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Data Science and Interpretability

Data Science

Data Science builds mathematical models aimed to extract and represent
knowledge from complex data.

It draws expertise from different disciplines, such as, Statistics, Mathematical
Optimization, Computer Science, Information Technology.

With a business lense, it is about supporting decision making.

It is crucial to learn and to interpret, and to interpret and to learn again.
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Data Science and Interpretability

Mathematical Optimization for Data Science

Linear Programming,
e.g. Mangasarian [1965]

Quadratic Programming,
e.g. Duarte Silva [2017]

Global Optimization,
e.g. Ding and Qi [2017]

Mixed Integer Linear
Programming,
e.g. Aloise et al. [2012]

Mixed Integer NonLinear
Programming,
e.g. Carrizosa et al. [2016]

Multiple Criteria Decision Aiding,
e.g. Corrente et al. [2013]

Robust Optimization,
e.g. Astorino et al. [2017].

For surveys
Bottou et al. [2016]

Carrizosa et al. [2018e]

Carrizosa and Romero Morales
[2013]

Duarte Silva [2017]

Olafsson et al. [2008]

Palagi [2019]

Piccialli and Sciandrone [2018]
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Data Science and Interpretability

Interpretability

Interpretability
it is desirable [Freitas, 2014], e.g., in medical diagnosis [Ustun and Rudin, 2016];

required by regulators for models aiding, e.g., credit scoring [Baesens et al., 2003]
and judicial [Ridgeway, 2013] decisions;

from 2018 onwards the EU extends this requirement by imposing the so-called
right-to-explanation [Goodman and Flaxman, 2016].
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Data Science and Interpretability

Sparseness ... a proxy for interpretability

Classical works
Amaldi and Kann [1998]

Fung and Mangasarian [2004],
Mangasarian [2006]

Guyon et al. [2002], Guyon and
Elisseeff [2003]

Roth [2004]

Weston et al. [2001, 2003]

Zhu et al. [2004]

Sparseness continues to attract the
attention of the Mathematical
Optimization community.

Atamtürk and Gomez [2019], Aytug
[2015], Benítez-Peña et al. [2018a],
Bertolazzi et al. [2016], Bertsimas
et al. [2016], Chan et al. [2007], Cotter
et al. [2013], Fountoulakis and
Gondzio [2016], Gaudioso et al.
[2017], Ghaddar and Naoum-Sawaya
[2018], Goldberg et al. [2013], Guan
et al. [2009], Maldonado and Weber
[2009], Maldonado et al. [2011, 2014],
Rinaldi et al. [2010], Rinaldi and
Sciandrone [2010]
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Data Science and Interpretability

Other ways to enhance interpretability
Knowledge Extraction

Finding prototypes:
Carrizosa et al. [2007], Hart [1968], Wilfong [1992]

Building easy-to-understand structures such as rules and trees:
Baesens et al. [2003], Martens et al. [2007], Martens and Provost [2014],
Orsenigo and Vercellis [2003, 2004]

Enhancing the interpretability of black-box methods such as SVM:
Carrizosa et al. [2010, 2011], Chevaleyre et al. [2013], Golea and Marchand
[1993], Ustun and Rudin [2016]

Giving meaning to latent structures by means of interpretability variables:
Carrizosa et al. [2018f], Taeb and Chandrasekaran [2018]

Knowledge Representation
Information Visualization:
Carrizosa et al. [2017a, 2018b,c,d], Heer et al. [2010], Liu et al. [2014], Marron
and Alonso [2014], Thomas and Wong [2004].
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Data Science and Interpretability

Knowledge Representation

We study ...
... News VIZ [Carrizosa et al., 2018a]

Dansk Folkeparti Nørrebro tegninger ...
Dansk Folkeparti ... ... ...
Nørrebro ... ... ...
tegninger ... ... ...
... ... ... ...

