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Recouvrement on-line d’un graphe

Résumé

En algorithmique on-line, I'instance d’'un probléme est révélée en différentes étapes. A
I'issue de chacune d’elles on doit prendre des décisions irrévocables sur la partie qui vient
d’étre révélée (qu’elle est la contribution de cette partie & la solution que 'on construit?).
Nous commencons par étudier le probléme de couverture de sommets sous deux modéles on-
line qui correspondent & deux maniéres différentes de révéler les sommets. Le premier impose
que le graphe instance est révélé sommet par sommet. Dans le second modéle le graphe est
révélé par paquets, chaque paquet étant un sous-graphe induit de l’instance compléte. Puis,
dans le modéle par paquets, nous relaxons la contrainte que le choix des sommets du paquet
& inclure dans la solution est irrévocable. Plus précisément nous autorisons un backtracking :
une décision sur un sommet peut étre modifiée modulo un coit qui dépend du nombre global
de sommets modifiés. Enfin nous étudions un modéle simple ou les instances sont révélées
aréte par aréte.

Mots-clé : algorithme on-line, recouvrement d’un graph, rapport de compétitivité, rapport
d’ approximation.

On-line vertex-covering

Abstract

In on-line computation, the instance of a problem is revealed step-by-step and one has,
at the end of each step, to irrevocably decide on the part of the final solution dealing with
this step. We first study the minimum vertex-covering problem under two on-line models
corresponding to two different ways vertices are revealed. The former one implies that the
input-graph is revealed vertex-by-vertex. The second model implies that the input-graph is
revealed per clusters, i.e., per induced subgraphs of the final graph. Under the cluster-model,
we then relax the constraint that the choice of the part of the final solution dealing with
each cluster has to be irrevocable, by allowing backtracking. We assume that one can change
decisions upon a vertex membership of the final solution, this change implying, however,
some cost depending on the number of the vertices changed. Finally we study simple model
where instance is revealed edge-by-edge.

Keywords: on-line algorithm, vertex-covering, competitivity ratio, approximation ratio.
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1 Introduction

On-line computation is very natural in operational research since there exist situations modeled
as problems for which the final data-set is not a priori known. In other words, data are revealed
step-by-step. Frequently, when one tries to solve such problems many types of constraints (for
example, deadlines on the final solution delivery, deadlines on the implementation of the solution
computed) force her/him to start problem’s solution before the whole set of data is completely
revealed. On the other hand, these constraints may be strict enough forcing so the problem solver
to irrevocably decide on the part of the final solution dealing with each part of data revealed, or
may be relatively weak, allowing her/him to go back over decisions previously taken about the
partial solution computed at each step.

Let IT be an NP optimization graph-problem. The on-line version of 11, denoted by LII, is
the pair (II, R) where R is a set of rules dealing with:

1. information on the value of some parameters of the final graph,
2. how the final graph is revealed.

An on-line algorithm A decides at each step which of the data (vertices or edges) revealed during
this step will belong to the final solution. Its performance is measured in terms of the so-called
competitivity ratio c, defined, for an instance G and a set R, as the ratio of the worst! value of
the solution computed by it when running on G to the value of a solution computed off-line, i.e.,
by an algorithm running once the final graph is completely known. In this paper we deal with
deterministic on-line algorithms. The above measure of the quality of an on-line algorithm has
been originally introduced in [12], in order to study a fundamental computer science problem,
the paging problem. Interesting reviews on on-line algorithms (under competitive analysis) are
presented in [9, 6]. Also, an interested financial application of on-line computing is solved in [5].
On-line graph problems studied until now are, to our knowledge, the traveling salesman ([1]),
the graph-coloring ([7, 10, 8] and the independent set ([4]).

Let us consider a company receiving manufacturing orders from its clients. These orders
have to be accepted or rejected as soon as they arrive. Acceptance or rejection of the orders
can be provided either immediately, i.e., as soon as any order arrives (alternative 1), or at the
end, say of each month (alternative 2.1), or after a fixed number of orders (say 100 orders)
has arrived (alternative 2.2). Incompatibilities between orders (due to the fabrication time, the
materials required, etc.) are pairwise incompatibilities; so a set of globally compatible orders
is an independent set in the order-incompatibility graph (where orders are its vertices). If the
objective of the company is to maximize the number of the compatible orders accepted during,
say one year’s period (or the global profit implied by them), then the problem to be solved is
the on-line mazimum independent set problem. However, assume a public company or even a
company operating with privileged clients. In both situations, the company is constrained to
accept any order emanating from its clients and has either to manufacture orders by itself, or
to use sub-contractors. Then, its objective is not to maximize the profit, but to minimize the
subcontracting cost during, for example, one year’s period. So, with respect to the incompatibility
graph mentioned just above, one has to minimize the complement of a maximum independent
set, i.e., a vertex-cover, and the problem to solve is the on-line minimum vertez-covering. This
is the problem we deal with in this paper.

Minimum vertex-covering problem, denoted by VC in the sequel, is defined as follows: given
a graph G(V,E), compute the minimum-cardinality set V' C V such that, Yvv; € E, at least
one of the v;,v; belongs to V'. We consider that G (we set n = |V| and suppose n known

!Over all the ways G is revealed according to R.



at the beginning of the game) is revealed per non-empty clusters, i.e., per induced subgraphs
G1(V1, E1),Ga(Va, Es), . .. of G (we denote by n; the order of G;, i = 1,2,...). Every time a new
cluster G is revealed, the edges linking the vertices of G; with the vertices of G, j < i are also
revealed. We denote by t the number of clusters needed so that the whole graph is completely
revealed.

We first focus ourselves on the case where graph is revealed by means of its vertices and
consider t = n, i.e., that G is revealed vertex-by-vertex. This is what we have called alter-
native 1 in our company model described previously. We establish a general result about the
performance of every minimal VC-algorithm (i.e., an algorithm computing a minimal vertex-
cover) in comparison with the maximum matching algorithm for VC, informally, the ratio of any
minimal vertex-cover against the vertex-cover computed by the maximum matching algorithm is
bounded above by A/2. Using this result, we establish the competitivity ratio of a very simple
but very natural on-line algorithm entering a newly presented vertex v in the covering C under
construction, if there exists an edge incident to v (hence revealed together with v) the already
revealed endpoint u of which does not belong to C' (following our assumption about the way G
is revealed, u has arrived before v).

Next, we generalize our study assuming ¢ < n and study the competitivity ratio of (more
complicated) on-line algorithms for LVC against an optimal off-line algorithm. Here we dis-
tinguish two cases: 2 < t < n and t = 2. With respect to our company model, the former
represents alternative 2.1; alternative 2.2, not studied here, could represent a situation where all
the clusters are of the same order. Then, we analyze the case t = 2. This case has, as we shall
see, its own mathematical interest. Furthermore, even in the framework of our company model
it is very natural. Revisit this model and suppose that in order that the products start to be
manufactured, say at the instant ¢ + 15, orders have to be arrived at instant ¢. But for some
reasons (e.g., organizational or promotional ones), clients have been granted some extra delay,
for example t + 10, in order to send orders to be manufactured at ¢ + 15. Here, company has
to answer in two times: first, for the orders arrived up to instant ¢ and second, for the orders
arrived from ¢ 4+ 1 to £ + 10. The incompatibility graphs of these two sets of orders are the two
clusters.

We continue the paper by assuming non-irrevocability in the construction of the on-line
solution, i.e., by allowing backtracking. This means that the algorithm can interchange a number
of vertices in the solution computed by a number of vertices not included in it. But we consider
that changes performed imply a cost on the vertices changed. This, in our company example,
becomes in deciding, at the last moment, to give some additional manufacturing work in its
sub-contractors. But since it does not meet the deadline for these orders, it has to pay some
extra cost. We study the competitivity (against an optimal off-line algorithm) of two algorithms
under two cost models. The former implies that the cost paid for any change is fixed, while the
latter implies that for any vertex changed one has to pay a cost equal to the total number of
vertices changed.

