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Abstract

In this paper, we consider the problem of maximizing the spread of influence through a social
network. Given a graph with a threshold value thr(v) attached to each vertex v, the spread
of influence is modeled as follows: A vertex v becomes “active” (influenced) if at least thr(v)
of its neighbors are active. In the corresponding optimization problem the objective is then
to find a fixed number k of vertices to activate such that the number of activated vertices
at the end of the propagation process is maximum. We show that this problem is strongly
inapproximable in time f(k) - n9M) for some function f, even for very restrictive thresholds.
In the case that the threshold of each vertex equals its degree, we prove that the problem is
inapproximable in polynomial time and it becomes r(n)-approximable in time f(k)-n°M, for
some function f, for any strictly increasing function r. Moreover, we show that the decision
version parameterized by k is W[1]-hard but becomes fixed-parameter tractable on bounded
degree graphs.

Keywords: Parameterized Complexity, Approximation, Parameterized Approximation,
Target Set Selection, Dynamic Monopolies, Spread of Information, Viral Marketing

1. Introduction

Optimization problems that involve a diffusion process in a graph are well studied [23, 17,
10, 1, 14, 9, 4, 24, 3]. Such problems share the common property that, according to a specified
propagation rule, a chosen subset of vertices activates all or a fixed fraction of the vertices,
where initially all but the chosen vertices are inactive. Such optimization problems model the
spread of influence or information in social networks via word-of-mouth recommendations, of
diseases in populations, or of faults in distributed computing [23, 17, 14]. One representative
problem that appears in this context is the influence mazimization problem introduced by
Kempe et al. [17]. Given a directed graph, the task is to choose a fixed number of vertices
such that the number of activated vertices at the end of the propagation process is maximized.
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The authors show that the problem is polynomial-time (% + ¢)-approximable for any ¢ > 0
under some stochastic propagation models, but NP-hard to approximate within a ratio of
n'=¢ for any € > 0 for general propagation rules.

In this paper, we use the following deterministic propagation model. We are given an
undirected graph, a threshold value thr(v) associated to each vertex v, and the following
propagation rule: at each round, every non-activated vertex v with at least thr(v) many
activated neighbors gets activated. The propagation process proceeds in several rounds and
stops when no further vertex becomes active. Given this model, finding and activating a
minimum-size vertex subset such that all or a fixed fraction of the vertices become active is
known as the minimum target set selection (MinTSS) problem introduced by Chen [10]. It
has been shown NP-hard even for bipartite graphs of bounded degree when all thresholds are
at most two [10]. Moreover, the problem was surprisingly shown to be hard to approximate
within a ratio O(QIOgI_E") for any € > 0, even for constant degree graphs with thresholds
at most two and for general graphs when the threshold of each vertex is half its degree
(called majority thresholds) [10]. If the threshold of each vertex equals its degree (unanimity
thresholds), then the problem is polynomial-time equivalent to the vertex cover problem [10]
and, thus, admits a 2-approximation and is hard to approximate with a ratio better than
1.36 [12]. Concerning the parameterized complexity, the problem is shown to be W|[2]-hard
with respect to (w.r.t.) the solution size, even on bipartite graphs of diameter four with
majority thresholds or thresholds at most two [21]. Furthermore, it is W[1]-hard w.r.t. each
of the parameters “treewidth”, “cluster vertex deletion number”, and “pathwidth” [4, 11].
On the positive side, the problem becomes fixed-parameter tractable w.r.t. each of the single
parameters “vertex cover number”, “feedback edge set size”, and “bandwidth” [21, 11]. If
the input graph is complete, or has a bounded treewidth and bounded thresholds then the
problem is polynomial-time solvable [21, 4].

Here, we study the maximization version of the problem MinTSS, called mazimum k-
influence (MaxkInf) where the objective is to find k vertices to activate such that the total
number of activated vertices at the end of the propagation process is maximized. Since
both optimization problems have the same decision version, the parameterized as well as NP-
hardness results directly transfer from MinTSS to MaxkInf. We show that also MaxkInf is
hard to approximate and, confronted with the computational hardness, we study the param-
eterized approximability of MaxkInf.

Our results. Concerning the approximability of the problem, there are two possibilities of
measuring the value of a solution: counting the vertices activated by the propagation process
including or excluding the initially chosen vertices (denoted by MAX CLOSED k-INFLUENCE
and MAX OPEN k-INFLUENCE, respectively). Observe that whether or not counting the
chosen vertices might change the approximation factor. In this paper, we consider both cases
and our approximability results are summarized in Table 1.

While MinTSS is both constant-approximable in polynomial time and fixed-parameter
tractable for the unanimity case, this does not hold anymore for our problem. Indeed, we
prove that, in this case, MAX CLOSED k-INFLUENCE (resp. MAX OPEN k-INFLUENCE)
is strongly inapproximable in polynomial-time and the decision version, denoted by (k,¢)-
INFLUENCE, is W[l]-hard w.r.t. the combined parameter (k,¢) where ¢ denotes the number
of vertices activated during the propagation process. However, we show that MAX CLOSED
k-INFLUENCE (resp. MAX OPEN k-INFLUENCE) becomes approximable if we are allowed to
use a running time of the form f(k) - n®M (fpt-time w.r.t. k) and (k,/)-INFLUENCE gets



MAX OPEN k-INFLUENCE Max CLOSED k-INFLUENCE
Thresholds | Bounds poly-time fpt-time poly-time fpt-time
Upper n n n n
General Lower n'=¢ e >0 n'=¢ Ve >0 n'~¢ Ve >0 nfve>0
Upper n n n "
Constant | 1 er nl=¢ Ve >0 nl=eve >0 n'7 Ve >0 | n!=¢ Ve >0 [Th. 4]
o Upper n n n "
Majority Lower nt=e Ve >0 nl=eVe >0 n'=f¥e >0 | n'"*Ve > 0[Th. 3|
. Upper 2F [Th. §] r(n),Vr [Th. 9] 2F r(n),Vr
Unanimity Lower | n'=¢Ve > 0 [Th. 7] ? 1+ ¢ [Th. 13] ?

