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Résumé

Résumé
UTILISATION D’EXEMPLES D’AFFECTION POUR
INFERER LES COEFFICIENTS D'IMPORTANCE
DE LA METHODE ELECTRE TRI :
QUELQUES RESULTATS EXPERIMENTAUX

La problématique de tri consiste & affecter les actions d’un ensemble
A b une des catégories prédéfinies. Dans cef article, nous considérons
le probléme de tri multicritére, et plus précisément, la méthode
existante ELECTRE TRI. Cette méthode requiert 1’évaluation des
parameétres préférentiels (coefficients d’importance, seuils de discrim-
ination et de veto, limites des catégories, ...) en vue de construire
le modéle de préférences que le décideur (DM) accépte comme hy-
pothése de travail pour ’étude d’aide & la décision. Une évaluation
directe de ces paramétres fait reposer sur le DM une charge cog-
nitive importante. [MS96] ont proposé une approche interactive
d’agrégation-désagrégation qui infére les paramétres d’'ELECTRE
TRI indirectement & partir d’informations hollistiques, i.e., d’exem-
ples d’affectation. Dans cette approche, la détermination des paramé-
tres ’ELECTRE TRI qui restituent au mieux les exemples d’affec-
tation est formulée &4 travers un programme d’optimisation non-
linéaire.

Dans cet article, nous considérons le sous-probléme visant & déter-
miner uniquement les coefficients d’importance (les seuils et les fron-
tiéres des catégories étant fixés). Ce sous-probléme se traduit par
un programme linéaire (au lieu d’un programme non linéaire pour
le modéle d’inférence global). Des expériences numériques ont été
conduites pour évaluer la qualité de la procédure d’inférence. Les
résultats montrent que 'outil est capable d’inférer des coefficients
d’importance qui restituent de maniére stable les exemples d’affec-
tation et que cet outil permet d’identifier des ”incohérences” dans
les exemples donnés par le DM.

Mots-Clés : Problématique de tri, désagrégation de préférences,
Evaluation des poids, Expériences numériques



Abstract

Abstract
USING ASSIGNMENT EXAMPLES
TO INFER WEIGHTS FOR ELECTRE TRI METHOD:
SOME EXPERIMENTAL RESULTS

Given a finite sei of alternatives A, the sorting (or assignment) prob-
lem congsists in the assignment of each alternative to one of the pre-
defined categories. In this paper, we are interessed in multiple cri-
teria sorting problems and, more precisely, in the existing method
ELECTRE TRI. This method requires the elicitation of preferen-
tial parameters (weights, thresholds, category limits,...) in order to
construct a preference model with which the Decision Maker (DM)
accept as a working hypothesis in the decision aid study. A direct
elicitation of these parameters requiring a high cognitive effort from
the DM, [MS96] proposed an interactive aggregation-disagregation
approach that infer ELECTRE TRI parameters indirectly from hol-
listic information, i.e., assignment examples. In this approach, the
determination of ELECTRE TRI parameters that best restitute the
agssignment examples is formulated through a non-linear optimiza-
tion program.

In this paper, we consider the subproblem of the determination of
the weights only (the thresholds and category limits being fixed).
This subproblem leads to solve a linear program (rather than non-
linear in the global inference model). Numerical experiments were
conducted so as to check the abilities of this disagregation fool. Re-
sults showed that this tool is able to infer weights that restitutes in
a stable way the assignment examples and that it iz able to identify
”inconsistencies” in the assignment examples.

Key words: Sorting Problematic, preference disaggregation, Weight
Etlicitation, Numerical Experiments
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1 Introduction

When modeling a real world decision problem, we can face situations in which
the decision can be formulated in terms of the assignment of a set of potential
alternatives A = {ay, @, ..., &} to one of pre-defined categories. The assignment
of an alfernative a to the appropriate category should rely on the intrinsic value
of a (and not on the comparison of ¢ to other alternatives from 4).

In this paper, we are interested in the multiple criteria sorting problematic
and, more precisely, In an existing multiple criteria method called ELECTRE
TRI (see [Yu92a], [Yu92b] and [RB93]). When using this method, the analyst
must determine values of several parameters (profiles that define the limits be-
tween the categories, weights, discrimination thresholds, ...). The set = of these
parameters is used to construct a preference model with which the Decision
Maker (DM) accept as a working hypothesis in the decision aid study. Apart
from some very specific casges, it is not realistic to assume that the DM would be
able to give explicitly the values of each parameter in . They are far different
from the natural terms in which the DM usually expresses his/her preferences
and expertise.

A realistic approach consists in infering the model parameters of ELECTRE
TRI through an analysis of assignment examples given by the DM, i.e., from
hollistic information on his/her judgments. This approach aims at substituting
assignment examples for direct elicitation of the model parameters. The values
of the parameters will be inferred through a certain kind of regression on as-
signment examples.

[MS96] proposed an approach that infer all ELECTRE TRI parameters sim-
multaneaously starting from assignment examples. In this approach, the deter-
mination of the parameter’s values that best fit the assignment examples given
by a decision maker (DM) stems from the resolution of a non-linear mathemat-
ical program. This optimization procedure is integrated in an interactive tool
that enable the DM (or anyone acting on his/her account) to react on the set
of obtained parameters and to get insights on his/her preferences.

Although [MS96] prososed to infer simmultaneously weights, profiles and
thresholds, we consider in this paper the problem of the inference of the weight
vector only (in this particular case the mathematical program to be solved be-
comes linear). Our paper presents numerical results obtained in a laboratory
experiment aiming at validating the practical usefullness of the weight infer-
ence procedure in an interactive process {preliminary results may be found in
[Nau96]). The experimental questions are the following (they are operational-
ized through the experimental design described in section 4.):
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e Let wP! be the weight vector obtained using the linear optimization pro-
cedure on the basis of the assignment to categories of alternatives from a
gel A* C A. Let w™ be a weight vector expressed by the DM or infered
by the analyst from DM’s assertions. Are the assignments of alternatives
from A* more "stable” when using w°? than when considering w9™ (the
term stable is used as unsensitive of the assignments to changes of the
weight vector). In other words, is the ool able to increase the ”stability”
of assignments of alternatives in a set A*7

¢ The obtained weight vector w°?* depend on the information given as input,
i.e., on the set of assignment examples. What is the average amount of
information necessary to ”calibrate” the model in a satisfactory way? How
large should A* be in order to derive w? in a reliable manner?

¢ In practical decision situations, real DMs do not always provide reliable
information. Due to time constraints and cognitive limitations, DMs ex-
press contradictory information, their preferences change over time... The
optimization procedure should be able to highlight the assignment exam-
ples that are contradictory or not representable through the ELECTRE
TRI preference model. This experiment aims at investigating the ability of
the tool to "identify” the inconsistencies in the DM’s statements in order
to help him /her in revising the preference information. How reliable is the
optimization procedure to identify inconsistencies in the DM’s judgments?

» The output of the optimization phase rely on the choice of an objective
function. As different objective functions can be considered, it is impor-
tant to check the variability of the output to the different functions. Does
the choice of a specific objective function strongly impact the resulis?

The paper is organized as follows. In the next section, we present the general
approach used by the inference tool. A brief description of the ELECTRE TRI
method is given in section 3. Section 4 describes the experimental design. The
final section groups results and conclusions.

2 General Scheme of the Approach

The general scheme of our inference procedure is presented in Figure 1. Tis aim is
to find an ELECTRE TRI mode] as compatible as possible with the assignment
examples given by ‘the user (the user being either the DM himself/herself or
anyone acting on his/her account). The assignment, examples concern a subset
A" C A of alternatives for which the user has clear preferences, i.e., alternatives
that the user can easily assign to a category, taking into account their evaluation
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on all criteria. The compatibility between the ELECTRE THRI model and the
assignment examples is understood as an ability of the ELECTRE TRI method
using this model to reassign the alternatives from A* in the same way as the
user did.

Assign afternatives
from A* to the categories

¥

<Addi1ional information on

Fix value or interval
of variation for ane or
soveral parameters

some model parameters ? g Y95

no

Optimize to
obtaln & mods|

Revise
assignment j«& no
examples

Figure 1: General scheme of the inference procedure

In order to minimize the differences between the assignments made by ELEC-
TRE TRI and the assignments made by the user, an optimization procedure is
used. The resulting ELECTRE TRI model is denoted by M,. The user can
tune the model in the course of an interactive procedure. He/she may either
revise the assignment examples or fix values (or intervals of variation) for some
model parameters. In the former case, the user may:

o remove and/or add some alternatives from /to A*,

o change the assignment of some alternatives from A*.

In the latter case, the user can give additional information on the range
of variation of some model parameters basing on his/her own intuition. For
example, he/she may specify:

¢ ordinal information on the importance of criteria,

¢ noticeable differences on the scales of criteria,
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» incomplete definition of some profiles defining the limits between cate-
gories.

