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Abstract

This paper shows how local optimum may ensure constant differential approximation ratio for
the Mazimum H,-free Partial Subgraph and the Minimum Hy-cover (Partial) Subgraph problems
on graphs with maximum degree bounded by B. We first prove that 1-locallly optimal solutions
achieve differential approximation ratio dy/(B + 1) for both MaxzH-freePartialSG-B and MinH,-
coverPartialSG-B, where &g refers to the minimum degree on Hy; next, we show that this ratio
rises up to 2/B when H is a 3-clique. We finally demonstrate that, when increasing slightly the
size of the neighborhood, 3-local optima constitute a (dg + 1)/(B + 2 + vp)-differential approxi-
mation for Maximum Hy-free Subgraph problem and MinH-coverPartialSG-B for any graph Hy,
with v9 = (|V(Ho)| +1)/dp. Finally, we show that, when Hj is a 3-clique, 3-local optimum
achieve ratio 3/(B + 1).

1 Introduction

The Mazimum Hy-free Partial Subgraph problem or MaxH-freePartialSG in short (resp., Mazimum
Hy-free Subgraph problem, MaxH-freeSG in short) can be described as follows:

Given a graph G = (V, E), we look for a maximum size subset V' C V so that the induced
graph from V' does not contain any partial subgraph (resp., induced subgraph) isomorphic to Hy,
where Hy = (Vp, Ep) is a connected graph. The value of an optimal solution on G will be denoted
by ap,(G) (resp., o'y (G)); furthermore, we will denote by MazHo-freePartialSG-B (resp., MazH-
freeSG-B) the problem restriction to graphs with degrees bounded by B.

MazxHy-freePartialSG and MaxHy-freeSG are part of a more general problem family called Maz-
tmum Induced Subgraph with property P problem, or more commonly Mazimum Subgraph problem;
for a specific graph property P, the maximum induced subgraph problem with respect to P con-
sists in finding, in a given graph G = (V, E), a largest subset of vertices V' so that the graph V'
induces satisfies P. The graph property P must be hereditary, which means that any time P is
satisfied by a graph G, then it as well is satisfied by every G induced subgraph. Such a graph



property P can then be characterized by the forbidden set Hp made up of the minimal graphs (with
respect to inclusion) that do not satisfy P: then a graph satisfies P if and only if it does not con-
tain any graph from Hp. Therefore, MazHg-freeSG and MaxHy-freePartialSG are special cases of
the maximum subgraph problem where, for MaxH-freeSG, the forbidden set H p is restricted to the
lonely graph H, whereas, for MaxH-freePartialSG, the forbidden set H p is made up of supergraphs
that contain Hy (i.e., Hp = {G' = (Vo, E') : Ey C E'}); one can easily note that MazH-freeSG
and MazH-freePartialSG obviously match each other perfectly when Hy is a clique.

The maximum subgraph problem has already been dealt with in the literature at the begin-
ning of the 80’s, notably by Lewis [7] and Yannakakis [11] who independently made the evidence
of its NP-hardness, as soon as Hy contains at least 2 vertices. The authors have then general-
ized their results in Lewis and Yannakakis [8], giving the proof of the Maximum Subgraph problem
NP-hardness for any hereditary property P. Ten years later, Lund and Yannakakis [9] proved that,
on the one hand, MaxHj-freePartialSG is not standard approximable within 1/|V|¢ for any ¢ > 0
unless P = NP and, on the other hand, that Maximum Subgraph problem is not standard approx-
imable within 1/ 2log' 2=V for any € > 0 unless NP C QP if P is a non-trivial hereditary graph
property!. Halldérsson and Lau have proved in [4] that Maximum Subgraph problem is approx-
imable within 3/(B + 1), while in [3] it has been proved that this problem is standard approximable
within O(log(|V])/|V|). Obviously, the same bounds hold for MazH-freePartialSG problem.