Immigration 2006

Abu_Laban

Berlingske_Tidende

danskere

Dansk_Folkeparti

Fogh

imamer

indvandrerbaggrund

integrationsminister

islam

Khader

kontanthjælp

mentor

moskeer

Muhammed
muslimer

Nørrebro

Pia_Kjærsgaard

profeten
romaer

tegninger tørklædeÅrhus
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Knowledge Extraction
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Knowledge Extraction Tree methods

Classification trees

Node 0

age≤ 50

Node 1

salary≥ 30

Node 2 (+)

salary< 30

Node 3 (-)

age> 50

Node 4 (-)

We have three leaf nodes
I Node 2: age ≤ 50 and salary ≥ 30

I Node 3: age ≤ 50 and salary < 30

I Node 4: age > 50

Each leaf node has an assigned class
I Node 2: positive class

I Node 3: negative class

I Node 4: negative class

New observation with age 43 and
salary 34 is assigned to positive class
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Knowledge Extraction Tree methods

Optimizing Classification Trees

Optimizing Classification Trees
Bennett [1992] optimizes the oblique cuts defining new branching nodes

Bennett [1994] optimizes an existing tree

Bertsimas and Dunn [2017], Günlük et al. [2018] have developed integer models
to build the classification tree of a given depth.
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Knowledge Extraction Tree methods

Optimal Randomized Classification Trees (ORCT)

We propose ...
... Optimal Randomized Classification Trees [Blanquero et al., 2018a]:

We model soft (as opposed to hard) oblique cuts

Without compromising:

Accuracy

With the pursue of:

Easy-to-interpret classifier
I Small classification tree.
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Knowledge Extraction Tree methods

ORCT

We have at hand

A training sample of N individuals, I = {(xi , yi)}1≤i≤N

p predictor variables, xi ∈ Rp

I Wlog, xi ∈ [0, 1]p

K classes, yi ∈ {1, . . . ,K}
Ik ⊂ I the set of individuals in I in class k

Wyi k the misclassification cost for classifying an individual i in class k
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Knowledge Extraction Tree methods

ORCT

A maximal binary tree of depth D.
Nodes: Branch t ∈ τB , Leaf t ∈ τL.

Oblique splits:
ajt ∈ [−1, 1] coefficient of predictor variable j in the oblique cut

over branch node t ∈ τB ,
µt ∈ [−1, 1] location parameter at branch node t ∈ τB .
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Knowledge Extraction Tree methods

ORCT

Soft cuts
CDF F (·)

Probabilities

pit (a·t , µt ) = F

 1
p

p∑
j=1

ajt xij − µt

 , i = 1, . . . ,N, t ∈ τB .

Pit (a,µ) ≡ P (xi ∈ t) =
∏

tl∈AL(t)

pitl

(
a·tl , µtl

) ∏
tr∈AR (t)

(
1− pitr (a·tr , µtr )

)
, i = 1, . . . ,N, t ∈ τL.
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Knowledge Extraction Tree methods

ORCT

Each t ∈ τL is labeled with one class:

Ckt =

{
1, node t is labeled with class k
0, otherwise , k = 1, . . . ,K , t ∈ τL

K∑
k=1

Ckt = 1, t ∈ τL.

Each class k = 1, . . . ,K is identified by, at least, one terminal node:∑
t∈τL

Ckt ≥ 1, k = 1, . . . ,K .
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Knowledge Extraction Tree methods

ORCT

The formulation

minimize(a,µ,C)
1
N

N∑
i=1

∑
t∈τL

Pit (a,µ)
K∑

k=1

Wyi k Ckt

s.t.
K∑

k=1

Ckt = 1, t ∈ τL,∑
t∈τL

Ckt ≥ 1, k = 1, . . . ,K ,

ajt ∈ [−1, 1] , j = 1, . . . , p, t ∈ τB,

µt ∈ [−1, 1] , t ∈ τB

Ckt ∈ {0, 1} , k = 1, . . . ,K , t ∈ τL

(ORCT)
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Knowledge Extraction Tree methods

ORCT

Without loss of optimality, we can relax the integrality constraints

minimize(a,µ,C)
1
N

N∑
i=1

∑
t∈τL

Pit (a,µ)
K∑

k=1

Wyi k Ckt

s.t.
K∑

k=1

Ckt = 1, t ∈ τL,∑
t∈τL

Ckt ≥ 1, k = 1, . . . ,K ,

ajt ∈ [−1, 1] , j = 1, . . . , p, t ∈ τB,

µt ∈ [−1, 1] , t ∈ τB,

Ckt ∈ [0, 1] , k = 1, . . . ,K , t ∈ τL

(ORCT)
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Knowledge Extraction Tree methods

Theoretical Properties

Let {Fγ}γ>0 be a family of CDFs such that

lim
γ→∞

Fγ (·) =
{

1, if (·) ≥ 0
0, otherwise

Example: the logistic CDF family

Fγ (·) =
1

1 + exp (− (·) γ) , γ > 0

Proposition. We have limγ→∞ORCT (γ) = ODCT.
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Knowledge Extraction Tree methods

