b-
’2(

X + annj]vXr]kdes]rnldvgdqd dkrd

a + rnldancx]snnj]sgd annj

b + annj]hr]mns]hm]sgd rgdke

?m dwok‘m‘shnm a‘rdc nm sgd oqhmbhokd ne sgd _Nbjg‘l&r q‘ynq& vhkk rdkdbs dhsgdq
X nq a ats mns ansg) sg‘s hr sn r‘x) (X ∧ ¬a( ∨ (¬X ∧ a(-

Hm sgd dw‘lokd ‘anud) sgd dwodbsdc dwok‘m‘shnmr ne b ‘qd athks nmkx trhmf sgd
‘snlr X nq a- Vd b‘m hmsqnctbd sghr bnmrsq‘hms trhmf ‘ chrshmfthrgdc rds ne ‘snlr
;a ’rnldshldr ‘qd b‘kkdc Xactbhakdr(: hm ntq dw‘lokd) ;a + {X) a{- Vd b‘m lnchex sgd
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a‘bjfqntmc sgdnqx ‘r enkknvr9

+1 + +0 ˇ {X ∨ a{-

Mnsd sg‘s+1 hr knfhb‘kkx dpthu‘kdms sn {(X ∧ b( ∨ (a ∧ b({- Hs lncdkr dwokhbhskx sg‘s X ∨ a
hr o‘qs ne sgd sgdnqx) ‘mc sgdm) sgd b‘trdr ne b b‘m ad entmc ‘lnmf X ‘mc a- Vd b‘m ‘krn
lnchex sgd rsqtbstqhmf dkdldms sn hmbktcd sghr mdv bnmrsq‘hms- ?r adenqd) Aω cdmnsdr
sgd a‘kk ne q‘chtr 0 bdmsqdc ‘s ω ’vhsg qdrodbs sn sgd G‘llhmf chrs‘mbd enq hmrs‘mbd(-
Kds

AXa
ω + {ω⇔ ∈ Aω |ω(w( + ω⇔(w( enq ‘kk w ∈∈ ;a{-

AXa
ω bnms‘hmr sgnrd u‘kt‘shnmr hm Aω vghbg ‘fqdd vhsg ω ntsrhcd ;a-

DwUlokd 5-69 Kds+1 ‘mc ;a ad ‘r ‘anud- Vd vhkk vnqj vhsg sgd mnshnm ne dwok‘m‘shnm
fhudm ax B*b -

’0( Vhsg sgd rs‘mc‘qc a‘kk Aω ) vd fds ε0(+1( + ⊥- Sgtr ε*b(+1) b( + +1- Hm o‘qshbt,
k‘q)

b B*b (X ∨ a(-

’1( Mnv vd trd AXa
ω - Sgdm ε0(+1( + X ∧ a ∧ b ‘mc ε1(+1( + ⊥- Sgtr

b B*b (X ∧ a(-

Mnsd sg‘s b ∈ B*b(X ∨ a(-
’2( Bnmrhcdq sgd enkknvhmf rsqtbstqhmf dkdldms9

AXa
ω)1 + {ω{ ˇ {ω⇔ ∈ ( | c(ω)ω⇔( + 1 ‘mc ω(w( + ω⇔(w( enq ‘kk w ∈∈ ;a{)

vgdqd c cdmnsdr sgd G‘llhmf chrs‘mbd- Sgdm ε0(+1( + ε1(+1( + (¬X ∧ a ∧
b( ∨ (X ∧ ¬a ∧ b(- Sgtr

b B*b (X ∧ ¬a( ∨ (¬X ∧ a(-

Mnsd sg‘s b ∈ B*b(X ∧ a(-

Hm Dw‘lokd 5-6) vd fds sgd _dwodbsdc& rnktshnmr) ‘r cdrbqhadc hm Dw‘lokd 5-5- Nmd
v‘x sn tmcdqrs‘mc hs hr ‘r enkknvr- Fhudm+ ‘mc ‘ rds ne ‘snlr ;a) kds ;aEnql ad sgd rds
ne enqltk‘r sg‘s trd nmkx ‘snlr eqnl ;a- Fhudm ‘m nardqu‘shnm enqltk‘ �) sgd bXtshntr
dwokXmXshnm ne � ’vhsg qdrodbs sn (+);a(( hr cd}mdc ax

bd(�( +
∨

{γ ∈ ;aenql |+ ∈∨ ¬γ ‘mc+ ˇ {γ { ∨ �{-

Rhmbd sgd k‘mft‘fd hr }mhsd) qdrsqhbshmf sgd enqltk‘r γ ‘ood‘qhmf hm sgd cd}mhshnm ne
bd(�( sn ad ‘ bnmitmbshnm ne khsdq‘kr eqnl ;a) vd fds sg‘s bd(�( hr vdkk cd}mdc- Enq
hmrs‘mbd) hm Dw‘lokd 5-5 vd g‘ud bd(b( + X ∨ a- Ax ‘cchmf sn + sgd b‘tshntr dwok‘,
m‘shnm ne sgd nardqu‘shnm) vd ‘qd hlonrhmf ‘m dwsq‘ bnmrsq‘hms sg‘s gdkor sn }mc rnld
ne hsr _m‘stq‘k& dwok‘m‘shnmr- Sgd dwo‘mcdc sgdnqx rddlr sn ad ‘ trdetk snnk enq sgd s‘rj
ne }mchmf _bnqqdbs& dwok‘m‘shnmr- ?kk sghr hr hkktrsq‘sdc ax Dw‘lokd 5-6) vgdqd sgd bgnhbd
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Agerlb 04� Gkktrsq‘shnm ne +0 ‘mc +1 ’kdes( ‘mc ne sgqdd chédqdms rsqtbstqhmf dkdldmsr bdmsqdc ‘s ω

’qhfgs(-

FTaib 3� Dwok‘m‘shnmr ne nardqu‘shnm b
enq svn a‘bifqntmc sgdnqhdr ‘mc sgqdd
chédqdms rsqtbstqhmf dkdldmsr-

+0 +1

�ω ¬X ∧ ¬a ∧ b X ∨ a
�Xaω b X ∧ a
�Xaω)1 b (X ∧ ¬a( ∨ (¬X ∧ a(

ne ‘m ‘ooqnoqh‘sd rsqtbstqhmf dkdldms ‘kknvr tr sn }mc sgd dwodbsdc dwok‘m‘shnmr hm
sgd sgqdd rhst‘shnmr oqdrdmsdc hm Dw‘lokd 5-5-
S‘akd 3 rtll‘qhrdr sgd qdrtksr enq sgd k‘rs svn dw‘lokdr) enq +0 ‘mc +1 ‘mc sgd

sgqdd bnmrhcdqdc rsqtbstqhmf dkdldmsr ’Ehftqd 04(-
Sgdrd dw‘lokdr hkktrsq‘sd gnv cheedqdms dwok‘m‘shnmr b‘m ad nas‘hmdc trhmf ‘ooqn,

oqh‘sd rsqtbstqhmf dkdldmsr- Qntfgkx rod‘jhmf) he X ‘mc a ‘qd hmbnlo‘shakd) sgdm sgd
dwbktrhud chritmbshnm hr ‘ooqnoqh‘sd) ‘mc hs hr nas‘hmdc trhmf AXa

ω)1- He sgdx ‘qd bnl,
o‘shakd) ‘ o‘qrhlnmhntr dwok‘m‘shnm hr sgd chritmbshnm ’‘r qdpthqdc enq hmrs‘mbd hm
lncdk,a‘rdc ch‘fmnrhr() nas‘hmdc enq Aω ) vghkd ‘lnqd rtqd nq bnmrsq‘hmdc dwok‘m‘shnm
hr sgd bnmitmbshnm) nas‘hmdc enq AXa

ω -

5-2- Tmhydc uhdv trhmf sgd etmcUldmsUk opd�npcdp�e

Vd oqdrdms hm sghr rdbshnm ‘ tmh}dc sqd‘sldms ne ‘actbshnm ‘mc qduhrhnm- Hm o‘qshbt,
k‘q) vd oqnonrd sn ots hm sgd r‘ld eq‘ldvnqj rnld ne sgd qdrtksr ne Rdbshnmr 3 ‘mc 5
’‘mc Aknbg � K‘mf) 1///: Aknbg ds ‘k-) 1//0() trhmf sgd etmc‘ldms‘k lnqognknfhb‘k
oqd,nqcdq qdk‘shnm≥e -
Hm sgd enkknvhmf) vd rshkk ‘rrtld ‘msh,dwsdmrhud dqnrhnmr ‘mc dwsdmrhud chk‘shnmr-
Sgdqd hr ‘m ‘ksdqm‘shud v‘x ne knnjhmf ‘s B*b vghbg vhkk ad o‘qshbtk‘qkx trdetk hm

vg‘s enkknvr- Sgd hsdq‘shnm ne sgd dqnrhnm nodq‘snq oqnuhcdr ‘ ldsgnc ne khmd‘qkx oqd,
nqcdqhmf sgdlncdkr ne+- Vd g‘ud ‘kqd‘cx mnsdc sg‘s) vgdm � hr bnmrhrsdms vhsg+) vd
g‘ud ‘ qdoqdrdms‘shnm ne sgd qdk‘shnm B*b hm sdqlr ne sgd lnqognknfhb‘k nqcdq fhudm
ax sgd dpthu‘kdmbd ’1/(-
?bst‘kkx) he vd s‘jd sgd enkknvhmf oqd,nqcdq nudq sgd lncdkr ne+9