Table 1: Table of the approximation results for MAX OPEN k-INFLUENCE and MAX CLOSED k-INFLUENCE. In
this table, fpt-time means a running time of the form f(k) - n°® A ? symbol represents an open question.

fixed-parameter tractable w.r.t combined parameter (k, A), where A is the maximum degree
of the input graph.

Our paper is organized as follows. In Section 2, after introducing some preliminaries, we
establish some basic lemmas. In Section 3 we study MAX OPEN k-INFLUENCE and MAX
CLOSED k-INFLUENCE with majority thresholds and thresholds at most two. In Section 4
we study the case of unanimity thresholds in general graphs and in bounded degree graphs.
Conclusions are provided in Section 5.

2. Preliminaries & Basic Observations

In this section, we provide basic backgrounds and notation used throughout this paper,
give the statements of the studied problems, and establish some lemmas.

Graph terminology. Let G = (V, E) be an undirected graph. For a subset S C V', G[S] is the
subgraph induced by S. The open neighborhood of a vertex v € V, denoted by N (v), is the set
of all neighbors of v. The closed neighborhood of a vertex v, denoted N[v], is the set N (v)U{v}.
Furthermore, for a vertex set V' C V we set N(V') = U ey N(v) and N[V'] = ey N[v].
The set N*[v], called the k-neighborhood of v, denotes the set of vertices which are at distance
at most k from v (thus N'[v] = N[v]). The degree of a vertex v is denoted by degs(v) and the
mazximum degree of the graph G is denoted by Ag. We skip the subscript if G is clear from
the context. Two vertices are twins if they have the same neighborhood. They are called true
twins if they are moreover neighbors, false twins otherwise.

Parameterized complexity. A parameterized problem (I,k) is said fized-parameter tractable
(or in the class FPT) w.r.t. parameter k if it can be solved in f(k) - |I|¢ time, where f is any
computable function and c is a constant (one can see [13, 22]). The parameterized complexity
hierarchy is composed of the classes FPT C W[1] C W[2] C --- C W[P] (for a formal definition
of these classes see for instance [15]). A W[l]-hard problem is not fixed-parameter tractable
(unless FPT = W[1]) and one can prove W[1]-hardness by means of a parameterized reduction
from a WJ[1]-hard problem. A parameterized reduction a mapping of an instance (I, k) of a
problem A; in g(k) - [I|°) time (for any computable g) into an instance (I’, k') for Ay such
that (I,k) € Ay & (I, k') € Ay and k' < h(k) for some h.



Approzimation. Given an optimization problem ) and an instance I of this problem, we
denote by |I| the size of I, by optg(I) the optimum value of I and by val(Z, S) the value of a
feasible solution S of I. For any feasible solution S of I, we assume that |S| is polynomially
bounded in || i.e. |S| < [I]90),

The performance ratio of S (or approximation factor) is r(I,S) = max { Q;Zigg)), 55;8%)) } .
The error of S, e(1,S), is defined by (I, S) = r(I,S) — 1. For a function f (resp. a constant
¢ > 1), an algorithm is a f(n)-approximation (resp. a c-approximation) if for any instance I
of @ it returns a solution S such that r(1,S) < f(n) (resp. r(I,5) < ¢).

An optimization problem is polynomial-time constant approxzimable (resp. has a
polynomial-time approximation scheme) if, for some constant ¢ > 1 (resp. every constant
e > 0), there exists a polynomial-time c-approximation (resp. (1 + ¢)-approximation) for it.

An optimization problem is f(n)-approxzimable in fpt-time w.r.t. parameter k if there
exists an f(n)-approximation running in time g(k)- |I|°(1) where k is a given positive integer
called parameter and g is any computable function [20].

The notion of an E-reduction (error-preserving reduction) was introduced by Khanna et
al. [18]. A problem @ is called E-reducible to a problem @', if there exist polynomial-time
computable functions f, g and a constant 8 such that

e [ maps an instance I of @ to an instance I’ of Q' such that opt(I) and opt(I’) are
related by a polynomial factor, i.e. there exists a polynomial p(n) such that opt(I’) <

p(H])opt(I),
e g maps solutions S’ of I’ to solutions S of I such that e(I,S) < Be(I',5").

An important property of an E-reduction is that it can be applied uniformly to all levels
of approximability; that is, if @) is E-reducible to @’ and @’ belongs to C then ) belongs
to C as well, where C is a class of optimization problems with any kind of approximation
guarantee.

It is worth noting that the investigated problems in this paper are in fact cardinality
constrained problems. Recall that a problem of this kind asks for finding a solution of &
elements that optimizes an objective function [7]. For such problems a natural choice for the
parameter is the cardinality k£ of the solutions.

Problems definition. Let G = (V,E) be an undirected graph and let thr: V. — N be a

threshold function. In this paper, we consider majority thresholds i.e. thr(v) = [degT(v)] for
each v € V', unanimity thresholds i.e. thr(v) = deg(v) for each v € V', and constant thresholds
i.e. thr(v) < ¢ for each v € V and some constant ¢ > 1. Initially, no vertex is active and
we select a subset S C V of k vertices. The propagation unfolds in discrete steps. At time
step 0, only the vertices in S are activated. At time step ¢+ 1, a vertex v is activated if and
only if the number of its activated neighbors at time ¢ is at least thr(v). We apply the rule
iteratively until no more activations are possible. Given that S is the set of initially activated
vertices o[S] is the set of all activated vertices at the end of the propagation process and o(.5)
is the set o[S]\ S. The optimization problems we consider are then defined as follows.