When the model is not perfectly compatible with the assignment examples,
the procedure should be able to detect all "hard cases”, i.e., the alternatives for
which the assignment computed by the model strongly differs from the user’s
assignment. The user could then be asked to reconsider his/her judgment,.

Inferring a form of knowledge from examples of expert’s decisions is a typical
approach of artificial infelligence. Induction of rules or decision trees from ex-
amples in machine learning (see [Mic83], [Qui86]), knowledge acquisition based
on rough sets (see [GB92], [PS94], [S1092]), supervised learning of neural nets
{see [Gal93], [WK91]) are well-known representatives of this approach. The ap-
peal of this approach is that the experts are typically more confident exercising
their decisions than explaining them.

In Multiple Criteria Decision Analysis, this approach is concordant with
the principle of posterior rationality (see [Mar88]) and with the aggregation-
disaggregation logic used for the construction of a preference model in UTA-like
procedures (see [JLS82], [JLMS87], [JLO0], [NMKO1], [Slo91]). It has been also
applied for the elicitation of weights used for the construction of an outranking
relation in the DIVAPIME method (see [Mou95] and [Mou93]).

3 Presentation of the ELECTRE TRI method

ELECTRE TRI is a multiple criteria assignment method, 1.e., a method that
assigns alternatives to predefined ordered categories. The limit between two
consecutive categories is formalized by what we call a profile (see Figure 2).
The assignment of an alternative a results from the comparison of a with the
profiles defining the limits of the categories. Let I denote the set of the in-
dices of the criteria g1, g2, ..., gm (F={1,2, ..., m}) and B the set of indices of the
profiles defining p + 1 categories (B={1,2,...,p}), by being the upper limit of
category Cp and the lower limit of category Chy1, h = 1,2,...,p (see Figure 2).
In what follows, we will assume, without any loss of generality, that preferences
increase with the value on each criterion.

ELECTRE TRI uses an outranking relation S (see [Roy91)]), i.e., validates
or invalidates the assertion aSby (and &,Sa), whose meaning is "¢ is at least as
good as by”. Preferences restricted to the significance axis of each criterion are
defined through pseudo-criteria (see [Roy96], [RV84] for details on this double-
threshold preference representation). The indifference and preference thresh-
olds, g;(bs) and p;(by), constitute the intra-criterion preferential information.
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Category 1 Category 2 Category p-1 Category p Category p+1
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Figure 2: Definition of categories using lmit profiles

They account for the imprecise nature of the evaluations g;(a) (see [Roy89]).
The indifference threshold g;(bs) specifies the largest difference g;(a) — g;(bz)
that preserves indifference between a and b on criterion g; while the preference
threshold p; (bs) represents the smallest difference g;(a)—g;(bs) compatible with
a preference in faver of a on criterion g;.

At the comprehensive level of preferences, in order to validate the assertion aSéy,
{or bpSa), two conditions should be verified:

s concordance: for an outranking aSb), (or bySa) to be accepted, s suffi-
clent” majority of criteria should be in favor of this assertion,

+ non-discordance: when the concordance condition holds, none of the cri-
teria in the minority should oppose to the assertion aShy, (or §,S5q) in a
*too strong way”.

Two types of inter-criteria preference parameters intervene in the construction
of 5:

¢ the set of weight-importance coefficients (wq, wa, ..., wy) is used in the
concordance test when computing the relative importance of the coalitions
of criteria being in favor of the assertion aSty,

o the set of veto thresholds (vy(bn), ..., v5(ba), ..., um(bs)) is used in the dis-
cordance test; v;(bs) represents the smallest difference g;(bs) — g;(a) in-
compatible with the assertion aSby.

ELECTRE TRI builds an index o(a, b) € [0,1] (o(bs, a), resp.) that repre-
sents the degree of credibility of the assertion aSby, (bySa, resp.), Ya € A,Vh €
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B. The assertion aSby (bySa, resp.) is considered to be valid if ¢(a,bs) > A
(o(bn,a) > A, resp.), A being a ”cutting level” such that A € [0.5, 1] (see [RB93]
for a justification of the construction of this index).

Determining o(a, by) consists of the following steps (the value of o(by, a) is com-
puted analogously):

1 - compute the partial concordance indices ¢;(a, by), Vi € F:

0 if g;(bn) — g;(a) > p;(bn)
(a,bp) =4 1 if gi(bn) — g;{a) < g;(b 1
cj(a, bg) pj(bh)+g‘§ga;i—)gj(b:)( ) < gj(bn) (1)
pilbn)~q;(Bs)

otherwise

2 - compute the comprehensive concordance index c(a,by):

o) = AL ®

3 - compute the discordance indices d;{a, bz),Vj ¢ F:

- 0 if gi(a) < g;(br) + p;(bs)
di(a,by) = {

1 if g;(a) > g;(ba) -+ vi{ba) (3)
i (bn)—gi(a)—p;(bn)

07 (Bn)—p3(bn) otherwise

4 - compute the credibility index (e, bs) of the outranking relation:

olosbn) = ort) [T T=558) )

JjEF
where I'={j € F :d;{a,by) > c(a,bs)}

The values of o(a, by), (b, @) and X determine the preference situation between
a and by:

o o{a,by) > A and o(bs,a) > X = aShy, and b,5a = alby, ie., o is indiffer-
ent to by,

¢ o(a,bp) > X and o(by,a) < X = aSby, and not 5,80 = a = by, ie., ais
prefered to by, (weakly or strongly),

¢ o(a,bp) < A and o(bsy,a) > X =not aSby, and bySa = by = a, ie., by is
prefered to a (weakly or strongly),

e o{a,by) < X and o(by,a} < A =not aSb, and not b,5a = aRby, e, ais
incomparable to by.
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Two assignment procedures are then available (the role of these exploitation
procedures is then to analyse the way in which an alternative e compare to the
profiles so as to determine the category to which a; should be assigned) :

Pessimistic (or conjunctive) procedure:

a) compare g successively to b;, for i=p,p-1, ..., 0,
b) by being the first profile such that aSby,
assign a to category Chy1 (@ — Chet)-

Optimistic (or disjunctive) procedure:

a) compare a successively to b;, i=1, 2, ..., p,
b) by being the first profile such that b, =~ a,
assign a to category Cu (¢ = Ch).

If b3 and b, denote the lower and upper profile of the category Cj, the
pessimistic (or conjunctive) procedure assigns alternative a to the highest cat-
egory Cj, such that @ outranks b,_y, i.e., aShy—1. When using this procedure
with A = 1, an alternative a can be assigned to category Cj only if g;(a) equals
or exceeds g;(bg) (up to a threshold) for each criterion {conjunctive rule).

The optimistic (or disjunctive) procedure assigns a to the lowest category
C}, for which the lower profile by, is prefered to a, i.e., by > a. When using this
procedure with A = 1, an alternative o can be assigned to category Oy when
¢5(bn) exceeds gj(a) (up to a threshold) at least for one criterion (disjunctive
rule). When A decreases, the conjunctive and disjunctive characters of these
rules are weakened.

4 The Optimization Procedure

The parameters of an ELECTRE TRI model are:
¢ the profiles defined by their evaluations g;(b;), Vj € F, Yh € B,
s the import.anée coeflicients wy, ¥j € F,
¢ the indifference and preference thresholds ¢;(bs), p;(bn), Vi € F, Yh € B,
s the veto thresholds v;(8,), Vi € F, Yh € B.

The conducted experiment considered the case where the profiles and thresholds
are known and where the weights are to be inferred. Moreover, we will confine
our analysis to the case were the pessimistic assignment procedure is used.
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4.1 Variables of the problem

In ELECTRE TRI pessimistic assignment procedure, an alternative aj is as-
signed to category Cj, (by—1 and by, being the lower and upper profiles of Cj,
respectively) iff ox(ak, br—1) > A and or{ak, ba} < A.

Let us suppose that the DM has assigned the alternative ar € A* to cate-
gory Ch, (ax — Ch,). Let us define the slack variables z; and gy such that
Uﬁ(ak, bh;,-—-l) — = A and O',r(ak,bhk) +yp = A

The optimization problem will include the following variables:

Zg, Yx, Yk such that a; € A* slack variables (2n)
A cutting level (1)
w;, Vje F importance coeflicients (77)

4.2 An accuracy criterion

If the values of the slack variables z; and y are both positive then ELECTRE
TRI pessimistic assignment procedure will assign alternative aj to the ” correct”
category. If, however, one or both of these values are negative, the ELECTRE
TRI pessimistic assignment procedure will assign alternative ar to a ”wrong”
category. The lower the minimum of these two values, the less adapted is the
model M, fo give an account of the assignment of ap made by the DM. More-
over, if z; and 1y are both positive then ay is assigned consistently with the
DM’s statement for all A’ € [A — e, A + 2]

Let us consider now the set of alternatives A* C A where card(4*) = n
and suppose that the DM has assigned the alternative aj to the category Cj,,,
Vai € A*. The model M; will be consistent with the DM’s assignments iff
ap > 0 and vy > 0, Vk such that a; € A*.