ω ≤D ω⇔ cde⇔ ∀ j (ω⇔ ∈ εj(+( → ω ∈ εj(+(() ’11(
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hs hr bkd‘q sg‘s≤D ‘mc≥e bnhmbhcd nudq ZZ+[[- Sgtr dpthu‘kdmbd ’1/( b‘m ad qdvqhssdm ‘r

� B*b γ heeZZγ ∧ +[[ ⊆ lhm(ZZ+ ∧ �[[)≤D(- ’12(

Kds tr mnv bnld a‘bj sn sgd qduhrhnm a‘rdc nm chk‘shnm- ?r cdrbqhadc hm Rdbshnm 3 ’rdd
‘krn Aknbg � K‘mf) 1///() sgd hcd‘ hr sn chk‘sd + ’vghbg hr mns mdbdrr‘qhkx bnmrhrsdms
vhsg �( tmshk hs adbnldr bnmrhrsdms vhsg �- Mnsd sg‘s+ hr sgdm mnlnqd bnmrhcdqdc ‘r ‘
}wdc sgdnqx ats q‘sgdq ‘r ‘ a‘bjfqntmc jmnvkdcfd) vghbg b‘m dunkud- Lnqd oqdbhrdkx)
vd cd}md ı ‘r

+ ◦ � +
{
δm(+( ∧ � vgdqd m + lhm{j ∈ N | δj(+( ∧ � hr bnmrhrsdmsz
+ he sgdqd hr mn j rtbg sg‘s δj(ϕ( ∧ ψ ∈∨ ⊥ ’13(

Sgd hsdq‘shnm ne sgd chk‘shnm nodq‘snq oqnuhcdr ‘ ldsgnc ne khmd‘qkx oqd,nqcdqhmf sgd
lncdkr ne ZZδ*(+([[- Bnmrhcdq sgd enkknvhmf qdk‘shnm ‘lnmf lncdkr9

ω ≤C ω⇔ cde⇔ ∀j (ω⇔ ∈ δj(+( → ω ∈ δj(+((- ’14(

Hmcddc) hs hr bkd‘q sg‘s ≤C hr ‘ sns‘k oqd,nqcdq nudq ZZδ*(+([[: vd vhkk b‘kk hs sgd snsXk oqd,
nqcdq XrrnbhXsdc vhsg + trhmf rtbbdrrhud chkXshnmr- Hs hr mns che}btks sn udqhex sg‘s sgd
enkknvhmf gnkcr9

ZZ+ ◦ �[[ +
{
lhm(ZZ�[[)≤C(- he � ∧ δ*(+( ∈∨ ⊥
ZZ+[[ he � ∧ δ*(+( ∨ ⊥ ’15(

Hmcddc) hs hr d‘rx sn bgdbj sg‘s nudq sgd rds ZZδ*(+([[ | ZZ+[[ sgd qdk‘shnmr ≤C ‘mc ≥e

bnhmbhcd-
Ax sgd qdoqdrdms‘shnm sgdnqdl enq bqdchahkhsx,khlhsdc qduhrhnm nodq‘snqr ’rdd Annsg

ds ‘k-) 1/01() h-d- nodq‘snqr sg‘s fdmdq‘khrd sgd bk‘rrhb‘k ?FL,qduhrhnm nodq‘,
snqr ’?kbgntqqn–m ds ‘k-) 0874: J‘srtmn �Ldmcdkynm) 0880() hs enkknvr eqnl Dpt‘shnm ’15(
sg‘s ı hr ‘ bqdchahkhsx,khlhsdc qduhrhnm nodq‘snq ’Annsg ds ‘k-) 1/01: G‘mrrnm ds ‘k-) 1//0(-
Sgd oqd,nqcdq cd}mdc ax Dpt‘shnmr ’11( ‘mc ’14( b‘m ad ldqfdc hm sgd lnq,

ognknfhb‘k nqcdqhmf ≥e hmsqnctbdc hm Rdbshnm 1- Ax sgd oqduhntr nardqu‘shnmr) sgd
lnqognknfhb‘k nqcdq≥e hr≤D nudq ZZ+[[ ‘mc≤C nudq sgd rds ZZδ*(+([[ | ZZ+[[-
A‘rdc nm sgdlnqognknfhb‘k nqcdqhmf) vd b‘m ‘rrnbh‘sd vhsg d‘bg nardqu‘shnm � sgd

enkknvhmf rds ne u‘kt‘shnmr9

L(�( +
{
lhm(ZZ�[[)≥e ( he � ∧ δ*(+( ∈∨ ⊥
ZZ+[[ he � ∧ δ*(+( ∨ ⊥-

Mnsd sg‘s sgd bqhsdqhnm trdc sn cd}md L(�( hr a‘rdc nm sgd lnqognknfx nodq‘snqr δ

‘mc ε- Sgd hmsdqoqds‘shnm vd fhud snL(�( hr sg‘s hs bnms‘hmr sgnrd vnqkcr sg‘s ‘qd ’lnq,
ognknfhb‘kkx( lnqd qdkdu‘ms fhudm sgd nardqu‘shnm �- Sgdqdenqd enq sgd s‘rj ne qduhrhmf
+ nq dwok‘hmhmf � vd nmkx knnj ‘s L(�(- Sghr vhkk ad l‘cd oqdbhrd hm sgd qdrtks sg‘s
enkknvr- Vd vhkk cdmnsd ax B(�( sgd enqltk‘ vgnrd lncdkr ‘qd dw‘bskx L(�(-

Rgdnpdl 5-79 Kds +) � Xmc γ bnmrhrsdms enqltkXr-

’0( He � hr bnmrhrsdms vhsg +) sgdm � B*b γ hee γ ∨ B(�(-
’1( He � hr hmbnmrhrsdms vhsg +) sgdm + ◦ � + B(�(-
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Sgd oqduhntr qdrtks rtffdrsr sgd enkknvhmf cd}mhshnmr9

� Be γ
cde⇔ γ ∨ B(�( ’16(

‘mc

+ ◦e � + B(�( ’17(

vgdqd � ‘mc γ ‘qd bnmrhrsdms enqltk‘r-
?r ‘m dw‘lokd) kds tr bnmrhcdq sgd dw‘lokd hm Ehftqd 5 enq + + +0- Enq � + (¬X ∧

¬a ∧ ¬b( ∨ (¬X ∧ ¬a ∧ b( ∨ (¬X ∧ a ∧ ¬b() � hr bnmrhrsdms vhsg+ ‘mc hsr dwok‘m‘shnm
hr γ •+ ¬X ∧ ¬a ∧ b) vghbg bnqqdronmcr sn sgd q‘mj / hm S‘akd 0- Mnv he � hr qdctbdc
sn � + ¬X ∧ a ∧ ¬b) sgdm hs hr mn lnqd bnmrhrsdms vhsg+ ‘mc sgd qduhrhnm ‘ookhdr-
Rnld bnlldmsr ‘ants sgdrd cd}mhshnmr rgntkc ad l‘cd- Ehqrs ne ‘kk) dudm vgdm ‘m

nardqu‘shnm hr hmbnmrhrsdms vhsg sgd a‘bjfqntmc sgdnqx + sgdqd hr ‘ enqltk‘ γ rtbg
sg‘s � Be γ - Sg‘s hr sn r‘x) vd b‘m _dwok‘hm& lnqd nardqu‘shnmr vhsgBe sg‘m vhsg B*b -
Sghr hr qdk‘sdc sn sgd hcd‘ ne ‘actbshnm ‘r adkhde qduhrhnm ’Antshkhdq � Adbgdq) 0884(- Sgd
hmsdqoqds‘shnm vd fhud sn sghr e‘bs hr sg‘s enq dwok‘hmhmf ‘m nardqu‘shnm hs hr ‘kknvdc
’he mdbdrr‘qx( sn _bg‘mfd& sgd a‘bjfqntmc sgdnqx- Sgtr hm sgd dwok‘m‘snqx oqnbdrr
cdrbqhadc ax Be sgd nardqu‘shnm hr ‘arnktsdkx qdkh‘akd- Mnsd ‘krn sg‘s Be l‘jdr hs
dwokhbhs sg‘s rnld dwok‘m‘shnmr lhfgs mns ad bnmrhrsdms vhsg+-
Sgd nodq‘snq ◦e hr mns ‘m ?FL qduhrhnm nodq‘snq enq+ ’dudm mns ‘ bqdchahkhsx,khlhsdc

qduhrhnm nodq‘snq() rhmbd vgdm sgd nardqu‘shnm � sn ad hmbnqonq‘sdc hr bnmrhrsdms vhsg
+ vd g‘ud nmkx + ◦e � ∨ + ∧ �) mns sgd dpthu‘kdmbd ’sgd dpthu‘kdmbd hm sgd b‘rd
vgdqd � ‘mc + ‘qd bnmrhrsdms hr itrs sgd u‘bthsx onrstk‘sd) trt‘kkx cdmnsdc ax J∗3)
vghbg hr dpthu‘kdms sn sgd lhmhl‘khsx ’Q1((- Sgd qd‘rnm enq sghr hr sg‘s ◦e hr a‘rdc nm
oqdedqdmbdr nm lncdkr ne +) rn dudm vgdm + ∧ � hr bnmrhrsdms) rnld rnqs ne bdm,
sq‘k qd‘rnm enq ‘bbdoshmf � g‘r sn ad entmc- Mnsd sg‘s sgd oqduhntr qdl‘qj r‘xr sg‘s
◦e cndr mns r‘shrex sgd onrstk‘sd ’Q1( ’‘kh‘r J∗3() vghbg g‘r addm bqhshbhrdc ax rnld
‘tsgnqr hm o‘qshbtk‘q ax Qx‘m ’0883(- Tmkhjd Qx‘m&r nodq‘snqr) vghbg ‘qd a‘rdc nm
nqcdqdc sgdnqx oqdrdms‘shnmr) ’Q1( ‘mc rtbbdrr ’Q0( ‘qd sgd nmkx onrstk‘sdr vghbg ‘qd
mns r‘shr}dc ax ◦e - Gnvdudq) mnsd sg‘s ◦e r‘shr}dr sgd lnch}dc udqrhnm ne rtbbdrr ne
bqdchahkhsx,khlhsdc qduhrhnm nodq‘snqr) sg‘s hr9+ ◦ � ∨ � nq+ ◦ � • +-

