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Data Science and Interpretability

Data Science

@ Data Science builds mathematical models aimed to extract and represent
knowledge from complex data.

@ It draws expertise from different disciplines, such as, Statistics, Mathematical
Optimization, Computer Science, Information Technology.

@ With a business lense, it is about supporting decision making.

@ ltis crucial to learn and to interpret, and to interpret and to learn again.
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Data Science and Interpretability

Mathematical Optimization for Data Science

@ Linear Programming,
e.g. Mangasarian [1965]

@ Quadratic Programming,
e.g. Duarte Silva [2017]

@ Global Optimization,
e.g. Ding and Qi [2017]

@ Mixed Integer Linear
Programming,
e.g. Aloise et al. [2012]

@ Mixed Integer NonLinear
Programming,
e.g. Carrizosa et al. [2016]

@ Multiple Criteria Decision Aiding,
e.g. Corrente et al. [2013]

@ Robust Optimization,
e.g. Astorino et al. [2017].

For surveys
@ Bottou et al. [2016]

@ Carrizosa et al. [2018¢]

@ Carrizosa and Romero Morales
[2013]

@ Duarte Silva [2017]
@ Olafsson et al. [2008]
@ Palagi [2019]

@ Piccialli and Sciandrone [2018]

o
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Interpretability

Interpretability
@ it is desirable [Freitas, 2014], e.g., in medical diagnosis [Ustun and Rudin, 2016];

@ required by regulators for models aiding, e.g., credit scoring [Baesens et al., 2003]
and judicial [Ridgeway, 2013] decisions;

@ from 2018 onwards the EU extends this requirement by imposing the so-called
right-to-explanation [Goodman and Flaxman, 2016].
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Data Science and Interpretability

Sparseness ... a proxy for interpretability

Classical works
@ Amaldi and Kann [1998]

@ Fung and Mangasarian [2004],
Mangasarian [2006]

@ Guyon et al. [2002], Guyon and
Elisseeff [2003]

@ Roth [2004]
@ Weston et al. [2001, 2003]

@ Zhu et al. [2004]

Sparseness continues to attract the
attention of the Mathematical
Optimization community.

Atamtirk and Gomez [2019], Aytug
[2015], Benitez-Peia et al. [2018a],
Bertolazzi et al. [2016], Bertsimas

et al. [2016], Chan et al. [2007], Cotter
et al. [2013], Fountoulakis and
Gondzio [2016], Gaudioso et al.
[2017], Ghaddar and Naoum-Sawaya
[2018], Goldberg et al. [2013], Guan
et al. [2009], Maldonado and Weber
[2009], Maldonado et al. [2011, 2014],
Rinaldi et al. [2010], Rinaldi and
Sciandrone [2010]
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Data Science and Interpretability

Other ways to enhance interpretability

Knowledge Extraction

@ Finding prototypes:
Carrizosa et al. [2007], Hart [1968], Wilfong [1992]

@ Building easy-to-understand structures such as rules and trees:
Baesens et al. [2003], Martens et al. [2007], Martens and Provost [2014],
Orsenigo and Vercellis [2003, 2004]

@ Enhancing the interpretability of black-box methods such as SVM:
Carrizosa et al. [2010, 2011], Chevaleyre et al. [2013], Golea and Marchand
[1993], Ustun and Rudin [2016]

@ Giving meaning to latent structures by means of interpretability variables:
Carrizosa et al. [2018f], Taeb and Chandrasekaran [2018]

Knowledge Representation

@ Information Visualization:
Carrizosa et al. [2017a, 2018b,c,d], Heer et al. [2010], Liu et al. [2014], Marron
and Alonso [2014], Thomas and Wong [2004].
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Data Science and Interpretability

Knowledge Representation
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Knowledge Extraction Tree methods

Classification trees

Node 0

@ We have three leaf nodes
> Node 2: age < 50 and salary > 30

> Node 3: age < 50 and salary < 30

> Node 4: age > 50

@ Each leaf node has an assigned class
> Node 2: positive class

> Node 3: negative class

salary > 30 salary < 30

> Node 4: negative class

Node 2 (+)