Theoretical Properties

ORCT trained with N observations can be seen as the Sample Average Approximation
(SAA) problem to a true stochastic problem

Let ϑ̂N and ŜN be the SAA estimators for the objective value and the optimal
solution vector

Let ϑ∗ and S be the counterparts for the true problem

Theorem. ϑ̂N and ŜN are consistent estimators of ϑ∗ and S, respectively, in the sense
of Shapiro et al. [2009].
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Knowledge Extraction Tree methods

ORCTs with performance constraints

ρk : Correct Classification Rate over the k−th class

minimize(a,µ,C)
1
N

N∑
i=1

∑
t∈τL

Pit (a,µ)
K∑

k=1

Wyi k Ckt

s.t.
K∑

k=1

Ckt = 1, t ∈ τL,∑
t∈τL

Ckt ≥ 1, k = 1, . . . ,K ,

1
|Ik |
∑
i∈Ik

∑
t∈τL

Pit (a,µ)Ckt ≥ ρk , k = 1, . . . ,K ,

ajt ∈ [−1, 1] , j = 1, . . . , p, t ∈ τB,

µt ∈ [−1, 1] , t ∈ τB,

Ckt ∈ [0, 1] , k = 1, . . . ,K , t ∈ τL
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Knowledge Extraction Tree methods

Sparse Optimal Randomized Classification Trees (S-ORCT)

We propose ...
... Sparse Optimal Randomized Classification Trees [Blanquero et al., 2018b]:

We model soft (as opposed to hard) oblique cuts

Without compromising:

Accuracy

With the pursue of:

Easy-to-interpret classifier
I Small classification tree
I Globally sparse: few variables in the tree
I Locally sparse: few variables in each node
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Knowledge Extraction Tree methods

S-ORCT
The formulation

minimize(a,µ,C)
1
N

N∑
i=1

∑
t∈τL

Pit (a,µ)
K∑

k=1

Wyi k Ckt

+ λL
p∑

j=1

‖aj·‖1 (local sparsity)

+ λG
p∑

j=1

‖aj·‖∞ (global sparsity)

s.t.
K∑

k=1

Ckt = 1, t ∈ τL,∑
t∈τL

Ckt ≥ 1, k = 1, . . . ,K ,

ajt ∈ [−1, 1] , j = 1, . . . , p, t ∈ τB,

µt ∈ [−1, 1] , t ∈ τB,

Ckt ∈ [0, 1] , k = 1, . . . ,K , t ∈ τL

(S-ORCT)
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Knowledge Extraction Tree methods

Theoretical Properties

Let

g (a,µ,C) =
1
N

N∑
i=1

∑
t∈τL

Pit (a,µ)
K∑

k=1

Wyi k Ckt

Theorem. Let σ ∈ [0, 1]. For

λL ≥ (1− σ) max
µ∈[−1,1]|τB |

C∈{0,1}K×|τL|

max
j=1,...,p

∥∥∇aj·g (0,µ,C)
∥∥
∞ , and

λG ≥ σ max
µ∈[−1,1]|τB |

C∈{0,1}K×|τL|

max
j=1,...,p

∥∥∇aj·g (0,µ,C)
∥∥

1
,

(0,µ,C) is a stationary point of the S-ORCT
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Knowledge Extraction Tree methods

Numerical results

Operating System: Microsoft Windows 10, 64 bits

Processor: Intelr CoreTM i7-2600 CPU 3.40GHz

RAM: 16 GB

Interface: Python 3.5 (64 bits)

Solver: IPOPT 3.11.1
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Knowledge Extraction Tree methods

Datasets

Table: Information about the data sets tested.

Data set Abbreviation N p K Class distribution
Connectionist-bench-sonar Sonar 208 60 2 55% - 45%
Breast-cancer-Wisconsin Wisconsin 569 30 2 63% - 37%
Credit-approval Creditapproval 653 37 2 55% - 45%
Pima-indians-diabetes Pima 768 8 2 65% - 35%
Statlog-project-German-credit Germancredit 1000 48 2 70% - 30%
Ozone-level-detection-one Ozone 1848 72 2 97% - 3%
Spambase Spam 4601 57 2 61% - 39%
Iris Iris 150 4 3 33.3%-33.3%-33.3%
Wine Wine 178 13 3 40%-33%-27%
Seeds Seeds 210 7 3 33.3%-33.3%-33.3%
Thyroid-disease-ann-thyroid Thyroid 3772 21 3 92.5%-5%-2.5%
Car-evaluation Car 1728 15 4 70%-22%-4%-4%
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Knowledge Extraction Tree methods

Numerical results for ORCT

Table: Results for D = 1 in terms of the out-of-sample accuracy.

