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Abstract. The max edge-coloring problem asks for a proper edge-co-
loring of an edge-weighted graph minimizing the sum of the weights of
the heaviest edges in each color class. This problem arises in optical
communication systems and has been well studied during last years.
However, no algorithm of approximation ratio 2 — §, for any constant
6 > 0, is known for general or bipartite graphs, while the complexity of
the problem on trees remains an open question. In this paper we present
new approximation results towards these questions. In fact, we present a
PTAS for trees and an 1.74-approximation algorithm for bipartite graphs;
we also adapt the last algorithm to one for general graphs of the same,
asymptotically, approximation ratio.

1 Introduction

In several communication systems messages are to be transmitted directly from
senders (input ports) to receivers (output ports) through direct connections es-
tablished by an underlying switching network (e.g., SS/TDMA [10], IQ switch ar-
chitectures [14]). Any node of such a system cannot participate in more than one
transmissions at the same time, while messages between different pairs of senders
and receivers can be transmitted simultaneously. A scheduler establishes succes-
sive configurations of the switching network, each one routing a non-conflicting
subset of the messages from senders to receivers. Given the transmission time of
each message, the transmission time of each configuration equals to the longest
message transmitted. The aim is to find a sequence of configurations such that
all the messages are transmitted and the total transmission time is minimized.
It is easy to see that this situation corresponds directly to the following
generalized coloring problem: Given a graph G = (V, E) and a positive inte-
ger weight w(e), for each edge e € E, we seek for a proper edge-coloring of G,
M = {My, Ms, ..., My}, where each color class (matching) M; C E is assigned
the weight of the heaviest edge in this class, i.e., w; = max{w(e)le € M;},
1 < i < k, and the sum of all color classes’ weights, W = Zle w;, is mini-
mized. In fact, senders and/or receivers correspond to the vertices of the graph
G, (transmission times of) messages correspond to (weights of) edges of G and



configurations correspond to matchings. Although the graph G obtained is origi-
nally a weighted directed multi-graph it can be considered as an undirected one,
since the directions of its edges do not play any role in the objective function.

The above coloring problem is known as the Maxz Fdge-Coloring (MEC)
problem; clearly, for unit edge weights it reduces to the classical edge-coloring
problem. The analogous weighted generalization of the classical vertex-coloring
problem has been also addressed in the literature as Mazx (Vertez-)Coloring
(MVC) problem [19, 18].

Remark that the MEC problem on a general graph, G, is equivalent to the
MVC problem on the line graph, L(G), of G. Thus, the results for the MVC
problem on a graph G apply also to the MEC problem on the graph L(G) and
vice versa, if both G and L(G) are in the same graph class. Note, however, that
this is true for general graphs and chains, but not for the most other special
graph classes, including bipartite graphs and trees, since they are not closed
under line graph transformation (e.g., the line graph of a bipartite graph is not
anymore a bipartite one).

The MEC problem can be also viewed as a parallel batch scheduling prob-
lem with conflicts between jobs [5,8]. According to the standard three field
notation for scheduling problems, the MEC problem is equivalent to 1 | p —
batch, E(G) | Cpaz: Jobs correspond to the edges E(G) of a weighted graph
G and edge weights to processing times of jobs. The graph G describes incom-
patibilities between jobs, i.e., jobs corresponding to adjacent edges cannot be
scheduled (resp., colored) in the same batch (resp., by the same color).

Related work. It is well known that for general graphs it is NP-hard to ap-
proximate the classical edge-coloring problem within a factor less than 4/3 [12];
for bipartite graphs the problem becomes polynomial [15]. The MEC problem
is known to be non approximable within a factor less than 7/6 even for cubic
planar bipartite graphs with edge weights w(e) € {1,2,3}, unless P=NP [3].
It is also NP-complete for complete graphs with bi-valued edge weights [2]. On
the other hand, the MEC problem is known to be polynomial for a few special
cases including bipartite graphs with edge weights w(e) € {1,¢} [5], chains [7,
11,13], stars of chains [17] and bounded degree trees [2]. It is interesting that
the complexity of the MEC problem on trees remains open.

Concerning the approximability of the MEC problem, a natural greedy 2-
approximation algorithm for general graphs has been proposed in [14]. For bipar-
tite graphs of maximum degree A = 3, an algorithm that attains the 7/6 inap-
proximability bound has been presented in [3]. For bipartite graphs of small max-
imum degrees, algorithms which improve the 2 approximation ratio have been
also presented. However, the ratios of these algorithms either exceed 2 [7] or tend
asymptotically to 2 [17,2] as the maximum degree of the input graph increases.
In [2] has been also presented a 3/2-approximation algorithm for trees, and an
asymptotic 4/3-approximation algorithm for general graphs with bi-valued edge
weights and arbitrarily large maximum degree A.

