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Sur ’approximabilité du probléme de I’arbre couvrant minimum dans un graphe

aréte-coloriée dont chaque couleur apparait au plus r fois

Résumé

Cet article traite du probléme suivant: étant donné un graphe G = (V,E) simple connexe dont les
arétes sont coloriées, on cherche & construire un arbre couvrant utilisant un nombre minimum de couleurs.
Nous prouvons qu’un algorithme de recherche locale garantit le rapport d’approximation (r+1)/2 lorsque
chaque couleur apparait au plus r-fois. De plus, nous montrons que cette restriction est APX-complet
lorsque r > 3. Finalement, nous prouvons que la généralisation o chaque aréte a une liste de couleurs
admissibles n’est pas un probléme plus difficile & approximer que celui ou chaque aréte a une seule couleur.

Mots-clés: Arbre couvrant ; Approximation ; Optimisation locale ; APX-complétude.

On the approximability of Minimum labeled spanning trees when each color appears at

most r times

Abstract

In this paper we consider the problem of constructing spanning trees, using a minimum number of
different colors in a simple graph where the edges are labeled with colors. We prove that when each
color appears at most r times, a local search algorithm yields a (r + 1)/2-approximation. Moreover,
we show that this restriction is APX-complete for » > 3. Finally, we show that the generalization of
this problem where each edge can be colored with a color among a list of allowed colors is equivalent
to approximate.

Keywords: Spanning tree; Approximation; Local optimization; APX-completeness.



1 Introduction

In this paper we consider the problem of finding a spanning tree with minimum number of colors. Given
a simple connected graph on n vertices and colors on edges (denote by L(e) the color of edge e), we look
for a spanning tree using a minimum number of colors. We refer to this problem as the Minimum Labeled
Spanning Tree (in short MinLST). Indeed, this problem is clearly equivalent to the problem selecting a
subset of colors of minimum size such that the subgraph induced by these colors is connected and span
the vertex set. In the following we take this description. We also consider a natural generalization of this
problem where we can choose a color for an edge e among a list of possible colors (i.e., L(e) € List(e)).
This generalization will be called Minimurm List Labeled Spanning Tree (in short MinListLST). It is easy
to see that MinListLST is clearly equivalent to MinLST on multigraphs. MinLST has been studied
firstly by Chang and Leu [3] and then by Krumke and Wirth [5], and very recently by Wan et al. [7]. The
first authors [3] showed that this problem is NP-hard and it has applications in network design. The
second authors [5] gave a (2Inn + 1)-approximation and proved that MinLST cannot be approximated
within (1 — ¢)lnn for any € > 0 unless NP C DTIME(n®(°8logn)) Finally, the last authors [7] showed
that MinLST is H,_i-approximable where H,, is the n-th harmonic number.

In this paper, we first prove that MinLST is (r 4+ 1)/2-approximable when each color appears at most
r-times by using a local search algorithm. Then, we show that this restriction is AP X-complete even if
the maximum degree of the graph is three and each color appears at most three times. Finally, we show
that MinListLST is not more difficult to approximate than MinLST.

2 Approximation results

In MinLST, an instance is given by I = (G,L) where G = (V,E) is a connected undirected graph
without loops and multiple edges and L is a function from E to {1,...,q} whereas in MinListLST, an
input is given by I = (G,List) where G = (V,E) is a connected graph and List is a multi-function from F
to{1,...,q}. For any subset E’ of edges, we denote by Lg: = U.cg'L(e) (for MinListLST, L(e) € List(e))
and by G[E’] (resp. G[4] for A C {1,...,q}) the subgraph induced by the edge subset E’ (resp., by the
edge subset L1(A) = {e € E: L(e) € A}). The goal of these two problems consists in finding a connected
subgraph G[E’] of G spanning V such that |Lg/| is minimum.

In this paper, we consider the restriction of MinLST, denoted by MinLST, where for any i =1, ... q,
|IL=1(i)| = |[{e : L(e) = i}| < r. Even this restriction is NP-hard for any r > 3 and the proof results
from the APX-completeness given in the next section.