The minimum Hy-cover Partial subgraph problem, MinHy-CoverPartialSG in short, (resp., min-
imum Hy-cover subgraph problem, MinHy-CoverSG in short) has been less widely studied in the
literature (see [9] for a short description) and consists in finding a minimum vertex subset that in-
tersects any subgraph H (with |Vj| vertices) of G containing a partial graph isomorphic to Hy. More
formally, for a special connected graph Hy = (Vp, Ep) the problem can be defined as follows: given
a graph G = (V, E), we look for a minimum size subset V/ C V so that, for any subgraph H of G
isomorphic to one in the set {G' = (Vy, E') : Ey C E'} (resp., Hyp), there exists a vertex v € V' that
belongs to H.

As previously, these problems are special cases of a more general problem called Minimum vertez
deletion to obtain subgraph with property P; for this latter, we look for a minimum size subset V/ C V
so that the subgraph V — V' induces satisfies P. One can easily see that when the forbidden set Hp
characterizing the hereditary property P is {G' = (V,E') : Ey C E'} (resp., Hy), then MinH,-
CoverPartialSG (resp., MinH(-CoverSG) and Minimum vertex deletion problem are identical.

In this paper we study the approximability of MaxHy-freeSG, MaxH-freePartialSG, MinHy-
CoverPartialSG and MinHy-CoverSG using the so-called differential approximation ratio. This
ratio, for an instance I of a combinatorial problem II and an approximation algorithm A for II is
defined as |wri(f) — Aa(1)|/|wn (L) — Br(I)|, where wr(I) is the value of a worst feasible solution
for I, fr(I) is the value of an optimal one and As(I) is the value computed by A on I. The
differential ratio is still less popular than the standard one, defined by Ax(I)/Om(I), but it has some
interesting properties that can be used in uniformly analyzing approximation properties of classes of

'A non-trivial hereditary graph property is a hereditary property satisfied for infinitely many graphs and not
satisfied by infinitely many.



maximization and minimization problems. For instance, it is stable under affine transformations of
the objective function of a problem.

Minimum Hy-cover partial subgraph and minimum Hy-cover subgraph problems are standard-
approximable within |[Vj|, by a kind of greedy algorithm which generalizes the matching algorithm
for minimum vertex cover problem (where Hj is an edge) to any connected graph Hjy. This family
of algorithms can be described as: starting from V'’ = (), while there exists in G' a subgraph H =
(V(H), E(H)) isomorphic to a graph of size |Vj| containing Hy (resp., isomorphic to Hy), add V (H)
to V' and delete H from G.

Furthermore, depending on the heridetary property P, the more general Minimum vertex deletion
problem to obtain subgraph with property P) may be standard approximable within some constant:
this is notably true when P describes a finite number of minimal forbidden subgraphs (it is, for
instance, the case of line and interval graphs) as proved in [9], and also when P can be expressed
through a universal first order formula over the graph edge subsets (see Kolaitis and Thakur [6]).

Whereas the computation of an optimum solution for MinH,-CoverPartialSG (resp., MinH-
CoverSG) is obviously no harder than for MazHy-freePartialSG (resp., MaxHy-freeSG) (in fact,
both computations are of equivalent hardness since a solution value (a posteriori the optimal one) is
given by the number of deleted vertices for the former and of remaining vertices for the latter), these
two problems become strikingly different in terms of their standard approximation: in fact, as we
previously said, MaxHy-freePartialSG and MazH(-freeSG cannot be standard approximable within
any constant, while MinH-Cover partial and induced subgraph problems are constant approximable.

On the other hand, since differential ratio is stable under affine transformation (see Demange
and Paschos [2]), MinHy-CoverPartialSG (resp., MinHy-CoverSG) and MaxHy-freePartialSG (resp.,
MaxH)-freeSG) are equivalent regarding to their differential approximation. Finally, let us note
that standard and differential approximation ratios coincide for MaxH-freePartialSG as well as for
Max H-freeSG, since, for both problems, the value of the worst solution of any instance is 0.