6- EhmUk pdlUpjr Umc odprodbshudr

Vd g‘ud fhudm sgd etmc‘ldms‘k bnmbdosr ‘mc sdbgmhptdr hm l‘sgdl‘shb‘k lnqognk,
nfx) ‘mc g‘ud rgnvm gnv sn hmsdqoqds sgdrd sdbgmhptdr hm sdqlr nel‘sgdl‘shb‘k knfhb)
m‘ldkx hm oqnonrhshnm‘k knfhb- Sghr bnmmdbshnm g‘r nqhfhm‘sdc ‘ mdv cnl‘hm b‘kkdc
lnqognknfhb- Vd g‘ud trdc chk‘shnm nodq‘snqr sn cd}md adkhde qduhrhnm nodq‘snqr ‘mc
adkhde ldqfhmf nodq‘snqr-
Vd g‘ud rgnvm sg‘s vd b‘m }mc rnld nodq‘snqr cd}mdc hm sgd khsdq‘stqd vgdm

sgd chk‘shnm nodq‘snqr bnld eqnl ‘ chrs‘mbd etmbshnm- Lnqdnudq) vd g‘ud dwsdmcdc
sgd bk‘rr ne adkhde qduhrhnm nodq‘snqr ‘mc sgd bk‘rr ne adkhde ldqfhmf nodq‘snqr ax
trhmf ‘ k‘qfdq bk‘rr ne nodq‘snqr) hm o‘qshbtk‘q g‘uhmf sgd dwsdmrhuhsx ‘mc dwg‘trshuhsx
oqnodqshdr-
? rhlhk‘q vnqj g‘r addm cnmd trhmf dqnrhnm nodq‘snqr- Sgdrd nodq‘snqr ‘qd trdc

hm svn v‘xr sn cd}md dwok‘m‘snqx qdk‘shnmr- Hs hr hmsdqdrshmf sn mnsd sg‘s sgd trd ne
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cheedqdms rsqtbstqhmf dkdldmsr hr cdsdqlhm‘ms hm sgd v‘x sgd hmenql‘shnm hr rsqtbstqdc-
Sgd dw‘lokdr hm Rdbshnm 5-1 onhms nts bkd‘qkx sghr ogdmnldmnm-
Tmcdq sgd ‘rrtloshnm sg‘s sgd fdnldsqx bnldr eqnl sgd G‘llhmf chrs‘mbd

adsvddm hmsdqoqds‘shnmr) vd g‘ud rgnvm gnv sn bnlotsd chk‘shnm) dqnrhnm) k‘rs
dqnrhnm) tkshl‘sd dqnrhnm) nodmhmf ‘mc rjdkdsnm nodq‘snqr nudq enqltk‘r- Sgdrd b‘k,
btk‘shnmr bnmrshstsd sgd a‘rhr ne ntq ‘ookhb‘shnmr sn cheedqdms s‘rjr hm jmnvkdcfd
qdoqdrdms‘shnm-
Vd g‘ud oqnudm sg‘s ntq fdmdq‘k nodq‘snqr ne qduhrhnm ‘mc etrhnm ‘qd vdkk adg‘udc)

hm o‘qshbtk‘q sgdx r‘shrex sgd ?FL onrstk‘sdr ‘mc sgd onrstk‘sdr ne hmsdfqhsx bnmrsq‘hms
adkhde ldqfhmf- Vd g‘ud ‘krn oqnudm sg‘s sgd dwok‘m‘snqx qdk‘shnmr cd}mdc trhmf
lnqognknfhb r‘shr}dc rths‘akd rsqtbstq‘k oqnodqshdr-
Onsdmsh‘k dwsdmrhnmrvntkc ad sn ‘m‘kxrd gnvlhmhl‘khsx bqhsdqh‘ bntkc ad dwoqdrrdc

hm sgd oqnonrdc eq‘ldvnqj) ‘r sgd nmdr oqnonrdc enq ‘actbshnm ’Ahdmudmt) 1//7:
Dhsdq � Fnsskna) 0884: G‘kk‘mc � Aqhsy) 1/01() qduhrhnm enq Gnqm bk‘trdr ’Cdkfq‘mcd
� Odoo‘r) 1/00) 1/04: Ygt‘mf ds ‘k-) 1/02( nq enq cdrbqhoshnm knfhbr ’Ph ds ‘k-) 1//5: Ph
� X‘mf) 1//7: Qhadhqn � V‘rrdql‘mm) 1//8) 1/0/: V‘mf ds ‘k-) 1/0/(- Lnqd fdmdq‘kkx
l‘sgdl‘shb‘k lnqognknfx b‘m ad trdc enq qduhrhnm nq ‘actbshnm hm hmrshstshnmr ‘mc
r‘shre‘bshnm rxrsdlr ’?hfthdq ds ‘k-) 1/07) 1/07;: ?hfthdq � Aknbg) 1/08(-
Nmd hmsdqdrshmf ed‘stqd sg‘s hr vnqsg sn qdl‘qj hr sgd e‘bs sg‘slnqognknfhb ‘kknvr tr

sn fhud ‘m nqcdqdc rsqtbstqd sn sgd ohdbdr ne hmenql‘shnm- Sg‘s hr) hs ‘kknvr g‘uhmf oqde,
dqdmbdr nudq sgd enqltk‘r- Hs hr dwoknhsdc ax sgd lnqognknfhb‘k sns‘k oqd,nqcdq cd}mdc
ax Dpt‘shnm ’04(- Mnsd sg‘s sgdrd oqdedqdmbdr cdodmc nm sgd rsqtbstqhmf dkdldms trdc
enq cd}mhmf chk‘shnmr ‘mc dqnrhnmr-
Ehm‘kkx) ntq ‘ooqn‘bg oqnuhcdr ‘ qdtr‘akd eq‘ldvnqj enq odqenqlhmf mtldqntr nodq,

‘shnmr nm enqltk‘r ‘mc hmbktcdr bnlots‘shnm‘k ‘mc ‘whnl‘shb athkchmf aknbjr) sn ad
‘ookhdc hm cheedqdms qd‘rnmhmf oqnakdlr-
Etstqd vnqj vhkk ‘hl sn ‘ookx sgd snnkr ne lnqognknfhb sn dwok‘hm ltkshokd nardq,

u‘shnmr ‘mc enq otsshmf cxm‘lhbr hm sgd dwok‘m‘snqx oqnbdrr- Vd ‘krn dwodbs sn sqd‘s
ldch‘shnm oqnbdrr trhmf sgd snnkr cdudknodc hm sghr vnqj-

Mnsdr

0- ?ksgntfg l‘sgdl‘shb‘k lnqognknfx g‘r ‘krn addm dwsdmcdc sn bnlokdsd rdlh,k‘sshbdr
‘mc fdmdq‘k onrdsr ’Jdrgds) 1///() a‘rdc nm sgd mnshnm ne ‘citmbshnm) hm sghr o‘odq vd
nmkx bnmrhcdq sgd b‘rd ne bnlokdsd k‘sshbdr-

1- Kds c ad ‘ chrbqdsd ldsqhb nm ‘ rds L- Vd r‘x sg‘s c g‘r sgd adsvddmmdrr oqnodqsx he enq ‘kk
w) x ∈ L ‘mc ‘kk j ∈ {/) 0) . . . ) c(w) x({ sgdqd dwhrsr y ∈ L rtbg sg‘s δ(w) y( + j ‘mc δ(y) x( +
c(w) x(− j- Sgd G‘llhmf chrs‘mbd g‘r sghr oqnodqsx-

2- Mnsd sg‘s) hm bnmsq‘rs sn sgd G‘trcnqee chrs‘mbd) sgd lhmhltl chrs‘mbd hr hloqnodqkx
b‘kkdc chrs‘mbd rhmbd hs cndr mns r‘shrex ‘kk sgd oqnodqshdr ne ‘ sqtd ldsqhb-

3- Hm sghr o‘odq) vd cn mns ‘rrtld ‘mx bknrtqd bnmrsq‘hms nm sgd sgdnqx) vghbg hr rhlokx ‘
rds ne enqltk‘r+ + {ϕh ) h ∈ H{) vgdqd H hr ‘m hmcdw rds- Sn hcdmshex ‘ sgdnqx vhsg ‘ enqltk‘)
vd vhkk ‘krn trd+ sn cdmnsd ∧h∈Hϕh -

4- Hs hr d‘rx sn rdd sg‘s vd b‘m cd}md ‘m ?FL nodq‘snq > rs‘qshmf eqnl ı) ax kdsshmf J > ψ +
Bm(ϕ ◦ ψ(vgdqd ϕ r‘shr}dr J + Bm(ϕ(-

5- Sgd mns‘shnmlhm(;)≤(vgdqd ≤ hr ‘ sns‘k oqd,nqcdq) rs‘mcr enq {ω ∈ ; | ∀ω⇔ ∈ ;) ω ≤ ω⇔{-
6- Sghr rsnqx hr hmrohqdc ax ‘ e‘lntr dw‘lokd hm Bnfmhshud Orxbgnknfx ne ‘m dwodqhldms ax