MAX OPEN k-INFLUENCE
Input: A graph G = (V, E), a threshold function thr : V' — N, and an integer k.
Output: A subset S CV, |S| < k such that |o(S)| is maximum.




Similarly, the MAX CLOSED k-INFLUENCE problem asks for a set S such that |o[S]| is
maximum. The corresponding decision version (k,£)-INFLUENCE is also studied. Notice that
in this case considering either o[S] or o(S) is equivalent.

(k, £)-INFLUENCE
Input: A graph G = (V, E), a threshold function thr : V' — N, and two integers k and ¢.
Output: Is there a subset S C V, |S| < k such that |o(S)| > £ 7

Basic results. In the following, we state and prove some lemmas that will be used later in the
paper.

Lemma 1. Let r be any computable function. If MAX OPEN k-INFLUENCE is r(n)-
approzimable then MAX CLOSED k-INFLUENCE is also r(n)-approximable where n is the
instance size.

Proof. Let A be an r(n)-approximation algorithm for MAX OPEN k-INFLUENCE. Let I be an
instance of MAX CLOSED k-INFLUENCE and opt([) its optimum value. When we apply A on
opt(I)—k

I it returns a solution S such that |o(S)| > ~ 0y and then lo[S]| = k+|o(S)] > %ff)). O

Lemma 2. If an optimization problem is ry(k)-approzimable in fpt-time w.r.t. parame-
ter k for some strictly increasing function r1 depending solely on k then it is also ro(n)-
approzimable in fpt-time w.r.t. parameter k for any strictly increasing function ro depending
solely on the instance size n.

Proof. Let r L and Ty ! be the inverse functions of r; and ro, respectively. Let I be an
instance of a maximization problem with size n = |I| (the proof is analogous for minimization
problems). We distinguish the following two cases.

Case 1: k < r;'(r2(n)). In this case, we apply the r|(k)-approximation algorithm and
directly get a solution S such that r(I,S) < r1(k) < ri(r] ' (r2(n))) = ro(n) in time f(k)-n°W)
for some computable function f.

Case 2: k > r{'(ra(n)). We then have n < r5'(r1(k)) and thus we can solve the
instance I by exhaustively checking every solution S of I and return the one with the largest
val(I,S) value. Since we have |S| < n®® (see the discussion above), we know that there
are at most 277" < 272 Hr )Y Qifferent solutions assuming, without loss of generality,
that the solutions are encoded in binary. It follows that the running time in this case is
9y (m(k)W f(k) for some computable function f. This completes the proof. O

As an illustration of this lemma, if a problem admits a polynomial-time k-approximation
then we can approximate this problem within any arbitrarily small ratio depending on the
instance size in fpt-time e.g. log(log(...log(n)).

It is worth pointing out that a problem which is proven inapproximable in fpt-time obvi-
ously implies that it is not approximable in polynomial time with the same ratio. Therefore,
fpt-time inapproximability can be considered as a “stronger” result than polynomial-time
inapproximability.

3. Parameterized inapproximability

In this section, we consider the parameterized approximability of both MAX CLOSED k-
INFLUENCE and MAX OPEN k-INFLUENCE. We show that these problems are W[2]-hard to



Figure 1: Sample construction of the bipartite graph G’ from a graph G of DOMINATING SET. All vertices v},
1 < i < 5 have thresholds deg, (v!) while all vertices v?, 1 <4 < 5 have thresholds 1.

approximate within n'~¢ for any ¢ > 0 for majority thresholds and thresholds at most two. To
do so, we use the following polynomial-time reduction from DOMINATING SET as the starting
point. The DOMINATING SET problem asks, given an undirected graph G = (V, E) and an
integer k, whether there is a vertex subset S C V', |S| < k, such that N[S] = V.

Basic Reduction. Given an instance I = (G = (V, E), k) of DOMINATING SET we construct
the instance I' = (G’ = (V', E'),thr,k,|V'|) of (k,|V’'|)-INFLUENCE as follows. For each
vertex v € V, we add two vertices v' and v® (¢t and b respectively standing for top and
bottom) to V' as well as the edge v'v® to E'. For each edge uv € E, add the edges u'v®
and u’v’ to E'. Finally, set thr(v!) = degq (v') and thr(v®) = 1 for every top vertex v and
every bottom vertex v?, respectively. This completes the reduction (see Figure 1).

We claim that I is a yes-instance of DOMINATING SET if and only if I’ is a yes-instance of
(k,|V'|)-INFLUENCE. For the forward direction, suppose there exists a dominating set S C V
in G of size k. Consider the solution S” C V' containing the corresponding top vertices.
After the first step, all bottom vertices are activated since they have thresholds one and S is
a dominating set. Finally, after the second step, all top vertices are activated too. For the
reverse direction, suppose there is a subset S’ C V' of size k in G’ such that o[S’] = V'. We
can assume without loss of generality that S’ contains no bottom vertex. Since all bottom
vertices are activated we have that {v; : v} € S’} is a dominating set in G.

Inapprozimability results. We are now ready to prove the main results of this section.

Theorem 3. For any € > 0, MAX CLOSED k-INFLUENCE and MAX OPEN k-INFLUENCE
with magjority thresholds cannot be approximated within n'=¢ in fpt-time w.r.t. parameter k
even on bipartite graphs, unless FPT = W/[2].

Proof. By Lemma 1, it suffices to show the result for MAX CLOSED k-INFLUENCE. We provide
a polynomial-time reduction from DOMINATING SET to MAX CLOSED (k + 1)-INFLUENCE
with majority thresholds. In this reduction, we will make use of the ¢-edge gadget, for some
integer q. An g-edge between two vertices u and v consists of ¢ vertices of threshold one
adjacent to both u and v.