Finally, we study a slightly different on-line model, where we assume that the input-graph
is revealed edge-by-edge. Together with the arrival of a new edge, are revealed the links of its
endpoints with the ones of the edges already revealed. Here also we devise an on-line algorithm
and study its competitivity ratio against an optimal off-line one.

2 Basic definitions and notations

The following definitions will be frequently used throughout the paper. For reasons of legibility
they are grouped here, before entering to its purely technical part.

Matching. A matching is a set of mutually disjoint edges of G.



Exposed vertices. A vertex is called exposed with respect to a matching M, if it is not endpoint
of any edge of M, in other words, if it is not saturated by M.

Augmenting path. A path v; ,v;,,...,v;, is augmenting with respect to a maximal match-
ing M if k is even, v;,,v;, are exposed with respect to M and if v;v;,, € M, | = 2q,
q=1,...,(k—2)/2; in other words, the set M \ {v;v;,, : l =2¢,q=1,...,(k—2)/2}U
{i Vi 1 1=2q,q=1,...,(k—2)/2} is also a matching with cardinality equal to [M|+1.

Independent set. An independent set is a subset of V' C V such that, for any (v;,v;) € V' xV,
vvj ¢ E.

Minimal (resp., maximal) set. A set will be called minimal (resp., maximal) with respect to
a property 7, if it satisfies 7, while deletion (resp., insertion) of an element from (resp.,
in) S results in a set not satisfying .

Fact 1. ([3]) Any (maximal) independent set is the complement, with respect to V, of a
(minimal) vertex-cover. I

In what follows, we denote by A the maximum degree of G, by 7(G) the cardinality of a minimum
vertex cover of G, by M (resp., M;) a maximum matching of G (resp., G;) and by P (resp., ;)
the set of the exposed vertices of G (resp., G;) with respect to M (resp., M;). Denote also
by X (M) (resp., X(M;)) the set of the endpoints of M (resp., M;).

Fact 2. ([3]) Consider a graph G, fix a maximal matching M and let P =V \ X (M). Then:
1. P is independent for G
2. X(M) is a vertex-cover of G with | X (M)| = 2m. 1

For v € V, we denote by I'(v) the set of neighbors of v, ie.,, I'(v) = {u : wv € E}, A =
max{|['(v)| : v € V}.

3 On-line vertex-covering with t = n

We first consider that G is revealed into ¢ = n clusters, i.e., vertex-by-vertex. Before specifying an
on-line algorithm for this case, we establish a general result for any algorithm (on-line or off-line)
computing a minimal vertex-cover, i.e., a vertex-cover that cannot be reduced by elimination of
some of its vertices.

3.1 On the approximation ratio of any minimal vertex-covering algorithm against
maximum matching

We denote by MAX_MATCHING an algorithm computing a maximum matching M of G (the problem
of finding a maximum matching of a graph is polynomial ([11])). By item 2 of fact 2, X (M) =
{vi,vj : v;v; € M} is a vertex-cover of size 2| M| for G. Denote by m the size of M. Finally, set
p=|P|=|V\X(M)|. The following lemma will be used in theorem 1, just below, and later.

Lemma 1. For any graph without isolated vertices, p < m(A — 1). If, in addition, the graph
contains ¢ isolated vertices, then p — v < m(A —1).

Proof. Fix an edge v;v; € M such that at least one of v;, v; has neighbors in P. Let P; =
PNT(v;) = {piys Pigy - - - vpi\m}; P; is defined similarly. Suppose |P;| > |P;|. Then, if P; # (), the
following holds:
PP
1
{ [Pl =1 M
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In fact, suppose P; € P;. Then, there exists at least one vertex p;, € P; \ P; and at least one
vertex p;, € P; \ P;. The path p;,,v;,v;,pj, is augmenting with respect to M, contradicting so
the fact that M is maximum.
On the other hand, suppose P; C P; but |Pj| > 1. Then, with the same arguments, for any
two vertices p;, and pj;, in P; N P;, the path p;,, v;, v, pj, is augmenting with respect to M.
Consider now the following graph B(N, Ep) constructed as follows:

e for every edge of M we draw a vertex (let Nj; be the set of vertices so drawn); we also
consider vertices of P as vertices of IV; in other words N = Ny, U P;

e let n;; be the vertex of N); associated with v;v; € M; if there exists an edge linking
either v; or v; with a vertex p, € P, then n;;p;, € E.

By expression (1) and the discussion above, any n;; € Nj; is linked with at most A — 1 vertices
of P (the maximum degree of G is A and one edge — the matching one — links v; with v;). This
remains true if P; = (). Consequently, p < m(A —1).

On the other hand, if G contains a set I of ¢ isolated vertices, then the argument developed
above remains valid on the graph G'(V'\ I, E), q.e.d. I

Since n = 2m + p and, by lemma 1, p < m(A — 1) (resp., p — ¢t < m(A — 1)), one easily gets
n < m(A + 1) (resp., n — ¢ < m(A + 1)) and reaches the following lemma.

Lemma 2. In any graph with no isolated vertices, m > n/(A + 1). If the graph has v isolated
vertices, then m > (n —¢)/(A +1).

Theorem 1. For any graph G, the ratio of the size of any minimal vertex-cover to the size of
the vertez-cover induced by MAX_MATCHING (G) is bounded above by A/2.

Proof. Assume first that G has no isolated vertices, denote by C a minimal vertex cover of G
and by s the size of the independent set associated with C| i.e., |V \ C| = s. Denote by m the
size of a maximum matching M of G. By item 2 of fact 2, algorithm MAX_MATCHING induces a
vertex-cover of size 2m. Recall finally that, by item 1 of fact 2, P = V' \ X (M) is independent.

Since C' is supposed minimal, the independent set V' \ C' is maximal. Consequently, using
s=zn/(A+1) ([3]), we get

ICl=n—-s<(A+1)s—s=As (2)
We now distinguish the following two cases depending on the values of s and m: (i) s < m,
(ii) s > m.
For case s < m, using expression (2), we get:

IC|  As A
Pl gD
o2m  2m 2 (3)

For case s > m, using lemma 1, we get:

= (4)

IC] _n—s o 2m+p—m o m+m(A-1) A
2m  2m 2m = 2 2
Combining expressions (3) and (4), one proves the theorem.

Consider now that G contains a set I of isolated vertices. Then, C being minimal, it does
not contain any isolated vertex. Furthermore, MAX MATCHING(G[V \ I]) = MAX MATCHING(G).
Hence the analysis performed just above remains valid and concludes the proof of the theorem. I

It is well-known ([3]) that, for any graph G and for any maximal matching M (of cardinal-
ity m) of G,

7(G) =2 m (5)

Consequently, by theorem 1, the following corollary holds immediately.
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Corollary 1. For any graph, the ratio of the size of any minimal vertex-cover to the size of the
optimal one is bounded above by A.

3.2 An on-line algorithm for the case t = n

We are ready now to specify and analyze the following on-line algorithm for LVC.

BEGIN *QLVCx*
C«—0;
t«—1;
Ge — ({ve}, 0);
WHILE t <n DO
Ve Vert;
t—t+1;
E¢ < E¢ U the set of edges linking v to vertices of Vg;
Ve — Vg U {Vt+1}§
Gy — (VtyEt)Q
IF Ju#v:uv €E; Au¢ C THEN C« CU{v} FI;
0D
OUTPUT C;
END. *(0LVC*

Proposition 1. The competitivity ratio of algorithm OLVC against an optimal off-line algorithm
for VC is bounded above by A, while its competitivity ratio against MAX_MATCHING (assuming that
MAX_MATCHING returns both a maximum matching M and X (M) ) is bounded above by A/2. Both
bounds are tight.

Proof. Following algorithm OLVC, Vv € C, Juv € E such that u ¢ C. Hence, the vertex-cover C
computed is minimal. Then, applications of corollary 1 and of theorem 1, respectively, conclude
the ratios claimed.