The MVC problem has been also studied extensively during last years. It
is known to be non approximable within a factor less than 8/7 even for planar



bipartite graphs, unless P=NP [5,18]. This bound is tight for general bipartite
graphs as an 8/7-approximation algorithm is also known [3,18]. For the MVC
problem on trees a PTAS has been presented in [18, 7], while the complexity of
this case is open. Other results for the MVC problem on several graph classes
have been also presented in [5,3,19,18,7,6,13].

Our results and organization of the paper. The two most interesting open
questions about the MEC problem concern the existence of an approximation
algorithm of ratio 2 — §, for any constant § > 0, for general or bipartite graphs,
and the complexity of the problem on trees. In this paper we present substantial
improvements towards these questions. In the next section we present a PTAS
for the MEC problem on trees; recall that the situation for the MVC problem
on trees is the same: a PTAS is known while its complexity remains unknown.
In Section 3, we succeed to beat the longstanding 2 approximation ratio for the
MEC problem in bipartite graphs by presenting an 1.74-approximation algo-
rithm. In addition, in Section 4, we adapt our algorithm for bipartite graphs to
general graphs yielding an approximation ratio which also tends asymptotically
to 1.74 as the maximum degree of the input graph increases. Finally, we conclude
in Section 5.

Notation. In the following, we consider the MEC problem on an edge-weighted
graph G = (V, E), |V| = n, |E| = m, where a positive integer weight w(e) is
associated with each edge e € E. We denote by M = {My, Ms, ..., My} a proper
k-edge-coloring of G of weight W = Zle w;, where w; = max{w(e)|le € M,},
1<i<k. By M*={M;y,M;,...,M}.} we denote an optimal solution to the
MEC problem on the graph G of weight OPT = Zf;l wy.

By dg(u) (or simply d(u)) we denote the degree of vertex u € V and by
A(G) (or simply A) the maximum degree of the graph G. For a subset of edges
of G, E' C E, |E'| =m/, we denote by G[E’] the subgraph of G induced by the
edges in E’ and by (E') = (e1,ea,...,en,/) an ordering of the edges in E’ such
that w(ey) > w(ez) > -+ > w(em).

2 A PTAS for trees

In [2] a 2-approximation algorithm (Algorithm TREES) for the MEC prob-
lem on trees has been presented. This algorithm in conjunction with the 2-
approximation algorithm for general graphs [14] has led to a 2 ratio for trees.
In this section we also exploit Algorithm TREES to derive a PTAS.

Next proposition is proven in [2].

Proposition 1. Algorithm TREES constructs a solution of exactly A matchings
in O(|V] - A-logA) time. For the weights of the matchings in this solution it
holds that wi = wi and w;, < w;_,, 2<i < A.

To obtain our scheme we shall use a transformation of our problem to the
following list edge-coloring problem.



List Edge-Coloring (LEC) problem

INSTANCE: A graph G = (V, E), a set of k colors and a list of colors ¢(e) C
{1,2,...,k} for each e € E.

QUESTION: Is there a k-edge-coloring of G such that each edge e is assigned a
color in its list ¢(e)?

The MEC and LEC problems are strongly related: Given an edge-weighted
graph G = (V, E), consider a combination of k edges’ weights wy > wg > -+ >
wy, and answer to the following LEC problem on G: is there a k-edge-coloring
of G such that each edge e € E is assigned a color in ¢(e) = {i : w(e) <
w;, 1 <4< k}? Then, a “yes” answer to this question corresponds to a feasible
solution for the MEC problem of weight W = Zle w;. There are O(|E|*)
combinations of weights to be considered and an optimal solution to the MEC
problem corresponds to the combination where W is minimized.

It is known that the LEC problem can be solved in O(|E| - A3%) time for
trees [4], while it becomes NP-complete for bipartite graphs even for three colors
(k = 3) [16].

Therefore, the next proposition follows.

Proposition 2. For a fized number of matchings k the MEC problem on trees
s polynomaal.

Our scheme splits a tree G = (V, E), into subgraphs G[E4 ;] and G[E; 11 ]
induced by the j heaviest and the n — j lightest edges of G, respectively (by
convention, we consider G[E1 o] as an empty subgraph). Our scheme depends on
a parameter p such that all the edges of G of weights wy,w3,...,wy_, are in a
subgraph G[E1 ;]. We obtain a solution for the whole graph by concatenating an
optimal solution of at most p —1 colors for G j, if there is one, and the solution
obtained by Algorithm TREES for G[Ej{1,m).