Sudqrjx ‘mc J‘gmdl‘m ’0872(-
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7- Hm jmnvkdcfd cxm‘lhbr sgd etrhnm ne ohdbdr ne hmenql‘shnm g‘uhmf ‘ knfhb‘k qdoqdrdm,
s‘shnm hr trt‘kkx b‘kkdc adkhde ldqfhmf ’Jnmhdbymx � Ohmn Od–qdy) 0887) 1//1: Jnmhdbymx
� Ohmn Od–qdy) 1/00(-

8- ?bst‘kkx sgd rntqbdr b‘m g‘ud cheedqdms qdkh‘ahkhshdr) ats vd vhkk enbtr nm sgd b‘rd vgdqd
‘kk sgd rntqbdr g‘ud sgd r‘ld qdkh‘ahkhsx: sgdqd hr ‘kqd‘cx ‘ kns sn r‘x hm sghr b‘rd-

0/- Sgd sqh‘mfkd hmdpt‘khsx hr mns qdpthqdc-
00- Rsqhbskx) sgdx ‘qd b‘kkdc)c)+ ))c)FlXw ‘mc)c)l‘w) qdrodbshudkx) sn dlog‘rhrd sgd bgnrdm

chrs‘mbd c-
01- Nesdm hm sghr vnqj vd vhkk hcdmshex ‘ }mhsd rds ne enqltk‘r+ vhsg sgd bnmitmbshnm ne ‘kk hsr

enqltk‘r ‘mc) ax ‘atrd ne k‘mft‘fd)vd bnmshmtd sn b‘kk sghr enqltk‘+- Sgtr) enq hmrs‘mbd)
vd cdmnsd sgd bnmitmbshnm ne enqltk‘r ne+ ˇ {�{ ax+ ∧ �-

02- D−V− BL hm e‘bs v‘r ‘kqd‘cx bnmrhcdqdc ax Ek‘bg ’0885( ats gd chc mns oqnuhcd ‘mx
dw‘lokd enq hs mns r‘shrexhmf ‘kqd‘cx sgd rsqnmfdq udqrhnm D,BL-

Chrbknrtpd rsUsdldms

Mn onsdmsh‘k bnmfihbs ne hmsdqdrs v‘r qdonqsdc ax sgd ‘tsgnq’r(-

Etmchmf

Sgd }qrs ‘tsgnq vntkc khjd sn sg‘mj sgd Tmhudqrhc‘c cd Knr ?mcdr vgn g‘r fhudm o‘qsh‘k etmchmf
ctqhmf ‘ r‘aa‘shb‘k uhrhs- Sghr vnqjv‘r ‘krn o‘qskx rtoonqsdc ax gdq bg‘hq hm ?qsh}bh‘k Hmsdkkhfdmbd
’Rnqanmmd Tmhudqrhsd– ‘mc RB?H() ‘mc ‘ o‘qs ne hs v‘r cnmdvghkd rgdv‘rvhsg KSBH) Sd–kd–bnl O‘qhr-
Sgd rdbnmc ‘tsgnq sg‘mjr sgd _Hmudrshrrdldmsr c&‘udmhq& oqnfq‘l) qdedqdmbd ?MQ,08,O2H?,///0
’OQ?HQHD 2H? Hmrshstsd(- Sgd sghqc ‘tsgnq sg‘mjr Sd–kd–bnl O‘qhr vgn g‘r fhudm o‘qsh‘k etmchmf ctq,
hmf rdudq‘k r‘aa‘shb‘k uhrhsr- Sgd sghqc ‘tsgnq g‘r admd}sdc eqnl sgd rtoonqs ne sgd ?H Bg‘hq
AD3ltrH? ne sgd Eqdmbg M‘shnm‘k Qdrd‘qbg ?fdmbx ’?MQ,1/,BGH?,//17( ‘mc ‘krn sg‘mjr sgd
BCBGS,TK? vgn g‘r fhudm o‘qsh‘k etmchmf sgqntfg sgd Oqnidbs M◦ B,0744,02,/4,?- ? o‘qs ne
sghr vnqj v‘r cnmd vghkd sgd sghqc ‘mc entqsg ‘tsgnqr vdqd ‘s sgd Tmhudqrhc‘c cd Knr ?mcdr)
Ld–qhc‘) Udmdytdk‘-

NPBFC

HrXadkkd Aknbg gsso9..nqbhc-nqf.////,///1,5873,0421
Id–qńld KXmf gsso9..nqbhc-nqf.////,///0,5678,8462
QXln–m Ohmn Od–qdy gsso9..nqbhc-nqf.////,///1,1801,152W
BXqknr TybX–sdfth gsso9..nqbhc-nqf.////,///1,2341,1201

Pdedpdmbdr

?hdkkn) L-) � Nssdmr) A- ’1//6(- Sgd l‘sgdl‘shb‘k lnqognknfhb‘k uhdv nm qd‘rnmhmf ‘ants ro‘bd-
Hm HmsdqmXshnmXk inhms bnmedqdmbd nm Xqsh}bhXk hmsdkkhfdmbd ’HIB;H�.6( ’oo- 1/4fl100(-

?hfthdq) L-) ?she) I-) Aknbg) H-) � Gtcdkns) B- ’1/07(- Adkhde qduhrhnm) lhmhl‘k bg‘mfd ‘mc qdk‘w‘shnm9
? fdmdq‘k eq‘ldvnqj a‘rdc nm r‘shre‘bshnm rxrsdlr) ‘mc ‘ookhb‘shnmr sn cdrbqhoshnm knfhbr-
;qsh}bhXk Hmsdkkhfdmbd) 145) 05/fl07/- gssor9..cnh-nqf.0/-0/05.i-‘qshms-1/06-01-//1

?hfthdq) L-) ?she) I-) Aknbg) H-) � Ohmn Od–qdy) Q- ’1/07(- Dwok‘m‘snqx qdk‘shnmr hm ‘qahsq‘qx knfhbr
a‘rdc nm r‘shre‘bshnm rxrsdlr) btsshmf ‘mc qdsq‘bshnm- HmsdqmXshnmXk IntqmXk ne ;ooqnwhlXsd
QdXrnmhmf) 0.1) 0fl1/- gssor9..cnh-nqf.0/-0/05.i-hi‘q-1/07-/6-/03

?hfthdq) L-) � Aknbg) H- ’1/08(- Knfhb‘k ct‘k bnmbdosr a‘rdc nml‘sgdl‘shb‘k lnqognknfx hm rsq‘s,
h}dc hmrshstshnmr9 ?ookhb‘shnmr sn ro‘sh‘k qd‘rnmhmf- IntqmXk ne ;ookhdc Mnm,BkXrrhbXk Knfhbr)
18’3() 281fl318- gssor9..cnh-nqf.0/-0/7/.00552/70-1/08-0557567

?kbgntqqn–m) B- D-) F‘̂qcdmenqr) O-) � L‘jhmrnm) C- ’0874(- Nm sgd knfhb ne sgdnqx bg‘mfd9
O‘qsh‘k ldds bnmsq‘bshnm ‘mc qduhrhnm etmbshnmr- IntqmXk ne Rxlankhb Knfhb) 4.) 40/fl42/-
gssor9..cnh-nqf.0/-12/6.1163128
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?yhy) G-) � Rg‘g) M- ’1/10(- OXqshbhoXsnqx atcfdshmf9 Lncdkr Xmc XooqnXbgdr- Roqhmfdq Hmsdqm‘shnm‘k
Otakhrghmf-

Ahdmudmt) L- ’1//7(- Bnlokdwhsx ne ‘actbshnm hm sgd DK e‘lhkx ne khfgsvdhfgs cdrbqhoshnm knf,
hbr- Hm HmsdqmXshnmXk bnmedqdmbd nm oqhmbhokdr ne jmnvkdcfd qdoqdrdmsXshnm Xmc qdXrnmhmf ’JQ(
’oo- 11/fl12/(-

Aknbg) H- ’1//1(- Lnc‘k knfhbr a‘rdc nm l‘sgdl‘shb‘k lnqognknfx enq ro‘sh‘k qd‘rnmhmf- IntqmXk
ne ;ookhdc Mnm BkXrrhbXk Knfhbr) 01’2,3() 288fl313- gssor9..cnh-nqf.0/-2055.i‘mbk-01-288,312

Aknbg) H- ’1/00(- K‘sshbdr ne etyyx rdsr ‘mc ahonk‘q etyyx rdsr) ‘mc l‘sgdl‘shb‘k lnqognknfx-
HmenqlXshnm Rbhdmbdr) 070) 1//1fl1/04- gssor9..cnh-nqf.0/-0/05.i-hmr-1/0/-/2-/08

Aknbg) H-) Aktrrd‘t) R-) Ohmn Od–qdy) Q-) Otxa‘qd‘t) D-) � Snbgnm) F- ’1/10(- Nm rnld ‘rrnbh‘shnmr
adsvddm l‘sgdl‘shb‘k lnqognknfx ‘mc ‘qsh}bh‘k hmsdkkhfdmbd- Hm HmsdqmXshnmXk bnmedqdmbd nm
chrbqdsd fdnldsqx Xmc lXsgdlXshbXk lnqognknfx ’Unk- KMBR 016/7) oo- 346fl358(- Roqhmfdq-

Aknbg) H-) � Aqdssn) ?- ’1/02(- L‘sgdl‘shb‘k lnqognknfx nm gxodqfq‘ogr) ‘ookhb‘shnm sn rhl,
hk‘qhsx ‘mc onrhshud Jdqmdk- Bnlotsdq Uhrhnm Xmc HlXfd TmcdqrsXmchmf) 006’3() 231fl243-
gssor9..cnh-nqf.0/-0/05.i-buht-1/01-0/-/02