In what follows, we analyze the differential approximation ratio achieved by local search approx-
imation algorithms for MaxHy-freePartialSG and MaxHy-freeSG. The results obtained hold, as it
has already been mentioned just above, for standard approximation and improve the ones of [4] for
any Hy of §p > 3. Moreover, thanks to the stability of differential ratio regarding to affine transfor-
mations, these results identically apply to the cases of MinHy-Cover partial or induced subgraph.

2 The 1-OPT algorithm

In this section we study the behavior of maximal solutions (corresponding to 1-local optimum) with
respect to both standard and differential measures. Such solutions can be easily computed: starting
from a worst solution and in an iterative manner, just add (or delete according to the problem goal)
vertices, as long as the current solution satisfies a given property. Concerning MaxHq-freePartialSG
(resp., MinHy-CoverPartialSG), this algorithm, 1 — OPT, works as follows:

1. Start with V' =0 (resp., V' =V);



2. While there exists v ¢ V' (resp., v € V') such that the subgraph induced by V' U {v} (resp.,
V' \ {v}) does not contain any partial subgraph isomorphic to Hy, do V' := V' U {v} (resp.,
V=V {v});

3. Output V.

The time-complexity of this algorithm is bounded by O(n%'*?) where 1} is the vertex set of Hy.

2.1 1-local optima for any H

We will respectively denote by dy and B the minimum degree on Hjy and the maximum degree on G;
furthermore, V(G') and E(G’) will represent for any graph G’ its vertex and edge sets; finally, we
denote by ( X,Y ) the cut set between two vertex subsets X and Y on G'. However, when dealing

with these sets, we will omit to mention G’ as soon as no confusion is possible.

Theorem 2.1 The 1-OPT algorithm is a do/(B + 1)-differential approzimation for MaxHy-freePar-
tialSG-B and MinHy-CoverPartialSG — B.

Proof. Let U* be an optimal solution for the graph G = (V, E) and U be the solution provided by
the 1-OPT algorithm; U is a 1-local optimum if and only if, on the one hand, the subgraph induced
by U does not contain any partial subgraph isomorphic to Hy and, on the other hand, the addition
of any vertex v from V \ U into U induces a partial subgraph isomorphic to Hj.

We set Uf = U*\ U and U’ at the set of vertices from U that are in a graph Hj when adding
to U a vertex from U7 ; formally, if we denote for any v € UT by G, the set of Hy graphs on U U {v},
then U’ is defined by:

U ={weU: JveU;,3H € Gysuch that w € V(Hy) }

The local optimality of U indicates that a partial subgraph induced by U’ U {v} contains Hj for
any vertex v from UJ, that is to say: Vv € U}, G, # (. We can therefore deduce from the local
optimality of U the following properties on the bipartite graph BP = (U’, U} ; (U',Ux )):

1. Yv € Ui, dBp(U) > 4y
2. YoelU, dpp(v) < B —dp+1

For property 1: for any vertex v from U7, there exists a Hy graph in G, that contains v and whose
vertices but v are in U’; v is therefore adjacent to at least dg vertices from U’. For property 2: any
vertex u from U’ is also on a Hy graph whose vertices (but v) are in U’ U {v}, for some vertex v
from U7 . Thus, u is adjacent to at least dy vertices from U’U{v} and then, to at least dp — 1 vertices
from U’; since U’ and U are separate sets and because the degrees on G are upper bounded by B,
we deduce that u may not be connected to more than B — (dp — 1) vertices from U7.