Consistently with the preceding arguament, an accuracy criterion can be de-
fined as:

Jax {min {zk, ys }} (5)

‘We obtain a standard MaxMin problem. If the accuracy criterion takes a
non-negative value then all alternatives contained in A* are *correctly” assigned
for all X € [A — ming.q, eae {¥ }, A+ ming.a.ear {ar}].

This criterion, however, takes into account the ”worst case” only, i.e., the
alternative for which the model M, gives the most different assignment from
the DM. An accuracy criterion should be able to take into account an average
information concerning the accuracy of the model, i.e., its overall ability to as-
sign the alternatives from A* to the "correct” category. Hence, we propose to



4,3 Constraints of the problem 9

replace criterion (5) by the following one:

k}}:g'{mm{m,y&}+ek.¥m (zx + )} (6)
M

where ¢ is a small positive value. {6) can be rewritten as :

max {a + € Z (2 + yr)} (7)
k:axcA* -

st «a<wxg, Vksuch that € A* (8)

o<y, Yk suchthat a; € A™ 9

4.3 Constraints of the problem
The constraints of the optimization problem are the following;:

or(@r, bp,n1) — @p = A, Yk 1 @y € A*  definition of the slack variables zy (n)
or(an, bp,) +yp = A, Vk 1 0 € A* definition of the slack variables yy (n)

o< zy,a <y, Vi ay € A* definition of & (2n)
A€ [0.5,1] interval of variation for A (2)
w; >0, VjeF non-negativity constraints (m)

Additional constraints can be added in the course of the interactive proce-
dure in order to take into account an intuitive view of the DM on the value of
some parameters. For instance, if the DM does not consider any criterion as a
dictator, an appropriate constraint is: w; < § Y o, wi, Vi€ F

4.4 Optimization problem to be solved

The basic form of the optimization problem to be solved is the following:

max {o + € Y (zk+m)) (10)
kiapcA*

st o<z, Vksuchthatay e A* (11)

o < yk, Vksuch that a; € A* {12)

m
ijcj(ak, bp,—1) —#x = A Vk such that ax € A*  (13)
j=1

ijcj-(ak,bhk) + ¥ = A, Yk such that g € A* (14)
i=1



5 Experimental Design 10

S w1 (15)

A€ [0.5,1] (16)
w; >0, VjEF (17)

As the objective function and all constraints are linear, the above problem is
a linear programming problem. It contains 2n+m+1 variables and 4n+m+ 2
constraints. Let us remark that the slack variables 2, and y, can be eliminated
from the problem formulation since they are defined by the constraints (13) and
(14). This elimination reduces the number of variables.

5 Experimental Design

This experiment is a laboratory work, 1.e., takes its material in a past real world
case study to perform a posteriori computations in order to test the operational
validity of the optimization model proposed in §4. The data considered comes
from the real world application described in [Yu92a] and [Yu92h)].

This application considers the problem of assigning a set A of 100 alternatives
(A = {ay,as, ..., a100} is described in appendix A) to three® ordered categories
C1,Cq and C3 (two limit profiles b; and by define the *frontiers” Cj-Cy and
C5-C3) on the basis of 7 criteria (preferences on all criteria are decreasing with
the evaluations, i.c., the lower the better).

As no interaction with the DM is possible, we consider the assignment of
ELECTRE TRI pessimistic assignment procedure (with the parameters given
in [Yu92a], see appendix B) as assignment examples expressed by a ”fictitious”
DM. The experimental method consist in using the optimization procedure with
different subsets of assignment examples to infer the weights that *best” match
with the examples (with the given values for profiles and thresholds).

So as to get consistent results, we generate 80 subsets of A, the cardinality
of these subset being either 6, 12, 18, 24, 30, 36, 42 or 48 (10 sets of each size
were generated). Each of these subsets is conceived so that the alternatives are
a,ssigned uniformly on the three categories. Let us denote A] the j** set of size

. In order to test the ability of the optimization procedure to identify incon-
swtent information (see §6.3), we consider Err derived from A} in which an

3The initial data specified 5 categories; we grouped the three top categories (C3,C4 and
C'5} as none of the alternatives were assigned by the ELECTRE TRI model to ¢4 and Cs
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alternative is volontarily assigned to a ”wrong” category. The error introduced
consist in changing the assignment of an alternative (for example, assigning to
C1 an alternative that should be assigned to Cs). Different types of errors were
considered as shown in the table 1. The sets of assignment examples for which
computations were performed are described in appendix B.

Initial Cat. | Error Cat. | Number in each sample
C1 O 2
Cy o 2
Cs Cs 2
Cs Cs 2
C;_ s 1
Cs Ch i

Table 1: type of errors introduced in the sets

The mathematical program corresponding to each set Err! and Af has been
solved with different objective functions (see §4.2). The general form of the
considered objective function z to be maximized is » = ming.q, ca« {Zg, 1} +
€ hiapear (& + ) and computations have been performed for € = 1073,102,
10~1,1,10%, 102, This allows us to check for the variability of the output to the
choice of an objective function.

6 Results

The computations have been performed using Cplex on a Sparc 5 Sun work-
station with 32 Mo memory. Considering the small size of the problem, the
computing time never exceeded 0.1 sec.

Before to state the results, it is important to mention that these results are
dependent on the data under consideration. The proposed general implications
should be understood taking into account this restriction. The reader will find
detailled numerical results in appendix C.

6.1 Is the tool able to increase the "stability” of assign-
ments of alternatives?

Let w* be the weight vector obtained using the optimization procedure on the
basis of the assignment to categories of alternatives from a set A!. Let w™ be
the welght vector used to generate the assignment examples. A first validation
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of the usefullness of the optimization procedure is to check if the assignments of
alternatives from A] are more “stable” when using w* than when considering
wd™  i.e., is the tool able to increase the ”stability” of assignments of alternatives
inaset A 7

So as to answer this question, we will use the following methodology. In the
mathematical program to be solved, the variable ¢ is introduced to transform
a MaxMin objective into a Max objective and represents the minimum value
among the slack variables z; and g (§4.2). The larger «, the more stable are
the assignments of alternatives in A?. The assignments are said to be stable if
they are not affected by a modification of the cutting level A (or of the weights).

Let us denote agm(Al) the maximum variation on the cutting level A pre-
serving correct assignment of alternatives from Af: with the initial weights, i.e.
those given in [Yu92a]. Let us denote oops(A4) the maximum variation on the
cutting level A preserving correct assignment of alternatives from Af: with the
weights obtained using the optimization procedure. The improvement of the
stability of the assignments provided by the procedure can be evalnated by
Qopt (A7) — 0tgm(AT). Table 2 gives the numerical results.

Size: 1 | Wops () | Tam(8) | Tope () — Tam ()

6 0.24 0.08 0.16
12 0.23 0.02 0.21
18 0.21 0.08 0.13
24 0.20 0.02 0.18
30 0.19 0.08 0.11
36 0.18 0.03 0.15
42 0.18 0.02 0.16
48 0.10 0.02 0.08

mean 0.15

Table 2: Improvement of the *stability” of assignments

Considering these results, we can observe:

o Firstly the results show that the larger the set of assignment examples, the
less stable the assignments, i.e., the more sengitive are these assignments
to a change in weights. This a straightfoward evidence as each assignment
example adds two constraints to the program to be solved (see §4.3).

o Secondly, these results show a significant improvement of the stability of
the assignments whatever the size of the set of examples (mean value:
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0.15). This proves the ability of the optimization procedure to perform
”good” weights that enables ELECTRE TRI to reassign the alternatives
in a very stable way.

6.2 Which "amount” of information is necessary to infer
the weights in a reliable way?

In order to infer in a reliable way a weight vector w*®, the optimization pro-

cedure requires information as input, i.e., on the set of assignment examples.
What is the amount of information necessary to ”calibrate” the model in a sat-
isfactory way? How large should A* be in order to derive w" in a reliable
manner? This question is essential for practical use to the inference model in
real world decision problems. The analyst should have some simple guidelines
to manage the interaction with the DM avoiding unnecessary question, but col-
lecting a sufficient information.

In order to determine a ”reasonable amount of information” to infer the
weights, we use the following experimental scheme: the optimization procedure
is performed using different sets of assignment examples, whose size varies from
6 to 48 (10 sct for each size, see §5). We observe then the ability of ELECTRE
TRI using the infered weights to assign ”correctly” the whole set of 100 alter-
natives, QObviously the ability of ELECTRE TRI using the infered weights to
reassign all alternatives correctly increases with the size of the set from which
the weights are derived. However, the number of assignment examples expressed
by the DM should not be to large,

Let us denote by a},gf(Af-') the maximum variation on the cutting level A
perserving correct assignment for all 100 alternatives with the weights inferred

from Af. Let @500 () be the mean value of the al00(A]), for all sets Af of size 1.