We study the approximability of MinLST, by a local search algorithm. The local optimization with
performance ratio guarantees has been studied for instance by Ausiello and Protasi [2] or Arkin and Hassin
[1]- In this paper, the neighborhood can be defined in terms of the number of used colors. In the following,
a connected subgraph G[E'] is called a k-local optimum if we cannot delete the edges of G[E’] using at
most k colors and add some other edges using strictly less than k colors and obtain another connected
subgraph. Thus for instance, a 1-local optimum is a connected subgraph G[E’] using a minimal number
of color (i.e., Vi € Lg, the graph G[Lg: \ {i¢}] is not connected). Note that if G[E'] is a 1-local optimum
then, any spanning tree T' of G[E'] satisfies Ly = L.

It is easy to see that a 1-local optimum is a r-approximation. In the following, we show that a 2-local
optimum is a (r + 1)/2-approximation and that this ratio is tight. A 2-local optimum can be found by the

following algorithm:
[2 - 0PT]



Input: A connected graph G = (V,E) and a function L: E — {1,...,q};
Output : A connected subgraph G[E'];
Start with an arbitrary connected subgraph G[E’] which span V;
While there exists A C Lg with |A] <2 and B C{1,...,q}\ Lg with |B| <1
such that G[(Lgs U B) \ A] is connected and span V do
GIE') := Gl(Lir U B)\ A
End while

It is easy to see that the time-complexity of this algorithm is O(n®) where n = |V| if we start with a
connected subgraph G[E'] using O(n) edges.

Theorem 2.1 The 2 — 0PT] algorithm is a ”;rl -approximation for MinLST,. Moreover, this ratio is
tight.

Proof: Let I = (G,L) be an instance of MinLST, where G = (V,E) is a connected graph with n vertices
and let G[E*] be an optimum solution of I. We denote by G[E’] the solution found by the algorithm
[2—0PT] and by {i1,...,i;} the set of colors used once in the subgraph G[E’] and by e; the edge of E’
with color i; (i.e., Lg/(ej) = i; and |Lg'(i;)| = 1 for any j = 1,... k).

Let T and T™ be two spanning trees of G[E’'] and G[E*] respectively. Since G[E’] and G[E*] are in
particular a 1-local optimum, we have Ly = Lg: and Lp- = Lg~. Now, we work with T" and T*.

Since each color in L \ {i1,...,ix} is used at least 2 times and T has n — 1 edges then, we have the
following inequality for the number of colors used by the tree T"

1-k n—-1+4+k

.
Lr| <k = 2.1
Lol < k+ 2= ; @)

On the other hand, since each color appears at most r times in 7% and 7™ has n — 1 edges, we deduce:

n—1

| L+

> (2.2)

Moreover, we also have the inequality:
|Lr-| >k (2.3)

Assume that the previous inequality is not true and denote by T3, ...,Tx+1 the k+1 subtrees build from T
after the deletion of edges e, ... ,ex. Since | Ly~

< k, there exists one color in G[E*] that uses at least two
edges and such that each of these edges has one endpoint in 7; and the other one in 7). Thus, from T we
can add these two edges and delete two edges in ey, . .. ,e, and obtain a new tree 7" such that |Ly/| < |Lp|.
Thus, we obtain a contradiction with the definition of a 2-local optimum.
So, using inequalities (2.1), (2.2) and (2.3), we obtain:
n—1 &k _r r+1
g Ty sgltr 2
We show in the following that this ratio is tight. Let I = (G,L) be an instance with: G = T U T*
where T' = {(2;,2i41),(Yiyi+1) : 0 < i <r—2}U{(z0,v0),(¥0,00)} and T* = {(vo,z;),(vo,y;) : 1 < <
r — 1} U {(x0,2r—1),(Y0,yr—1)}. The solutions T" and T* are described in Fig. 1. Moreover, we consider
the labeled function defined by: L(z;,zi+1) = L(yiyi+1) = @+ 1, L(vo,xi41) = 7+ 2 = L(zo,xr—1),
L(vo,yi+1) = r+ 3 = L(yo,yr—1) for 0 < i < r —2, L(zo,v9) = r and L(yo,v9) = r + 1. The solutions T'
and T* satisfy |Lr| =r+ 1 and |Lp«| = 2. O

1
|Lr| < +§|LT*\:

| L~

(2.4)
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F1G. 1 — The solutions T* and T.