Algorithm Scheme(p)
1: Let (E) = (e1,e2,...em);
2: for j =0 tom do
3:  Split the graph into two edge induced subgraphs:
- G|FE1 ;] induced by edges e1,ea,...,€;
- G[Ej+17n] induced by edges €j+1,€542,...,Em
if there is a solution for G[E; ;] with at most p — 1 matchings then
Find an optimal solution for G[F ;] with at most p — 1 matchings;
Run Algorithm TREES for G[Ej+1,m];
Concatenate the two solutions found in Lines 5 and 6;
: Return the best solution found;

Theorem 1. Algorithm SCHEME(p) is a PTAS for the MEC problem on trees.



Proof. Consider the iteration j, j < m, of the algorithm where the weight of
the heaviest edge in G[E;t1.,] equals to the weight of the i-th matching of an
optimal solution, i.e. w(e;jy1) =w}, 1 <i<p.

The edges of G[E, ;] are a subset of those appeared in the ¢ — 1 heaviest
matchings of the optimal solution. Thus, an optimal solution for G[E ;] is of
weight

OPTy ; < wi 4w +...+w_;.

The edges of G[E;+1,,m] are a superset of those appeared in the k* — (i — 1)
lightest matchings of the optimal solution. The extra edges of G[Ej41,m] are of
weight at most w; and appear in an optimal solution into at most ¢—1 matchings.
Thus, an optimal solution for G[Ej41 ] is of weight

OPTji1m Sw] +wjpy + ...+ wpe + (@ — 1) - wj =i-w +wjyy +...+ wg..

By Proposition 1, Algorithm TREES returns a solution for G[Ejt1,,] of
weight

Witi,m < OPTjqq m +w; —wi

<i-w fwig +. A+ wie Fw)
<(E+1)-w Fwiy +. Wi

Therefore, the solution found in this iteration j for the whole graph G is of
weight

Wi =OPT j +Wit1m Swi+ws +...+wi_+(0+1) wi +wj+...+wg..

As the algorithm returns the best among the solutions found, we have p
bounds on the weight W of this best solution, i.e.,

Wi <wi+wy+... 4w +(@+1) - w+wi, +...+wp,1<i<p.

To derive our ratio we denote by c¢;j;,1 < ¢,7 < p, the coefficient of the weight

* in the i-th bound on W and we find the solution of the system of linear

(I
J
equations C-xT = 17. Using the standard Gaussian elimination method, we get
the following solution:
1

T =—"7—",1<1<p.
i (Hp+1) b

By multiplying both sides of the i-th, 1 < i < p, inequality by z; and adding

P
1 W H,+1
up all of them we have ;ZW(HP—FI)>-W<OPT’ that is OPT < i, =
1
1+ —.
+ I,

Algorithm SCHEME(p) iterates | E| times. In each iteration: (i) an optimal so-
lution, if any, with at most p—1 matchings for G[E ;] is found by Proposition 2 in



O(|E|P~L:|E|-A3®) time and (ii) Algorithm TREES of complexity O(|V|-A-log A)
1

is called for G[Ej1,,]. Choosing p such that e = 5~ we get p = O(2+). Conse-
quently, we have a PTAS for the MEC problem on trees, that is an approxima-

tion ratio of 1+Hip = 1+€ within time O (|E| (|V|- A-log A+ |[E|P - A3®)). O

3 Beating the 2-approximation ratio for bipartite graphs

A promising idea in order to create an approximation algorithm for the MEC
problem on bipartite graphs is to repeatedly partition the input graph into a
number of edge induced subgraphs and then to find a solution for each of them
independently. In fact, this is the idea behind the known approximation algo-
rithms of ratios less than 2 for the MEC problem on bipartite graph [3,7,2],
as well as the 8/7-approximation algorithm for the MVC problem on bipartite
graphs [3, 18]. However all known algorithms for the MEC problem that follow
this idea achieve ratios which either exceed 2 or tend asymptotically to 2 as
the maximum degree of the input graph increases. In this section we exploit the
same idea and we are able to show an 1.74-approximation ratio for the MEC
problem on bipartite graphs.