Data set Average time Out-of-sample accuracy
(in secs) ORCT CART OCT-H RF

Connectionist-bench-sonar 12 75.2 70.0 70.4 83.1
Wisconsin 14 96.4 92.0 93.1 95.5
Credit-approval 12 83.6 85.7 87.9 86.7
Pima-indians-diabetes 9 76.2 74.2 71.6 76.3
Statlog-project-German-credit 15 72.8 72.1 71.6 75.2
Ozone-level-detection-one 79 96.7 95.6 96.8 96.4
Spambase 58 89.8 89.2 83.6 95.1
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Knowledge Extraction Tree methods

Numerical results for ORCT

Table: Results for D = 2 in terms of the out-of-sample accuracy.

Data set Average time Out-of-sample accuracy
(in secs) ORCT CART OCT-H RF

Iris 7.2 95.9 92.7 95.1 95.4
Wine 12.4 96.4 88.6 91.1 98.6
Seeds 10.7 94.0 90.2 90.6 92.5
Thyroid-disease-ann-thyroid 122.4 92.4 99.1 92.5 99.1
Car-evaluation 59.2 91.4 88.1 87.5 88.0
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Knowledge Extraction Tree methods

Numerical results for ORCT

Table: Average number of leaf nodes per tree.

Data set CART RF
Connectionist-bench-sonar 6.4 18.7
Wisconsin 4.6 17.1
Credit-approval 6.8 72.2
Pima-indians-diabetes 14.9 98.1
Statlog-project-German-credit 17.2 173.0
Ozone-level-detection-one 9.3 34.8
Spambase 8.9 252.0
Iris 3 7.3
Wine 4.1 9.7
Seeds 3.7 13.2
Thyroid-disease-ann-thyroid 6.7 62.1
Car-evaluation 18.3 97.6
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Knowledge Extraction Tree methods

ORCTs with performance constraints

Pima-indians-diabetes dataset
8 characteristics measured on 768 patients of diabetes from two different
classes: Positive (35%) and Negative (65%).

ORCT: TPRtrain 60.7 TPRtest 55.6 TNRtrain 90.5 TNRtest 87.7

ORCT with performance constraints: ρNegative = 0 and ρPositive varying.
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Knowledge Extraction Tree methods

Numerical results for S-ORCT: accuracy vs local sparsity, D = 1
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Knowledge Extraction Tree methods

Numerical results for S-ORCT: accuracy vs local sparsity, D = 2
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Knowledge Extraction Tree methods

Numerical results for S-ORCT: accuracy vs global sparsity, D = 2

Dolores Romero Morales 34 / 74



Knowledge Extraction Categorical data
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Knowledge Extraction Categorical data

Support Vector Machines
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Knowledge Extraction Categorical data

Support Vector Machines

?
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Knowledge Extraction Categorical data

SVM

?
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Knowledge Extraction Categorical data

Support Vector Machines

Soft margin [Vapnik, 1995, 1998]

minimizeω, b, ξ
1
2

d∑
j=1

ω2
j +

C
n

n∑
i=1

ξi

s.t. (SVM)

yi(ω
>xi + b) ≥ 1− ξi i = 1, . . . , n

ω ∈ Rk

b ∈ R
ξi ≥ 0 i = 1, . . . , n.
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Knowledge Extraction Categorical data

Categorical variables in SVM

With categorical variables, SVM needs to interpret many coefficients
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Knowledge Extraction Categorical data

Cluster Support Vector Machines

We propose ...
... the Cluster Support Vector Machines [Carrizosa et al., 2017b]:

∀j , the Kj categories of categorical feature j are grouped into Lj clusters

Without compromising:

Accuracy

With the pursue of:

Easier-to-interpret classifier
I Sparser classifier
I If Lj = 2, interpretable coefficients, since one can prove ω̄j,1 · ω̄j,2 ≤ 0
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Knowledge Extraction Categorical data