Let us denote by err9 (A7) the number of "wrong” assignments among the
100 alternatives with the weights inferred from 4. Let &Fr,00(i) be the mean

value of the erri0P (A7), for all sets Af of size i. The results of the computations

are grouped in table 3:

As foreseen, the results show that @,; (¢) increases and erriof(i) decreases

with the size ¢ of the set. Moreover, Ei}??(i) becomes positive for 12 < { < 18;
such a positive value means that weights inferred from a set of { assignment

examples is able (in mean value) to reassign correctly all 100 alternatives.

The number of parameters to be inferred (weights w;) depend on the number
of criteria only. Considering the above results, 2 x m {m being the number of
criteria) seems to be a reasonable number of assignment examples to infer the
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Size: i | @p (i) | T (4)
6 -0.093 4.4
12 -0.088 4.0
18 0.076 0.6
24 0.129 0.2
30 0.157 0.0
36 0.112 0.4

42 0.164 0.0

Table 3: Information required to infer weights reliably

weights in a reliable way (as 7 criteria are considered, 12 < 2m < 18). However,
it is important to notice that using a set A] of 2m assignment examples does
not always infer weights such that errjf} (49) = 0, i.c., some alternatives mights
be uncorrectly reassigned. Nevertheless, the 2m seems to us a good balance
between number of examples required from the DM (necessary limited) and
the reliability of the inferred weights. This result needs to be reinforced by a
replication of this experiment, particularily in the case where the number of

categories exceeds 3.

6.3 1Is the tool able to identify the inconsistencies in the
DM’s assertions?

The optimization procedure that is tested in this experiment is conceived to
be integrated in an interactive tool briefly described in §2. In practical deci-
sion situations, real DMs do not always provide reliable information. Due to
time constraints and cognitive limitations, DM’s preferences evolve over time,
containg contradictory or inconsistent information. The role of an interacive
tool is to help the DM to learn about his/her preferences and their possible
representation in a specific aggregation model. Inconsistencies occur when the
DM’s preferences (in our case a set of assignment examples) can not be expressed
through the preference model that is used (ELECTRE TRI in our case). In such
cages, it is important to extract from the expressed preferences the inconsistent
pieces of information, i.e., the most untypical or contradictory assignment ex-
amples. Consequently, a fundamental experimental issue concerns the ability
of the tool to identify the inconsistencies in the DM’s statements: identifying
inconsistencies will help the DM In revising the expressed assertions in order for
his/her preference to match the used preference model.
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In order to test the ability of the optimization procedure to identify incon-
sistent information, we consider the sets Err] derived from A in which an
alternative is volontarily assigned to a ”wrong” category. The error introduced
consist in changing the assignment of an alternative (for example, assigning to
(1 an alternative that should be assigned to Ch).

So as to know if the opimization procedure is able to identify an inconsis-
tency, we will ground on the following idea. Let agerr be the alternative wrongly
assigned in Err!, zperr and ygerr being the corresponding slack variables (see
§4.1). Let us recall that the variable a correspond to the minimum of #; and
yp Tor all alternatives in Errf . The alternatives that are the "most difficult”
to assign are those® for which £ = o or yx = «. Hence, we will consider the
error or inconsistency to be *discovered” if @gerr = @ or yrerr = . If agerr
is identified as one of the alternative the most diffficult to assign, it might not
be the only alternative for wich one of the slack variable equal a. Let n(Err!)
denote the number of such alternatives; the lower n(Errf ), the more accurate

is the identification, We denote 7(i) the mean value for n{Err!), for all 5.

In the result, we observe that the error is always identified (zperr = o or
yrerr = o). Table 4 gives the numerical results:

Size: i | @&(?) | (%) @
6 0.00 | 4.3 | 71.7%
12 0.01 | 6.9 | 57.5%
18 -0.01 [ 8.8 | 48.9%
24 -0.01 | 8.3 | 34.6%
30 0.01 | 15.2 | 50.7%
36 0.01 | 13.0 | 36.1%
42 -0.02 | 12.4 | 29.5%
48 -0.02 | 14.1 | 29.4%

Table 4: Identification of ”errors”

Unsurprisingly, we observe a degradation of the value of @(%) compared to
its value in the case of the initial assignment sets, i.e., without errors (see ta-
ble 2). Secondly, though the errors are systematically identified, the number
of alternatives 7i(:) is increasing with the size ¢ of the sets; however, the pro-
portion of such alternatives is decreasing with ¢. Finally the results show that
the optimization procedure has a good ability to identify suspicious assignments.

4In the interactive process, these alternatives are those which should be proposed to the
DM in order to revise the assignments.
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6.4 Is the output sensitive to the choice of an objective
function?

The output of the optimization phase rely on the choice of an objective function.
As different objective functions can be considered, it is important to check the
variability of the output to the different functions.

In this study, we investigate a class of objective functions z(¢) to be maxi-
mized of the form (see §4.2):

2() = | min {er,ue}+ Emze:m (e + 1) (18)

These objective functions z(e) aggregate two components:

e a first component which leads to an optimum that account only for the
alternative that is the most difficult to assign correctly,

¢ a second additive component in which a ”stable” assignment may be com-
pensated by a less stable one; this second component account for the
overall ability of the obtained weight vector to assign the alternatives cor-
rectly. ‘

The parameter ¢ enables to tune z(e) in direction of one of its two compo-
nents (¢ = 0 leads to a standard MaxMin criterion while a sufficiently large
value for ¢ leads to an additive criterion).

In our experiment, we perform the computations for ¢ = 10-3,10-2,1071,
10°,10%,10% and for each set A?,i = 6,12, 24,30,36,42,48,5=1,..., 10. Firstly,
we can observe that different values for ¢ leads to different results. QObvi-
ously, we observe that optimal value for o decreases when ¢ increases and
mlﬁ—*)' > kapear (Zx + yr) increases with ¢, In other words, the stability of
the *worst case” deteriorates while the ”mean stability” increases when we em-
phasize the additive component of the objective function.

A more interesting point deals with the comparative reliability of the weights
Wmagmin 80d We4q infered using a pure maxmin and a standard additive ob-
jective function. More precisely, what is the ability of wWmuemen and wegg to
reassign correctly the whole set of 100 alternatives, Table 5 and 6 presents the
values of @,0; (i) and ePPaor (i) (see §6.2).

We observe that:

o when the set of assignment examples iz unsufficiently large (< 12, see
§6.2), Wmazmin and wggq are equally acurate,
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Size: 1 —
6 12 18 24 36 42
e | 0.001 | -0.093 | -0.088 { 0.076 | 0.129 | 0.157 | 0.112 | 0.164
L[ 0.01 |-0.093 | -0.088 [ 0.076 | 0.129 | 0.157 | 0.112 | 0.164
0.1 -0.093 | -0.088 | 0.076 | 0.129 | 0.167 | 0.112 | 0.164
1 -0.003 | -0.088 | 0.076 | 0.129 | 0.138 | 0.112 | 0.155
10 -0.093 | -0.088 | 0.060 { 0.095 { 0.114 | 0.083 | 0.121
100 | -0.093 | -0.088 | 0.050 | 0.095 | 0.114 | 0.083 | 0.121

Table 5: E},gf

(¢): ability of w to reassign alternatives

Size: 1 —

6 | 12 [ 18 | 24 | 30 | 36 | 42
¢|0001|44;40|06[02][00]|04]|0.0
41001 [44]40]|06]02)00]04]0.0

01 [44[40]06}02[00]04]0.0
1 4414006020004 00
10 144]140(1.2[02(00(04056
100 144|140 1.2]02]00|04]0.0
Table 6: W},}?g(i): number of uncorrect reassignments

¢ when sufficient information is provided, the maxmin criterion leads to
slightly more robust weights,

o the number of uncorrectly reassigned alternatives are almost always equal
when using %wmarmin OF Wadd-

While both objective functions give good results, a slight advantage is ob-
served in favor of the maxmin criterion in terms of the stability of reassignments.

7 Conclusions

This paper presents an experimental validation of a procedure aiming at in-
ferring the weights of the ELECTRE TRI method on the basis of assignment
examples {see [MS96]). The performances of this procedure were tested to-
gether with its ability to be integrated in an interactive process based on the
aggregation-disaggregation paradigm. In conclusion, we can state the following:
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o the results show that the inference procedure derives weights that assign
(using ELECTRE TRI) the examples to the ”correct” category in a stable
way,

o experimental results suggest that a "reasonable” number of assignment
examples to infer the weights reliably is 2m, m being the number of cri-
teria,

¢ the inference procedure shows a good ability to detect inconsistencies in
the user’s assertions; this property is particularily important in the per-
spective of its integration in an interactive process,

¢ the different objective functions tested did not provided significantly dif-
ferent results in terms of reassignment performances.