From properties 1 and 2, we deduce 6o|U | < ZwEUi dpp(w) =Y ey dBp(v) < (B—0d0+1)|U’|
and finally get:

50aHO(G) = 50(’U*0U|+‘U_T_|)
< SolU[+ (B —do+1)|U]

do|lU* NU[ + (B —do + 1)U’

<
< (B+1)|U]

4



which achieves the proof. Il

Algorithm 1-OPT reaches ratio at least dp/B; in some special H topologies, for instance when Hy
has a unique vertex of degree Jp (one only has to notice that property 1 above turns to: Vv €
Uy, dpp(v) < B—§p). Furthermore, this ratio is also reached when Hy = K or Hy = K3; the former
case amounts to the independent set problem (then consider the complete bipartite graph K p),
while the latter one amounts to the search of triangle-free maximum subgraphs. We conjecture that
1-local optima do reaches ratio dy/B as soon as Hy is a clique; We show in section 2.2 the truthfulness
of this conjecture in the case of triangles.

2.2 The Maximum Partial subgraph K;-free

Recall that, when dealing with a clique K, for Hy, the maximum Hy-free partial subgraph (resp.,
minimum Hy-cover partial subgraph) problem is equivalent to the maximum Hy-free subgraph (resp.,

minimum Hy-cover subgraph) problem. In our case, Hy = K3 (and thus, Jp = 2).

Proposition 2.2 1-OPT algorithm is a 2/ B-differential approximation for MaxK3-freeSG — B and
MinK3-CoverSG — B, and this ratio is tight.

Proof. We will refine the previous proof by studying a new graph H: still considering the family of
graphs G, when v goes over U} . Vertex and edge sets of H will be respectively defined by V(H) =
Uy U_T_ and E(H) = UveUiE(gv).

Notice that H contains the bipartite graph B P discussed in the previous proof, whereas there is
no longer reason that it is bipartite by itself. Moreover, let us denote by U, the intersection of the
global and the local optimum U and U*, by U, its restriction to U’ and by U” the adjacent set
of U!,,, in U’; in other words, we set Ueor, = U*NU, U, =U*NU" and U" =U'NTy(U.,,,.). We
can notice that U/,,, and U” are independent from each other, and also that any vertex v of U’ is
in U” if and only if it is on a triangle {u, v, w} with v in U} and w in U/,,,,; finally, u does not belong

com)
to U’

com» Otherwise there exists a triangle on U*. This new description of G leads to the following

inequalities for the edges of H:

e da(v) = (U, UL )u|+2(U, U )xl
= WU UDEl < Xierr da(v) = 2{Usom, U )l

(U UL ) al + 2K Ulom, U ) |
BIU'| = 2{Ulp: U" 1|

IN IV

From the above inequalities we deduce the properties:
1. Yo € U} dg(v) > 2
2. ’< Uéom? u” >H‘ > Max{‘Uéom’; ’Ul/‘}

The first property holds according to the arguments similar to the ones for property 1 in the proof
of theorem 2.1, with §y = 2. Let us then show the second one: each vertex from U” is by definition

and conversely, each vertex from U/ is related in H

related in H to at least one vertex from U’ com

com

to at least one vertex from U’ (by way of a triangle from G, for a special vertex v from U7 ), which

ensures this vertex to be in U” (or U

! m and U” are not separate sets).



From properties 1, 2 and from the inequality on [(U’,U} )|, we now conclude:

20k, (G) = 2(|UL] + [Ucoml| + Ucom \ Uoml) < (U, UL ) 1]+ 2(|Uom| + [Ucom \ Ucon)
S B’UI|_2|<Uéom7Ul/>|+2(‘Uéom’+|U00m\Uéom|)
< B|U|+ 2(|Ulom| — Maz{|Ufoy s 1U"[}) < BIU|