The formulation

minimizeω̄,ω′,b,ξ,z
J∑

j=1

Lj∑
`=1

(ω̄j,`)
2

2
+

J′∑
j′=1

(ω′j′ )
2

2
+

C
n

n∑
i=1

ξi

s.t. (CL)

yi

 J∑
j=1

Lj∑
`=1

ω̄j,`

Kj∑
k=1

zj,k,` xi,j,k + (ω′)> x′i + b

 ≥ 1− ξi i = 1, . . . , n

Lj∑
`=1

zj,k,` = 1 j = 1, . . . , J; k = 1, . . . ,Kj

ξi ≥ 0 i = 1, . . . , n

z ∈ {0, 1}
∑J

j=1 Lj Kj

ω̄ ∈ R
∑J

j=1 Lj

ω′ ∈ RJ′

b ∈ R
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Knowledge Extraction Categorical data

Illustrating the CLSVM methodology (germancredit, Lj = 2)
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Knowledge Extraction Categorical data

Illustrating the CLSVM methodology (germancredit, Lj = 2)

Status of

existing

checking

account

..
.<

0
D
M

0
≤
..
.<

20
0
D
M

..
.≥

20
0
D
M

n
o
ch
ec
k
in
g
a
cc
ou
n
t

Credit

history

n
o
cr
ed
it
s
ta
k
en
/a
ll
cr
ed
it
s
p
a
id
ba
ck
d
u
ly

a
ll
cr
ed
it
s
a
t
th
is
ba
n
k
p
a
id
ba
ck
d
u
ly

ex
is
ti
n
g
cr
ed
it
s
p
a
id
ba
ck
d
u
ly
ti
ll
n
ow

d
el
a
y
in
p
a
yi
n
g
of
f
in
th
e
p
a
st

cr
it
ic
a
l
a
cc
ou
n
t/
ot
h
er
cr
ed
it
s
ex
is
ti
n
g

(n
ot
a
t
th
is
ba
n
k
)

Purpose

ca
r(
n
ew

)
ca
r(
u
se
d
)

fu
rn
it
u
re
/e
qu
ip
m
en
t

ra
d
io
/t
el
ev
is
io
n

d
om

es
ti
c
a
p
p
li
a
n
ce
s

re
p
a
ir
s

ed
u
ca
ti
on

va
ca
ti
on

re
tr
a
in
in
g

bu
si
n
es
s

ot
h
er
s

Savings

account

/bonds

..
.<

10
0
D
M

10
0
≤
..
.<

50
0
D
M

50
0
≤
..
.<

10
00

D
M

..
≥

10
00

D
M

u
n
k
n
ow
n
/n
o
sa
vi
n
gs
a
cc
ou
n
t

Present

employment

since

u
n
em

p
lo
ye
d

..
.<

1
ye
a
r

1
≤
..
.<

4
ye
a
rs

4
≤
..
.<

7
ye
a
rs

..
≥

7
ye
a
rs

Personal

status and

sex

m
a
le

:
d
iv
or
ce
d
/s
ep
a
ra
te
d

fe
m
a
le

:
d
iv
or
ce
d
/s
ep
a
ra
te
d
/m

a
rr
ie
d

m
a
le

:
si
n
gl
e

m
a
le

:
m
a
rr
ie
d
/w
id
ow
ed

fe
m
a
le

:
si
n
gl
e

Other

debtors

n
on
e

co
−
a
p
p
li
ca
n
t

gu
a
ra
n
to
r

Property

re
a
l
es
ta
te

bu
il
d
in
g
so
ci
et
y
sa
vi
n
gs
a
gr
ee
m
en
t/
li
fe
in
su
ra
n
ce

ca
r
or
ot
h
er

u
n
k
n
ow
n
/n
o
p
ro
p
er
ty

Other

install−

ment

plans

ba
n
k

st
or
es

n
on
e

Housing

re
n
t

ow
n

fo
r
fr
ee

Job

u
n
em

p
lo
ye
d
/u
n
sk
il
le
d
(n
on
−
re
si
d
en
t)

u
n
sk
il
le
d
(r
es
id
en
t)

sk
il
le
d
em

p
lo
ye
e/
of
fi
ci
a
l

m
a
n
a
ge
m
en
t/
se
lf
−
em

p
lo
ye
d
/h
ig
h
ly
qu
a
li
fi
ed

em
p
lo
ye
e/
of
fi
ce
r

Categorical feature Purpose has Kj = 11 categories
The Kj = 11 categories have been clustered into Lj = 2 clusters