Fix now a A € N, consider a star Sa11 on A + 1 vertices. Obviously, 7(Sa+1) = 1. Suppose
that its center is the first vertex revealed; the rest of vertices can be revealed in any order. Then,
algorithm OLVC will not include the star-center in C, while it will include all the remaining vertices
of Sa+1. Therefore, the competitivity ratio achieved in this case is equal to A. Furthermore,
since 7(Sa+1) = m = 1, the competitivity ratio A/2 against MAX_MATCHING is also achieved. I

3.3 Lower bounds on the competitivity of any algorithm for the case t = n

Suppose that vertices are numbered in the order they arrive; in step 4, vertex v; is revealed. Also
consider that, in step i, {v1,...,v;} = C; U S;, where C; draws the vertex-set included in the
vertex cover under construction and S; = {v1,...,v;}\C;. The final graph is denoted, as usually,
by G(V, E) and its maximum degree by A. The purpose of this section is to provide limits in
the competitivity (against an optimal off-line algorithm) of any on-line algorithm solving LVC
with ¢ = n (over all the ways the input-graph is revealed). Let us consider the solution of LVC
as a two-players game, where the first one (player 1) reveals the instance and the second one
(player 2) constructs the solution. Then, we prove the following theorem.

Theorem 2.

1. No algorithm can achieve competitivity ratio strictly better than A, even if an isomorphic
of G is known in advance.



2. No algorithm can achieve competitivity ratio strictly better than A — 2, even if G is a tree
and n is known in advance.

Proof of item 1. The isomorphic of GG revealed in advance consists of a disjoint collection
of p stars, each of order A + 1 and of A — 1 isolated vertices, where A and p are fixed integers.
Obviously, the degree of G is A and its order n = p(A+1)+ A —1. Assume that player 1 reveals
the graph with respect to the following rules:

i if C; contains A isolated vertices (for the graph already revealed), then v;1; is linked to all
these vertices;

ii if v; € S; (in other words, v; has not been taken in the solution) and v; is not linked to any
vertex vj, j <4, and if 7 < n — A, then vertices v;, viy1,...,v;+a form a star rooted in v;;

iii if p stars have been revealed, the rest of the vertices revealed are isolated;

iv if rules i and ii cannot be applied and ¢ < n — 1, then vertex v; is isolated with respect
to the graph already revealed.

Applications of rules i to iv above implies that player 2 cannot do better than covering edges
of any star by its leaves, while optimal off-line solution consists of the star-centers. Therefore a
ratio of A is achieved at best and this completes the proof of item 1 of the theorem.

Proof of item 2. Let A be an integer greater than, or equal to, 3 and set n = A(A + 1) + 1.
Consider that player 1 reveals the graph following the rules below:

(i) if C; contains A isolated vertices (with respect to the graph already revealed) and i < n—2,
then v;41 is linked to all these isolated vertices;

(ii) if v; € S; (in other words, v; has not been taken in the solution) and v; is not linked to any
vertex vj, j < i, and if i <n — A — 1, then vertices v;, vi4+1,...,v;4+a form a star rooted
in v;;

(iii) consider v; € S;, v; isolated with respect to the graph already revealed, and n — 2 > i >
n—A;set A={v;:j <iv; € C,Vk <i,vjup ¢ E} (ie.,, Ais the set of the isolated
vertices, at instant ¢, taken in C;) and B = {v;y9,...,vy_1}; then:

(a) viy1 is linked to v; and to any element of set A;

(b) the elements of B form an independent set and are linked to v;

(iv) if rules (i) and (ii) do not apply and if i < n — A, then vertex v;y; is isolated with the
graph already revealed;

(v) vy, is linked to A vertices of degree 1 picked in the several connected components of the
graph revealed until step n — 1.

In figure 1 a graph G fitting rules (i) to (v) is shown for n = 31 and A = 5. Vertices are
numbered in the order they have been revealed. Here, rule (iii) is applied for vertex 27. Then,
A ={19,20} and B = {29,30}. The circle vertices represent the LVC-solution, while the square
ones represent the independent set associated with it. A graph fitting item 1 of the theorem
could be as the one of figure 1 induced by the set of vertices {1,...,27} plus one isolated square
vertex.

If rule (iii) is not applied, then in step n— 1, the graph contains A stars, their vertices of degree 1
making part of the solution constructed by player 2. In this case, 7(G) = A + 1 (the roots of
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Figure 1: A graph fitting rules (i) to (v) with n = 31 and A = 5.

the stars plus vertex v,,), while the solution constructed is of size A(A + 1). The competitivity
ratio is in this case A.

Suppose now that rule (iii) is applied (recall that this is the case for vertex 27 in figure 1).
Then in step i, the graph consists of k stars (their leaves making part of the solution constructed
by player 2) plus the vertices of A U {i}. In this case, the total number of vertices verifies
n=AA+1)+1=k(A+1)+|A| +|B|+ 3, with |A] < A (if not, rule (i) would be applied
one more time) and |B| < A — 2 (because i > n — A). We deduce £k = A — 1. In this case,
7(G) = A — 1+ 3 = A + 2, while the solution finally constructed by player 2 has at least
(A —1)A+ A = A? vertices (the leaves of the A — 1 stars plus set A plus set B plus x;;1). The
competitivity ratio implied is then at least A — 2. In figure 1, 7(G) = 7 (the optimal solution is
the set {1, 10, 18,21, 27, 28,31}, while the solution constructed by player 2 (the set of the circle
vertices of figure 1) is of cardinality 25.

In order to conclude, let us note that the graph at step n — 1 consists of A acyclic connected
components, each of them containing at least one vertex of degree 1. This makes that rule (v) is
feasible and guarantees that the final graph is a tree. So, the proofs of item 2 and of the theorem
are complete. 1

4 On-line vertex covering with n >t > 2

We assume in this section that G is revealed by non-empty clusters G;, ¢ = 1,...,t, with
2 <t < n. We first study the case t > 2. The case t = 2, being interesting by itself, is examined
separately in section 4.2. We suppose that ¢ is known at the beginning of the game.

4.1 On-line vertex covering with n > ¢t > 2

For the case we deal with in this section, we propose the following algorithm.

BEGIN *t_OLVCx*

*arrival of Gix*

(1) C < X(MAX_MATCHING(Gy));
*arrival of G;i,i=2...,tx*



(2) FOR i+ 2 TO t DO

(3) C « CU X(MAX_MATCHING(G;));

(4) FOR u € V; \ X(MAX_MATCHING(G;)) DO

(5) IF Jv € (Uigj<i-1Vy) \C:uv € E THEN C «— CU {u} FI
(6) oD

(7) 0D

(8) OUTPUT C
END  *t_Q0LVCx*

Obviously, the set C' finally computed by t_0LVC is a vertex-cover, although not necessarily
minimal. So, proposition 1 does not represent the worst case for its competitivity ratio. Note
that for the case where clusters are assumed without any restriction, setting |C| < n — |
(where I denotes the set of isolated vertices, if any) and using lemma 2, competitivity ratio
A + 1 is immediately deduced.

Theorem 3.  Let \; be the number of the isolated vertices of G; introduced in C and set
A= Zle Ai and p = M/|A|. Then, the competitivity ratio of algorithm t_OLVC against an
optimal VC algorithm is bounded above by 2 + (A —2)/(2 — p).