For tightness of the ratio derived, consider the graph G = (V, E) with V = {z1, 22,91, %2,...,yB-1}
and F = {(z1,z2)} U {(z1,yi), (z2,y;) : 1 < i < B — 1}; on such a graph, the solution U* =
{z1,y1,y2,...,yp—1} is an optimum of value a,(G) = B while the solution U = {z1,z2} is a local

optimum of value 2. O

3 The 3-OPT algorithm

In this section we show that when allowing three moves from a solution to a neighboring solution,
then the 3-local optimum of MazHy-freePartialSG and MinHy-CoverPartialSG — B problems guar-
antee differential ratio Maz{(do+1)/(B + 2+ 1p); (d0)/(B + 1)} with vy = (|V(Hp)| —1)/dp. For
instance, when Hj is a (0o + 1) clique (i.e., Hy = Ks,+1), a 3-local optimum reaches the ratio
(60 +1)/(B + 3), which is strictly better than dyo/(B + 1) as soon as B > 269 — 1, and better than
do/B when B > 36p. The 3-local neighborhood aims at improving a given solution U by removing
one vertex from it and by adding two vertices from V' \ U; thus, determining a 3-local optimum can
be described for MazHy-freePartialSG (resp., MinHy-CoverPartialSG) as follows: starting from a
maximal (resp., minimal) (i.e. I-OPT algorithm) solution, remove (resp., add) one vertex from this
solution and add (resp., remove) 2 other ones if this is possible, make the solution maximal (resp.,

minimal), and so on.

Proposition 3.1 The 8-OPT algorithm is a (5o +1)/(B + 2 + vp)-differential approzimation for
Max Hy-freePartial SG— B and MinHy-CoverPartialSG — B problems, where vy = (|V (Ho)| — 1)/(d0).

Proof. If U is a 3-local optimum, then every set {vi,v2} of vertices in U} of degree dp in BP is on
a Hy graph with vertices in U \ {u}U{v1, v}, for a special vertex u from U; for each set {vy,va2}, we
will refer to the set of such Hy graphs as G, »,- We introduce a new set V' made on vertices from U
that are on a Ho graph from Uy, £v,eut Gu, v, and will denote by W' its union with U": W’/ = U'UV".
We then focus on a new bipartite graph BP = (W', Uy ; (W', U )). Uf will denote the subset
of vertices from U} which are related in BP to exactly dy vertices from W', U{ will refer to the set
of vertices connected to U] in BP, while BP; will describe the restriction of BP to these two sets:
Uf ={v e Ui : dpp(v) =}, Wi =Tpp(Uf) and BP, = (W{, Uy ; (W{,Uy)). Note that W] is
a subset of U’; so,
Wil < U] (3.1)
Properties 1 and 2 in the proof of theorem 2.1 remain true and, more precisely, we get: Vo € W/\U' =
V', dpp(v) < B — 09 + 2 and: Vv € U \ Uf, dpp(v) > 6o + 1. Moreover, the following inequality
holds:
UT] < wol Wi (3.2)



In order to prove (3.2), we will show the inequality: Yu € W{, dpp,(u) < |V(Hp)| — 1, which
leads by summing on vertices of W/ to the relation &o|U;| = ZveUl* dpp,(v) = ZueW{ dpp, (u) <
(IV(Ho)| — 1)|W{| and thus, to (3.2).

Assume that a given vertex u from W7 is connected in BP; to at least ng = |V (Hp)| vertices
from UY, denote by {vi,...,vp,} these vertices and arbitrarily pick two of them, say v; and v;.
Since U is 3-optimal, the set U \ {u} U {v;,v;} cannot be feasible, which means that it must contain
one Hy graph. Thus, v; and v; must be related to at least dy vertices from U \ {u} U {v;,v;}, that
implies, because they are related to precisely dp—1 vertices from U\ {u}, that (v, v;) is an edge on G.
This being true for two arbitrary vertices {v;, v;}, we deduce that the whole set {v1,..., vy} forms
a no-clicque on the optimal solution U*, which contradicts its feasibility, Hy being a K, subgraph.