We end this section by proving that MinList LST is not more difficult to approximate than MinLST.
Indeed, we show that MinListLST and MinLST are equivalent from approximation point of view. Note
that this result does not hold for MinLSTP, and MinListLST,.

Theorem 2.2 MinLST and MinListLST are equivalent.

Proof: Since MinListLST is a generalization of MinLST, this problem is at least as difficult to ap-
proximate as MinLST. Let us prove that it is not more difficult. Let I = (G,List) be an instance of
MinListLST where G = (V,E) is a simple connected graph on n vertices and m edges and |Listg| = ¢;
w.l.o.g., we assume that, Ve € FE, |List(e)] < m and there exists an edge e such that |List(e)| > 2. For
any ¢ < ¢, we construct an instance I; = (G',L;) of MinLST as follows: the graph G' = (V',E’) is
common for instances I; = (G’,L;). Starting with G, we replace any edge e = (v,w) € E by the gadget
F,: assume that List(e) = {i1,...,ip}, we add p — 1 vertices Ac = {ae2,...,acp} and the edge set is
{(v,ac,j),(acjw) : j=2,..p} U{(v,w)}. Finally, for any j = 2,...,p, L;(v,ac ;) = %, Li(ae,j,w) = i; and
L;(v,w) = i1. The gadget F, is described in Fig. 2. Now, let G[E*] be an optimal solution of MinListLST
on I and assume that ¢ € Lg~. Consider the instance I; and construct a connected subgraph G'[E}] as fol-
lows: in the first step, for any edge e = (v,w) € E with |List(e)| > 2, we add E, = {(v,ac,;) : j=2,...,p}
(the edges colored by color 7). Then, for e € E* with i; = L(e) € List(e), we add the edge (ac,, w) if



FiG. 2 — The gadget F. for the edge e = (v,w) and instance I, = (G',L;).

J > 2 else we add the edge e = (v,w). We obtain a connected subgraph G'[E;] of I; verifying:
|Lgs| = |Lg-| (2.5)

Reciprocally, let G'[E}] be a connected subgraph of I;. Observe that G'[E}] necessarily contains color

i since we have assumed that there exists an edge e such that |List(e)| > 2. We construct a connected

subgraph G[E;] on I satisfying E; = {e : (v,ac;,) € Ej and (ae,,w) € Ej for some j > 2} U {e =

(vaw) : (v,w) € Ej}. Moreover, if (v,a.,) and (ac;,,w) are in Ej, we take for the edge e = (v,w) the color

L(e) = Li(ae,i;,w) = i; and the color L(e) = L;(v,w) = iy for the edge e = (v,w) € Ej. We obtain the
inequality:

|LE;| < |Lg (2.6)

Lastly, we take G[E'] = min{|Lg,|: ¢ =1,...,q} and the expected result follows from equality (2.5)
and inequality (2.6). O

Unfortunately, the theorem 2.2 holds only for constant approximation. Thus, a performance ratio p(z)
for MinLST where z is a parameter of the instance (like maximum degree or number of the vertices)
does not give a performance ratio p(z) for MinListLST (the reduction between minimum dominating set
problem and minimum set cover problem has the same property for z = A(G)). Nevertheless, by using

the result of Wan et al. [7], we can derive the following corollary:

Corollary 2.3 MinListLST is Hym(e,,,.—1)—1-approzimable where n = |V|, m = |E| and lynax =
maxecp|List(e)|.



3 Inapproximation results

In this section, we prove that MinLST, has no approximation scheme (i.e., |Lg/| < (1 + €)|Lg~| for
any € > 0) unless P=NP. For this, we use the Minimum Vertex Cover problem (in short MinV C) that is
defined as follows: given a connected graph G = (V,E), we want to find a vertex subset V’ with minimum
size such that Ve = (v,w) € E, v € V' or w € V'. MinVC, for r > 3 is the restriction of MinVC where
the graph G also verifies dg(v) < r, Vo € V and A(G) = maz,evde(v) > 3 (since the cases VC; and
V Cy are polynomial).

Proposition 3.1 For any r > 3, MinLST, is APX-complete even for bipartite graphs with mazimum
degree .

Proof: We construct an L-reduction (see Papadimitriou and Yannakakis [6]) from MinV C,. to MinLST P,
and since MinV C, is MaxSNP-complete [6], we will obtain the expected result.