Proof. Denote by A;, i = 2,...,t, the vertex-sets introduced in C' during the execution of
lines (4) to (8) of algorithm t_OLVC and set A = U!_,A;. Observe that vertex-set A is exposed
with respect to the (non-maximum) matching U!_, M;; moreover, it does not contain any isolated
vertex. Observe also that any isolate vertex is exposed with respect to any matching of G; hence

A<|Al=p<1 (6)

Denote by M;, i = 1,...,t, a maximum matching of G;, set m; = |M;|, i = 2,...,t. Then, the
cardinality of the on-line solution C' computed by t_0OLVC can be written as follows:

t
IC| =2 mi+|A] (7)
i=1

Let E’ be the set of edges that have entailed introduction of the vertices of A in C' and denote
by B(AU (V1 \ X(M1)), E’) the partial subgraph of G induced by AU (V4 \ X(M;)) and by E'.
Also, denote by Mp a maximum matching of B and by mp the cardinality of Mp. Remark
also that Mp U!_; M; is a matching of G, not nessecarily maximum, and that the graph B is
bipartite with color-classes A and V; \ X (M;). Expression (5) can, for the purposes of our proof,

be rewritten as .
7(G) > (Z mi> +mp (8)
i=1

and, using expressions (7) and (8), the competitivity ratio of t_0LVC becomes

t

_ 1ol o AEmHA Ao
Ct_oLve = < = =2+ (9)
7(G) t t t
>.mi | +mp > m;i | +mp Y. mi | +mp
i=1 i=1 i=1
Finally, using lemma 2, we get

mp = A /A
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On the other hand, let i € {1,...,¢} and let I be the set of the isolated vertices of cluster G;. We
then have [1] = A;-+ (7| — | AN 1), or |4 — s = | Al + (11|~ |4\ 1))~ 1] < pi— 1] < mi(A—1),
where the first inequality holds because A; C P, and, as we have already mentioned in the
beginning of the proof, the set I \ (A; N I), being isolated in Gj, it is exposed with respect
to any matching of G;; the second inequality holds thanks to lemma 1. Summing inequalities
|Ai] = A <mi(A—1)fori=1,...,t, we obtain

t

Al = A
>
domiz R (11)
=1
Using expressions (6), (10) and (11), expression (9) becomes
Al - Al - 24
ct_owe S 2+ A = 2msp < 2+‘|7A
— t |A]—X + 1A|
(Z ml> +mp A-1 A
i=1
A—2
A2 A—2)(A—1) A2
< ora gyl < 9 B2
S 2T AT 2+ A2—-p)—1 = 2+2—p (12)
A(A-D)

and the proof of the theorem is complete. 1
Recall that p < 1 (expression (6)). Furthermore, expression (12) is increasing with p; hence,
setting p = 1 the following result is immediately obtained.

Corollary 2. The competitivity ratio of algorithm t_0LVC against an optimal VC algorithm is
bounded above by A.

On the other hand, consider that clusters arrive without isolated vertices. In this case, for any
i=1,...,t, \; =0, so, p = 0 and, using expression 12, the following holds.

Corollary 3. Whenever clusters arrive without isolated vertices, the competitivity ratio of
algorithm t_0LVC against an optimal VC' algorithm is bounded above by (A + 2)/2.

Note that the solution C' computed by algorithm t_0LVC is not necessarily minimal. Conse-
quently, the result of corollary 2 cannot be derived by direct application of corollary 1.

The bound of corollary 3 can be slightly improved by the following way. Since, for: =1,...,t,
the vertices of A; are exposed with respect to M;, using lemma 1 (A4; NI = (), we get

A < mi(A 1) (13)

On the other hand, since no cluster contains isolated vertices, the bipartite graph B(A U (V7 \
X (My)), E') considered in the proof of theorem 3 has maximum degree bounded above by A —1
(at least one edge per vertex in AU (V; \ X (My)), links it to vertices of X (M;), i = 1,...,t).
Consequently,

A< (A= 1)\ X(M)| < (A - 1)mp (14)
where the last inequality holds because, in a bipartite graph, the cardinality of a maximum
matching is smaller than the cardinality of the smallest among the color-classes. So, combining
expressions (13) and (14), expression (9) becomes:

Al
Al = 2m 4] — 2425 A-3 A+l
¢t _owe S 2+ L | = <2+TA1:2+ 5 9 (15)
(Z m,) +mp A-1
i=1
and expression (15) leads immediately to the following final corollary.
Corollary 4. Whenever clusters arrive without isolated vertices, the competitivity ratio of

algorithm t_OLVC against an optimal VC algorithm is bounded above by (A +1)/2.



4.2 On-line vertex-covering with t = 2

Suppose now that the input graph is revealed within two clusters G1(V, E1) and Ga(Va, E»).
Assume also that n, the order of the final graph, is known at the beginning of the game. We
recall that, following our assumptions, one has to decide which vertices of the first cluster will
belong to the final solution before the arrival of the second cluster.

4.2.1 G has no isolated vertices
In this section we suppose that no additional hypotheses are admitted on the forms of the clusters
and analyze the competitivity ratio of the following algorithm.

BEGIN *2_0LVCx*
*¥arrival of Gi*
¢D) CASE V4 < n/2 DO C«+— Vyq;

(2) GOTO (6);

(3 Vi >n/2 DO C < X(MAX_MATCHING(Gy));
(4) GOTO (7);

(5) 0D

*arrival of Gox*

(6)  OUTPUT C + CUX(MAX_MATCHING(Gs));
(7)  OUTPUT C «+ CUVy;

END. *2_Q0LVC*

Theorem 4. If G has no isolated vertices, then the competitivity ratio of algorithm 2_0LVC
against an optimal VC algorithm verifies ca ouyc < (A +5)/2. This ratio is tight.

Proof. Denote, for ¢ = 1,2, by M; the matchings computed by algorithm MAX_MATCHING on G;
at lines (3) and (6) and by m; their sizes.

Suppose lines (1) and (2) of algorithm 2_0LVC are executed. Then, the solution returned is
C = V1 U X (M) with |C| < n/2 + 2my. Combining expression for C' with expression (5) and
taking into account lemma 2 and the fact that mo < m, the following holds:

n
C2_gLve = T|(CG’) < 2 —|—ij2 < %4—2 < —Ag_l +2= —A;E)
Suppose now that lines (3) and (4) of algorithm 2_0OLVC are executed instead. Then, |Va| < n/2
and the solution returned is the one of line (7), i.e., C = X(M;) U V5. In this case also the
arguments previously developed hold. Hence, expression (16) always gives the competitivity
ratio achieved.

Let us now show that the analysis above is asymptotically tight. Consider a graph G(V, E)
collection of R stars, each of maximum degree A. Consider the subgraph G of GG consisting of
a set of n/2 exposed vertices with respect to a maximum matching M of G. Remark that M
contains one edge per star and that V' (G) is a set of isolated vertices of size not larger than n/2.
Set Gy = G[V \ V(G1)] and assume that G is revealed per clusters G; and G. Then,

(16)

n n 2n
O = F+2R = Z+35 (17)
n
Q) = x7 = R (18)
] A+5
G T2 (19)

This completes the proof of the theorem. I
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4.2.2 Clusters have no isolated vertices

Suppose now that clusters (G; arrive with no isolated vertices. Let n; be the order of G;. Denote
by M;, i = 1,2, a maximum matching of G;, by P; the set of the exposed vertices with respect
of M;, by p; its cardinality and consider the following on-line algorithm.

BEGIN *C2_0LVC(n,€)*

(1) fix an € > 1;

(2) C«0;

*¥arrival of Gi*

(3)  M; < MAX_MATCHING(G;);

(4) TIF n; <n/e THEN C« CUV;;
(5) ELSE C«— CUX(My);
*¥arrival of Go*

(6) My < MAX_MATCHING(Gs);

(7) C—CUX(Mp);

8) Ay —{veVy\X(Mp):3JueVy\Cyuv € E};
(9 OUTPUT C «— CUA,;

END. *C2_0LVC(n,e¢)*

Theorem 5. Under the hypothesis that clusters arrive with no isolated vertices, there exists €,
the largest among the roots of the polynomial €2 — 3¢ + 1, such that the competitivity ratio of
algorithm C2_0LVC(n,eq) against an optimal VC algorithm is bounded above by 2+ ((A+1)/¢€p).

Proof. Set, for i = 1,2, m; = | M;| and note the following fact that can be immediately deduced
from algorithm C2_0LVC.