@ New observation with age 43 and
salary 34 is assigned to positive class

Dolores Romero Morales
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Knowledge Extraction Tree methods

Optimizing Classification Trees

Optimizing Classification Trees
@ Bennett [1992] optimizes the oblique cuts defining new branching nodes

@ Bennett [1994] optimizes an existing tree

@ Bertsimas and Dunn [2017], Giinlik et al. [2018] have developed integer models
to build the classification tree of a given depth.
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Optimal Randomized Classification Trees (ORCT)

We propose ...
... Optimal Randomized Classification Trees [Blanquero et al., 2018a]:

@ We model soft (as opposed to hard) oblique cuts

Without compromising:

@ Accuracy

With the pursue of:

@ Easy-to-interpret classifier
Small classification tree.
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ORCT

We have at hand
@ Atraining sample of N individuals, / = {(Xi, i) };<;<n

@ p predictor variables, x; € R?
» Wiog, x; € [0, 1]P

@ Kclasses, y; € {1,...,K}
@ Iy C Ithe set of individuals in /in class k
@ W« the misclassification cost for classifying an individual / in class k
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Knowledge Extraction
ORCT

A maximal binary tree of depth D.
Nodes: Branch t € 75, Leaf t € 7.

=
ﬂ// T~ l-pn
— T~
2
<
pi2 \1 — pi2 Piz \1 pi3
/ . e
-
4 5 6 7
Pia — piipiz Pr=pin(1—p) Pe=(1—-pu)ps Pr=(1 pn)1 ps)
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Knowledge Extraction Tree methods

ORCT

A maximal binary tree of depth D.
Nodes: Branch t € 75, Leaf t € 7.

>
P~ T~ 1-pn
> ®
< N
P2~ N piz 1 pis
- ~ -
_
4 5 6 7
Pia — pipiz Pis=pin(L—p2) Pe=1-pn)ps Pr=(1 pi)1 pi)

@ Oblique splits:

ai € [-1,1] coefficient of predictor variable j in the oblique cut

over branch node t € 75,
ut € [-1,1]  location parameter at branch node t € 75.
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ORCT

@ Soft cuts
CDF F (-)
E 06
%
o Ib x 1

@ Probabilities
1P
pit(a.t, ut) = F Ezajtxij_llt , i=1,...,N, t€ s
=1

Pi(a,p)=P(x €t) = H iy (@t poty) H (1= piy (@t 1)), i=1,...,N, ter.
yeEAL () tre Ap(t)

(=] = = QA
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ORCT

@ Each t € 7, is labeled with one class:

{ 1, node tis labeled with class k
Cu =

0, otherwise Jk=1,... K, tern

K
ZC;«:L te .
k=1

@ Eachclass k =1, ..., K is identified by, at least, one terminal node:

Y Cu=1, k=1,... K.

ter
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Knowledge Extraction Tree methods

ORCT

The formulation

minimize a, ., c)

i=1

N
Z Z Plt a, H)Z Wy,kat
teT k=1

s.t. cht:17 te T,
k=
' (ORCT)
d Cu>1, k=1,..,K,
ter,
are[-1,1], j=1,...,p, t€ 1B,
ut € [-1,1], tes
th€{0,1}, k=1,...,K, ten
19/74
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Knowledge Extraction Tree methods

ORCT

Without loss of optimality, we can relax the integrality constraints

minimizea, ., c)

ZZPM a M)Z Wy,kat

i=1 ter

s.t. ZCM:L tem,
_ (ORCT)
d Cu>1, k=1,..,K,
ter;
aire[-1,1],j=1,...,p, t€ 7B,
ut € [-1,1], t € 78,
Ceel0,1, k=1,....K, ten
19/74
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Theoretical Properties

Let {F,},>0 be a family of CDFs such that
. _[ 1, if()=0
'yll—>moo F ()= { 0, otherwise
Example: the logistic CDF family

1

PO e M

,v>0

Proposition. We have lim,_,o ORCT (y) = ODCT. J
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Knowledge Extraction Tree methods

Theoretical Properties

ORCT trained with N observations can be seen as the Sample Average Approximation
(SAA) problem to a true stochastic problem