From the previous inequalities we get:

SolUT| + (B0 + DIUI\UF| < Y dpp(v) = > dpp(u) < (B — 8o+ 1)[W'|+ W\ U
el uew!

which allows us to complete the proof:

(0o + Damy(G) = (o + V(U] + UL\ UF| + [Ucoml)

[UT] + olUf | + (6o + DIUE\UT]) + (90 + 1)[Ucom|

vo| Wil + (B = o + DIW'| + [W| = [U'| + (60 + 1)|Ucom|
(vo = DIWI|+ (B = 6o + D[W'[ + [W'| + (60 + 1)[Ucom|
(vo+ B +2)|U]|

IN N IA

As for 1-local optimum, we conjecture that 3-local optimum reach a differential ratio of at least (dg+
1)/(B + 1), which would significantly improve the ratio do/(B + 1) and even dy/B, the best ratio
expected for 1-local optimum. The ratio conjectured is at least true for MazIS (see [5]) and, as we

are going to show, even in the case where forbiden graph is a triangle.

Proposition 3.2 The 3-OPT algorithm is a 3/(B + 1)-differential approzimation for both Max K-
freeSG-B and MinK3-CoverSG-B.

Proof. In order to demonstrate it, we will refine proofs of propositions 2.2 and 3.1. We first
build a graph H' which contains H (cf., proposition 2.2) and the triangles from the family G, ,,:
H' = (V(H'), E(H)) with V(H') = W' UU? and E(H') = Useus E(Go) Usy 2osevs E(Guyy). H s
then a subgraph of H' whose vertex set V(H) contains U’, U/, and U”. As well as we did in
the proof of proposition 3.1, we also consider U the subset from U} made on vertices which of
degree 2 in (UT,W')ys and denote by W7 the subset of W' that are adjacent in H': Uf = {v €
Ui [({v},W )| =2} and W] = T'yp»(U{). We then denote by H| the subgraph of H' induced
by W{UU;. W/ is obviously a subset from U’ since H] is an element of G,. We now partition U; into
two subsets Uy and U; \ Us where UJ contains the vertices of U that are connected in H{ to Ucom:
Us =T (Ucom); Wy = Uy (Us); Wg = T'r (Uy \ U3) and, finally, Hj and Hj will respectively draw
the subgraphs of Hj induced by Us U W} and (U7 \ Us) U W3. Note that these two last subgraphs
are not necessarily disjoint, whereas we have V(H)) U V(HS) = V(H]). Note also that the two
sets W3 N Ueom and W3 \ Ueop, are respectively subsets of U/, and U".

com



We now exploit local optimality of U according to 3-bounded neighborhoods, first through a

preliminary remark from which various properties on Hf, H) et H} will follow.
Yu € W{, Vv 75 V9 € Uik, u € FH{(Ul) mFH{(UQ) = {1)1,7)2} el (33)

Actually, if U is a local optimum, then there exists a triangle 7" on U \ {u} U{v1, v2}; since v; and vs
are of degree 2 in W', the unique triangle of G on v; U W’ contains u and thus, 7' does contain

edge {v1,v2}. Therefore, the following properties can be deduced:
L Vue Wy, [({u},U] ) <2
2. Yu € WQ, N Ucoma K {u}) Uik >Hi‘ =1
3. Vu € Wi\ Ueom, [ {u}, Ut Y| =1

For 1, we reason in the same way as we did in proposition 2.2: if a vertex from W7 is adjacent to
(at least) 3 vertices of Uy, then, according to the previous remark, these 3 vertices are all mutually
connected, forming a triangle.

For 2, suppose that a vertex of W] N Ucop, is adjacent to two vertices of UJ; then, these two
vertices are also connected in GG and, once more, we have exhibit a triangle in the optimum.

Finally, for 3, let us consider a vertex u of W4 \ Ugopm, connected to two vertices vy and vg of Uy
and denote by uy (resp., uz) the vertex of WJ N Ueop, lying on the unique triangle {vy,u,u;} (resp.,
{va,u,u2}) derived from v; (resp., vo) in H'. Since uy and ug belong to W4 N Ueom, we deduce
from the previous argument that these two vertices are distinct. U being optimal, there exists a
triangle {vy,ve,w} on U \ {u} U {v1,v2}; since u; and wuy are distinct, we may suppose w # ui;
then, vy is connected to three vertices u, u1 et w in H’, in contradiction with the fact that its degree
is 2.