Fact 3. Whenever line (4) is executed, then line (8) computes Ao = (; therefore the final
covering C' computed in line (9) satisfies C' = V; U X (M2). I

Let us first suppose that line (4) is executed. Then, using fact 3, expression (5) and lemma 2,
we get:

C n1 +2m L+2m o n A+1
A+1

Let us now suppose that line (5) is executed instead. Then, the set C finally computed in
line (9) by algorithm C2_OLVC verifies:

|C| = | X (M1)| + | X (Ma)| + |A2| = 2 (m1 + ma) + | Ag| (21)

Denote by @1 C Vi \ X (M) the set of vertices of V; that has entailed the introduction of
set Ag in C, and by B(Q1, A2, EB), the subgraph of G induced by Q1 U As. Since they are both
independent (subsets of P, and P», respectively), B is bipartite. Denote also by Mp a maximum
matching of B and set mp = |Mp|. Since M; U My U Mp is a matching for G,

7(G) = my +mg + mp (22)

Consider set X (Mp)NQ1; obviously, | X (Mp)NQ1| = mp. Since G| is supposed without isolated
vertices, any vertex of X (Mp) N Q7 has at most A — 1 neighbors in As. On the other hand, Mp
being maximum for B, any vertex of Ay receives edges from at least one vertex of X(Mp)N Q1.
So,

Aol < (A —1) (23)
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Also, since (G1 and G4 are both assumed without isolated vertices, application of lemma 2 gives:

mi = ;g
nh (24)
m2 2 Ay

Combining expressions (21), (22), (23) and (24), performing some little and easy algebra and
taking into account n; 4+ ng = n, one gets:

A-3
C 2 A Asl —2 2=2|A
’Gl < Hmtmy) Ty Al 2ms A1||fs| (25)
n
7(G) m1 +mg +mp my1 + ma +mp e
Recall that we are currently considering case ny > n/e, i.e.,
—1
ny <n——=nt (26)
€ €

Using expression (24) for ms, denoting by ps the number of the exposed vertices of V5 with
respect to Mo, and using expression (26), we obtain
2y A-—1 (A=1)(e—1)
- = ng <
A+l A+l (A+1)e

|Aa| < p2 =no —2ma < no (27)

Remark also that expression (25) is increasing with |A2|. So, combining expressions (25) and (27):

(A=3)(e—1)
| Catn (a-3)e-1)
2+—F =24 —— 2
@ ST G N P | (28)

& T (@

Note that, for a fixed ¢, (A—3)(e—1)/(2¢—1) < (A+1)(e—1)/(2¢ —1) and that expression (20)
is decreasing with €, while expression (28) is increasing. These two expressions asymptotically
coincide when

A+1 (A+1)(e—1)

29 e>1
€ + + 2¢—1

=@ —3c+1=0 ¢ 2 2.62 (29)

Setting g = 2.62, we get cca orve < (A+6.24)/2.62. This, for large values of A, is asymptotically
equal to A/2.62. 1

4.3 Lower bounds for the competitivity ratio
4.3.1 Caset > 2

We provide in this section a competitivity upper bound, given in theorem 6, for the case where
the number of clusters needed for the revealing of the whole graph is O(logny/n). The proof of
the theorem being quite technical, it is given in appendix.

Theorem 6. When t = O(logny/n), and any cluster is non-empty, no on-line algorithm
for LVC can achieve competitivity ratio smaller than A — 2 against an optimal off-line algorithm,
even if the input-graph is a tree and n is known in advance.

4.3.2 Limits on the competitivity for ¢t = 2

As previously in section 3.3, we bring to the fore a graph and a strategy for revealing it in two
steps such that every on-line VC-algorithm cannot achieve competitivity ratio better than the
bound provided.
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Theorem 7. For t = 2 and for all A > 2, no algorithm can achieve competitivity ratio
strictly better than (A + 1)/2 for a graph of maximum degree A, even if it is bipartite with no
isolated vertices, both clusters have the same size and an isomorphic of the input-graph is known
in advance.

Proof. Given an integer k& and two sets A = {1,...|A|} and B = {1,...|B|} such that |B| =
k|A|, we set A xp B = {(aibi_1)k4;) € Ax Byi€{1,...,|A]},j € {1,...,k}}. In other words,
if A and B are vertex-sets, the graph (AU B, A X B) consists of |A| stars of size k + 1 rooted
in the vertices of A.

Let A > 2 be a fixed integer and set

n=2A(A+1) (30)
We define H = (V4 UV, E) where:

e Vi = N{ UN? (sets N} and N7 are mutually disjoint) with |[N{i| = A, |[N?| = AZ?
N{NNE=0;

e Vo = Nj UNZ (sets NJ and N7 are mutually disjoint) with |[N3| = A2 |[NZ| = A,
NJ N N2 =

o E= (N} xa N})U(NZ xa NE).

The so-constructed graph H is bipartite, without isolated vertices and a minimum cardinality
vertex covering of H is of size 7(H) =n/(A +1).

Let us consider an on-line algorithm OLVC. We will show that there exists a bipartite
graph G(V, Vs, F) isomorphic to H for which the competitivity ratio of OLVC is at least (A+1)/2
when V] is revealed in step 1 and V5 is revealed in step 2. More precisely, the solution computed
by OLVC in G contains at least n/2 vertices, where n = |Vi| + [Va|. Assume |Vi| = n/2, let Ny
be the set of vertices of V; introduced in the solution by OLVC and set n; = |N;|. Define integers
p, 1, k such that

n = pA+4r (31)
r < A-1 (32)
= (A+1)-p (33)

Note that k£ > 0 and that, using expressions (30) and (33), one gets the following expression (34);
expression (35) is immediate by the discussion above:
(k+pA = (34)

k< = —m (35)

o 3ol

Indeed, expression (35) obviously holds if K =0 (ny =n/2), or k =1 (n; < n/2). Suppose now
k>22>A/(A—1). We then have, using expressions (31) to (33):

g—nl:A(A+1)—pA—r>A(A—p):A(k—1)>k (36)

Set V; as the partition of sets N7, Nf and R;, where N} C Ny, NfF N Ny = () and

U = & )



Such decomposition is possible because of expression (35). Then, |R;| = k(A — 1) and we have:
Vi=NPUNFUR, (38)

Set also V5 as the partition of sets N5, N5 and Ry where |[NY| = p, and |N¥| = Ak. Then
|R2| = p(A —1). In all,
Vo = NYUNFU R, (39)

We now consider three cases, namely, (i) £ > 0 and p > 0, (ii) ¥ = 0 and (iii) p = 0.
For case (i) (k > 0 and p > 0), using expression (34), pA < A(A + 1) and, consequently,
p < A. Then, we set a =p—1 and b = A — p; a and b are positive integers satisfying:

E(A—1) = a+0bA
{p(A—l) — WA +b (40)
Revisit expressions (38) and (39) and set R; = R¢URY, Ry = RU RS with |R$| = a, |R8| = bA,
|R$| = aA, |R5| = b where a and b are as in expression (40); consider also that R}, RS,

¢ and RS are mutually disjoint. Furthermore, the edge-set £ of G is considered as follows:
E = N} xa NP UNF xa NFURS xa R$U RS xa RY. For G (which is isomorphic to H), the
on-line solution computed by OLVC necessarily contains set Ny U N} of cardinality at least n,/2.
On the other hand, N} U N} U R U R} is a minimum-size vertex cover.

For case (ii) (k = 0), expression (33) gives p = A + 1 and expression (37) implies n; = n/2.
Then F is defined so that G is isomorphic to H.

For case (iii) (p = 0), by expressions (32) and (36), n/2 —n; > A(A+1)— A > A. So we
can define N}, NZ, N3 and N3 as in H (see the three items at the beginning of the proof) with
the supplementary condition that N{ N Ny = 0.

In all of the above cases, the on-line solution computed by OLVC contains at least n/2 vertices.
On the other hand, the corresponding graphs G being isomorphic to H, 7(G) = n/(A + 1).
Consequently, the competitivity ratio of OLVC is at least (A +1)/2, and the proof of the theorem
is complete. I

Note that if we allow isolated vertices in (5, one can easily show that one cannot guarantee
competitivity ratio strictly better than 1/A.

5 Allowing backtracking

In this section we somewhat change the working hypotheses adopted and suppose that one can
go back over the solution constructed during previous steps. We assume that one can change
this solution but she/he has to pay some cost for doing it.