I 1st cluster associated with Purpose in light grey
I 2nd cluster associated with Purpose in dark grey
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Knowledge Extraction Categorical data

Clustering Categories in Logistic Regression

Logistic Regression suffers in the same way from categorical data
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Knowledge Extraction Categorical data

Clustering Categories in Logistic Regression

We study...
... transparency in the EU Public Procurement [la Cour et al., 2019]

Table: Categorical variables in the Tender Electronic Daily (TED) data set.

country authority industry open amount award directive same contract year
call criteria country type

no. categories 30 7 12 2 4 3 3 2 3 8

The response variable: Was there only one bid (not enough competition)?
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Knowledge Extraction Categorical data

TED Dataset

Table: Information about the TED data set.

Data set Abbreviation n p K Class distribution
TED TED 1.86 million 10 2 14.9%− 85.1%
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Knowledge Extraction Categorical data

Clustering Industry: two clusters
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Knowledge Extraction Categorical data

Clustering Country: two clusters
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Knowledge Extraction Categorical data

Clustering Country: three clusters
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Knowledge Extraction Benchmarking models

Outline

1 Data Science and Interpretability

2 Knowledge Extraction
Tree methods
Categorical data
Benchmarking models

3 Summary
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Knowledge Extraction Benchmarking models

Benchmarking

Benchmarking [Bogetoft and Otto, 2010]
We are given a set of K firms, which use the same I inputs and produce the same
O outputs.

The performance of firms is measured in terms of outputs produced (y k
o ) in

relation to inputs used (xk
i ).

In Benchmarking, the aim is to compare the performance of firms against each
other.

Applications
Benchmarking of electricity Distribution System Operators (DSOs), hospitals,
universities, schools, ...
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Knowledge Extraction Benchmarking models

Benchmarking

Tools in Benchmarking
Stochastic Frontier Analysis: Statistical approach.

Data Envelopment Analysis: Mathematical Optimization approach.
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Knowledge Extraction Benchmarking models

Data Envelopment Analysis DEA

Data Envelopment Analysis (DEA) [Charnes et al., 1978, 2013]
DEA is a classical tool in Benchmarking based on Mathematical Optimization.

DEA measures performance through an efficiency score Ek ∈ [0, 1],∑O
o=1 β

k
o y k

o∑I
i=1 α

k
i xk

i

,

I yk
o is the amount of output o produced by firm k

I xk
i is the amount of input i used by firm k

I βk
o and αk

i are the weights given to outputs and inputs, respectively.

Firms with a score equal to one are deemed to be efficient.
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Knowledge Extraction Benchmarking models

Feature Selection in DEA

State of the Art
Lack of enough guidance in the literature [Cook et al., 2014]

A priori rules based on Statistical Analysis
I e.g., correlations, dimensionality reduction techniques, regression

Information Theory
I e.g., AIC, Shannon entropy

Ex-post analysis
I e.g., sensitivity of the efficient frontier to non-selected features

Recent work on LASSO [Lee and Cai, 2018, Qin and Song, 2014]
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Knowledge Extraction Benchmarking models

Feature Selection in DEA [Benítez-Peña et al., 2018b]

Selecting p features
Let p be the number of outputs to be selected.

The individual and the joint models
We first model the selection for an individual firm.

We then model the joint selection for all individuals.
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Knowledge Extraction Benchmarking models

Feature Selection in DEA: Individual model

maximize(αk ,βk ,zk )

O∑
o=1

βk
o y k

o

s.t. (OSDEAk (p))

O∑
o=1

βk
o y j

o −
I∑

i=1

αk
i x j

i ≤ 0 ∀j = 1, . . . ,K

I∑
i=1

αk
i xk

i = 1

βk
o ≤ Mzk

o ∀o = 1, . . . ,O
O∑

o=1

zk
o = p

αk ∈ RI
+

βk ∈ RO
+

zk
o ∈ {0, 1} ∀o = 1, . . . ,O
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Knowledge Extraction Benchmarking models

Joint selection

Joint selection
The selection of outputs has to be the same for all firms.