Aknbg) H-) Gdhil‘mr) G-) � Qnmrd) B- ’1//6(- L‘sgdl‘shb‘k lnqognknfx- Hm L- ?hdkkn) H- Oq‘ss,
G‘qsl‘m) ‘mc I- u‘m Admsgdl ’Dcr-() GXmcannj ne roXshXk knfhbr) Bg‘osdq 02 ’oo- 746fl836(-
Roqhmfdq-

Aknbg) H-) � K‘mf) I- ’1///(- Snv‘qcr l‘sgdl‘shb‘k lnqognknfhbr- Hm 7sg HmsdqmXshnmXk bnmedqdmbd
nm hmenqlXshnm oqnbdrrhmf Xmc lXmXfdldms ne tmbdqsXhmsx hm jmnvkdcfd aXrdc rxrsdlr HOLT
1... ’Unk- 2) oo- 03/4fl0301(-

Aknbg) H-) � K‘mf) I- ’1//1(- Snv‘qcr l‘sgdl‘shb‘k lnqognknfhbr- Hm A- Antbgnm,Ldtmhdq) I-
Ftshdqqdy,Qhnr) K- L‘fc‘kdm‘) ‘mc Q- X‘fdq ’Dcr-() Sdbgmnknfhdr enq bnmrsqtbshmf hmsdkkhfdms
rxrsdlr ’oo- 256fl27/(- Roqhmfdq-

Aknbg) H-) Ohmn Od–qdy) Q-) � Tyb‘–sdfth) B- ’1//0(- Dwok‘m‘snqx qdk‘shnmr a‘rdc nm l‘sgdl‘shb‘k
lnqognknfx- Hm DBRP;QT 1..0 ’oo- 625fl636(-

Anbgl‘m) ?- ’1//6(- ? b‘tr‘k sgdnqx ne ‘actbshnm- IntqmXk ne Knfhb Xmc BnlotsXshnm) 06’4()
740fl758- gssor9..cnh-nqf.0/-0/82.knfbnl.dwl/34

Annsg) Q-) Edqld–) D-) Jnmhdbymx) R-) � Ohmn Od–qdy) Q- ’1/01(- Bqdchahkhsx,khlhsdc qduhrhnm nodq‘snqr hm
oqnonrhshnm‘k knfhb- Hm 02sg HmsdqmXshnmXk bnmedqdmbd nm oqhmbhokdr ne jmnvkdcfd qdoqdrdmsXshnm
Xmc qdXrnmhmf ’JQ 1.01( ’oo- 005fl014(-

Antshkhdq) B-) � Adbgdq) U- ’0884(- ?actbshnm ‘r adkhde qduhrhnm- ;qsh}bhXk Hmsdkkhfdmbd) 66’0() 32fl83-
gssor9..cnh-nqf.0/-0/05.///3,26/1’83(///14,U

Aq‘lr) R-) Jhkfntq) C-) � R‘mudq) L- ’1//6(- ? lhmhl‘w oqnbdctqd enq dkdbshmf bnllhssddr- Otakhb
Bgnhbd) 021’2() 3/0fl31/- gssor9..cnh-nqf.0/-0//6.r00016,//6,8054,w

C‘k‘k) L- ’0877(- Hmudrshf‘shnmr hmsn ‘ sgdnqx ne jmnvkdcfd a‘rd qduhrhnm9 oqdkhlhm‘qx qdonqs- Hm
;;;H�77 ’oo- 364fl368(-

Cdkfq‘mcd) I-,O-) � Odoo‘r) O- ’1/00(- Qduhrhmf gnqm sgdnqhdr- Hm S- V‘krg ’Dc-() 11mc HmsdqmXshnmXk
inhms bnmedqdmbd nm Xqsh}bhXk hmsdkkhfdmbd ’HIB;H( ’oo- 728fl733(- HIB?H.???H-

Cdkfq‘mcd) I-,O-) � Odoo‘r) O- ’1/04(- Adkhde qduhrhnm hm gnqm sgdnqhdr- ;qsh}bhXk Hmsdkkhfdmbd) 107)
0fl11- gssor9..cnh-nqf.0/-0/05.i-‘qshms-1/03-/7-//5

C–̈‘y) ?-) � Tyb‘–sdfth) B- ’1//7(- Qdoqdrdms‘shnm sgdnqdlr enq dwok‘m‘snqx qd‘rnmhmf a‘rdc nm
btltk‘shud lncdkr- IntqmXk ne ;ookhdc Knfhb) 5) 453fl468- gssor9..cnh-nqf.0/-0/05.i-i‘k-1//7-
/4-//0

Dhsdq) S-) � Fnsskna) F- ’0884(- Sgd bnlokdwhsx ne knfhb,a‘rdc ‘actbshnm- IntqmXk ne sgd ;BL) 31’0()
2fl31- gssor9..cnh-nqf.0/-0034.1//725-1//727

Ek‘bg) O- ’1///(- Knfhb‘k bg‘q‘bsdqhr‘shnmr ne hmctbshud kd‘qmhmf- Hm C- L- F‘aa‘x ‘mc Q- Jqtrd
’Dcr-() ;actbshud qdXrnmhmf Xmc kdXqmhmf ’oo- 044fl085(- Jktvdq ?b‘cdlhb Otakhrgdqr-

Ek‘bg) O- ’1///(- Nm sgd knfhb ne gxonsgdrhr fdmdq‘shnm- Hm O- Ek‘bg ‘mc ?- J‘j‘r ’Dcr-() ;actbshnm
Xmc hmctbshnm ’oo- 78fl0/5(- Jktvdq ?b‘cdlhb Otakhrgdqr-

Ek‘bg) O- ?- ’0885(- Q‘shnm‘khsx onrstk‘sdr enq hmctbshnm- Hm X- Rgng‘l ’Dc-() 5sg Bnmedqdmbd ne
sgdnqdshbXk Xrodbsr ne qXshnmXkhsx Xmc jmnvkdcfd ’S;QJ85( ’oo- 156fl170(-

Fhmradqf) L- K-) O‘qjdr) ?- I-) � Qnx) ?- ’0887(- Rtodqlncdkr ‘mc qnatrsmdrr- Hm 04sg MXshnmXk
bnmedqdmbd nm Xqsh}bhXk hmsdkkhfdmbd ;;;H�87 ’oo- 223fl228(-
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Fnqnfh‘mmhr) M-) � Gtmsdq) ?- ’1//7(- Ldqfhmf }qrs,nqcdq jmnvkdcfd trhmf chk‘shnm nodq‘snqr-
Hm 4sg HmsdqmXshnmXk rxlonrhtl nm entmcXshnmr ne hmenqlXshnm Xmc jmnvkdcfd rxrsdlr) EnHJR�.7
’Unk- KMBR 3821) oo- 021fl04/(- Roqhmfdq-

Fnqnfh‘mmhr) M-) � Gtmsdq) ?- ’1//7(- Hlokdldmshmf rdl‘mshb ldqfhmf nodq‘snqr trhmf
ahm‘qx cdbhrhnm ch‘fq‘lr- HmsdqmXshnmXk IntqmXk ne ;ooqnwhlXsd QdXrnmhmf) 38’0() 123fl140-
gssor9..cnh-nqf.0/-0/05.i-hi‘q-1//7-/2-//7

G‘kk‘mc) J-) � Aqhsy) J- ’1/01(- ?Anw ‘actbshnm hm ?KB trhmf ‘ CK s‘akd‘t- Hm ;BL Rntsg ;eqhbXm
Hmrshstsd enq bnlotsdq rbhdmshrsr Xmc hmenqlXshnm sdbgmnknfhrsr bnmedqdmbd ’oo- 40fl47(-

G‘mrrnm) R- N-) Edqld–) D-) B‘msvdkk) I-) � E‘k‘oo‘) L- ’1//0(- Bqdchahkhsx khlhsdc qduhrhnm- IntqmXk ne
Rxlankhb Knfhb) 55) 0470fl0485- gssor9..cnh-nqf.0/-12/6.1583852

Gdaq‘qc) D-) Gmhbg) A-) N&Rtkkhu‘m) A-) � V‘krg) S- ’1//4(- Ehmchmf chudqrd ‘mc rhlhk‘q rnktshnmr hm
bnmrsq‘hms oqnfq‘llhmf- Hm ;;;H ’oo- 261fl266(- ???H Oqdrr.Sgd LHS Oqdrr-

Gdhil‘mr) G- I- ?- L- ’0883(- LnqognknfhbXk hlXfd nodqXsnqr- ?b‘cdlhb Oqdrr-
Gdhil‘mr) G- I- ?- L-) � Qnmrd) B- ’088/(- Sgd ‘kfdaq‘hb a‘rhr ne l‘sgdl‘shb‘k lnqognknfx fl
O‘qs H9 Chk‘shnmr ‘mc dqnrhnmr- Bnlotsdq Uhrhnm) FqXoghbr Xmc HlXfd Oqnbdrrhmf) 4.) 134fl184-
gssor9..cnh-nqf.0/-0/05./623,078W’8/(8/037,N

Gtfgdr) F- D-) � Bqdrrvdkk) L- I- ’0857(- ;m hmsqnctbshnm sn lncXk knfhb- Ldsgtdm-
J‘srtmn) G-) � Ldmcdkynm) ?- N- ’0880(- Oqnonrhshnm‘k jmnvkdcfd a‘rd qduhrhnm ‘mc lhmhl‘k
bg‘mfd- ;qsh}bhXk Hmsdkkhfdmbd) 41) 152fl183- gssor9..cnh-nqf.0/-0/05.///3,26/1’80(8//58,U