Our on-line algorithm for the case of the backtracking is basically algorithm t_0LVC. The
spirit of our thought process can be outlined as follows. The best approximation ratio known
for VC is bounded above by 2 (this ratio is equal to 2 — (loglogn/logn) (|2])). On the other
hand, LVC being computationally harder, it is a priori worse approximated than VC. So, one
can “restrain” her/himself in searching for competitivity ratios as near as possible to 2. The
maximum matching performed on each cluster of G by algorithm t_OLVC obviously guarantees
approximation ratio 2 on any cluster. The fact that the whole competitivity ratio is finally
“deteriorated” is due to the vertices of the graph B that have to be taken into account in order
to cover cross-edges, i.e., edges between clusters. So the algorithm we propose in what follows
starts with running MAX_MATCHING on each cluster and by delaying its decision on the cross-
edges (in other words, the exposed vertices of any cluster are firstly considered as not belonging
to the solution under construction). Next, once all clusters revealed, graph Gp is formed and
MAX_MATCHING (B) is run. The final solution is the union of the endpoints of all the edges retained
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by the successive runs of MAX_MATCHING. In what follows, for V/ C V, we denote by G[V’] the
subgraph of G induced by V.

BEGIN *Bt_OLVCx*
C—10;
FOR i < 1 TO t DO C < C U X(MAX_MATCHING(G;)) OD
B « G[UY_, (V; \ X(MAX_MATCHING(G;)))];
OUTPUT C < C U X(MAX_MATCHING(B));
END *Bt _OLVCx*

Let us denote by « the cost due to the change of the status of a non-covering vertex to a covering
one. Also, as previously, we denote by M; the edge-set computed by MAX_MATCHING(G;) and
by m; its cardinality, ¢ = 1,...,¢; furthermore, we denote by Mp the edge-set computed by
MAX_MATCHING(B) and by mp its cardinality.

Theorem 8. The competitivity ratio of algorithm Bt_O0LVC against an optimal off-line algorithm
for VC is bounded above by 2k.

Proof. As one can see from algorithm Bt_OLVC, the vertices changed are the ones of the
set U'_ (Vi \ X(M;)). Among these vertices, exactly | X (Mp)| = 2mp vertices pass from non-
covering to covering ones. Suppose that for each of them a cost x has to be paid. Then, the
competitivity ratio of Bt_OLVC can be written (using expression (8)) as

t
<2 > ml> + 2kmp
CBt_OLVC = z:tl
<Z m,) +mp
i=1

and the proof of the theorem is complete. 1
Theorem 8 draws the general case where no further specification of the type of the cost is
given. We now assume two cost-models:

< 2K (41)

e k is a fixed constant;
e x is at most equal to the total number of vertices changed.
For the first cost-model, using expression (41), the following result is directly proved.

Corollary 5. If a fized cost has to be paid for any vertex-status modification, then the compet-
itiity ratio of algorithm Bt_OLVC against an optimal off-line VC-algorithm is constant.

Let us now focus ourselves on the second of the cost-models specified above. For this case, we
somewhat modify algorithm Bt_OLVC as shown just below, and assume n known in advance.

BEGIN *Mt_O0OLVCx*
*arrival of Gq*
¢D) C < X(MAX_MATCHING(Gy));

*arrival of G;i,i=2...,tx*

(2) FOR i« 2 TO t DO

(3) M; < MAX_MATCHING(G;);
(4) P;i — Vi \ X(My);

(5) B «— G[Uj_,P;];
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(6) Mg — MAX_MATCHING(B);

(7 IF mp < /n THEN C+— CUX(M;);
(8) ELSE C— CUV;;
€)) FI

(10) 0D

(11) i9 « last i for which line (7) is executed;
(12) B« G[U;2,P;];
(13) OUTPUT C «— CUX(Mp/);

END  *Mt_OLVC*

Theorem 9.  If for any vertex changed, the cost of the change equals the total number of
vertices changed, then the competitivity ratio of algorithm Mt_OLVC against an optimal off-line
VC-algorithm is bounded above by 3+/n.

Proof. Remark first that the only vertex-changes performed by algorithm Mt_0LVC are
on X (Mp/) (where B’ is the graph constructed in line (12)) and, furthermore, that mp al-
ways satisfies

mp < /n (42)

If line (8) of algorithm Mt_OLVC is not executed at all, i.e., if ig = ¢ (line (11)), then mp < \/n.
Consequently, using expressions (41) and (42):

Cmy_owve S 2mpr < 2v/n (43)
On the other hand, suppose that line (8) is executed at least once. Then,
mp > /n (44)

Using expression (42), setting k = mp and denoting by v(C') the value of the set C' (in v(C)
any vertex non changed counts 1 and any vertex changed counts k), we get:

v(C) < n —2mp + 2emp < 1+ 2m, (45)

Denote by m the cardinality of a maximum matching of G' and use expressions (8), (44) and (45).
Then, the following holds for the competitivity ratio of Mt_0OLVC:

v(C n+ 2m2, n
CMt_oLve = TEG; < - B < m—B +2mp < 3vn (46)

Expressions (43) and (46) conclude then the proof of the theorem. i
We now show that the result of theorem 9 is quite tight, since no on-line algorithm can
achieve competitivity ratio (against an optimal off-line one) better than O(y/n).

Theorem 10. Under the hypotheses of theorem 9, no on-line algorithm for VC can achieve,
against an optimal off-line algorithm, competitivity ratio v/ 2n, even if the input-graph is bipartite
without isolated vertices and n is known in advance.

Proof. Let (A,n1) € N x N and set n = (1 + A)n;. At the first step, V; is an independent set
of size ny. If player 2 selects some vertices of Vi, then the whole instance is a graph without
any edge. In this case, the optimal value 7*(G) is 0, whereas the on-line value is positive. The
resulting ratio equals co and the theorem holds.
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Consequently, we can focus ourselves on the case where player 2 selects no vertices during
the first step. In this case, the instance graph consists of n; stars of size (1 + A) rooted in V7,
one star per vertex in V;. Then, the optimal value satisfies (recall that n = (1 + A)n;)

n

T =53

ny (47)

Denote by V] the set of vertices of Vi that are changed in order to be included in the final
solution (i.e., the vertices introduced in the solution after the backtracking). Then, solution C
can be written as C' = V{/ U Vo \ I'(VY) for a total cost of

o(C) = Vi + A (n1 - |V]) (48)

Consequently, player 2 chooses, at best, a set V] of cardinality

A
B* € Argmin {ﬂQ — AB + A —fl} (49)
A€[0, 527 ]

Define A = 2n;. One can easily show that expression (49) implies §* = n;, and combination of
expressions (47) and (48) with * = n; induces competitivity ratio satisfying

v(C) _Zl+vitsn >Von (50)
4 =

e ™M

where the last inequality in expression (50) holds because function /- being concave, (—1/4) +
(148n)/2 > (—1/4) + ((v/1 +/8n)/2) > /2n. This completes the proof of the theorem. I

6 A simple on-line model based upon edges

We consider in this section an on-line model supposing that the input-graph is revealed by means
of its edges. They arrive one at a time. For every new edge, the links of its endpoints with the
endpoints of the edges already present are also revealed. We suppose that |E| is known in
advance, we set E = {ey,..., €| E‘}, where e; are numbered in order of their arrival, and devise
the following algorithm.

BEGIN *E_QOLVCx
t«—1;
C«— X(et);
FOR t < 2 TO |E| DO IF X(e;)NC=( THEN C < CUZX(e;) FI OD
OUTPUT C;
END. *E_QOLVCx

As one can see from the algorithm above, the irrevocability in the construction of the on-line
solution deals with the endpoints of an edge as a whole. With respect to a model based upon
arrival of vertices it is as one allows, for every edge arriving, a backtracking of level one.

Proposition 2. The competitivity ratio of algorithm E_OLVC against an optimal off-line algo-
rithm is bounded above by 2. This bound is tight.

Proof. Assume that the IF-instruction of algorithm E_OLVC is executed ¢ times. It is easy to
see that the ¢ edges entailing these executions form a maximal matching of G. The set C finally
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computed by the algorithm verifies |C| = 2¢. On the other hand, by expression (5), 7(G) > g.
The competitivity bound 2 is then immediately deduced.