@ Let Jy and Sy be the SAA estimators for the objective value and the optimal
solution vector

@ Let ¥* and S be the counterparts for the true problem

Theorem. Jy and Sy are consistent estimators of ¥* and S, respectively, in the sense
of Shapiro et al. [2009].
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Knowledge Extraction Tree methods

ORCTs with performance constraints

pk: Correct Classification Rate over the k—th class

1
mzzpfr(aw)cmzm, k=1,...,K,

i€l teT
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Knowledge Extraction Tree methods

ORCTs with performance constraints

pk. Correct Classification Rate over the k—th class

minimizea, . ¢

s.t.

NZZPIt(a 12 Z Wy,kat

i=1 teT

cht—1 te T,

Zc,d>1 k=1,...,K,

tGTL

I |ZZPH(3H )Cuk > pry kK=1,...

i€l teT,
are[-1,1],j=1,...,p, t€ 1B,
ut € [-1,1], t € 78,
Cqk€el0,1], k=1,... K, ten
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Sparse Optimal Randomized Classification Trees (S-ORCT)

We propose ...
... Sparse Optimal Randomized Classification Trees [Blanquero et al., 2018b]:

@ We model soft (as opposed to hard) oblique cuts

Without compromising:

@ Accuracy

With the pursue of:

@ Easy-to-interpret classifier
Small classification tree
Globally sparse: few variables in the tree
Locally sparse: few variables in each node
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Knowledge Extraction Tree methods

S-ORCT
The formulation

minimize(a,, ¢

NZZPH a, M)Z W,k Cie

i=1 ter,

+ " Z lai.|l, (local sparsity)
j=1

P
+ ¢ Z lla;.|l, (global sparsity)

K (S-ORCT)
s.t. cht:1, te T,

k=1

S Cu=1, k=1, K

ter,

ajfe[_171]7j:17~--,p, t € 78,

ue € [-1,1], te€ 7B,

Cx €[0,1], k= LK, ten

24/7:
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Knowledge Extraction Tree methods

Theoretical Properties

Let
9(amC) =y Z > Pi(an) Z Wy, Cia

i=1 ter,

Theorem. Leto € [0, 1]. For

M>(1-0)  max max ”Vaj g(0,u,C)| _,and
pelot]lmel =1 oo
ceqo,1}KxImel

>\G

v
)

max max HVa] g (0, p, C)||1 ,
pel—1,1]78l J=
ce{0,1}KxImLl

(0, i, C) is a stationary point of the S-ORCT
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Knowledge Extraction Tree methods

Numerical results

@ Operating System: Microsoft Windows 10, 64 bits
@ Processor: Intel® Core™ i7-2600 CPU 3.40GHz
o RAM: 16 GB

@ Interface: Python 3.5 (64 bits)

@ Solver: IPOPT 3.11.1
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Knowledge Extraction Tree methods

Datasets
Table: Information about the data sets tested.

Data set Abbreviation N P K Class distribution
Connectionist-bench-sonar Sonar 208 60 2 55% - 45%
Breast-cancer-Wisconsin Wisconsin 569 30 2 63% - 37%
Credit-approval Creditapproval 653 37 2 55% - 45%
Pima-indians-diabetes Pima 768 ] 2 65% - 35%
Statlog-project-German-credit Germancredit 1000 48 2 70% - 30%
Ozone-level-detection-one Ozone 1848 72 2 97% - 3%
Spambase Spam 4601 57 2 61% - 39%
Iris Iris 150 4 3 33.3%-33.3%-33.3%
Wine Wine 178 13 3 40%-33%-27%
Seeds Seeds 210 7 3 33.3%-33.3%-33.3%
Thyroid-disease-ann-thyroid Thyroid 3772 21 3 92.5%-5%-2.5%
Car-evaluation Car 1728 15 4 70%-22%-4%-4%

Dolores Romero Morales
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Knowledge Extraction Tree methods

Numerical results for ORCT

Table: Results for D = 1 in terms of the out-of-sample accuracy.