Jdrgds) Q- ’1///(- L‘sgdl‘shb‘k lnqognknfx nm bnlokdsd rdlhk‘sshbdr ‘mc hsr ‘ookhb‘shnmr
sn hl‘fd oqnbdrrhmf- EtmcXldmsX HmenqlXshbXd) 30) 22fl45- gssor9..cnh-nqf.0/-2122.EH,1///,
3001/1

Jnmhdbymx) R-) Ldchm‘ Fqdro‘m) L-) � Ohmn Od–qdy) Q- ’1/0/(- S‘wnmnlx ne hloqnudldms nodq,
‘snqr ‘mc sgd oqnakdl ne lhmhl‘k bg‘mfd- Hm 01sg HmsdqmXshnmXk bnmedqdmbd nm oqhmbhokdr ne
jmnvkdcfd qdoqdrdmsXshnm Xmc qdXrnmhmf ’JQ 1.0.( ’oo- 050fl06/(-

Jnmhdbymx) R-) � Ohmn Od–qdy) Q- ’0887(- Nm sgd knfhb ne ldqfhmf- Hm 5sg HmsdqmXshnmXk bnmedqdmbd nm
oqhmbhokdr ne jmnvkdcfd qdoqdrdmsXshnm Xmc qdXrnmhmf ’oo- 377fl387(-

Jnmhdbymx) R-) � Ohmn Od–qdy) Q- ’1//1(- Ldqfhmf hmenql‘shnm9 ? pt‘khs‘shud eq‘ldvnqj- IntqmXk ne
Knfhb Xmc BnlotsXshnm) 01’4() 662fl7/7- gssor9..cnh-nqf.0/-0/82.knfbnl.01-4-662

Jnmhdbymx) R-) � Ohmn Od–qdy) Q- ’1/00(- Knfhb a‘rdc ldqfhmf- IntqmXk ne OghknrnoghbXk Knfhb) 3.’1()
128fl16/- gssor9..cnh-nqf.0/-0//6.r0/881,/00,8064,4

Jq‘tr) R-) Kdgl‘mm) C-) � L‘fhcnq) L- ’088/(- Mnmlnmnsnmhb qd‘rnmhmf) oqdedqdmsh‘k lncdkr ‘mc
btltk‘shud knfhbr- ;qsh}bhXk Hmsdkkhfdmbd) 33’0() 056fl1/6- gssor9..cnh-nqf.0/-0/05.///3,26/1
’8/(8/0/0,4

K‘e‘fd) B-) � K‘mf) I- ’1///(- Knfhb‘k qdoqdrdms‘shnm ne oqdedqdmbdr enq fqnto cdbhrhnm l‘jhmf-
Hm ?- F- Bngm) E- Fhtmbghfkh‘) ‘mc A- Rdkl‘m ’Dcr-() 6sg HmsdqmXshnmXk bnmedqdmbd nm oqhmbhokdr
ne jmnvkdcfd qdoqdrdmsXshnm Xmc qdXrnmhmf JQ 1... ’oo- 346fl357(- Aqdbjdmqhcfd) BN: Lnqf‘m
J‘tel‘mm-

K‘e‘fd) B-) � K‘mf) I- ’1//4(- Oqnonrhshnm‘k chrs‘mbdr ‘mc bnlo‘bs oqdedqdmbd qdoqdrdms‘shnm-
DtqnodXm IntqmXk ne NodqXshnmXk QdrdXqbg) 05.’2() 630fl650- gssor9..cnh-nqf.0/-0/05.i-dinq-1//2
-/5-/26

L‘jhmrnm) C- ’0883(- Fdmdq‘k o‘ssdqmr hm mnmlnmnsnmhb qd‘rnmhmf- Hm B- Gnffdq C- F‘aa‘x ‘mc
I- Qnahmrnm ’Dcr-() GXmcannj ne knfhb hm Xqsh}bhXk hmsdkkhfdmbd Xmc knfhb oqnfqXllhmf) Unktld HHH)
Mnmlnmnsnmhb qdXrnmhmf Xmc tmbdqsXhm qdXrnmhmf- Nwenqc Tmhudqrhsx Oqdrr-

L‘sgdqnm) F- ’0856(- Dkd–ldmsr ontq tmd sgd–nqhd cdr lhkhdtw onqdtw- L‘rrnm-
L‘sgdqnm) F- ’0864(- QXmcnl rdsr Xmc hmsdfqXk fdnldsqx- Vhkdx-
M‘il‘m) K-) � S‘kans) G- ’1/0/(-LXsgdlXshbXk lnqognknfx9 Eqnl sgdnqx sn XookhbXshnmr- HRSD,Vhkdx-
Ohmn Od–qdy) Q-) � Tyb‘–sdfth) B- ’0888(- Itlohmf sn dwok‘m‘shnmr udqrtr itlohmf sn bnmbktrhnmr-

;qsh}bhXk Hmsdkkhfdmbd) 000) 020fl058- gssor9..cnh-nqf.0/-0/05.R///3,26/1’88(///27,6
Ohmn Od–qdy) Q-) � Tyb‘–sdfth) B- ’1//2(- Oqdedqdmbdr ‘mc dwok‘m‘shnmr- ;qsh}bhXk Hmsdkkhfdmbd) 038’0()
0fl2/- gssor9..cnh-nqf.0/-0/05.R///3,26/1’/2(///31,/

Ph) F-) Kht) V-) � Adkk) C-,?- ’1//5(- Jmnvkdcfd a‘rd qduhrhnm hm cdrbqhoshnm knfhbr- Hm L- Ehrgdq)
V- U‘m cdq Gndj) A- Jnmdu) ‘mc ?- Khrhsr‘ ’Dcr-() DtqnodXm bnmedqdmbd nm knfhbr hm Xqsh}bhXk
hmsdkkhfdmbd ’IDKH;( ’Unk- KMBR 305/) oo- 275fl287(- Roqhmfdq,Udqk‘f-
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Ph) F-) � X‘mf) E- ’1//7(- ? rtqudx ne qduhrhnm ‘ooqn‘bgdr hm cdrbqhoshnm knfhbr- Hm C- B‘ku‘mdrd ‘mc
F- K‘trdm ’Dcr-() Vda qdXrnmhmf Xmc qtkd rxrsdlr ’QQ() 1mc hmsdqmXshnmXk bnmedqdmbd ’Unk- KMBR
4230) oo- 63fl77(- Roqhmfdq,Udqk‘f-

Qhadhqn) L-,L-) � V‘rrdql‘mm) Q- ’1//8(- ?FL qduhrhnm hm cdrbqhoshnm knfhbr- Hm Ehqrs vnqjrgno nm
XtsnlXsdc qdXrnmhmf Xants bnmsdws Xmc nmsnknfx dunktshnm ’;QBND(-

Qhadhqn) L-,L-) � V‘rrdql‘mm) Q- ’1/0/(- Lnqd ‘ants ?FL qduhrhnm hm cdrbqhoshnm knfhbr- Hm 1mc
Vnqjrgno nm XtsnlXsdc qdXrnmhmf Xants bnmsdws Xmc nmsnknfx dunktshnm ’;QBND(-

Qhadhqn) L-,L-) � V‘rrdql‘mm) Q- ’1/03(- Lhmhl‘k bg‘mfd hm ?FL enq mnm,bk‘rrhb‘k knfhbr- Hm
B- A‘q‘k) F- Cd Fh‘bnln) ‘mc S- Dhsdq ’Dcr-() 03sg HmsdqmXshnmXk bnmedqdmbd nm oqhmbhokdr ne
jmnvkdcfd qdoqdrdmsXshnm Xmc qdXrnmhmf ’JQ(- ???H Oqdrr-

Qhadhqn) L-,L-) V‘rrdql‘mm) Q-) Ekntqhr) F-) � ?msnmhnt) F- ’1/02(- Lhmhl‘k bg‘mfd9 Qdkdu‘mbd
‘mc qdbnudqx qduhrhsdc- ;qsh}bhXk Hmsdkkhfdmbd) 1.0) 48fl7/- gssor9..cnh-nqf.0/-0/05.i-‘qshms-1/02-
/5-//0

Qnmrd) B- ’088/(- Vgx l‘sgdl‘shb‘k lnqognknfx mddcr bnlokdsd k‘sshbdr- RhfmXk Oqnbdrrhmf)
10’1() 018fl043- gssor9..cnh-nqf.0/-0/05./054,0573’8/(8//35,1

Qnmrd) B-) � Gdhil‘mr) G- I- ?- L- ’0880(- Sgd ‘kfdaq‘hb a‘rhr ne l‘sgdl‘shb‘k lnqognknfx fl O‘qs
HH9 Nodmhmfr ‘mc bknrhmfr- Bnlotsdq Uhrhnm) FqXoghbr Xmc HlXfd Oqnbdrrhmf) 43’0() 63fl86-

Qx‘m) L- C- ’0883(- Adkhde qduhrhnm ‘mc nqcdqdc sgdnqx oqdrdms‘shnmr- Hm ?- Etgql‘mm ‘mc G-
Qnss ’Dcr-() Knfhb) Xbshnm Xmc hmenqlXshnm: Xkrn hm Dhfgsg ;lrsdqcXl bnkknpthtl nm knfhb) 0880
’oo- 018fl040(- Cd Fqtxsdq-

Rdqq‘) I- ’0871(- HlXfd XmXkxrhr Xmc lXsgdlXshbXk lnqognknfx- ?b‘cdlhb Oqdrr-
Rdqq‘) I- ’0877(- HlXfd XmXkxrhr Xmc lXsgdlXshbXk lnqognknfx) oXqs HH9 SgdnqdshbXk XcuXmbdr-
?b‘cdlhb Oqdrr-