From properties 1, 2 and 3 we deduce the following inequalities:

Us] = [Wo\Ueom| = W30 Ueoml (3.5)

UF\Us| < [ (3.4)

For (3.4), in the same way as in proposition 3.1, but considering Hj this time, we get:

AUIN\UsI = D> K{wh Wa)myl = KUT\US, WE)l = > [({u}, UF\ U3 )| < 2|W5]
veU\Us ueWy

For (3.5), note that any vertex of Uj is connected in H' to a unique pair of vertices from (W3 N
Ucom) X (W3 \ Ucom); then,

3| = ZveU;‘<{v}aW2/mUcom>H{’ = U3, W30 Ucom )|
= oW oo [H{ub U )yl = (W3 N Ucom|
= ZveUQ* ‘<{U}aW2/\Ucom>H{| = (U3, W3\ Ucom )|
= 2ueW\Veom b U )l = W3\ Ucom|



Finally remark that, since each vertex u of W} is on a triangle {v,u,u} for a given v € U; and for

a given u’ from Wj, the following relationship can be derived:
2/( W3, W3 )y | > (W5 (3.6)

From all these inequalities, given that B > 3 (otherwise we have the optimum), we get:

3ak,(G) = 3(UT[+ UL\ Ui+ [Ucoml) = U7+ 2IUT] + 3|UL\ UT|) + 3|Ucom|
< |UF+ KU W) | + 3| Uscoml
< |UFI+ ) dar(w) = 20W W) ir| + 3|Ucom|
ucW'’
< NUF[ 4 BIW!| = 2 Ul U Vi1l + W3, W3 ) pr5]) + 3|Ucoml
< U+ B(U| = Ueom \ Utom) = 2M az{|Uzp, |, U [} = W3 4 3|Ucom]
< |UT|+ BU| = 2Maz{|U.,, |, [U"[} = W3] 4 3|Ugopy|
< |UR\U3|+ U3 | + B|U| — [W3| + Ul
< W3l + Wy \ Ulpn| + BIU| = [W3| + ULl < (B4 D|UIO

Note that the result of proposition 3.2 already slightly improves ratio 3/(B + 2) obtained in [4].

4 Conclusion

We have shown that, in the case of MazHy-freePartialSG and MinHg-CoverPartialSG, 3-local op-
tima are better solutions than 1-local optima; the following question can be therefore posed: is
the approximation ratio provided by local optima strictly improved when increasing the size of the
neighborhood (or, equivalently: are (k+ 1)-local optima strictly better solutions than k-local ones?).
In fact, if Ay refers to the differential ratio provided by k-local optima, we wonder if the ratio Ay /Ag
becomes, for a certain k, greater than, or equal to, 1. If Ax/Ags tends to 1, then local optima ac-
cording to larger neighborhoods will never improve A3 within better than an additive constant. On
the other hand, if A;/As tends to something strictly greater than 1, then local optima of larger
neighborhoods improve A3 by multiplicative factors. We cannot answer this question yet; all we
can say is that, in general, the quality of local optima is not necessarily correlated to the size of
neighborhood there are defined from. For instance, it is proved in [1] that, in the special case of the
Minimum label spanning tree problem with bounded color classes, 3-local optima provide a (r 4+ 1)/2-
standard approximation, while the ratio provided by k-local optima will not exceed (r/2) + € for
any k > 3 and € > 0, where r bounds the number of occurrence of each color on the edges of the
graph considered. Another illustration of this fact is provided by Maz2 — CCSP: it is shown in [10]
that 3-local optima for Maz2 — CCSP ensure a 1/3-standard approximation, but this ratio is tight
for any k-local optimal, for a special neighborhood structure called mirror k-bounded neighborhood.
Do there exist problems for which use of wider neighborhoods leads to strictly better solutions? This

is an open question and matter for further research.
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