Given an instance I = (G = (V, E), k) of DOMINATING SET with n = |V|, m = |E|, we
define an instance I’ of MAX CLOSED (k 4 1)-INFLUENCE. We start with the basic reduction
and modify G’ and the function thr as follows. Replace every edge v*v® by an (k + 2)-edge
between vt and v°. Moreover, for a given constant § = 2—5, let L = [nﬁ | and we add nL more

vertices :c%, coxh ,:cf, ...,xk. Fori=1,...,n, vertex 3:11 is adjacent to all the bottom
vertices. Moreover, for any j = 2,..., L, each z is adjacent to xi;_l, for any i,k € {1,...,n}.
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Figure 2: The graph G’ (right) obtained from G (left) after carrying out the modifications of Theorem 3. A

thick edge represents an g-edge for some g > 0. A “star” vertex v represents a vertex adjacent to d&;&

pending-vertices.

We also add a vertex w and an n+ (k+2)(degq(v) — 1)-edge between w and v°, for any bottom
vertex vb. For i = 1,...,n, vertex 3:11 is adjacent to w. For i =1,...,n add n pending-vertices
(i.e. degree one vertices) adjacent to zX. For any vertex v’ add (degq(v)+ 1)(k + 2) pending-
vertices adjacent to v’. Add also n + n? + (k + 2)(2m — n) pending-vertices adjacent to w.
All vertices of the graph G’ have the majority thresholds (see also Figure 2).

We claim that if I is a yes-instance then opt(I') > nL > nPtl; otherwise opt(I') < n*.
Let n' = |[V’|, notice that we have n’ < n*+nL.

Suppose that there exists a dominating set S C V in G of size at most k. Consider the
solution S’ for I’ containing the corresponding top vertices and vertex w. After the first round,
all vertices belonging to the edge gadgets which top vertex is in S’ are activated. Since S is
a dominating set in G, after the second round, all the bottom vertices are activated. Indeed
deger (v?) = 2(n + (k + 2) deg(v)) and after the first round v® has at least k 4 2 neighbors
activated belonging to an (k+2)-edge between v® and some u! € V and n+ (k+2)(degg(v)—1)
neighbors activated belonging to an n + (k + 2)(degq(v) — 1)-edge between v and w. Thus,
every vertex :cll gets active after the third round, and generally after the jth round, j =
4,...,L + 2 the vertices :cg ~2 are activated, and at the (L + 3)th round all pending-vertices
adjacent to xZL are activated. Therefore, the size of an optimal solution is at least nL > nf+1.

Suppose that there is no dominating set in G of size k. Without loss of generality, we
may assume that no pending-vertices are in a solution of I’ since they all have threshold one.
If w does not take part of a solution in I’, then no vertex 3:11 could be activated and in this
case opt(I') is less than n’ — nL < n*. Consider now the solutions of I’ of size k 4 1 that



contain w. Observe that if a top-vertex v’ gets active through bottom-vertices then v’ can not
activate any other bottom-vertices. Indeed, as a contradiction, suppose that v* is adjacent to
a non-activated bottom-vertex. It follows that v could not have been activated because of its
threshold and that no pending-vertices are part of the solution, a contradiction. Notice also
that it is not possible to activate a bottom vertex by selecting some le vertices since of their
threshold. Moreover, since there is no dominating set of size k, any subset of k£ top vertices
cannot activate all bottom vertices, therefore no vertex xf‘, t1=1,...,n,k=1,...,L can be
activated. Hence, less than n’ —nL vertices can be activated in G’ and the size of an optimal
solution is at most n*.

Assume now that there is an fpt-time n!'~c-approximation algorithm A for MAX CLOSED
(k + 1)-INFLUENCE with majority threshold. Thus, if I is a yes-instance, the algorithm gives
a solution of value A(I") > (;L,[;EE > n(lff;;%) = n* since n’ < n*+nl < nPL. If Iis
a no-instance, the solution value is A(I') < n*. Hence, the approximation algorithm A can
distinguish in fpt-time between yes-instances and no-instances for DOMINATING SET implying

that FPT = W/[2] since this last problem is W[2]-hard [13]. O

Theorem 4. For any e > 0, MAX CLOSED k-INFLUENCE and MAX OPEN k-INFLUENCE with
thresholds at most two cannot be approzimated within n'—¢ in fpt-time w.r.t. parameter k even
on bipartite graphs, unless FPT = W][2].

Proof. By Lemma 1, it suffices to prove the result for MAX CLOSED k-INFLUENCE. We
construct a polynomial-time reduction from DOMINATING SET to MAX CLOSED k-INFLUENCE
with thresholds at most two. In this reduction, we will make use of the directed edge gadget.
A directed edge from a vertex u to another vertex v consists of a 4-cycle {a, b, ¢, d} such that a
and u as well as ¢ and v are adjacent. Moreover thr(a) = thr(b) = thr(d) = 1 and thr(c) = 2.
The idea is that the vertices in the directed edge gadget become active if u is activated but
not if v is activated. Hence, the activation process may go from u to v via the gadget but
not in the reverse direction. In the rest of the proof, we may assume that no vertices from
{a,b, c,d} are part of a solution of MAX CLOSED k-INFLUENCE. Indeed, it is always as good
to take the vertex u instead. We will also make use of a directed tree with leaves x1,..., Ty,
and root r defined as follows: introduce n — 1 new vertices yo,...,y, and insert a directed
edge from x1 to yo, from z9 to yo, from y; to y;41 for i = 2,....n — 1, from z; to y; for
i=3,...,n,and from y, to r. Moreover thr(y;) = 2,7 =2,...,n and thr(r) = 1. The idea is
that the vertices in the directed tree become active if all vertices x1, ..., x, are activated but
not if r is activated. So, we may assume that no vertex from s, ..., y, is part of a solution
of MAX CLOSED k-INFLUENCE.