Data set Average time

Out-of-sample accuracy

(in secs) ORCT CART OCTH RF
Connectionist-bench-sonar 12 75.2 70.0 70.4 83.1
Wisconsin 14 96.4 92.0 93.1 95.5
Credit-approval 12 83.6 85.7 879 86.7
Pima-indians-diabetes 9 76.2 74.2 71.6 76.3
Statlog-project-German-credit 15 72.8 721 71.6 75.2
Ozone-level-detection-one 79 96.7 95.6 96.8 96.4
Spambase 58 89.8 89.2 83.6  95.1
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Knowledge Extraction Tree methods

Numerical results for ORCT

Table: Results for D = 2 in terms of the out-of-sample accuracy.

Data set Average time Out-of-sample accuracy

(in secs) ORCT CART OCTH RF
Iris 7.2 95.9 92.7 95.1 95.4
Wine 12.4 96.4 88.6 91.1 98.6
Seeds 10.7 94.0 90.2 90.6 925
Thyroid-disease-ann-thyroid 122.4 92.4 99.1 92.5 99.1
Car-evaluation 59.2 91.4 88.1 875 88.0

Dolores Romero Morales

29/74



Knowledge Extraction Tree methods

Numerical results for ORCT

Table: Average number of leaf nodes per tree.

Data set CART RF
Connectionist-bench-sonar 6.4 18.7
Wisconsin 4.6 171
Credit-approval 6.8 72.2
Pima-indians-diabetes 14.9 98.1
Statlog-project-German-credit  17.2  173.0
Ozone-level-detection-one 9.3 34.8
Spambase 8.9 252.0
Iris 3 7.3
Wine 4.1 9.7
Seeds 3.7 13.2
Thyroid-disease-ann-thyroid 6.7 62.1
Car-evaluation 18.3 97.6
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Knowledge Extraction Tree methods

ORCTs with performance constraints

Pima-indians-diabetes dataset

@ 8 characteristics measured on 768 patients of diabetes from two different
classes: Positive (35%) and Negative (65%).

@ ORCT: TPRyain 60.7 TPRest 55.6 TNRyrain 90.5 TNRiest 87.7
@ ORCT with performance constraints: pnegaive = 0 and ppositive Varying.
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Knowledge Extraction Tree methods

ORCTs with performance constraints
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Knowledge Extraction Tree methods

ORCTs with performance constraints

Pima-indians-diabetes dataset
@ 8 characteristics measured on 768 patients of diabetes from two different

classes: Positive (35%) and Negative (65%).
@ ORCT: TPRyain 60.7 TPRest 55.6 TNRyrain 90.5 TNRiest 87.7
@ ORCT with performance constraints: pnegaive = 0 and ppositive Varying.

—=— TPRrain /' '\.
-+- TPRtest . .
ER . ~.
g '/ / \
B e .
—*— TNRtest
S e AN
2 T T T T T T T T T T T T
60 65 70 7 80 85 60 65 70 5 80 85
Imposed TPR Imposed TPR
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Numerical results for S-ORCT: accuracy vs local sparsity, D = 1

Sonar Wisconsin Creditapproval
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Numerical results for S-ORCT: accuracy vs local sparsity, D = 2
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Knowledge Extraction

Numerical results for S-ORCT: accuracy vs global sparsity, D = 2

Iris Wine
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@ Categorical data
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Support Vector Machines
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Support Vector Machines
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Knowledge Extraction
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Knowledge Extraction Categorical data

Support Vector Machines

Soft margin [Vapnik, 1995, 1998]

_— 1 2, C&
minimize,, »,¢ 5 Zw,- 4F r Zg,—
j=1 i=1
s.t. (SVM)
yi(w'xi+b)y>1—-¢& i=1,....n
weRk
beR

& >0 i=1,...,n.
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Categorical variables in SVM

With categorical variables, SVM needs to interpret many coefficients

o F = = DA
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Knowledge Extraction Categorical data

Cluster Support Vector Machines

We propose ...
... the Cluster Support Vector Machines [Carrizosa et al., 2017b]:

@ Vj, the Kj categories of categorical feature j are grouped into L; clusters

Without compromising:

@ Accuracy

With the pursue of:

