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2 (m1 + m2) + |A2|
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� ��V=_ahaX X&^�Z=[]X�tWtm_a\�Rh�~y'O���_Ptx_aR<o&[]X(Y�t]_aR=q=N "�V=X�tmX�T���\�X&^�Z=[]X�tWtm_a\�R<t�Y�t g�`�Z}TW\�TW_Po�YIhahrg
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⇐⇒ ε2 − 3ε + 1 = 0

ε>1
=⇒ ε0 w 2.62

�~y'C��

tFX&T]TW_aR=q
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∆
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�9u<t]_aR=qxX&^�Z=[]X�tWt]_a\�R<t@��M���� YIR<����M�M����9\�R=X�q�X&Tdt�TWV=X�f2\�haha\(��_aR=qwX&^�Z=[]X�tWtm_a\�R2��M � ��g
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p∆ < ∆(∆ + 1)
YIR<����o&\�R<t]X
�9u=XlR9TWhrg��

p ≤ ∆
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TWV=_Pt�tm\�hau}TW_a\�R6�=u}T�tmV=X>�*V=X�V�Y�t�TW\;Z�Ylg|t]\�`;Xwo&\ktmT�f2\�[��}\�_aR=q�_rT�N
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2 − (log log n/ log n)
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tmTBYI[mTdt���_rTWV�[]u=R=R=_aR=q �E5���� �x5 ��� ��! #�% \�R�X(Y�odVeo&hau<tmTWXl[bYIR<� �9g �}Xlh:Ylg�_aR=q _rTdt;�}X�o&_Pt]_a\�Re\�R TWV=X6o&[]\ktWt n
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_Ptwf2\�[]`;X�� YIR<�
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�9gDTWV=X;t]u<olo&X�t]t]_rikX;[]u=R<tx\�f �E5������x5 ��� �"! #�%=N��pR ��V�Y*Txf2\�haha\(��tM��f2\�[
V ′ ⊆ V

����X �}XlR=\�TWX �9g
G[V ′]

TWV=X
t]u=�=q�[dYIZ=V�\�f

G
_aR<�}u<o&X����9g

V ′ N
��� %�!$#�� � � ������	��%�

C← ∅ �*%���
i← 1

�
�
t � � C← C ∪ X(MAX � MATCHING(Gi)) � �

B← G[∪ti=1(Vi \ X(MAX
�
MATCHING(Gi)))] ��,+��"-'+��

C← C ∪ X(MAX � MATCHING(B)) �� # � � � � ������	��%�

�1X&T u<t¡�}XlR=\�TWX��9g
κ
TWV=X�o&\ktmT��}u=X�TW\jTWV=X�odV�YIR=q�X�\�f�TWV=X�tmTBY*TWu<t¡\�f�YjR=\�R}npo&\(ikXl[]_aR=q�ikXl[mTWX&^�TW\ Yxo&\(ikXl[]_aR=q

\�R=X�N�{�hPtm\G��Y�t�Z=[]X&i�_a\�u<t]hrg��¡��Xb�}XlR=\�TWX|�9g
Mi
TWV=X�X��}q�X&npt]X&T;o&\�`;Z=u}TWX��
�9g �E5���� �x5 ��� ��! #�% x

Gi
{ YIR<�

�9g
mi
_rTdt;o�YI[W�}_aR�YIha_rT�g��

i = 1, . . . , t
g�f2u=[mTWV=Xl[]`;\�[]X�����X��}XlR=\�TWX|�9g

MB
TWV=X|X��}q�X&nptmX&Tbo&\�`;Z=u}TWX�� �9g

�x5 ��� �x5���� ��! #�% x
B
{ YIR<�|�9g

mB
_rTdt�o�YI[W�}_aR�YIha_rT�gkN
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¤ '*/�/E¥ � {St�\�R=X o�YIR�tmXlX f2[]\�`sYIhaq�\�[]_rTWV=` � � �"����	��G��TWV=X�ikXl[mTW_Po&X�t odV�YIR=q�X�� YI[]X TWV=X \�R=X�t�\�f�TWV=Xt]X&T ∪t
i=1(Vi \ X(Mi))