Although these results depend on the data under consideration, the empir-
ical results seems robust. These good results concerning the behaviour of the
inference procedure must be analysed in relation the use of this inference proce-
dure. The inference phase (formalized by the mathematical program) is not only
a simply adjustment process, but is intended to be integrated into an interactive
aggregation disaggregation process (see section 2).This interactive process aims
at providing the DM a tool for him/her to learn about his/her preferences and
their compatibility with the used preference model. In this sense, the presented
empirical results are very promising in terms of applicability of the approach
proposed in [MS96].
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Appendix

Appendix A: Assignment of alternatives using the initial weights

[Rum. ] Name | g1 | ga| gs] gs gs | gs | gr | Categ. |
T a1 | 14.47 | 14.02 | 18.02 | 7.24 | 22.16 | 3.02 | 58.65 <1
2 ag | 14.15 | 11.01 | 18.02 | 19.13 | 49.87 | 14.83 | 58.65 C,
3 as | 14.54 | 14.02 | 18.02 | 4.65 | 12.93 | 3.02 | 58.65 o
4 a1z | 14.42 | 1101 | 1802 | 4.65 | 12.92 | 891 | 58.64 o
5 o1 | 1423 | 799 | 1802 | 465 | 22.16 | 891 | 58.65 o
6 a1r | 1442 | 1101 | 1802 | 1655 | 12.82 | 3.02 | 58.65 fal
7 @15 | 13.66 | 7.09 | 81.49 | 81.60 | 40.64 | 30.70 | 61.59 o}
8 a1 | 13.02 | 15.74 | 1802 | 7.24 | 79.21 | 42.68 | 79.32 el
9 ago | 13.30 | 4.98 | 26.96 | 81.60 | 69.01 | 1877 | 61.59 el
10 ag | 13.60 | 4.02 | 22.44 | 4.65 | 3140 | 31.73 | 58.65 ol
11 asz | 13.76 | 11.01 | 22.44 | 81.13 | 68.01 | 7.88 | 21.71 Cy
12 ags | 13.66 | 11.01 | 14.11 | 70.55 | 69.01 | 18.77 | 42.39 Cy
13 424 | 13.80 | 14.02 | 12.11 | 60.43 | 5o.11 | 891 | 20.22 Cy
14 azs | 13.04 | 7.99 | 2244 | 4019 | 40.64 | 696 | 100.0 Cy
15 azs | 12.97 | 7.99 | 18.02 | 20.66 | 31.40 | 1877 | 100.0 toN
16 azs | 13.26 | 11.01 | 1411 | 7.24 | 22.16 | 7.88 | 79.32 reN
17 as1 | 13.24 | 11.01 | 14.11 | 4.65 | 12.92 | 6.96 | 100.0 C1
18 asz | 13.54 | 14.02 | 1411 | 465 { 1292 | 3.02 | 5865 Cy
19 ass | 13.19 | 11.01 | 18.02 | 7.24 | 12.02 | 7.88 | 79.32 C1
20 ase | 13.42 1 11.01 | 1411 | 265 [ 1292 | 891 | 5865 ol
21 ase | 1302 | 709 | 1802 | 7.24 | 2216 | 6.96 | 100.0 Cy
22 asy | 13.04 | 799 | 2244 | 724 | 3140 | 1483 | 5865 h
23 ass | 1342 [ 1100 | 1411 | 1655 | 12.02 | 3.02 | 5865 &
24 ass | 12.97 | 798 | 1802 | 7.24 | 40.64 | 1483 | 5865 <
25 ase | 1348 | 1.05 | 1802 | 6.45 | 31.40 | 1877 | 100.0 1
26 aso | 1274 | 11.01 | 2244 | 5172 | 6901 | 788 | 2171 ol
27 ase | 12.07 | 7.99 | 1411 | 465 [ 1202 | 7.88 | 70.32 Cy
28 age | 10.94 | 7.99 | 1411 | 724 | 1292 | 7388 | 7932 o
29 ase | 10.41 | 1.96 | 18.02 | 19.13 | 22.16 | 1877 | 100.0 Cy
30 agp | 11.04 | 7.99 | 1411 | 4.65 | 12.92 | 302 | 58.65 Ch
81 agy | 10.91 | 799 { 1802 | 734 | 1292 | 302 | 5865 C1
32 ass | 9.90 | 498 { 18.02 | T1.48 | 50.11 | 788 | 60.12 o
338 ags | 9.93 | 799 | 1802 | 61.36 | 49.87 | 3.93 | 79.32 C1
34 ags | 991 | 799 | 1431 | 7.24 | 1292 | 3.02 | 58.65 C1
35 aro | 9.60 | 4.98 | 1411 | 7.24 | 1292 | 6.96 | 1000 o
36 ar | 9.20 | 105 | 1411 | 7.24 | 22.16 | 1877 | 100.0 ol
a7 a7z | 894 | 498 | 1802 | 81.60 | 59.11 | 7.88 | 40.92 o
38 ars | 865 | 196 | 18.02 | 71.48 | 50.11 | 7.88 [ 0.2 ol
39 are | B65 | 498 | 18.02 | 61.36 | 40.84 | 6.968 | 1000 C
40 ars | 846 | 196 | 18.02 | 61.36 | 49.87 | 6.96 | 100.0 e
41 ars | 866 | 498 [ 1411 ] 724 | 1292 | 302 | 5865 N
42 azg | 8B7 | 499 | 1411 | 724 | 1292 | 393 ] 79.32 i
43 ag: | 758 | 196 | 1802 | 7148 | 4987 | 788 | 60.12 Tel
44 ase | 758 | 498 | 1802 [ 61.36 | 3140 | 6.98 | 1000 o
45 ags | 731 | 196 | 1411 | 1913 | 12.92 | 7.88 | 79.32 Cy
46 ags | 6.33 | 1.96 | 18.02 | 61.36 | 3140 | 6.56 | 100.0 C;
47 agy | 6.46 | 498 | 18.02 | 5078 | 1292 | 6.96 | 1000 <1
18 az | 14.64 | 1402 | 1802 | 5.46 | 22.16 | 8.03 | 89.44 T
49 as | 14.48 | 11.01 | 18.02 | 17.36 | 22.16 | 20.32 | 89.44 Cs
50 a4 | 14.65 | 11.01 | 1411 | 643 | 2216 | 891 | 30.44 Ca
51 as | 14.43 | 11.01 | 18.92 | 29.25 | 22.16 | 31.73 | 30.44 Cs
52 a7 | 15.04 | 14.02 | 1047 | 1832 | 1292 | 851 | 30.44 Cy
53 ag | 1471 | 14.03 | 1802 | 643 | 1292 | 3.02 | 30.44 Cy
54 aip | 1459 [ 11.01 | 18.02 | 643 | 1202 | 891 | 30.44 <y

following next page
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following of the preceeding page