@ Easier-to-interpret classifier

Sparser classifier
If Lj = 2, interpretable coefficients, since one can prove @j 1 - &j2 < 0
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The formulation

L

@02 LW
mlnlmlzeww/bgzzz ’ Z / +;Z£/
=1 =1 1 i=
s.t. (CL)
J L K
Vil DD @e> zikexijk+ @)X +b] >1-¢ i=1,...,n
=1 =1 k=1
L
D> Zike=1 j=1,.. k=1, K
=
&§>0 i=1,....n
J LK
ze {o,1y=14%
o e RY-tY
W eRY
beR
v
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Categorical data

Knowledge Extraction

CLSVM metho
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lllustrating the CLSVM methodology (germancredit, Lj = 2)
000000000

I I
I Purpose '
I I

@ Categorical feature Purpose has K; = 11 categories

@ The K; = 11 categories have been clustered into L; = 2 clusters

> 1st cluster associated with Purpose in light grey
» 2nd cluster associated with Purpose in dark grey
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Clustering Categories in Logistic Regression

Logistic Regression suffers in the same way from categorical data

o F = = DA
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Knowledge Extraction Categorical data

Clustering Categories in Logistic Regression

We study...
... transparency in the EU Public Procurement [la Cour et al., 2019]

Table: Categorical variables in the Tender Electronic Daily (TED) data set.

country authority industry open amount award directive same contract year
call criteria country type
no. categories 30 7 12 2 4 3 3 2 3 8

The response variable: Was there only one bid (not enough competition)?
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TED Dataset

Table: Information about the TED data set.
Data set  Abbreviation
TED

n
TED

1.86 million

p K Class distribution
10 2 149%—85.1%

=} F = = DA
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Knowledge Extraction Categorical data

Clustering Industry: two clusters
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Knowledge Extraction Categorical data

Clustering Country: two clusters
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Knowledge Extraction Categorical data

Clustering Country: three clusters
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Outline

9 Knowledge Extraction

@ Benchmarking models
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Knowledge Extraction Benchmarking models

Benchmarking

Benchmarking [Bogetoft and Otto, 2010]
@ We are given a set of K firms, which use the same / inputs and produce the same
O outputs.
@ The performance of firms is measured in terms of outputs produced (y&) in
relation to inputs used (x).
@ In Benchmarking, the aim is to compare the performance of firms against each

other. )
Applications
Benchmarking of electricity Distribution System Operators (DSOs), hospitals,
universities, schools, ... )
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Knowledge Extraction Benchmarking models

Benchmarking

Tools in Benchmarking
@ Stochastic Frontier Analysis: Statistical approach.

@ Data Envelopment Analysis: Mathematical Optimization approach.

Dolores Romero Morales
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Data Envelopment Analysis DEA

Data Envelopment Analysis (DEA) [Charnes et al., 1978, 2013]
@ DEA is a classical tool in Benchmarking based on Mathematical Optimization.

@ DEA measures performance through an efficiency score EX € [0, 1],

Eo 1 Boyo

)
Z/ il aka

yk& is the amount of output o produced by firm k
x,k is the amount of input / used by firm k
5{; and af.‘ are the weights given to outputs and inputs, respectively.

@ Firms with a score equal to one are deemed to be efficient.
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Knowledge Extraction Benchmarking models

Feature Selection in DEA

State of the Art
Lack of enough guidance in the literature [Cook et al., 2014]
@ A priori rules based on Statistical Analysis
e.g., correlations, dimensionality reduction techniques, regression

@ Information Theory
e.g., AlIC, Shannon entropy

@ Ex-post analysis
e.g., sensitivity of the efficient frontier to non-selected features

@ Recent work on LASSO [Lee and Cai, 2018, Qin and Song, 2014]
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Feature Selection in DEA [Benitez-Pefa et al., 2018b]

Selecting p features
Let p be the number of outputs to be selected.

The individual and the joint models
We first model the selection for an individual firm.