Let G = (V,E) where V = {v1,...,v,} and E = {ey,...,enn} be an instance of MinV C,. We polyno-
mially transform G into I = (H,L), instance of MinLST, in the following way: H contains the whole vertex
set of G and each edge ey, = (v;,v;) € E is replaced by the following instance (Fy,L) where Fj, = (Vj,E})
with Vi = {vi,Ny,i, Nk, Nk Ny oo NNz vi b B = {(03,Nk) (i Nk ) s (Nio Nk g ) (N 07) s (Niis Vg i)
(N7 s N(NLNY ) (NE o Ni )} and for @ <, L(vi,Nii) = L(NwiNJ,) = L(N,,Nj) = n + k,
L(vj,Nij) = L(Ny.j,N} ;) = L(N};,N}) = n+m +k, L(Ny,Ny) = i and L(Nyj,Ny.) = j.

The gadget (F,L) is described in Fig. 3

’ 2 9
N’ N’y N k,j
O O O
n+k n+m+k
n+k n+m+k
n+k i j n+m+k

O Y O Y O
V.
V1 Nk,l Nk Nk,_] ]

F1G. 3 — The gadget (F},L) for the edge e, = (v;,v;) with i < j.

This instance (H,L) verifies |V(H)| = n+ 6m, |[E(H)| = 8n and |Lgg)| = n+2m, A(G) = A(H)
where A(G) is the maximum degree of G and each color appears at most A(G) times. Moreover, the graph
H is connected since G is connected as well and H is bipartite. Finally, remark that the labels n + k and
n +m + k only occur in the gadget F}.

Let V' be a vertex cover of G and f a function that associates at each edge of G, a vertex of V/. We
construct a connected subgraph H[E'] of H as follows: in first step, for each gadget Fj with i < j, we
add the edge subset By = {(v;,Nk,i),(Nk,i-Ny 1), (Ng i n VL) (N Ng ) (N 5Nk j)s (Ng,j.05) - In the second
step, if f(er) = v; then, we add the edge (N ;,Ni). We obtain a connected subgraph H[E’] of H spanning
V(H) and satisfying the equality:

|Lg/| =2m+ |V (3.1)



Reciprocally, let H[E'] be a connected subgraph of H which span V(H). By construction, we have
{n+1,...2m+n} C Lp and in order to span the vertices Ny, k =1,...,m, we have to use Ny ; or N ;.
Thus, the set V' ={v;: i€ Ly \ {n+1,...,2m +n}} is a vertex cover of G and we have:

|V'| =2m — |Lg/| (3.2)

Finally, let us denote by V* and H[E*] an optimal solution of MinV C and MinLST, respectively. So,

we have:
1. |Lp<| =2m+|V*| < (2r +1)|V*| since A(G) <r
2. |V'| = |V*| = |Lg/| — |LE~| using equalities (3.1) and (3.2)
and the MaxSNP-completeness follows. O

It is easy to verify that MinLST is polynomial time solvable when the maximum degree is A(G) < 2.
Moreover, we conjecture that MinLST, is polynomial for r < 2. On the other hand, when r > 3, we can
summarize the results on the complexity of MinLST, using the known results on MinVC [4] and the
proposition (3.1):

Theorem 3.2 For any r > 3, the following hold:

1. MinLST, is APX-complete if G is triangle-free.
2. MinLST, is APX-complete if G
8. MinLST, is NP-hard if G is planar and its mazimum degree is r.

Proof: for the items 1 and 3, the proofs are immediately deduced from the proposition (3.1).

For the item 2, we start with a r-regular graph, instance of MinV C and we apply the reduction of pro-
position (3.1). Moreover for any k& < m and for each vertex of (F,L) with degree 2 (i.e., Ny, Ny ;, Ny, Ny ),
we add a gadget that consists of a graph verifying that each degree is r, except for one vertex with a degree
equal to one (there exists such graphs with O(r) vertices) and a new label for each edge. O

4 Conclusion

In future research, it will be interesting to study the complexity of MinLST depending on A(G) and
deciding if MinLST € APX when A(G) is bounded. Moreover, it will be also interesting to improve the
bound (r + 1)/2 for MinLST, by using a k-local optimum for k£ > 3.
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