[ Num. | Neme | g [ g2 ga] ga] gs] ge] gr | Categ |
55 @iy | 1472 | 11.0L | 14.11 | 1882 | 12.92 | 807 | 30.44 o
56 a1s | 14.65 | 14.02 | 18.02 | 6.43 | 22.16 | 14.83 | 39.44 Ca
57 avs | 1452 | 1101 | 1802 | 643 | 22.16 | 3.02 | 38.44 Cy
58 ays | 1440 | 799 | 1802 | 643 | 226 | 891 | 39.44 o
59 agr | 13.51 | 14.02 | 18.02 | 29.25 | 22.16 8.91 | 39.44 Ca
60 aze | 13.39 | 11.01 | 18.02 | 17.36 | 22.16 | 8.91 | 39.44 s
61 aso | 1371 | 1402 | 1411 | 6.43 | 12.02 | 3.02 | 39.44 s
62 ase | 13.59 | 11.01 | 1411 | 6.43 | 12.92 | 891 | 39.44 s
63 ass | 13.48 | 11.01 | 1802 | 5.46 | 1292 | 891 | 39.44 Ch
64 asz | 1352 | 11.01 | 1411 | 6.43 | 2216 | 8.02 | 39.44 s
65 ass | 13.39 | 11.01 | 1802 | 5.45 | 22.16 | 3.02 | 29.42 &
66 @ap | 13.40 1 7.99 | 1431 | .43 | 22.16 | 891 | 39.44 o
67 asa | 1379 | 11.01 | 1047 | 1832 | 12.82 | 891 | 35.44 Ca
68 f4q4 | 13.46 | 11.01 | 18.02 6.43 | 12.92 3.02 | 39.44 Ca
69 cas | 13.40 | 11.01 | 18.02 [ 6.43 | 22.16 | 14.83 | 39.44 Ca
70 a7 13.15 4.98 18.02 6.43 22.16 891 39.44 Cq
71 aas 13.24 4,98 14,11 6.43 22.16 20.32 39.44 Ca
72 @51 12.07 7.99 18.02 28.25 31.40 891 39.44 Ca
73 ap2 12.46 11.01 i4.11 5.46 12.92 8.91 39.44 Ca
74 as5s 12.46 11.01 14.11 6.43 12,92 3.02 39.44 Ca
75 ags 12.14 7.99 18.02 5.46 22.16 3.02 35.44 Ca
76 agr | 1108 | 7.99 § 18.02 | 17.36 | 12.92 | 8.91 | 39.44 O
77 age | 1101 | 799 [ 1802 | 1736 | 22.16 | 3.02 | 39.44 Ca
78 dez | 11.07 | 799 | 1802 | 546 1 1292 | 302 | 39.44 Ca
79 ass | 11.40 | 11.01 | 1411 | 643 [ 396 | 3.02 | 3944 sz
80 agr | 1008 | 799 [1411 | 546 | 1292 [ 302 | 39.44 2
81 are | 876 | 498 | 1411 | 1736 | 22.16 | 3.02 | 39.44 Ca
82 gsq | 871 | 1.96 | 1411 | 546 | 1202 | 891 | 39.44 Ca
83 ass | 665 | 498 [ 1411 | 546 | 376 | 1488 | 39.44 s
84 ase | 528 | 1.05 | 18.02 | 6043 | 40.64 | 3.02 | 2024 Ca
85 aso | 406 | 1.05 | 18.02 | 3978 | 12.92 | 3.02 | 39.44 Ca
86 aor | 464 | 196 | 674 | 546 | 375 | 3.02 | 39.44 Ca
87 des | 10256 | 799 | 1211 | 1558 | 12.02 | 8.8% | 20.24 o
88 age | 10.65 | 11.01 | 1047 | 3.69 | 376 | 891 | 20.24 s
89 arr | 9.40 | 799 | 1047 | 369 | 376 | 891 | 2024 Cs
90 ass | 826 | 799 | 1047 | 369 | 376 | 302 | 2024 Cs
91 aes | 845 | 799! &7a | 369 | 376 | 891 | 20.24 Cs
92 asa | 511 | 498 | soz | ss9| 376 | 3.02 1 2024 Cs
03 @es | 368 | 196 | 672 | 1558 | 376 | 3.02 | 20.24 Cs
94 age | 386 ] 196 | 302 | 369 ] 376 | 302 | 2024 Cs
95 ags | 2361 196 | 674 | 1558 | 376 | 14.83 | 2024 Cs
96 ags | 2811 196 | 3021 369 | 541 | 302 | 2024 Cs
a7 agr | 1.04 [ 1.05 | 1411 | 4080 | 376 | 3.02 | 2024 Cs
08 ags | 1.48 | 1.05 [ 302 | 1558 | 3.76 | 3.02 | 2024 Ca
99 age | 168 | 196 | 302 | 1558 | 541 | 302 | 2024 Ca
100 a1o0 | 060 | 105 | o071 | a6 | 541 | 302 ) 2024 Cs
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Appendix B: Parameters in the original dataset

Lo [ wi [ 9:00a) [ gi(ba) | pi(Bad [ wilba) 1 9i(ba) T qiba} | pi(Ba) | vi{ba) |

1 3.0 17.0 0.87 1.34 2.01 14.0 0.64 1.28 1.82
2 1.5 43.0 1.84 3.73 11.19 29.0 1.66 3.17 9.561
3 1.5 43.0 1.84 3.73 11.19 29.0 1.56 3.17 9.51
4 1.5 43.0 1.84 3.73 11.19 29.0 1.56 3.17 9.51
5 15 43.0 1.84 3.73 11.19 29.0 1.56 3.17 9.51
6 15 43.0 1.84 3.73 11.19 29.0 1.56 3.17 9.51
7 2.0 40.0 2.56 5.19 20.76 27.0 2.04 4,15 16.60

Table 8: Parameters in the original dataset
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Appendix C: Sets of assignment examples

[ Num. [ Alternatives from C1

Alternatives from C

Alternatives from Ca

Aé 49, 450 a29, &57 fgo, Ao
AZ | aop, Gas a3, B35 7, @100
2 de, Q17 T30, G44 aAy7, 894
Al | ars, are g7, €80 G932, dos
Ag | ais, 821 37, 38 dgk, dos
AL | azs,om a29, 57 gss, 8100
E 213, d41 a3, G40 Gog, Aog
Az | 628, 0a7 aav, 350 a77,; @94
A | 633, 083 o5, dis Ggg, Gyg
Ag” | ags,ass a15, 334 %66, 2100
AT, | 618,019,026, 841 d15, 838, 853, 676 a6, Bae, o3, Bos
A?g @19, 023, 041, G40 s, G2y, G239, 458 866, Bp4, 293, €94
?2 azp, Gas, 443, 087 3, &4, %11, ds9 269, 92, 93, Qo7
Afg 245, Gesy 479, 031 G40, Zg2, Bg7, 488 Ges, Go3, %99, J100
A?g G453, @0, 473, 478 a13, 435; @as, G40 G¢6, g2, 394, d95
A?g adig, G2s, 470, 478 dz, d3, %15, 4ve Ggo; da4, dek, 994
A;_(g @22, Gaa, 483, 472 ag, 430, 444, 858 g4, @o2, Go7, &300
fg ag1; Ggg, 471, O7s 04, &35, @52, E55 Ugy, Boa, doa, 4o
A?z @31, Gaz, 3u4, Gxg 015, %44, 53, d63 G66; 385, %03, J9g
Ai% a1, G19, @3z, 471 Gg, 867, 389, 291 Gga, B85, @93, 4100
A%e @21, 422, Gi9, 260, 4,814, @27, G35, Ggs; &84, &85, 495,
de1; 372 g3, de7 G99, 4100
Afa &g, @20, 4232, 449, Gz, &10, @as, As2, Gg4, &8s, %95, 396,
ays; dg1 ayg; doy Go97; dag
A?g &1, &35, 453, 468, ag, 215, Q4s, 2as, Gs6, I65, 392, 493,
ars, @81 Gag; 220 G956, d97
A;B a17, @45, AB&, 064, Qar, d4n, Faa, 346, a86, 469, 477, 93,
@G5, das ax3, des 294, d99
Aig Gg, 417, 433, 458, a4,%14,C4z, Raa, &g6, As9, @77, Aok,
a4, 487 259, 262 do7,8100
Agg a1z, &a5, 858, 61, 215, 35, 242, 351, 466,377, 235, dg2,
268, 275 ag2, 291 495,098
;3 &9, 20, 421, ¢33, ag, 413, @27, 37, dp6, 24, B92; Gg3,
d3g, &2 G486, %30 45, 4100
25 @33, ¢39; %58, 265, d30; G40, 452, 266 866, 285, 23, 494,
Grd, BT 459, 880 455, o6
Aia @19, G232, 3z, 39, dr, 11, &13, Gsp, 466, A77, do2, 05,
243, 383 ags; 890 o7, 059
Ajg | @24, @31, a0, ar2, a7, &g, @11, B34, 435, ds0 ayy, Gay, das, Qo2,
275, &a7 dgs, 4100
AL, 1 12, 418, 19, @20, as, 4y, 827, G40, Gga, 77, (a4, Gos,
@43, 068, A75, a1 @42, &47, G389, 051 495, 295, &8, 100
A%., @6, &12, 433, 41 24, &g, G35, B35, 265, ey, &77, %84,
858,473, drg, dar d37, @43, 57, Ggp 94,495, &9, @95
AZ, | a21, 623, 249, aca a2, 67, da, 211, 866, @77, 92, 895,
;065, 875, Ae1, Aga a14, 15, Guy, Ge2 d94, 235, %36, 298
A3y | a9, 818,820,821 as, ar, 813, €34, Gge, 393, Ga3, fod,
,022, B65, B6a, Gas @35, #ag, %44, G0l Go5, d97, 299, Z1o00
qu @31, @33, @50, G4 @7, 327, G44, G346, 456, 292, 294, Gos,
;865,268 d81, A8z Gas, 857, 63, 478 G97, 98, @99, G100
34 @15, 224, @26, 233 @3, 15, 427, &30, Ggs5, 877, Aoz, G9a,
;243, G5, 068, d73 234, Ba5; $48, doo dos, Boa, Bga, G100
AL, | a1, 836,841, 8as as, ar, B, @15, G5, 77, Ga4, 296,
;261; 064, 265, 74 Qa7, 848, 59, g1 g7, dgg, 2ge, R10D

fellowing next page
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[ Num. [ Alternatives from C,

Alternatives from Ca

Alternatives from Cs

&
“424

@6, 21, A31, 38
:841, 243, %60, 883

a10, 11, 340, %46,
as1, 855, 459, 076

ag4, 285, 292, €93,
2g4, 895, @98, L100

9
A24

@12, 422, &28, 450
;856, B74, G2, 487

@3, 411, &30, Gab,
38, &ag, 53, Qag

ae6, 277, 884, &85,
g4, 895, B8, Gay

10
A24

@1, d18, 219, a5
;@31, @33, 460, 481

@2, 47, 11, G14,
015, 246, 353, B89

g6, 269, T77, %03,
%93, %95, 298, 499

T
ASD

@17, &z20, 421, 25, 232,
@45, 50, @54, 474, 851

d11, @34; 37, 0ag, 247,
g7, @ga, g9, Eoqy 91

477,284, &g5, 892, 93,
Gos, Go7, #98, 99, G100

z
ASI]