Consider a star revealed edge-by-edge. Algorithm E_OLVC will introduce in C' the endpoints of
the first edge revealed and no new vertex will be introduced in C later. The optimal vertex-cover
for any star consists of its center. So here, the bound 2 is attained. Il

It is easy to see that the on-line model just described is equivalent to the one where all
vertices are present from the beginning of the game and edges are presented one-by-one. Here,
whenever an edge arrives none of the endpoints of which are in ', then both of its endpoints
enter C.

7 Conclusions

On-line computation is actually a very active area of the theoretical computer science and largely
interests the operational researchers from both theoretical and practical points of view, since the
mathematical problems here emanate from models expressing reality more richly than the con-
ventional ones. The vertex-covering problem dealt in this paper is one of the central problems in
combinatorial optimization in its off-line version. As we have seen at the beginning of the paper,
it remains very natural even in its on-line version. There exists a number of open problems that
seem interesting for further studies. First of all, the improvement, if possible, of the competi-
tivity ratios obtained and the achievement of lower bounds for the case where ¢t < n. Also, a
further generalization of the vertex-covering is the one where we consider weights on the vertices
of the input-graph and we search for a minimum total-weight vertex cover. In the company
model presented in section 1, this generalization has a very natural interpretation if we consider
that the manufacturing of an order has its proper cost and the company wishes to minimize the
cost of the manufacturing in subcontracting. Perform a sensitive analysis of on-line algorithms
for this weighted version of LVC seems to us a very interesting open problem.

References

[1] G. Ausiello, E. Feuerstein, S. Leonardi, L. Stougie, and M. Talamo. Algorithms for the
on-line traveling salesman problem. Algorithmica, 29(4):560-581, 2001.

[2] R. Bar-Yehuda and S. Even. A local-ratio theorem for approximating the weighted vertex
cover problem. Ann. Discrete Appl. Math., 25:27-46, 1985.

[3] C. Berge. Graphs and hypergraphs. North Holland, Amsterdam, 1973.

[4] M. Demange, X. Paradon, and V. T. Paschos. On-line maximum-order induced hereditary
subgraph problems. In V. Hlava¢, K. G. Jeffery, and J. Wiedermann, editors, SOFSEM
2000— Theory and Practice of Informatics, volume 1963 of LNCS, pages 326—334. Springer-
Verlag, 2000.

[5] R. El-Yaniv, A. Fiat, R. E. Karp, and G. Turpin. Competitive analysis of financial games.
In Proc. FOCS’92, pages 327-333, 1992.

[6] A. Fiat and G. Weeginger, editors. Online algorithms: the state of the art, volume 1442 of
LNCS. Springer-Verlag, 1998.

[7] A. Gyéarfas and J. Lehel. Online and first-fit colorings of graphs. J. Graph Theo., 12:217-227,
1988.

[8] M. M. Halldérsson and M. Szegedy. Lower bounds for on-line graph coloring. Theoret.
Comput. Sci., 130(1):163-174, 1994.

18



[9] S. Irani and A. R. Karlin. Online computation. In D. S. Hochbaum, editor, Approzimation
algorithms for NP-hard problems, chapter 13, pages 521-565. PWS Publishing Company,
1997.

[10] L. Lovasz, M. Saks, and W. Trotter. An on-line graph coloring algorithm with sublinear
performance ratio. Discrete Math., 75(1-3):319-325, 1989.

[11] C. H. Papadimitriou and K. Steiglitz. Combinatorial optimization: algorithms and complex-
ity. Prentice Hall, New Jersey, 1981.

[12] D. Sleator and R. E. Tarzan. Amortized efficiency of list update and paging rules. Commun.
ACM, 28(2):202—-208, 1985.

19



A Proof of theorem 6

The main idea of the proof is analogous to the one of the proof of item 2 in theorem 2. The
extra difficulty here is because of ¢ = o(n). It should be noted that the fact ¢ = n in theorem 2
importantly simplifies the respective proof.

As in section 3.3, we consider a two-player game. Player 1 reveals the instance by clusters
while player 2 constructs the solution, i.e., it partitions V; into two subsets: S; and C;, the
former one denoting the set of the independent vertices of V; and the latter one denoting the set
of the covering vertices of V;. We denote by PLAY2 the procedure, representing construction of
the decision of player 2, about the partition of V;. In other words, the decision of player 2 will
be denoted by (C;,S;) < PLAY2(V;). Moreover, we call badly covered a d-leaves star whose all
leaves are included in the vertex cover under construction. The revealing strategy of player 1
is based upon the following module denoted by ONE_VERTEX and dealing with the revealing of
a single vertex. It is called with inputs A € N, G[U;=1_ ;Vj], i.e., the graph already revealed,
and two sets of vertices Rg and R¢; it returns a new vertex vy, its links with the vertices already
revealed and the sets Rg and R¢o updated. The neighbors of z considered in the third IF of
algorithm ONE_VERTEX deal with the graph already revealed. For reasons of simplicity, we set in
what follows G[U]‘:L._,,Z‘Vi] = [G]Z

BEGIN *ONE_VERTEXx*
IF |R¢| = A THEN y is connected to any vertex of |R¢|;
ELSE IF |Rg| # () THEN choose x € Rs;
y is linked only with x;
IF x has A neighbors THEN Rg < Rg \ x FI
ELSE y is isolated;
FI
END  *ONE_VERTEXx*

In the overall revealing algorithm, we use an additional module called UPDATE(X;, Y1, X2, Y2) and
specified in what follows.

BEGIN *UPDATE=*
IF X; contains an isolated vertex THEN add it in X, FI
IF Y; contains an isolated vertex THEN add it in Yy FI
END *UPDATE=*

The final graph G has a form analogous to the one of figure 1. It consists of:

e A blocks of size A + 1, the A — 1 first ones being stars and the last one being just a tree
and

e a root-vertex such that the whole graph is a tree of degree A

Assume A € N, set n = A(A+ 1)+ 1 and ¢t = [2AlogA] + (2 + K')(1 4+ A) + A + 2, for
K' = [1+42logAl], and consider the following strategy played by player 1 for revealing the
graph in ¢ steps.

BEGIN *GAME=*

(1) K « [1+2logh];
(2) K« A—2K —3;
3 s—0;
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(4) C+—0;

(5) i« 0;

(6) A—0;

*PHASTS 1: main phasisx*
(7) WHILE A < XA DO

(8) i—i+1;

)] Vi < independent set of size [K— A/A];
(10) (Ci,Si) « PLAY2(V;);

(11) S—SUS;);

(12) C+—CUC;i);

(13) A« A+ A|Si| + [Ci;

(14) 0D

(15) 1« A —KA;

(16) R« a subset of C of cardinality r;

(17) X5+« S;

(18) Xc < C\R%;

(19) R« 0;

(20) t « [2AloghA] — i}

*PHASIS 2: adjustment of the number t of steps*
(21) FOR j«< 1 TO t DO

(22) y < ONE_VERTEX(A, [G];,RE,RE);
(23) i—i+1;
(24) Vi — {y};
(25) (Ci,S;) « PLAY2(V_i);
*in this case |Vi| = 1%
(26) S« SUS;;
27) C+—CUC;y;
(28) A— A+ ASi|+[Cil;
(29) UPDATE(S;, Ci, RE, RE)
(30) 0D

*PHASIS 3: adjustment of the congruence of |AlmodA with constant number of clusters*
(31) RZ«0;

(32) RZ<—0;

(33) FOR j« 1 TO X'(1+A) DO

(34) IF A<A(K+K') THEN s « 1
(35) ELSE s « 2;
(36) vi—0;
(37 FI
(38) FOR k< s TO 2 DO
(39) y < ONE_VERTEX(A, [G];,RE,RE);
(40) Vi —{v}
(41) 0D
(42) Vi « ViU VZ;
(43) i—i+1;
(44) (Ci,Si) « PLAY2(V_i);
*in this case |Vj| < 2%
(45) S+ SUS;;
(46) C+—CUC;;
(47) A—A+|C;NVEH;
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(48) FOR k < s TO 2 DO UPDATE(S; NV¥,C; NVE RS, RE) OD
(49) v3 — [REURZ|;