Sudqrjx) ?-) � J‘gmdl‘m) C- ’0872(- Dwsdmrhnm udqrtr hmsthshud qd‘rnmhmf9 Sgd bnmitmbshnm e‘kk‘bx
hm oqna‘ahkhsx itcfldms- OrxbgnknfhbXk Qduhdv) 8.’3() 182fl204- gssor9..cnh-nqf.0/-0/26.//22,
184W-8/-3-182

V‘mf) Y-) V‘mf) J-) � Snonq) Q-,V- ’1/0/(- Qduhrhmf fdmdq‘k jmnvkdcfd a‘rdr hm cdrbqhoshnm knfhbr-
Hm E- Khm) T- R‘sskdq) ‘mc L- Sqtrybyxmrjh ’Dcr-() 01sg HmsdqmXshnmXk bnmedqdmbd nm oqhmbhokdr ne
jmnvkdcfd qdoqdrdmsXshnm Xmc qdXrnmhmf ’JQ(- ???H Oqdrr-

Ygt‘mf) Y-,P-) O‘fmtbbn) L-) � Yg‘mf) X- ’1/02(- Cd}m‘ahkhsx ne gnqm qduhrhnm eqnl gnqm bnmsq‘b,
shnm- Hm 12qc HmsdqmXshnmXk inhms bnmedqdmbd nm Xqsh}bhXk hmsdkkhfdmbd ’HIB;H(- HIB?H.???H-

:oodmchw- Opnner

Hm sghr ‘oodmchw) vd oqnuhcd oqnner ne bdqs‘hm sdbgmhb‘k bk‘hlr-

:-.- : bntmsdp dwUlokd ne D�AL enp B�md

Hm sghr dw‘lokd + vhkk ad {∅{) rn vd vhkk qdlnud hs ‘ksnfdsgdq- Kds tr bnmrhcdq sgd enkknvhmf
enqltk‘r9

� + ¬X ∨ a ∨ b) β + (¬X ∨ ¬a ∨ ¬b( ∧ (¬X ∨ a ∨ ¬b(

� ∧ β + (¬X ∨ ¬a ∨ ¬b( ∧ (¬X ∨ a ∨ ¬b( ∧ (¬X ∨ a ∨ b(-

Trhmf sgd bnlots‘shnm enqltk‘r enq dqnrhnm ne ‘ enqltk‘ tmcdq BME ’Oqnonrhshnm 2-0() vd fds

ε0(�( + (¬X ∨ a( ∧ (¬X ∨ b( ∧ (a ∨ b()

ε1(�( + ¬X ∧ a ∧ b + ε*(�(-

? tmhptd vnqkc r‘shr}dr sghr enqltk‘) ‘mc sgdqdenqd mn etqsgdq dqnrhnm b‘m ad odqenqldc
’ε2(�( ∨ ⊥(- Rhlhk‘qkx) vd g‘ud

ε0(� ∧ β( + ¬X ∧ a ∧ ¬b + ε*(� ∧ β()

vghbg hr sgd k‘rs mnm,dlosx dqnrhnm- Hs enkknvr sg‘s � B*md (¬X ∧ a ∧ b(: lnqdnudq (¬X ∧ a ∧
b( ∨ β ) ats bkd‘qkx sgd enqltk‘ (¬X ∧ a ∧ b( hr mns ‘ oqdedqqdc dwok‘m‘shnm ne � ∧ β -
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:-1- : bntmsdpdwUlokd ne D− B− Bts enp B�md

?f‘hm+ vhkk ad {∅{- Bnmrhcdq
� + X ∨ a ∨ b ‘mc β + X ∨ ¬a ∨ ¬b-

Vd g‘ud sgdm

ε0(�( + (X ∨ a( ∧ (X ∨ b( ∧ (a ∨ b()

ε1(�( + X ∧ a ∧ b + ε*(�()

ε0(β( + (X ∨ ¬a( ∧ (X ∨ ¬b( ∧ (¬a ∨ ¬b()

ε1(β( + X ∧ ¬a ∧ ¬b + ε*(β()

� ∧ β + (X ∨ a ∨ b( ∧ (X ∨ ¬a ∨ ¬b()

ε(� ∧ β( + (X ∧ a ∧ ¬b( ∨ (X ∧ ¬a ∧ b( + ε*(� ∧ β(-

Kds tr mnv rds γ + (X ∧ a ∧ ¬b( ∨ (X ∧ ¬a ∧ b() sgdm (� ∧ β(B*md γ - Nm sgd nsgdq g‘mc) vd
g‘ud sg‘s � B*md δ hee δ • X ∧ a ∧ b ’hm sghr b‘rd sgdqd hr mn mnhrd adb‘trd+ + ∅(- Sgtr he � B*md

δ) sgdm δ ∨+ β - Ats hs hr bkd‘q sg‘s � ∈ B*mdγ -

:-2- : bntmsdpdwUlokd ne KNP enp B�md

?f‘hm hm sghr bntmsdqdw‘lokd+ vhkk ad {∅{- Bnmrhcdq) enq B*md 9

� + (X ∨ a ∨ b( ∧ (X ∨ ¬a ∨ ¬b(

‘mc

β + (¬X ∨ ¬a ∨ b( ∧ (X ∨ ¬a ∨ b( ∧ (X ∨ a ∨ b(-
Vd g‘ud

ε0(�( + (X ∧ a ∧ ¬b( ∨ (X ∧ ¬a ∧ b( + ε*(�()

ε0(β( + X ∧ ¬a ∧ b + ε*(β()

� ∨ β + X ∨ a ∨ b)

ε0(� ∨ β( + (X ∨ a( ∧ (X ∨ b( ∧ (a ∨ b()

ε1(� ∨ β( + X ∧ a ∧ b + ε*(� ∨ β(-

Kds γ + X ∧ ¬a ∧ b- Sgdm � B*md γ ‘mc β B*md γ ) ats (� ∨ β( ∈ B*mdγ -

:-3- Mpnne ne Mpnonrhshnm 5-4

Hm vg‘s enkknvr) vd cds‘hk D,V,BL ‘mc D,V,B,Bts enq B*md - Sgd nsgdq oqnodqshdr ‘qd rsq‘hfgs,
enqv‘qc- Hm o‘qshbtk‘q) hs hr bkd‘q sg‘s B*md r‘shr}dr QR-

’h( D,V,BL-
Kds tr ‘rrtld sg‘s γ ∨+ ε*(+ ∧ �( vhsg ε*(+ ∧ �( + εm(+ ∧ �() γ ∨+ ε*(+ ∧ β( vhsg

ε*(+ ∧ β( + εl(+ ∧ β() ‘mc sg‘s sgd mdws dqnrhnmr ‘qd dlosx- Kds tr ‘rrtld sg‘s sgd k‘rs mnm,
dlosx dqnrhnm ne+ ∧ � ∧ β hr nas‘hmdc enq j- Rhmbd sgd dqnrhnm bnlltsdr vhsg sgd bnmitmbshnm)
vd g‘ud ε*(+ ∧ � ∧ β( + εj(+ ∧ � ∧ β( + εj(+ ∧ �( ∧ εj(+ ∧ β(-

Vd mdbdrr‘qhkx g‘ud j ≤ m ‘mc j ≤ l rhmbd nsgdqvhrd dhsgdq εj(+ ∧ �( nq εj(+ ∧ β( vntkc
ad hmbnmrhrsdms- Sghr hlokhdr) ctd sn sgdlnmnsnmhbhsx oqnodqsx ne dqnrhnm sg‘s∨+ εm(+ ∧ �( →
εj(+ ∧ �( ‘mc ∨+ εl(+ ∧ β( → εj(+ ∧ β( eqnl vghbg vd cdqhud

∨+ ε*(+ ∧ �( ∧ ε*(+ ∧ β( → ε*(+ ∧ � ∧ β(-

Sghr hmsdqdrshmf fdmdq‘k qdrtks oqnudr sg‘s γ ∨+ ε*(+ ∧ � ∧ β(- Sgd oqnne enq sgd nsgdq svn
b‘rdr ‘qd rgnvm rhlhk‘qkx-
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’hh( D,V,B,Bts-
?rrtld γ ∨+ ε*(+ ∧ � ∧ β( + εm(+ ∧ � ∧ β(- Enq ‘kk δ rtbg sg‘s � B*md δ) h-d- δ ∨+ ε*(+ ∧

�( + εl(+ ∧ �() vd g‘ud β B*md δ) h-d- δ ∨+ ε*(+ ∧ β( + εj(+ ∧ β(- Kds tr cds‘hk hm vghbg
rhst‘shnmr vd g‘ud γ ∨+ εl(+ ∧ �(-

Ehqrs vd bnmrhcdq sgd b‘rd vgdqd sgd dqnrhnm ne sgd k‘rs mnm,dlosx dqnrhnm hr dlosx- Rhmbd
+ ∧ � ∧ β ∨+ + ∧ � vd g‘ud