N {�`;\�R=qbTWV=X�t]X�ikXl[mTW_Po&X�t	��X&^=Y�o TWhrg |X(MB)| = 2mB
ikXl[mTW_Po&X�txZ�Y�tWtxf2[]\�` R=\�R}n

o&\(ikXl[]_aR=q6TW\Do&\(ikXl[]_aR=qD\�R=X�tlN`tFu=Z=ZH\kt]X�TWV�Y*T f2\�[�X(Y�odV \�f�TWV=Xl` Y�o&\kt T
κ
V�Y�twTW\6�HX�Z�YI_P� N%"�V=XlR���TWV=X

o&\�`;ZHX&TW_rTW_ri�_rT�g|[dY*TW_a\;\�f � � �"����	��;o�YIR��HXx��[]_rT]TWXlR �5u<t]_aR=q�X&^�Z=[]X�t]t]_a\�R �}O��L��Y�t

cBt � OLVC =
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2
t
∑

i=1
mi

)

+ 2κmB

(

t
∑

i=1
mi

)

+ mB

6 2κ
� � OI�

YIR<��TWV=XwZ=[]\F\�f�\�f�TWV=XjTWV=Xl\�[]Xl`�_Pt�o&\�`;Z=haX&TWX�N
"�V=Xl\�[]Xl` O|�}[dYl��txTWV=X�q�XlR=Xl[dYIh�o�Y�t]X ��V=Xl[]X�R=\�f2u=[mTWV=Xl[ t]ZHX�o&_!�<o�Y*TW_a\�R
\�f�TWV=X;T�g�ZHX;\�f�TWV=X�o&\ktmT�_Pt

q�_rikXlR�N � XxR=\(��Y�tWtmu=`;XxT���\;o&\ktmT]n~`;\��}XlhPt	0

• κ
_Pt�YA�}^�X���o&\�R<tmTBYIR9T
g

• κ
_Pt�Y*T�`;\ktmT�X
�9u�YIh�TW\ TWV=XxTW\�TBYIh1RFu=`��HXl[�\�f�ikXl[mTW_Po&X�t�odV�YIR=q�X�� N


<\�[�TWV=X1�=[WtmT�o&\kt T]n~`�\��}Xlh}�<u<tm_aR=q�X&^�Z=[]X�t]t]_a\�R � � OI���=TWV=X�f2\�haha\(��_aR=q;[]X�t]u=hrT�_Pt��}_a[]X�o TWhrg|Z=[]\(ikX�� N
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465 �|S
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=\�[STWV=_Ptxo�Y�t]X�� ��X
t]\�`;X&��V�Y*T�`;\��}_af:g|YIhaq�\�[]_rTWV=` � � �"����	���Y�t�tmV=\(��RAP u<tmT��HXlha\(�J��YIR<�DY�t]t]u=`;X n

�FR=\(��R�_aR6Y���i�YIR<o&X�N
��� %�!$#��$� � ������	��%��wv &�&��
# v �$��� G1

�
xzyw{

C← X(MAX
�
MATCHING(G1)) ��wv &�&��
# v �$��� Gi, i = 2 . . . , t

�
x � { *%���

i← 2
�
�

t � �x�� {
Mi ← MAX

�
MATCHING(Gi) �x�� {

Pi ← Vi \ X(Mi) �x	� {
B← G[∪ij=1Pj] �

O(�



x	
 {
MB ← MAX

�
MATCHING(B) �x�� { !!*

mB 6
√
n

� � � #
C← C ∪ X(Mi) �x�� { � � � �
C← C ∪ Vi �x�� { *"!

xzy � { � �xzy y {
i0 ← � v �
� ���"�'&��"�(��)
�����
�%� x�� { ��� � � ��)����
��� �xzy � {
B′ ← G[∪i0j=1Pj] �xzy � { �,+��"-'+��

C← C ∪ X(MB′) �� # � �$� � ������	��%�
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¤ '*/�/E¥ � ��Xl`�YI[L�6�=[WtmT�TWV�Y*T�TWV=Xc\�R=hrg ikXl[mTWX&^FnpodV�YIR=q�X�t ZHXl[]f2\�[]`;X��v�9g YIhaq�\�[]_rTWV=` � � ���'��	�� YI[]X\�R
X(MB′)

�2��V=Xl[]X
B′ _Pt�TWV=X�q�[dYIZ=Veo&\�R<tmTW[]u<o TWX�� _aR ha_aR=X x y � { ��YIR<����f2u=[mTWV=Xl[]`;\�[]X�� TWV�Y*T mB′