Given an instance I = (G = (V, E), k) of DOMINATING SET with n = |V, we define an
instance I’ of MAX CLOSED k-INFLUENCE. We start with the basic reduction and modify
G’ and the function thr as follows. Set the thresholds of top-vertices to two. Replace every
edge between a top vertex v' and a bottom vertex vl? by a directed edge from v* to v*. For

j=1,...,n% where § = g — 3, add vertices pf,...,p} and a directed tree between leaves vﬁ’ ,
i=1,...,n and root p}, for ¢ = 1,...,n. Moreover for j = 1,...,n” — 1 add directed trees
between leaves pl,...,pl, and root pé“, for ¢ = 1,...,n. This completes the construction

(see Figure 3). Let n’ = |V’|, notice that we have n/ = 2n + n?n® 4 4(2n — 1)nf+1 < pf+3,
We claim that if I is a yes-instance then opt(I') > nP+2; otherwise opt(I') < n?.
Suppose that there exists a dominating set S C V in G of size at most k. Consider the

solution S’ for I’ containing the corresponding top vertices. Since S is a dominating set in



G

Figure 3: The graph G’ (right) obtained from G (left) after carrying out the modifications of Theorem 4. A
black arrow from wu to v represents a directed edge gadget from u to v. A gray arrow from u to v indicates a
directed tree where u is one of the leafs and v is the root.

G, after the fourth round, all the bottom vertices are activated. It follows that at the end of
the activation process all the vertices of the graph G’ are activated except the top vertices
outside S’ and the vertices of some directed edges of the basic gadget. The optimum solution
is opt(I') > n' — 5n2 > nf+2,

Suppose that there is no dominating set in G of size k. Consider a solution S’ for I’ of
size k. Without loss of generality, we may assume that no p! vertices or bottom vertices
are contained in S’ since they all have threshold one. For the reason previously mentioned,
we know that no vertices from the directed edge gadgets and no vertices from the directed
trees are in S’. It follows that S’ only contains top-vertices. Since there is no dominating
set of size k in G then at least one bottom-vertex is not activated. Moreover, because of the
directed edges the activated bottom-vertices cannot activate new top-vertices. Thus at least
one vertex of each directed tree with roots pl-l, i =1,...,n cannot be activated implying that
no p{ vertices can be activated. This leads to a solution of size at most 5n? < n3.

Assume now that there is an fpt-time n!~*-approximation algorithm A for MAX CLOSED
k-INFLUENCE with threshold at most two. Thus, if I is a yes-instance, the algorithm gives a

] 2 2 . . .
solution of value A(I") > (g,i:r_g > n(lﬁf)rﬁ+3) > n3 since n/ < nA*3. If I is a no-instance, the

solution value is A(I') < n3. Hence, the approximation algorithm A can distinguish in fpt-
time between yes-instances and no-instances for DOMINATING SET implying that FPT = W|[2]
since this last problem is W[2]-hard [13]. O

Using Lemma 2, Theorem 3, and Theorem 4 we can deduce the following corollary.



Figure 4: Illustration of the reduction from an instance (G, k) of CLIQUE to an instance (G',k,¥£) of (k,£)-
INFLUENCE, where k = 2 and ¢ = 3.

Corollary 5. For any strictly increasing function v, MAX CLOSED k-INFLUENCE and MAX
OPEN k-INFLUENCE with thresholds at most two or majority thresholds cannot be approxi-
mated within r(k) in fpt-time w.r.t. parameter k unless FPT = W[2].

4. Unanimity thresholds

In the previous section, we proved that the problem is parameterized inapproximable
even for constant and majority thresholds. In this section, we show that assuming unanimity
thresholds leads to more positive results. More precisely, we give a parameterized approxi-
mation algorithm on general graphs, and show that the problem is fixed-parameter tractable
w.r.t. k for the class of graphs of bounded maximum degree. The key observation towards
these results is that there is just one activation round.

4.1. General graphs

We first show that, in the unanimity case, (k, ¢)-INFLUENCE is W[1]-hard w.r.t. parameter
k + ¢ and MAaX OPEN k-INFLUENCE is not approximable within n'~¢ for any ¢ > 0 in
polynomial time, unless NP = ZPP. However, if we are allowed to use fpt-time then Max
OPEN k-INFLUENCE with unanimity is r(n)-approximable in fpt-time w.r.t. parameter k for
any strictly increasing function 7.

Theorem 6. (k,{)-INFLUENCE with unanimity thresholds is W[1]-hard w.r.t. the combined
parameter (k,l) even for bipartite graphs.

Proof. We provide a parameterized reduction from the W[1]-hard CLIQUE problem [13] to
(k,¢)-INFLUENCE. Given an instance (G = (V, E), k) of CLIQUE, we construct an instance
(G' = (V',E"),k,0) of (k,¢)-INFLUENCE as follows. For each vertex v € V add a copy v’ to
V'. For each edge uv € E, add k + 1 edge-vertices e, ..., ef! adjacent to both u’' and v’
Set ¢ = (k + 1)(5) and thr(u) = dege (u) for all u € V' (see also Figure 4).

We claim that there is a clique of size k in G if and only if there exists a subset S C V'
of size k such that |o(S)| > ¢.

“=": Assume that there is a clique C' C V of size k in G. One can easily verify that the
set S ={v € V' :v e C} activates |o(S)| > (k + 1)(]2“) = ¢ edge-vertices in G’ since C is
clique.

“<”: Suppose that there exists a subset S C V' of size k such that |o(S)| > ¢. We may
assume without loss of generality that no edge-vertices belong to S. Indeed, each edge-vertex
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is adjacent to only vertices with threshold at least £ + 1. Thus choosing some edge-vertices
to S cannot activate any new vertices in G’. Since the solution S activates at least (k+ 1) (]2“)
edge-vertices, this implies that S is a clique in G. ]

Theorem 7. For any ¢ > 0, MAX OPEN k-INFLUENCE with unanimity thresholds cannot be

approzimated within n'~¢ in polynomial time, unless NP = ZPP.