*PHASIS 4: from R}, RZ,R},R2 to Rs,Rc*

(50) Rg « 0;

(51) Rc¢ < REURZ;

(52) FOR j« 1 TO 2(A+1)—vs DO

(53) i—i+1;

(54) y < ONE_VERTEX(A, [G]:,Rs,Rc);
(55) Vi — {y};

(56) (Ci,Si) « PLAY2(V;);

(57) S« SuUS;;

(58) C+—CUCy;

(59) UPDATE(S;, Ci,Rs,Re);

(60) 0D

(61) RS« RYURZ;
(62) WHILE R} # () DO

(63) i—i+1;

(64) y « ONE_VERTEX(A, [G];, R, ()3
(65) Vi — {y};

(66) (Ci,S;) « PLAY2(V;);

(67) C+—CUC;;

(68) 0D

*PHASIS 5: last block*
(69) bool «— false;

(70) j < 0;

(71) REPEAT

(72) y < ONE_VERTEX(A, [G];, Rs, Re) ;
(73) i—i41;

(74) je—3j+1;

(78) Vi —{y};

(76) (Ci,Si) «— PLAY2(V;);

) S« SUS;;

(78) C+—CUC;;

(79) UPDATE(S;, Cs, Rs, Re)

(80) bool«— (Rg #R)

(81) IF C; contains an isolated vertex THEN add x in Rq FI

(82) UNTIL bool OR j=1+A4;
(83) 1IF bool THEN i« i-+1;

(84) Vi < {y} where y is connected to x and to any vertex of Rc;
(85) (Ci,S) « PLAY2(V_i);

(86) C+—CUC;;

(87) FI

(88) FOR k« 1 TO A—j DO

(89) i—i4+1;

(90) Vi < {y} where y is connected only to x;

(91) (Ci,S1) « PLAY2(V_i);

(92) C«+—CUC;;

(93) 0D

*PHASIS 6: completion of G by the last cluster*

22



(94) i—1i+1;
*V; is the set of vertices to be revealedx

(95) Vi —0;
(96) for any x € X5, V; contains A vertices connected only to x;
(97) arbitrarily partition vertices of X; into clusters of A vertices;
(98) for any of the clusters created in line (97) add one vertex in Vj;
(99) for each vertex v added in line (98)

link v with the vertices of the corresponding cluster;
(100) for any connected component c of the graph already revealed

add to G a vertex connected to a vertex of c of degree 1;
(101) (Cy,8;) < PLAY2(V_i);
(102) S+ SUS;;
(103) C«+CUC;;
END  *GAME*

Lemma 3.

1. Lines (7) to (20) (PHASIS 1) of GAME take at most [2Alog A] steps. At line (20), KA <
A< (K+ 1A, r <A, |Ci|/A €N and, moreover, |S1| + |C1|/A = K.

2. At line (30) (end of PHASIS 2), i = [2AlogA] and A < (K' 4+ K)A.

Proof of item 1. From line (9) one gets A|S;| + |C;] < A|Vi| < (K + 1)A — A. Hence, the
current value of A satisfies A < (K +1)A, sor < A. On the other hand, clearly, A = A|S|+|C].
Consequently, at the end of the WHILE-loop in line (14), one has |S| < K and, moreover,
|C| = qA +r with ¢ + |S| = K. So, |C1] = qA.

To conclude the proof of item 1, we have to show that the WHILE-loop of line (7) is executed
at most [2Alog A| times. Denote by A; the value of A at the end of the ith execution of the
loop. Sequence (A4;); satisfies, Vi, such that 4; < KA:

Let now B; = KA — A;. Sequence (B;); satisfies (using expression (A.1)) the following induction

rule
Bo = K& (A.2)
Biv1 < B; (1 — Z) V7 such that B; > 0

From expression (A.2), one can deduce that, Vi, B; 1 > 0 and B; < KA(1—A~!)". Furthermore,
from expressions (A.1)) and (A.2), B; becomes non-positive for i > log (KA)/ —log((1—A71)%).
This last quantity is smaller than 2Alog A. Consequently, the WHILE-loop of line (7) is not
executed more than [2Alog A] times and the proof of item 1 is complete.

Proof of item 2. The value of i claimed follows immediately from the total number of the
iterations of the FOR-loop. At each iteration, A does not increase by more than 1. Therefore,
using item 1, A < (K + 1)A + [2AlogA] < (K 4+ K’)A and the proofs of item 2 and of the
lemma are complete. i

From algorithm ONE_VERTEX we can deduce that at line (30), the graph revealed consists
of | Xg| isolated independent vertices, of | X¢| (a multiple of A) isolated covering vertices, of so
badly covered stars of size A 4 1, of o2 badly covered stars of size us + 1, us < A and of vy
isolated covering vertices. Moreover, oo = |R{| € {0,1} and vy = |R{| < A.
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Lemma 4. At line (49) (end of PHASIS 3), i = K'(14+ A)+ [2Alog Al and A = A(K + K').

Proof. The value of ¢ immediately follows from the total number of iterations of the FOR-loop
(lines (33) to (41)). From algorithm ONE_VERTEX, if s = 1 from line (31) to (49), then the
graph revealed during every loop with k& = 1 consists of A\; badly covered stars of size A + 1,
o} < 1 badly covered stars of size 1+u/, u] < A and v} isolated covering vertices. The increasing
of A corresponds to the number of covering vertices added in C' during execution of lines (31)
to (49), and this number is equal to K'A. So, A > AK + AK'. If s = 2 at line (49), we also
have A = (K + K’)A and the proof of the lemma is complete. I

We so have A = A(K + K') = | Xg|A + | X¢o| + s2A + MA + v + v} = v} +v] € {0,A}.
Furthermore, the vertices revealed during every loop with k£ = 2 induce a subgraph consisting
of Ay badly covered stars of size A + 1, o5 < 1 badly covered stars of size 1 + uf, u), < A
and v} isolated vertices, with u}, + v, € {0, A}. The graph revealed until the end of PHASIS 3
(line (49)), consists of | Xg| isolated independent vertices, of | X¢|A isolated covering vertices, s3
badly-covered stars of size A + 1, of o3 < 1 badly covered stars of size 1 4+ us, uz < A, of
o4 < 1 badly covered stars of size 1 + uj, uj < A, and of vz < 2A isolated covering vertices.
Furthermore, v3+ug+uj € {0, A,2A} and A\ + )Xo +0] +0) = 2K'. Really, o = |R}|, o, = |R%|
and v} + vy = |RL U RZ| = vs.

Lemma 5. From line (50) to line (68) (PHASIS 4), 2(A + 1) clusters have been revealed.
Moreover, at line (68), |Rc| < A.

Proof. The lemma follows immediately from the fact that if v # 0, then vz = 2A — v} — v5. |

We now describe the graph revealed from line (68) to the end of algorithm GAME (PHASE 5
and PHASE 6). It always contains the |Xg| isolated independent vertices, the |X¢| isolated
covering vertices; it also contains 2K’ + 2 or 2K’ + 1 (depending on whether R¢ is empty or
not) badly covered stars of size A 4+ 1. If Ro # 0, then Rg = {z} and the graph contains one
badly covered star, rooted at z, of size 1 + A — |R¢|. Remark finally that from line (68) to
the end of algorithm, A + 2 clusters are revealed. So, the total number of clusters is exactly
N = [2Alog A1+ (K'+2)(A+1)+A+2 = O(Alog A). From line (69) to line (93) (PHASIS 5),
a tree of size A + 1 has been revealed with only one vertex in S (this vertex is ). Then, the
completion of G at lines (94) to line (103) (PHASIS 6) is such that the whole graph contains
K + 2K’ +2 = A — 1 badly covered stars of size A + 1, plus the tree just mentioned, plus one
root connected to one vertex in each of the A connected components revealed. Consequently,
the final graph is a tree of maximum degree A and of order A(A + 1) + 1; so N = O(logny/n).

The final vertex cover constructed by player 2 has size |C| > A? (|S| < A +1). On the
other hand, a minimum vertex cover of the graph is of size A + 2 and the proof of theorem 6 is
complete.
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