Consider an ordering (E) = (e1, e, ..., en) of the edges of G. Let us denote
by (p,q), 0 < p < ¢ < m, a partition of G into subgraphs G[E1 ], G[Ep+1,4]
and G[Eg11,m); by convention, we define Ey o = 0 and Ey 4 = Ey 4. By Ay, we
denote the maximum degree of the subgraph G[E, 4]. For a partition (p,q) of
G, we define a critical set of edges A C Epy1 4, such that each vertex u € V
of degree dy 4(u) > A;, has degree dyq(u) — A1p < da(u) < Ay y — Aqy.
The proposed algorithm relies on the existence of such a critical set of edges A:
a solution for the subgraph G[E; 4] is found by concatenating a A j,-coloring
solution for the subgraph G[E 4\ A] and a (A, — A4 p)-coloring solution for
the subgraph G[A4], if A exists, and by a Ay 4-coloring of the subgraph G[E, 4],
otherwise. For each partition (p,q), the algorithm computes a solution for the
input graph G by concatenating a solution for G[E; 4] and a A-coloring solution
for G[Eq+1,m]. The algorithm computes also a A-coloring solution for the input
graph and returns the best among them.

The following lemma shows that the check in Line 4 of Algorithm BIPARTITE
can be done in polynomial time.

Lemma 1. For a partition (p,q) of a graph G = (V, E), a critical set of edges
A, if any, can be found in O(|V|3) time.

Proof. A (g, f)-factor of a graph G is a spanning subgraph F' such that g(u) <
dr(u) < f(u), for all uw € V. Recall that A C E,11 , and consider the subgraph
G[Ep+1,q). For each vertex u of G[Ep 1 4] we define g(u) = max{0, dy 4(u)— A1 ,}
and f(u) = A; 4 — Aq,p. Then, there exists a critical set of edges A C Epyq,
if and only if there exists a (g, f)-factor in G[Ep41,4]. It is known that such a
factor, if any, can be found in O(|V|?) time [1]. 0

Theorem 2. Algorithm BIPARTITE achieves an 1.74-approximation ratio for
the MEC problem on bipartite graphs.



Algorithm Bipartite
1: Find a A-coloring solution for G;
2: forp=0tom—1do
forg=p+1tomdo
Find, if any, a critical set of edges A in G[Ep+1,4];
if A exists then
Find a A; ,-coloring solution for G[Ey 4 \ AJ;
Find a (Aq,4 — A1 p)-coloring solution for G[A];
else
Find a A; 4-coloring solution for G[E1 4l;
Find a A-coloring solution for G[Fq11,m];
Find a solution for G by concatenating the solutions found either in Lines 6,7
or in Line 9 with the one found in Line 10;
12: Return the best among the solutions found in Lines 1 and 11;

— =

Proof. The solution obtained by a A-coloring of the input graph computed in
Line 1 of the algorithm is of weight W; < A - wf.

Consider the partition (p, q) of G where w(epi1) = wi,; and w(eg41) = w;,

2

for 2 < ¢ < A (recall that wj > wj > --- > w}. and k* > A). In such an
iteration, all the edges in F j, belong to [4]| —1 > Ay, matchings of an optimal
solution M*, and all the edges in F; 4 belong to i —1 > A; 4 colors of an optimal
solution M*.

If Ay, = A; , then the set A does not exist. Hence, a Aq 4-coloring of G[E1 4]
yields a solution of weight at most ([ﬂ — 1) -wf for this subgraph.

If Ay > Ay, then a critical set of edges A exists. Indeed, in this case

the matchings M|*—‘11 , MF"W—H’ ..o, M7 | of M* always contain some edges from
3 3

Epi1,q, for otherwise all the edges in F; 4 belong to {%] — 1 matchings of M*,

a contradiction; these edges of E,;1 4 could be a critical set of edges A for the

partition (p, ¢). Thus, a A; ,-coloring solution of G[E1 4\ A] and a (A1 4 — Ay p)-

coloring solution for G[A] yield a solution for the subgraph G[F1 4| of weight

at most Ay, - wi + (A1 — A1) - wrl] < ([2]-1) -wi + | %] -w"fq, since
2 2
Arp <[L] =1, Ag<i—1and wi > wi,,.