Proof. We will show how to transform any approximation algorithm for MAx OPEN k-
INFLUENCE into another one with the same ratio for MAX INDEPENDENT SET. Consider
the instance I of MAX OPEN k-INFLUENCE consisting of a graph G = (V, E), an integer k
and unanimity threshold. One can note and easily check that the following holds. Given a
solution S C V of Iy, o(S) is obtained in only one step of the diffusion process and is an
independent set. Therefore there exists an integer k* € [1,n] such that o(OPT(Ix+)) is the
maximum independent set in G, where OPT (Ij+) is the optimal solution of Ij.

Suppose that MAX OPEN k-INFLUENCE has an f(n)-approximation algorithm A, we then
have |o(A(Ix+))| > ‘U(O%n()lk*))', where A(Ij~) is a solution given by A for the instance Ij-.
It follows from the previous observation that o(A(I+)) is an independent set in G and an
f(n)-approximate solution.

Now, it suffices to apply the approximation algorithm A for each k = 1,...,n and return
the approximate solution Sp.x that has the largest value. Given this solution, we have
|0 (Smax)| > |0(A(Ix+))|. Hence, we get a polynomial-time f(n)-approximation algorithm for
MAX INDEPENDENT SET problem. Since MAX INDEPENDENT SET cannot be approximated
within n!~¢ for any ¢ > 0 unless NP = ZPP [16], the result follows. O

In what follows, we provide an fpt-time r(n)-approximation algorithm w.r.t. parameter k
for any strictly increasing function r. As a first step toward this goal, we need the following
result.

Theorem 8. MAX OPEN k-INFLUENCE and MAX CLOSED k-INFLUENCE with unanimity
thresholds are 2F-approzimable in polynomial time.

Proof. By Lemma 1, it suffices to show the result for MAX OPEN k-INFLUENCE. Consider
an instance I = (G = (V, E), k) of MAX OPEN k-INFLUENCE with unanimity thresholds.
The polynomial-time algorithm consists in the following two steps: (i) Find F, the largest
false-twins set such that deg(v) < k, Vv € F, and (ii) Return N(F'). Formally, a false-twins
set is a set X C V of vertices where every pair u,v € X are false twins.

The first step can be done for example by searching for the largest set of identical lines
with at most k ones in the adjacency matrix of G. Since F is a false-twins set with vertices
of degree at most k, the size of the neighborhood of F' is also bounded by k. Consider the
activation of the set N(F). After one round, this will activate |o(N(F'))| > |F| vertices, since
all the neighborhood of the vertices in F are activated.

Let S C V be any set of vertices of size at most k. Observe that there are at most 2¥
different false-twins sets in IN(S) (one for each subset of S). Therefore, any optimal solution
for I could activate at most 2¥ - | F'| vertices, providing the claimed approximation ratio. [

Using Lemma 2 and Theorem 8 we directly get the following.

Corollary 9. For any strictly increasing function r, MAX OPEN k-INFLUENCE and MAX
CLOSED k-INFLUENCE with unanimity thresholds are r(n)-approximable in fpt-time w.r.t.
parameter k.
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For example, MAX OPEN k-INFLUENCE is log(n)-approximable in time O*(2k2k), where
the O* notation suppresses polynomial factors.

Finding dense subgraphs. In the following we show that MAX OPEN k-INFLUENCE with una-
nimity thresholds is at least as difficult to approximate as the DENSEST k-SUBGRAPH prob-
lem, that consists of finding in a graph a subset of vertices of cardinality k£ that induces a
maximum number of edges. In particular, any positive approximation result for MAX OPEN
k-INFLUENCE with unanimity would directly transfers to DENSEST k-SUBGRAPH. This last
problem has no polynomial-time approximation scheme unless NP has no subexponential-time
algorithms [19] and is O(ni*'s)—approximable in time n°(?) where n is the size of the input

graph [5].

Theorem 10. For any strictly increasing function r, if MAX OPEN k-INFLUENCE with
unanimity thresholds is r(n)-approzimable in fpt-time w.r.t. parameter k then DENSEST k-
SUBGRAPH is r(n)-approzimable in fpt-time w.r.t. parameter k.

Proof. We give an E-reduction from DENSEST k-SUBGRAPH to MAX OPEN k-INFLUENCE.
Consider an instance I of DENSEST k-SUBGRAPH formed by a graph G = (V,E) and we
construct an instance I’ of MAX OPEN k-INFLUENCE with unanimity thresholds consisting
of graph G’ = (V' E') as follows: for each vertex v € V add a copy v to V’; for each edge
uv € E add an edge-vertex ey, to V'; moreover add k + 1 vertices x1,...,xg; 1. For any edge
uwv € F add edges u'eyy, e,v" to E'. Furthermore, add an edge between z; and v’ for any
1<i<k+1andany v' € V'. Therefore, every vertex x; has degree |V|, every vertex v’ has
degree degi(v) + k + 1 and every edge-vertex e has degree 2.

Let S C V, |S| = k be an optimum solution for I that is opt(I) is the number of edges
induced by S. The set S’ = {v' : v € S} is such that |o(S")| = opt(I) since no z vertex will
be activated. Thus opt(I’) > opt(I).

Given any solution S’ C V”’ of size k, we can consider that S’ contains only vertices of type
v’ such that v € V. Indeed, observe that no v" and z; vertices are activated by propagation
because their threshold is greater than k and there is only one step of propagation. So
only edge-vertices can be activated by propagation. Therefore, it is more interesting to
consider only solutions containing v’ vertices. Thus the set S = {v : v/ € S’} has value
val(S) = val(S"). Moreover if S’ is optimal, then opt(I) > opt(I’) and thus opt(I) = opt(I’).
Therefore, we have ¢(I,S) =¢e(I’,S"). O

Using Theorem 10 and Corollary 9, we have the following corollary, independently estab-
lished in [6].