We then model the joint selection for all individuals.
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Knowledge Extraction Benchmarking models

Feature Selection in DEA: Individual model

)
Maximize .« gk sk Zﬂf,‘yg
o=1
s.t. (OSDEAX(p))
Y oByh-> afxl<0 V=1, K
o=1 i=1
!
afxf =1
i=1
BE< Mz vo=1,...,0
o
IER:
o=1
ok e RQ
B“eRr?
zfe{0,1} Vo=1,...,0



Joint selection

Joint selection

The selection of outputs has to be the same for all firms
Objective function

K
S(E' E?,.. EX)= %ZE".
k=1

=} F = = DA
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Feature Selection in DEA: Joint model

K o
1
Maximize(a,5.2) ZZ,BOyO

k:10:1
s.t (OSDEA(p))
SBeyh=> afxl<0 V=1, KiVk=1,...,K
!
afxf =1 vk=1,...,K
i=1
B <Mz, Vo=1,...,0:;Yk=1,....K
o)
>z-p
o=1
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Alternative objective functions

Alternative objective functions for feature selection

K
o"(E',E?,... Ef) = 1? > W E"
k=1
1 K
¢q(E17E27"'7EK) = _R 2(1 _Ek)2
k=1
min 1 2 K _ . k
o"(EES,...,E") = k:TT,KE
o™ (E' E?,... E¥) = E%)
where E*(™) represents the m percentile of the efficiencies. )
In general, they can be modeled as MINLPs. }
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Extensions

Extensions
@ Selection of inputs and outputs

@ Bounds on weights

@ Multicollinearity constraints
@ Costs and types of outputs
@ Strategic Feature Selection

@ Multiple DEA Models [Benitez-Peia et al., 2019]
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Numerical results

@ Operating System: Microsoft Windows 10 Home, 64 bits

@ Processor: Intel(R) Core(TM) i7-6700 CPU @ 3.40GHz, 3408 Mhz (4 cores)
o RAM: 16 GB

@ Interface: Python 3.5 (64 bits)

@ Solver: Gurobi 7.0.1
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Dataset

@ Real-world dataset for the benchmarking of electricity Distribution System
Operators (DSOs)

e K=182

e O=100

/=1

@ Data has been normalized.
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Best subset of features

Table: Summary statistics for the distribution of efficiencies, forp =1,...,10

P min max mean st. dev. q Go a3 G3-94 selected features

1 0.0000 1.0000 0.5555 0.1695 0.4743 0.5637 0.6300 0.1557 59

2 0.0006 1.0000 0.6553 0.1708 0.5772 0.6682 0.7482 0.1710 1131

3 0.0009 1.0000 0.7118 0.1643 0.6391 0.7222 0.7839 0.1448 213154

4 0.1161 1.0000 0.7487 0.1511 0.6645 0.7479 0.8404 0.1759 16213159

5 0.1161 1.0000 0.7812 0.1494 0.6962 0.7738 0.8911 0.1949 16 213159 94

6 0.3105 1.0000 0.8082 0.1402 0.7222 0.8068 0.9305 0.2083 161921 3159 94

7 0.3105 1.0000 0.8290 0.1404 0.7474 0.8355 0.9545 0.2071 161921315991 94

8 0.3105 1.0000 0.8462 0.1402 0.7658 0.8689 0.9802 0.2144 161921 3159919497

9 0.3105 1.0000 0.8610 0.1370 0.7789 0.8841 0.9972 0.2183 161921 3159 74 91 94 97
10 0.4576 1.0000 0.8732 0.1304 0.7902 0.9090 1.0000 0.2098 16192129 31 59 74 91 94 97
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Best subset of features

Boxplots of efficiencies

Efficiency

04

# Average efficiency

T T T T T T T T T T
p=1 p=2 p=3 p=d p=s p=6 p=7 p=g p=9 p=10

Number (p) of selected outputs
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Preference of individual strategy over joint strategy
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Summary

Today
@ MINLP plays an important role the enhancement of interpretability
It allows the optimization of classification trees

It can enhance the treatment of categorical variables
It helps with Data Driven Decision Making

There are still open problems
@ quantification of categorical variables
@ better VIZ of black-box models

@ Data Science at the service of the Mathematical Optimization community
e.g., Hutter et al. [2010], Khalil et al. [2016], Lodi and Zarpellon [2017]
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