YIhrn
��Ylg}t�tWY*TW_PtL�=X�t

mB′ 6
√

n
� � y��

�pf ha_aR=X x�� { \�f1YIhaq�\�[]_rTWV=` � � ���'��	���_Pt�R=\�T�X&^�X�o&u}TWX���Y*T�YIhah}��_�N X�N!�F_af i0 = t
�5ha_aR=X xzy y { ���FTWV=XlR
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√

n
N
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cMt � OLVC 6 2mB′ 6 2
√

n
� � M��

QSR�TWV=Xw\�TWV=Xl[�V�YIR<����t]u=Z=ZH\ktmXwTWV�Y*T�ha_aR=X x�� { _Pt�X&^�X�o&u}TWX�� Y*T�haX(Y�tmT�\�R<o&X�Nf"�V=XlR��

mB >
√

n
� ��� �

�Stm_aR=q�X&^�Z=[]X�t]t]_a\�RK� � y�����tmX&T]TW_aR=q
κ = mB′

YIR<���}XlR=\�TW_aR=q6�9g
v(C)

TWV=X�i�YIhau=X;\�f�TWV=X�tmX&T
C
�5_aR

v(C)YIR9gbikXl[mTWX&^�R=\�R6odV�YIR=q�X��6o&\�u=R9Tdt�O�YIR<��YIR9g�ikXl[mTWX&^|odV�YIR=q�X��6o&\�u=R9Tdt
κ
���}��Xxq�X&T
0

v(C) 6 n− 2mB′ + 2κmB′ 6 n + 2m2
B′

� � ���

SXlR=\�TWX��9g

m
TWV=X�o�YI[W�}_aR�YIha_rT�g \�fEYS`�Y*^�_a`�u=` `�Y*TdodV=_aR=qj\�f

G
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cMt � OLVC =
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n + 2m2
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n

mB
+ 2mB′ 6 3

√
n
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� ^�Z=[]X�t]t]_a\�R<t�� � M���YIR<�c� � F���o&\�R<o&hau<�}XwTWV=XlR|TWV=XwZ=[]\F\�f�\�f�TWV=XwTWV=Xl\�[]Xl`�N
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N
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¤ '*/�/E¥ � �1X&T
(∆, n1) ∈ N× N

YIR<��t]X&T
n = (1 + ∆)n1

N�{�T�TWV=XJ�=[WtmTStmTWXlZ��
V1
_PtSYIR6_aR<�}XlZHXlR<�}XlR9Tjt]X&T

\�f�tm_! lX
n1
N%�pf�Z=h:YlgkXl[ y|tmXlhaX�o Tdt�tm\�`�X ikXl[mTW_Po&X�t \�f

V1
��TWV=XlR�TWV=X���V=\�haX�_aR<tmTBYIR<o&X�_Pt�Y|q�[dYIZ=V ��_rTWV=\�u}T

YIR9g6X��}q�X�N@�pR6TWV=_PtSo�Y�t]X��HTWV=X�\�Z}TW_a`�YIh�i�YIhau=X
τ∗(G)

_Ptj�E�H��V=Xl[]X(Y�t�TWV=X \�R}n~ha_aR=X i�YIhau=X�_Pt�ZH\kt]_rTW_rikX�N�"�V=X
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t TBYI[WtS\�f¡t]_! lX
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[]\F\�TWX�� _aR

V1
�

\�R=X�t TBYI[�ZHXl[�ikXl[mTWX&^�_aR
V1
N�"�V=XlR��=TWV=Xw\�Z}TW_a`�YIh�i�YIhau=X�tWY*TW_PtL�=X�td�5[]X�o�YIhah1TWV�Y*T

n = (1 + ∆)n1
�
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n
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SXlR=\�TWX6�9g
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1

TWV=X6t]X&T�\�fSikXl[mTW_Po&X�t�\�f
V1
TWV�Y*T�YI[]XDodV�YIR=q�X���_aRe\�[W�}Xl[ TW\ �HX�_aR<o&hau<�}X��e_aR TWV=X��=R�YIh
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x
o&\�R<tm_P�}Xl[]X�� _aR TWV=X�TWV=_a[W��!!*�\�f
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��� � #�� ���$)'��������)
�%�'� �
� v � � #
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"�V=X#�=R�YIh1q�[dYIZ=V
G
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{St]t]u=`;X
∆ ∈ N