Corollary 11. For any strictly increasing function r, DENSEST k-SUBGRAPH is 7(n)-
approzimable in fpt-time w.r.t. parameter k.

4.2. Bounded degree graphs and regular graphs

While MAx OPEN k-INFLUENCE and MAX CLOSED k-INFLUENCE are not at all approx-
imable in polynomial time on general graphs, we show in the following that they are con-
stant approximable in polynomial time on bounded degree graphs. Moreover, MAX CLOSED
k-INFLUENCE and then MAX OPEN k-INFLUENCE have no polynomial-time approximation
scheme even on 3-regular graphs if P # NP. From the parameterized complexity point of
view, we show that (k,¢)-INFLUENCE becomes fixed-parameter tractable w.r.t. parameter k
on bounded degree graphs.
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Lemma 12. MaX OPEN k-INFLUENCE and MAX CLOSED k-INFLUENCE with unanimity
thresholds on bounded degree graphs are constant approrimable in polynomial time.

Proof. By Lemma 1, it suffices to show the result for MAX OPEN k-INFLUENCE. Indeed on
graphs of degree bounded by A, the optimum is bounded by k- A and we can construct in
polynomial time a solution S of value at least L%J by considering iteratively vertices with
disjoint neighborhoods and putting their neighbors in S. U

Theorem 13. MAX OPEN k-INFLUENCE and MAX CLOSED k-INFLUENCE with unanimity

thresholds have no polynomial-time approximation scheme even on 3-reqular graphs for k =
O(n), unless P = NP.

Proof. By Lemma 1, it suffices to show the result for MaX CLOSED k-INFLUENCE. We
show that if MAX CLOSED k-INFLUENCE with unanimity thresholds has a polynomial-time
approximation scheme A./, &’ € (0,1), on 3-regular graphs when k = 6(n), then MIN VERTEX
COVER has also a polynomial-time approximation scheme on 3-regular graphs. Consider
G = (V, E) a 3-regular graph. Clearly, a minimum vertex cover has a value opt(G) satisfying
5 < opt(G) < n. For any € € (0,1), we apply the polynomial-time approximation scheme
Ao that establishes an (1 + &’)-approximation for MAX CLOSED k-INFLUENCE on graph G
for each k between § and n and €’ = 5=. By applying Ao on G for k between § and n, we
obtain a solution Sy C V of size k such that Sy Uo(Sk) is an (1 + ¢’)-approximation. The set
V' \ o(Skg) is a vertex cover in G of size denoted by vali. We show in the following that the
best solution obtained in this way is an (1 + ¢)-approximation for MIN VERTEX COVER on G.
Indeed the best solution obtained in this way has a value val* < valy, where valy is the value of
the solution obtained for ¢ = opt(G). Thus valy = |V \ 0(Se)|. Since |S,Uc(Sy)| is an (14¢€')-
n

approximation and the optimum solution activates all vertices, we have [S;Uo(Sy)| > 175 and

[V\(SeUa(Sy))] < n% Thus val* < valy < E—i—n% <1+ 116/5/) = {(14¢). The theorem

follows from the fact that MIN VERTEX COVER has no polynomial-time approximation scheme
on 3-regular graphs, unless P = NP [2]. O

In Theorem 6 we showed that (k,#)-INFLUENCE with unanimity thresholds is W[1]-hard
w.r.t. parameters k and ¢. In the following we give several fixed-parameter tractability
results for (k,¢)-INFLUENCE w.r.t. parameter k on regular graphs and bounded degree graphs
with unanimity thresholds. First we show that using results of Cai et al. [8] we can obtain
fixed-parameter tractability. Then we establish an explicit and more efficient combinatorial
algorithm. Using [8] we can show:

Theorem 14. (k,{)-INFLUENCE with unanimity thresholds can be solved in 20(EAY) 2 100

time where A denotes the maximum degree and in 20(k? logk)p log n time for reqular graphs.

Proof. For graphs of maximum degree A, we simply apply the result from [8, Theorem 4]
with ¢ = 3.

Let G be a A-regular graph. When A > k., any k vertices of the graph form a solution since
no vertex outside the set becomes active. Hence, we assume in the following that A < k.
Since G is regular, it follows that any subset S, |S| = k can activate at most k vertices.
Hence, the graph G[o[S]] contains at most 2k vertices and, thus, ¢ < k. Furthermore, since
we consider unanimity thresholds, every vertex v € o(S) has exactly A neighbors in S and,
thus, |[Ngs(s(v)| = A and Ngio(sy(v) € S. Our fpt-algorithm solving (k, £)-INFLUENCE runs
in two phases:
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Phase 1: Guess a graph H being isomorphic to G[o[S]].
Phase 2: Check whether H is a subgraph of G.

Phase 1 is realized by simply iterating over all possible graphs H with k+ ¢ vertices. A simple

upper bound on the number of different graphs with k& + ¢ vertices is 2(%6 < 24k?, Hence,
in Phase 1 the algorithm tries at most 0(24]“2) possibilities. Note that Phase 2 can be done
in 20(&klogk)y, Jog 1 using a result from [8, Theorem 1]. Altogether this gives a running time
of 0(24’“220(“‘ logk)p log n). Since A < k, this gives 20(k? logk)py Jog n. The correctness of the
algorithm follows from the exhaustive search. O

While the previous results use general frameworks to solve the problem, we now give a
direct combinatorial algorithm for (k,¢)-INFLUENCE with unanimity thresholds on bounded
degree graphs. For this algorithm we need the following definition and lemma.