G19, 824, 028, 428, 331,
033, @58, 060, 271, 287

s, Q10, 234, %37, 244,
247, @52, B9, 176, 051

266, 269, 484, 285, 493,
Q95, Uop, ¢g7, 498, o9

>
ASD

231, @33; d41, d49, 458,
2731, @72, 82, 456, 467

@z, a7, G10, G427, 335,
Q40, A4, 257, g3, U7

266, @69, &34, Ik, 093,
894, G35, 836, d39, G100

£
ASD

@12, @18, G19, 333, 239,
241, 245; Q60, 881, 365

Gg, A18y T34, 438, 237,
@42, 851, 359, &g3; A0

dgs, A77, G4, o2, Gok,
@ag, Go7, 498, 499, G100

2]
ASD

Gg, 24, %26, §33, 450,
Qss, 368, A72, 873, 879

214, @35, 238, 044, 346,
Gsa, A57, @59, &89, 0ol

aes, Gep, 477, Ass, G92,
do4; Gos, &96, o8, ¢100

[
ASD

21, g, 812, @20, 225,
245, @64, A65, 470, 472

dg; d10, 211, &15, 034,
Qsp, 857, 859, 463, 76

&g6, Gs9, &1, Ags, 203,
94, @96, 95, 299, 2100

T
ASD

@16, @20, 022, 436, %49,
Gg1y @68, A72, 479, 263

a2, da, G4, 230, 438,
G4z, Aes, A51, 353, 82

ae6; 289, ds4, das, dg2,
dos, Gos, 896, Go9, €100

&
ASD

@1, @16, 423, &26, €28,
G3s, 343, 454, 356, 281

@4, dp, 310, 215, €27,
@40, @57, 259, 288, 4e1

66, Gog, 477, 084, %93,
294, 396, 498, 399, %100

F
ASD

€18, @20, 024, 431, %38,
339, @58, 74, 383, 286

G, G5, 47, G8, 10,
Gi4, R30, @48, B&7; 289

Gps, #69, 7T, G4, 293,
@94, 89K, doa, Ga7, &100

149
ASO

g, 012, 417, %23, 428,
456, 261, 878, 382, 288

Gz, G190, @11, 34, G42,
G44, R48, 51, 255, Ce7

@56, 869, 277, 384, B93,
294, 895, 396, 297, 2100

T
ASG

&17, 218, &19, 423, 328,
436, 241, 870, A73, 281,
dg2, 287

a7, 410, 213, 429, 330,
&3s, Qa7, B8, Ax51, 257,
%58, 2gp

@es) 289, A77, &85 B92,
Qga,dga, dgs, d9s, B8,
dg9, 4100

3
as

4g, 017, g, 323,433,
g58, 260, &72, A74, 373,
478, 287

ag, 419, 27, G034, 835,
4357, Gss, 242, A5y, 263,
&s7, @90

Qsgg, 477, &84, das, B9z,
@ga, dg4, dgs, dos, 2os,
Q99,4100

)
Aas

217, G20, %26, 432, 45,
f54, @61y &65y 070, A7,
&78, Ra7

a5, &10, @14, G184, B34,
%58, G4a, G551, 262, 263,
4gg, Ggo

Gge, @89, a4, 485, A93,
G93, o4, Gox, Aos, o7,
Ggg, 299

T
Aas

a8, 416, G217, d18, %19,
@20, d23, 341, 256, 268,
470, Gra

3, 610, 213, 334, 240,
G42, B44, @47, 262, E63,
%76, Gg

@66, 377, 234, 285, 292,
@93, 395, de6y 297, 298,
G99, 2100

L]
ASG

&17, @18, ¢19, G24, 833,
450, 2b4, 258, Aol B64,
873, 875

g2, 5, 27,235, 342,
44, Qas, 251, 255, 265,
Ggs, Ggg

Gee, 89, 477, 384, A85,
Gg3, 894; 95, 2oy, 298,
Gog, 4100

L]
ASG

&ap, @21, %23, 426, 843,
d45, 58, d58; A71, O73,
drg, Qg1

a2, &4, 314,415,429,
&54, G57, G4p, Ba4, &x7,
&53, Gao

Gae, dgn, 77, Ag4, Gsp,
g3, dog, &os, o7, Gos,
&gg, 2100

ki
ASG

a1, 8y, 412, 217; @30,
a26, asz, 239, Gas, 471,
474, @81

&3, &5, 10, %11, 813,
230, £38, I57, @63, 76,
&g, Ggg

@66, 265; 284, @85, T2,
o3, Gos, 295, Go7, Gag,
299, 2100

A3

&18, G21, &2, 033, 45,
450, 264, 65; A74, 79,
Gg2, 285

a5, a7, T14, 435, Ga7,
G432, &44, E45, A55, 57,
g67, 891

&a6, 469, 77, 384, &35,
&93, dgy; A95, @96, dar,
fog, Ggo

]
AEG

a9, 817, d1e, 023, 024,
dge, @39, 470, 73, &r4e,
d7g, 981

a2, &3, 410, 11, 018,
430, €54, 337, Q48, 052,
57, 476

869, 477, B84, g5, S92,
493, dg4, 96, Go7, 98,
G99, G100

10
Aae

a12, 616, G19; 422, @32,
G4z, G54, Gro; 075, 82,
dpe, &7

a2, &8, ¢11, &35, 337,
a3g, G44, #48, A58, C76,
&g8, &89

dea, Geo; A77, Gsd, 285,
492,893, 94, Gg5, 498,
459, 2100
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[[Mum. | Alternatives from Cy

Alternatives from Ca

Alternatives from Cs

A, | a1, 612, 817, 623, 224, @z, 85, @7, €11, 415, ace, des, 477, dad, G55,
4256, 226, 31; 043, 245, a3s,; 340, 442, G44, 246, 92, &gs, @94, 95, Igs,
azo, B71, 478; 478 247, 53, 53, Ago 297, @98, 299, 100

Aiz &1, e, 22, 217, 31, a7, €13, 414, @29, ¢34, dgs, dgo, 877, Ase, 285,
&32, B36) a1, 186, B64, a3g, 447, G485, 352, CE3, @92, 293, Ao4, G9s, dog,
b, @71, 473, 475 asy, G613, 380, 89 97, @98, @99, 2100

Aig 45, &16; AL8, 022, 25, 2z, &14, 315, 437, 238, @66, 269, 7Y, @54, 485,
das, Gaz, 439, 443, %61, 42, 044, Ga7, 51, F52, oz, Gg3, @94, Ca5, 496,
dv1, G7e, @82, 383 463, &80, 289, 291 Qo7 Goa, Roo, E160

A;‘g #1z2, 4016, @17, 320, 324, a7, %13, @29, Ga0, @35, degs, Upy, B77, taq, dag,
&31, €33, #36; 258, 361, @37, &35, @40, Ra4, 253, @9z, Qaa, Uoq, dos, d9s,
dgs) 268, B75; 286 G55, g2, 267, G80 Go7, Goa, R9g, 100

Aig adg, 317, 218, 419, 320, a3z, &3, @39, G437, 038, Ugg, Gpg, B77, 484, dos,
Gaz, 236, @43; 361; 264, a46, 247, @52, @53, 262, agz, 493, tog, 895, 496,
a5, &8s, Ovs, da1 ag3, 76, 388, G91 Go7, &98, G99, 4100

32 41, &g, 419, 21, 225, g, d7, Gg, €11, 815, Gga, &ae, 477, 484, das,

31, &39, 60, 265; 270, 29, &3s, G42, 633, U5y, Gogz, 393, G494, dos, d96;
79, &52, 86, 87 453, @75, Gag, Ga1 G97; %98, &99, 4100

A;g a1, @g, d16, 218, 422, 04,438,210, 211,029, g6, 269, &77, 484, (as,
azs5, 839, 241, 249, @50, G37, 246, @47, 5K, 257, a9z, 493, 494, 335, 298,
de6; 71, A73, 287 di9, d7e, GE9, Gol T97, do8, 499, 4100

A%, | a1, 46,80, 218, aza, d3, 44, 45, 411, &30, dee, e, 477, dga, Cax,
Azg, 432, 341, 50, 68, f3g, 242, B48, &47, G4g, foz,4d93, d94, 295, d9s,
a2, 874, G383, 386 @57, Ae7) &858, &59 dor, d96, A99, G100

Aqx | a1, 017, a1s, @20, 823, G2, 03, &7, 835, Gad, 466, @69, 477, Ga4, B8k,
31, 433, 460, @61, G70, @a6, @51, B53, G867, E63, dg2, 003, o4, ok, 96,
@72, 475, 878, 251 a76, Ap0, 283, B9 do7, 0o, A0, 2100