��t]X&T
n = ∆(∆ + 1) + 1

YIR<�
t = d2∆ log ∆e + (2 + K ′)(1 + ∆) + ∆ + 2

� f2\�[
K ′ = d1 + 2 log ∆e ��YIR<�eo&\�R<t]_P�}Xl[�TWV=X6f2\�haha\(��_aR=q
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t
tmTWXlZ<tlN

��� %�!$#�� %�5�� � �
xzyw{

K′ ← d1 + 2log∆e �x � {
K← ∆− 2K′ − 3 �x�� {
S← ∅ �
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x�� {
C← ∅ �x	� {
i← 0 �x	
 {
A← 0 ��
- �r5 � ! � y ��� v �!����� v ���"� �x�� { � �"!
� �

A < K∆ � �x�� {
i← i + 1 �x�� {
Vi ← �!�
�������,�
���,�����'�'������������� dK− A/∆e �xzy � {
(Ci, Si)← PLAY2(Vi) �xzy y {
S← S ∪ Si) �xzy � {
C← C ∪ Ci) �xzy � {
A← A + ∆|Si|+ |Ci| �xzy � { � �xzy � {

r← A− K∆ �xzy 
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R1C ←

v � ���(��������� � ����) v &����!� v ���,� � & �xzy � {
XS ← S �xzy � {
XC ← C \ R1C �xzy � {
R1S ← ∅ �x � � {
t← d2∆log∆e − i ��
- �r5 � ! � � � v �	� �(�,� � �,�"���������%� � � � ���'& �������,�
��� � �x � y { *%���

j← 1
�
� � � �x � � {
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�
VERTEX(∆, [G]i, R

1
S, R

1
C) �x � � {

i← i + 1 �x � � {
Vi ← {y} �x � � {
(Ci, Si)← PLAY2(V

�
i) �� �
�$��� ���$) v �'� |Vi| = 1

�
x � 
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S← S ∪ Si �x � � {
C← C ∪ Ci �x � � {
A← A + ∆|Si|+ |Ci| �x � � { +�- � 5 � � (Si, Ci, R1S, R1C)x�� � { � ��
- �r5 � ! � � � v �	� �(�,� � �,�"���������%� )'���"��& �%���()�� ��� �Y5 � � ��� ∆ � �
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� v �"� � � � ���'&���� )�� � �
�
��&%� �x�� y {

R2C ← ∅ �x�� � {
R2S ← ∅ �x�� � { *%���

j← 1
�
�

K′(1 + ∆) � �x�� � { !!*
A 6 ∆(K + K′)

��� � #
s← 1x�� � { � � � �
s← 2 �x�� 
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V1i ← ∅ �x�� � { *"!
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���
k← s

�
� � � �x�� � {
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�
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k
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k
C) �x�� � {

Vki ← {y} �x�� y { � �x�� � {
Vi ← V1i ∪ V2i �x�� � {
i← i + 1 �x�� � {
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�
i) �� �
�$��� ���$) v �'� |Vi| 6 2
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- �r5 � ! � � � ��&
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2
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1
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2
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�
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�
�

2(∆ + 1)− v3 � �x	� � {
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y← ONE

�
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S← S ∪ Si �x	� � {
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 � { � �x	
 y {
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 � { � �"!
� �
R1S 6= ∅ � �x	
 � {
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�� {
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1
S, ∅) �x	
 � {
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(Ci, Si)← PLAY2(Vi) �x	
 � {
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 � { � ��
- �r5 � ! � � � � v �
� �%�"��)!� �x	
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�
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(Ci, Si)← PLAY2(Vi) �x�� � {
S← S ∪ Si �x�� � {
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��&��%� � � � � # v ��� � �!� RC
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x�� � { *%���

k← 1
�
�

∆−j � �x�� � {
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i) �x�� � {
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a
_Ea	�yU *3,.&4/ �
����� <o/M&�m\$L�����	������� � >I� i = d2∆ log ∆e S�&4m A 6 (K ′ + K)∆

a

¤ '*/�/E¥x/E¥w!:%(7�� , � 
=[]\�` ha_aR=X x�� { \�R=X q�X&Tdt
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