2
Finally, a A-coloring solution for G[Eq11 ] is of weight at most A - w}.
Hence, for such a partition (p, ¢) the algorithm finds a solution for the whole
input graph of weight

7 )
. < — | =1 w* — | -wk. A-wl 2<i<A.
W; ([J ) wi + {2J w[ﬂ + w;, 2<4<

As in the case of trees, the algorithm returns the best among the solutions
found. Hence, we have A bounds on the weight W of this best solution, i.e.,

Wi <A-wj, ifi=1, and

7 7
AP B R R N e cwk, if2<i< A
Wl_(h-‘ )wl—f—BJ w[%]—&—A w, if2<i<A



Solving again the system of linear equations C-x” = 17, where cji, 1 <i4,5 < A,
is the coeflicient of the weight w7} in the i-th bound on W, we get the following
solution for the case where the maximum degree of the graph is a power of 2:

P:gzjl (_ (_Z1>j+12zj (ﬁ <2rl(i—1)+ [ﬁ—ﬂ))) LiEA>i>2

y=1 \z=1

5(t=Z (1)),

=3

For the case where the maximum degree of the input graph is not a power
of 2 the solution of the system becomes more complicated:

[10s 2| N+ 2 [ y 1
ECE (el )

j=0 y=1 z

a
(A—“'l—zyzoi ‘ J(("’_l)yv)) [tlos 2 |+1

G RS> 0 (0| 3

while z; is the same as in the previous case.

W 1
For both cases, it holds that < A . Using Mathematica, we
OPT Sa
computed the above ratio for quite large values of A, and it is found to tend to
1.74 (see Table 1 in our concluding section). O

It is an interesting question is whether a close formula for this ratio can be
computed.

4 An adaptation for general graphs

The idea of splitting the input graph into three edge induced subgraphs and
creating a A-coloring solution for each of them can be also exploited for general
graphs. However, in this case, it is NP-complete to find, if any, a A-coloring
solution of the input graph [12]. Instead of this, a (A + 1)-coloring solution can
be found in polynomial time [9]. Note that Lemma 1 holds for general graphs,
and hence a critical set of edges A, if any, can be found in polynomial time.

Theorem 3. There is an asymptotic 1.74-approximation ratio for the MEC
problem on general graphs.

Proof. The analysis is almost the same as in the bipartite case. Considering the

partition (p, ¢) where w(ept1) = w’ﬁ1 and w(eq+1) = w}; the difference is that if
2

the set A exists then at most (i) a |4 |-coloring solution is created for G[E1 4\ A],

(i) a (| %] + 1)-coloring solution is created for G[A], and (iii) a (A + 1)-coloring

solution is created for G[Ey+1,m)-



Therefore, as in the previous case we have A bounds on the weight W of this
best solution, i.e.,
Wy < (A+1)-wi, ifi=1,
Wa <wi +(A+1)-wy, ifi =2,
Wi <wi +ws+(A+1)-wj, ifi=3,
Wi <wi+3ws; +(A+1)-wy, fi=4, and

W; < BW w1+(m +1)~w>|5,-1+(A+1)~w;‘, if5<i< A

Note that, for i = 2,3 or 4, the subgraph G[E1 4 \ 4] is of maximum degree
at most one, and hence an optimal solution of one matching is created in this
case. Analogous remark can be done for the subgraph G[A] for i = 3.

Solving the adapted system of linear equations as in the proof of Theorem
2, we find a solution z;, 1 < i < A, such that W < L . For the case

OPT = 2 o,
where the maximum degree of the graph is a power of 2, this solution is:

sl (= ()" S (e (2 -0+ [ +4])) ) Az 25

Ll i
i ke o
—QAT ifi=2
ﬁ(l—xz—xg—ml—z:f:s{%]wj), if i =1.
Using again Mathematica we computed this ratio which tends asymptotically
to 1.74 as A increases (see Table 1 below). O

5 Conclusions

We presented new results towards two open questions for the MEC problem; its
complexity on trees, and the existence of an approximation algorithm for general
and bipartite graphs of ratio 2 — §, for any constant §. We decrease the approx-
imability gaps for both questions by presenting a PTAS for trees (improving
the known 3/2 approximation ratio), and an 1.74-approximation algorithm for
bipartite and general graphs (see Table 1).

A H 93 ‘ 96 ‘ 99 ‘ 912 ‘ 915 ‘ 918
Bipartite graphs||1.60188|1.71809|1.73409(1.73612{1.73637|1.73640
General graphs ([1.99605|1.78855(1.74345(1.73730|1.73652|1.73642

Table 1. Approximation ratios for the MEC problem on general and bipartite graphs
for different values of A.

To explain the behavior of our approximation ratios it is worth to observe that
the ratio for bipartite graphs increases with A, while for general graphs decreases



with A. This is because we use (A + 1)-colorings for general graphs, instead of

A-colorings for bipartite graphs. Recall that the standard

A+l : :
1 -approximation

ratio for the classical edge-coloring problem (implied by Vizing’s Theorem) also
decreases with A.
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