A:g @1, 312, 318, G20, 22, @10, @11, &15, 427, &34, d¢sy 0g9, 477, &4, A8s,
az3, @39, &41, @45, Gan, @37, @38, #40, %44, Ea7, ag2, 093, 0y, 295, A9s,
axp, 468, 83, A8y 248, A7, &80, 890 do7, A58, 99, G100

Aéa @, &g, d17, dz2, 26, 828, @3, ds, 43,213,930, 334, age, dea,; d77; A4, O85, S92,
@31, 436, &350, 054, 856, B65,] 3%, G44, 246, 847, 457,859, 4Ags, dos, Gax, &os, Bo7, S9s,
a7, 8y1, Grg, day g7, dgo, Gan, 891 dgg, %100; @101, G103

Ais g, #12, G230, 22, @24, @32, { @2, G5, 47,08, 811, G34, age, %63, G77, Aa4, B85, &9z,
@33, 439, 848, G54, 856, @60, 238, A44, 448, 951, 52, 855, 393, Fo4, Box, Goe, @97, &as,
Gel, @ed; 881, Gg2 A9, 262, 439, 490 499, &190, G101, #102

A.‘}a a, 412, @21, 222, @24, 31, @3; dg, 11,313, @14, A40, 266, 269, 277, G4, @85, 492,
433, 350, £58, €50, 364, @68, @44, €48, 461, 62, 457,462, 093, @94, 895, Ges, Go7, Tos,
av2, 074, 78, #86 @75, #8868, 450, 391 499, &100, G101, 2102

Aig a1, 49, 222, 625, 028, 439, 22, &4, 07, 014, @27, 329, 66, 269, €77, Ga4, Ges, 492,
@41, 449, 56, L5868, $64, @68, @37, L42, 346, 353, d55, 462,] (93, 94, dos, Qos, G97, doa,
a1, 073, 79, 286 Gg7, €80, 288, 320 d99, 2100, G101; B102

Ais a1,e17, @18, G109, 21,423, | G5, &15, 314, G185, 329,034, | Ges, de9, A77, @84, B85, 392,
&24, 025, 231, &39, Z41, Gs0,| 438, 44, 347, 352, 059, 62, 493, A4, Aps, Gas, I97, dog,
a56, 068, 373, E82 278, €86, 289, Go1 d99, 2100, 8101, B1p2

Aig @1, &g, @16, @17, 418, 19, &5, @10, @14, 815, 27, @29, | %66, 369, 377, Gg4, 485, Goa,
422, 626, %43, 449, 480, &s1,| 450, %38, 342, 347, 051, G52, 293, 94, @98, Lo6, Jo7, G9s,
@ra, G71, 472, 486 G553, 59, Gon; G0l 299, G100, 8101; G102

AZ& d17, G18, 922, &34, 428, G514, 45, 87, G109, 814, 829, Gas, @66, @69, 77, €84, a4, Gg2,
335, @39, @41, $43, 868, 471, G44, 451, 082, G5, A7, G59,| @93, God, Ros, Goe, 97, 298,
Gvz, 475, 979, 483 276, 450, 388; 480 99, @100, 101, E102

Afs G, 412, 17, 430, @31, 433, | 43, 24, 08, 210, &15, F34, 2g6, 289, 277, 484, 435, G9a,
@35, %41, 049, 450, 456, &60,| 438, 242, B46; 251, GE2, 457, CGu3, Goa, &9x, 496, do7, G95,
264, @68, A79, 481 ds53, 856, gs; 391 @299, 2100, 3101, &102

A33 @13z, @18, @20, 832, Gz28, 451, &4, 35, &7, 88, 311, G185, 266, Z69, &7, dad, Ag5, doa,
236, B43; 04k, 450, @64, %68, D35, 840, 344, 347, 253,455, R93, So4, 495, 496, GoT, 298,
a74, G7a, Gs2, 487 a57, 59, &76; dgg G99, 4100, G101, 4102
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Alternatives from Cy [ _Alternatives from 7y Alternatives from Ca |

[ Num.

0

A Gg, €12, @16, 820, d21, &24, | 42, A4, 45, #10, 411, 413,
azs, 231, 233, G54, 256, Gen,| 414, E37, 546, 55, A59; 52,
ay2; 373, &78, 081 de7, 480, &858, Gap

a66, 369, &77, 84, @85, 392,
293, @94, 295, 96, @97, &ag,
d99; 2100, 2101, G102

27
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Appendix D: Results, e = 1073

[ Set [ e E
= Daugi 2 [y T %3 [ ks [ *ka [ & [ ke | k7 [ Time ]
AE K ,798| 0,048 o0,048] 0,048 o0,048[ 0,357 e
ooee] oren| ooe t 0,048| 0,405| 0,070
g B ,262| 0,048| 0,048| 0,048 , oes oaet
AE Dase) orso| osal wess oo D,D 0,048| 0,048| 0,500 0,650 | -0,188 0,080
s
Ag p,202| 0,7¢8| 0,048| 0,048 Uloqs 0.:‘.\:: oioas| nown| aans| om0 Cones “’05"
B
AE voeal ool oasa| ooss| ooes 0, 0,045 0,048| 0,405| 0,050 -0,155 u’uau
4 Vvl e Rk ,048{ 0,048| 0,048 0,500( 0,¢ .
A!? , 0,262f 0,048) 0,048| D,048% 0,048| 0,04 , o oo PO

g 0,260] ©,760| 0,262] Q,048)| 0,048| 0,048 | ova| omoe| ooz e oo
4 nasol o | X 0,048( 0,048 o,800( 0
AS ,750| 0,262} 0,048 0,048| 0,048] 0,048 , i e o080
Al% 0,250| o0,760| 0,262{ 0,048| 0,048 0,048 u,oqs o amna| oaw | ones ooa

i 0,048
m:“ 0,202| o,7e8| 0,048] o,048| 0,048 0,048 0,357 , ioe| oo | oues oot
> 0,238 | 0,764] 0,198 0,048] 0,048 0’079 D,110 g,z“ e T oo e
s
Aiz o,250| o750 0,262 o,048| 0,048| 0,048 , e o e o
B
Aéz vl oreal oasal ooiel oose 0,357 0,045 0,048| 0,500 0,080 -0,155 0,080
’ B
Aéq 0,1va) 0,774 D,048) 0,048] 0,048 0’048 2,048 voss| osos| oose e oroan
Aé: 0,260) 0,760| 0,262; 0,048] 0,048 D’DGB as| ooss| ouve| ooee e et
Aéz 0,202] ©0,798| D,048| 0,048 01043 0,357 voss| ooss| osce| oot e oraet
s 0,04 ’
:V 0,250 0,760| 0,262 0,048| 0,048 0,043 0‘04: voss| os00| o0 s o

12 0,17¢| o0,774| 0,048 0,048 0,048 D’DQB , vots| og0s| .00 e im0
A%} 0,250| 0,760 D,048| 0,282 0,048 D’Od& oote| ooes| osoo| oose e 0!020
" o 0,04 ’

1s 0,260 0,750| 0,362 0,048 0,048 0'048 u,m8 ooss| oooe| o050 e oot
A1‘2 0,250| 0,750 0,048] 0,262| 0,048 D.D‘ls ﬂ. 2| ooss| omse] ooa s PO
4 K 04 '

P;.an 0,226| O,764| 0,123] 0,090| 0,048 0’1 10 D,112 31048 e . Sats

s [ ;
Ais 0,202] 0,7¢8| 0,048{ 0,048 0,048 0,357 [I) T e =
f
Aés 0,179 0,774 0,048]| 0,048| 0.048 0,048 ver| aos| oace| oi0e0 e om0
. B
Al‘ﬂ 0,1va| 0,774| 0,048]| 0Q,048| 0,048 0’048 2,357 vose| oecs| o0a0 oire oroa
) i
Aés i It I bastnd I D,u ,857| D,048( 0,408| 0,040 0,178 0,020
4 navo| orse , ,048{ 0,048| 0,048 0,500( 0,0 s

18 A 0,048| 0,262| 0,048( 0,048 ; oo oare oo
4 o K X 0,048 0,048| 0,500 ;

3 , R n,262] 0,048 0,048 0,048] 0,04 ; oo e o
a vaeol oreel o y ,048| 0,048 0,500| 0,030 -

A& ,048{ 0,048 0,048 0,357] 0,048 ; oo o

y! 0,260 0,760 0,262{ 0,048| 0,0438| 0,048 D, voss| oson] o080 e o080

K 048 - ‘
AiB 0,178| 0,774| 0,048 o0,048| 0,028 D'DQ ; vots| o.t0s| o080 Toare O
i oe| wres| ooss| ooas 0'043 ,048] 0,367| D0,048| 0,406| 0,050 0,179 0.020
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