Objective function

φ(E1,E2, . . . ,EK ) =
1
K

K∑
k=1

Ek .
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Knowledge Extraction Benchmarking models

Feature Selection in DEA: Joint model

maximize(α,β,z)
1
K

K∑
k=1

O∑
o=1

βk
o y k

o

s.t. (OSDEA(p))

O∑
o=1

βk
o y j

o −
I∑

i=1

αk
i x j

i ≤ 0 ∀j = 1, . . . ,K ; ∀k = 1, . . . ,K

I∑
i=1

αk
i xk

i = 1 ∀k = 1, . . . ,K

βk
o ≤ Mzo ∀o = 1, . . . ,O; ∀k = 1, . . . ,K

O∑
o=1

zo = p

α ∈ RI·K
+

β ∈ RO·K
+

zo ∈ {0, 1} ∀o = 1, . . . ,O
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Knowledge Extraction Benchmarking models

Alternative objective functions

Alternative objective functions for feature selection

φw(E1,E2, . . . ,EK ) =
1
K

K∑
k=1

ωk Ek

φq(E1,E2, . . . ,EK ) = − 1
K

K∑
k=1

(1− Ek )2

φmin(E1,E2, . . . ,EK ) = min
k=1,...,K

Ek

φπ(E1,E2, . . . ,EK ) = E (k(π)),

where E (k(π)) represents the π percentile of the efficiencies.

In general, they can be modeled as MINLPs.
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Knowledge Extraction Benchmarking models

Extensions

Extensions
Selection of inputs and outputs

Bounds on weights

Multicollinearity constraints

Costs and types of outputs

Strategic Feature Selection

Multiple DEA Models [Benítez-Peña et al., 2019]
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Knowledge Extraction Benchmarking models

Numerical results

Operating System: Microsoft Windows 10 Home, 64 bits

Processor: Intel(R) Core(TM) i7-6700 CPU @ 3.40GHz, 3408 Mhz (4 cores)

RAM: 16 GB

Interface: Python 3.5 (64 bits)

Solver: Gurobi 7.0.1
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Knowledge Extraction Benchmarking models

Dataset

Real-world dataset for the benchmarking of electricity Distribution System
Operators (DSOs)

K = 182

O = 100

I = 1

Data has been normalized.
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Knowledge Extraction Benchmarking models

Best subset of features

Table: Summary statistics for the distribution of efficiencies, for p = 1, . . . , 10

p min max mean st. dev. q1 q2 q3 q3-q1 selected features
1 0.0000 1.0000 0.5555 0.1695 0.4743 0.5637 0.6300 0.1557 59
2 0.0006 1.0000 0.6553 0.1708 0.5772 0.6682 0.7482 0.1710 11 31
3 0.0009 1.0000 0.7118 0.1643 0.6391 0.7222 0.7839 0.1448 21 31 54
4 0.1161 1.0000 0.7487 0.1511 0.6645 0.7479 0.8404 0.1759 16 21 31 59
5 0.1161 1.0000 0.7812 0.1494 0.6962 0.7738 0.8911 0.1949 16 21 31 59 94
6 0.3105 1.0000 0.8082 0.1402 0.7222 0.8068 0.9305 0.2083 16 19 21 31 59 94
7 0.3105 1.0000 0.8290 0.1404 0.7474 0.8355 0.9545 0.2071 16 19 21 31 59 91 94
8 0.3105 1.0000 0.8462 0.1402 0.7658 0.8689 0.9802 0.2144 16 19 21 31 59 91 94 97
9 0.3105 1.0000 0.8610 0.1370 0.7789 0.8841 0.9972 0.2183 16 19 21 31 59 74 91 94 97

10 0.4576 1.0000 0.8732 0.1304 0.7902 0.9090 1.0000 0.2098 16 19 21 29 31 59 74 91 94 97
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Best subset of features

Dolores Romero Morales 64 / 74



Knowledge Extraction Benchmarking models

Preference of individual strategy over joint strategy
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Summary

Outline

1 Data Science and Interpretability

2 Knowledge Extraction
Tree methods
Categorical data
Benchmarking models

3 Summary
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Summary

Summary

Today
MINLP plays an important role the enhancement of interpretability

I It allows the optimization of classification trees
I It can enhance the treatment of categorical variables
I It helps with Data Driven Decision Making

There are still open problems
quantification of categorical variables

better VIZ of black-box models

Data Science at the service of the Mathematical Optimization community
e.g., Hutter et al. [2010], Khalil et al. [2016], Lodi and Zarpellon [2017]
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Summary

Thank you very much!
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