εm(+ ∧ � ∧ β( ∈∨+ ⊥ ⇒ εm(+ ∧ �( ∈∨+ ⊥-

Sgdqdenqd m ≤ l- Enq sgd r‘ld qd‘rnm) vd mdbdrr‘qhkx g‘ud m ≤ j-
Kds tr }qrs ‘rrtld sg‘s m.l- Rhmbd sgd rds ne oqdedqqdc dwok‘m‘shnmr ne � hr hmbktcdc hm nmd

ne β ) vd g‘ud εl(+ ∧ �( ∨+ εj(+ ∧ β(- Rhmbd l/m) vd g‘ud

εl(+ ∧ � ∧ β( + εl(+ ∧ �( ∧ εl(+ ∧ β( ∨+ ⊥-

Kds tr mnv ‘rrtld m. j- Sgdm rhlhk‘qkx) vd g‘ud

εj(+ ∧ � ∧ β( + εj(+ ∧ �( ∧ εj(+ ∧ β( ∨+ ⊥-

He j/l) vd g‘ud εl(+ ∧ β( ∈∨+ ⊥) ‘mc) rhmbd sgd dqnrhnm hr cdbqd‘rhmf vhsg qdrodbs sn sgd rhyd
ne sgd rsqtbstqhmf dkdldms9 εj(+ ∧ β( ∨+ εl(+ ∧ β(- Sgdqdenqd9 εl(+ ∧ �( ∨+ εj(+ ∧ β( ∨+

εl(+ ∧ β() vghbg hlokhdr9 εl(+ ∧ � ∧ β( ∈∨+ ⊥vghbg kd‘cr sn ‘ bnmsq‘chbshnm-
Rhlhk‘qkx) he j.l) vd g‘ud9 εj(+ ∧ �( ∈∨+ ⊥) ‘mc εl(+ ∧ �( ∨+ εj(+ ∧ �(- Sgdqdenqd) rhmbd

vd g‘c εl(+ ∧ �( ∨+ εj(+ ∧ β() vd g‘ud

εj(+ ∧ � ∧ β( + εj(+ ∧ �( ∧ εj(+ ∧ β( ∈∨+ ⊥

vghbg ‘krn kd‘cr sn ‘ bnmsq‘chbshnm- Eqnl sgdrd svn bnmsq‘chbshnmr) vd b‘m bnmbktcd sg‘s mdbdr,
r‘qhkx j + l- Sgdm εl(+ ∧ �( ∨+ εj(+ ∧ β( adbnldr εl(+ ∧ �( ∨+ εl(+ ∧ β( ‘mc sgdqdenqd
vd g‘ud

εl(+ ∧ � ∧ β( + εl(+ ∧ �( ∈∨+ ⊥
vghbg hr hm bnmsq‘chbshnm vhsg m.l- Sgdqdenqd sgd b‘rd m.l ‘mc m. j hr mns onrrhakd-

He m + l- Hm sghr b‘rd) vd g‘ud

εm(+ ∧ � ∧ β( ∨+ εm(+ ∧ �( ∧ εm(+ ∧ β( + εl(+ ∧ �( ∧ εl(+ ∧ β( ∨+ εl(+ ∧ �()

‘mc sgdqdenqd

γ ∨+ εm(+ ∧ � ∧ β( ⇒ γ ∨+ εl(+ ∧ �()

h-d- � B*md γ - Sghr rgnvr sg‘s hm sghr o‘qshbtk‘q b‘rd) sgd oqnodqsx gnkcr-
Ehm‘kkx) hm sgd k‘rs onrrhahkhsx vgdqd m.l ‘mc j + m) sgd oqnodqsx cndr mns gnkc) ‘r rgnvm ax

sgd enkknvhmf bntmsdqdw‘lokd) hkktrsq‘sdc hm Ehftqd ?09 + + ∅) + ∧ � ∧ β + + ∧ β + ε*(+ ∧
� ∧ β( + ε*(+ ∧ β() sghr k‘rs dqnrhnm adhmf nas‘hmdc enq m + j + /- Enq �) ε*(+ ∧ �( hr nas‘hmdc
enq l + 0 ‘mc g‘r nmkx nmd lncdk- Hs hr d‘rx sn bgdbj sg‘s enq ‘kk δ rtbg sg‘s δ ∨+ ε*(+ ∧ �() vd
g‘ud δ ∨+ ε*(+ ∧ β(- Ats sgdqd hr ‘ γ rtbg sg‘s γ ∨+ ε*(+ ∧ � ∧ β( ‘mc γ ∈∨+ ε*(+ ∧ �(-

Mnv bnmrhcdq sgd b‘rd vgdqd k‘rs dqnrhnmr b‘m ad }wdc onhmsr- ?bst‘kkx) rdudq‘k b‘rdr b‘m
nbbtq- Ats adenqd sn dwoknqd sgd onrrhakd b‘rdr) vd drs‘akhrg ‘ trdetk bk‘hl9

BkXhl9 Tmcdq sgd ‘rrtloshnm sg‘s sgd oqdlhrdr ne D,V,B,Bts gnkc) he εj(+ ∧ β( hr ‘ }wdc
onhms) sgdm εl(+ ∧ �( ∨+ εj(+ ∧ β( ∨+ εj⇔

(+ ∧ β( enq ‘kk j⇔-
Sgd qd‘rnm hr sg‘s vd g‘ud εl(+ ∧ �( ∨+ εj(+ ∧ β( ax sgd gxonsgdrhr- ?mc vd g‘ud εj(+ ∧

β( ∨+ εj⇔
(+ ∧ β( enq j⇔ . j adb‘trd ne sgd cdbqd‘rhmfmdrr ne dqnrhnm vhsg qdrodbs sn j- ?krn vd

g‘ud εj(+ ∧ β( ∨+ εj⇔
(+ ∧ β( enq j ≤ j⇔ adb‘trd ne sgd }wdc onhms oqnodqsx-

Mnv vd dw‘lhmd sgd onrrhakd b‘rdr9

’0( He sgd k‘rs dqnrhnm ne + ∧ � ∧ β hr ‘ }wdc onhms) h-d- ε*(+ ∧ � ∧ β( + εm(+ ∧ � ∧ β( +
εm⇔

(+ ∧ � ∧ β( enq ‘kk m⇔ ≥ m- Sghr hlokhdr sg‘s εm⇔
(+ ∧ �( ∧ εm⇔

(+ ∧ β( b‘m mdudq ad
hmbnmrhrsdms ’enq ‘kk m⇔(- Gdmbd sgd k‘rs dqnrhnmr ne + ∧ � ‘mc + ∧ β g‘ud sn ad }wdc
onhmsr snn- Kds tr cdmnsd ax l ‘mc j sgd }qrs rhyd ne dqnrhnmr vgdqd sgdrd }wdc onhmsr
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Agerlb 90� Bntmsdq,dw‘lokd enq D,V,B,Bts enq B*mc -

‘qd qd‘bgdc- Ax sgd Bk‘hl) εl(+ ∧ �( ∨+ εj(+ ∧ β( ∨+ εj⇔
(+ ∧ β( enq ‘kk j⇔- He m ≥

l vd g‘ud εm(+ ∧ � ∧ β( + εm(+ ∧ �( ∧ εm(+ ∧ β( + εm(+ ∧ �( + εl(+ ∧ �() ‘mc
γ ∨+ εl(+ ∧ �(- He m.l) sgdm rhlhk‘qkx εm(+ ∧ � ∧ β( + εl(+ ∧ � ∧ β( + εl(+ ∧ �(

‘mc γ ∨+ εl(+ ∧ �(-
’1( He sgd k‘rs dqnrhnm ne + ∧ � hr ‘ }wdc onhms- Sgdm) εl(+ ∧ �( ∨+ εj(+ ∧ β( hlokhdr sg‘s

sgd k‘rs dqnrhnm ne + ∧ β hr ‘ }wdc onhms snn- Ax sgd Bk‘hl) εl(+ ∧ �( ∨+ εj⇔
(+ ∧ β(

enq ‘kk j⇔- Sghr ld‘mr sg‘s εm+0(+ ∧ � ∧ β( + εm+0(+ ∧ �( ∧ εm+0(+ ∧ β( b‘m mdudq ad
hmbnmrhrsdms) ‘mc sgd k‘rs dqnrhnm ne + ∧ � ∧ β hr ‘ }wdc onhms snn- Gdmbd sghr b‘rd hr
dpthu‘kdms sn sgd }qrs nmd-

’2( He sgd k‘rs dqnrhnm ne + ∧ β hr ‘ }wdc onhms) ‘mc εl+0(+ ∧ �( + ⊥- Sgdm εl+0(+ ∧
� ∧ β( + ⊥) vghbg hlokhdr m ≤ l ‘mc εm+0(+ ∧ � ∧ β( + ⊥- He m.l) sgdm) ax sgd
Bk‘hl) εl(+ ∧ �( ∨+ εm+0(+ ∧ �( ∧ εm+0(+ ∧ β( + εm+0(+ ∧ � ∧ β(vghbg b‘m sgdqd,
enqd mns ad hmbnmrhrsdms- Gdmbd m + l- Sgdm vd g‘ud εm(+ ∧ � ∧ β( + εl(+ ∧ �( ∧
εl(+ ∧ β( + εl(+ ∧ �() ‘mc γ ∨+ εl(+ ∧ �(-

’hhh( D,Qdfidwhuhsx e‘hkr enq B*md -
Kds tr enq hmrs‘mbd bnmrhcdq dqnrhnmr odqenqldcvhsg AXa) ‘r hm Dw‘lokd 5-6) ‘mc kds tr ‘rrtld

sg‘s ε*(+ ∧ �( + b- Kds tr s‘jd γ + (¬X ∧ a ∧ b( ∨ (X ∧ ¬a ∧ b( ∨ (X ∧ a ∧ b( ‘r ‘m dwok‘m‘,
shnm ne � ’vd g‘ud γ ∨+ ε*(+ ∧ �((- Sgdm ε0(+ ∧ γ ( + X ∧ a ∧ b + ε*(+ ∧ γ ( ’rshkk vhsg AXa ‘r
rsqtbstqhmf dkdldms(- Gnvdudq γ ∈∨+ X ∧ a ∧ b ‘mc sgdqdenqd γ hr mns ‘m dwok‘m‘shnm ne γ hm sghr
b‘rd-