Definition 1. Let («, 3) be a pair of positive integers, G = (V, E) an undirected graph with
unanimity thresholds, and v € V a vertex. A vertex v is called a realizing vertex for the
pair (o, B) if there exists a verter subset V! C N2*~1v] of size |V'| < a such that |o(V')| > B
and o[V'] is connected. Furthermore, o[V'] is called a realization of the pair (o, f3).

We show first that in bounded degree graphs the problem of deciding whether a vertex
is a realizing vertex for a pair of positive integers («, 3) is fixed-parameter tractable w.r.t.
parameter a.

Lemma 15. Checking whether a vertex v is a realizing vertex for a pair of positive inte-
gers (a, B) can be done in AO@?) time, where A is the maximum degree.

Proof. The algorithm solving the problem checks for all vertex subsets V’ of size o in N2~ 1[y]
whether V' activates at least [ vertices and whether o[V’] is connected. Since we consider
unanimity thresholds it follows that o[V’] C N2¥[v].

The correctness of this algorithm results from the exhaustive search. We study in
the following the running time: The (2a — 1) neighborhood of any vertex contains at
most A(A2%)/(A — 1)+ 1 < 2A%* vertices. Hence, there are 2 A possibilities to choose
the a vertices forming V. For each choice of V' the algorithm has to check how many vertices
are activated by V’. Since this can be done in linear time and there are O(AA2®) edges, this
gives 2another O(A20+1) term. Altogether, we obtain a running time of O(20 A2 2041y —
AO©), O

Consider in the following the CONNECTED (k,/)-INFLUENCE problem that is (k,¢)-
INFLUENCE with the additional requirement that G[o[S]] has to be connected. Note that with
Lemma 15 we can show that CONNECTED (k, £)-INFLUENCE is fixed parameter tractable w.r.t.
parameter k on bounded degree graphs. Indeed, observe that two vertices in o(S) cannot be
adjacent since we consider unanimity thresholds. From this and the requirement that G[o[S]]
is connected, it follows that G[o[S]] has a diameter of at most 2k. Hence, the algorithm for
CONNECTED (k, ¢)-INFLUENCE checks for each vertex v € V whether v is a realizing vertex
for the pair (k,¢). By Lemma 15 this gives an overall running time of AOGK?) ..

We can extend the algorithm for the connected case to deal with the case where G[o[S]]
is not connected. The general idea is as follows. For each connected component C; of G[o[S]]
the algorithm guesses the number of vertices in SN C; and in ¢(S)NC;. This gives an integer
pair (k;,¢;) for each connected component in G[o[S]]. Similar to the connected case, the
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algorithm will determine realizations for these pairs and the union of these realizations give S
and o(S). Unlike the connected case, it is not enough to look for just one realization of a
pair (k;, ¢;) since the realizations of different pairs may be not disjoint and, thus, vertices may
be counted twice as being activated. To avoid the double-counting we show that if there are
“many” different realizations for a pair (k;,¢;), then there always exist a realization being
disjoint to all realizations of the other pairs. Now consider only the integer pairs that do not
have “many” different realizations. Since there are only “few” different realizations possible,
the graph induced by all the vertices contained in all these realizations is “small”. Thus, the
algorithm can guess the realizations of the pairs having only “few” realizations and afterwards
add greedily disjoint realizations of pairs having “many” realizations. See Algorithm 1 for
the pseudocode.

Algorithm 1 The pseudocode of the algorithm solving the decision problem (k,¢)-
INFLUENCE. The guessing part in the algorithm behind Lemma 15 is used in Line 7 as
subroutine. The final check in Line 19 is done by brute force checking all possibilities.

1: procedure SOLVEINFLUENCE(G, thr, k, £)

2: Guess ¢ € {1,...,k} > 2: number of connected components of G[o[5]]
3: Guess (k1,41), ..., (ks,ls) such that 3.7 ki =kand >7_ ;=
4 Initialize c; = co = ... =¢c, < 0 > one counter for each integer pair (k;, ¢;)
5: for each vertex v € V do > determine realizing vertices
6: for i <1 to x do
7 if v is a realizing vertex for the pair (k;, ¢;) then > see Lemma 15
8 ci < c;+1
9: T(v,i) = “yes”
10: else
11: T(v,i) = “no”
12: initialize X < > X stores all pairs with “few” realizations
13: for i < 1 to x do
14: if ¢; <2-2-A* then
15: X+~ XU{i}
16: for each vertex v € V do > remove vertices not realizing any pair in X
17: if Vie X :T(v,i) = “no” then
18: delete v from G.

19: if all pairs (k;, ¢;), ¢ € X, can be realized in the remaining graph then
20: return ‘YES’

21: else

22: return ‘NO’

Theorem 16. Algorithm 1  solves (k,{)-INFLUENCE with unanimity thresholds
in 20(k*log(kA)) . time, where A is the mazimum degree of the input graph.

Proof. Let S be a solution set, that is, S C V, |S| < k and o(S) > ¢. In the following we
show that Algorithm 1 decides whether or not such set S exists in 20(k*1og(kA)) .y time. We
remark that the algorithm can be adapted to also give such set S if it exists. First we prove
the correctness of the algorithm and then show the running time bound.

Correctness: We now show that a solution set S exists if and only if the algorithm returns
“YES”. “=:” Assume that S is the solution set. Observe that G[o[S]] consists of at most k
connected components and, thus, the guesses in Lines 2 and 3 are correct. Clearly, in the
solution set S there is a realization for each pair (k;, ¢;). Furthermore observe that in Line 13
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it holds that X C {1,...,x} and that in the loop starting in Line 16 only vertices that cannot
realize any pair corresponding to X are deleted. Hence, there exists a realization for the pairs
corresponding to X in the remaining graph. Since the checking in Line 19 is done by trying
all possibilities, the algorithm returns “YES”.

“«<:” Now assume that the algorithm returns “YES”. Observe that this implies that in
Line 19 there exists a realization for the all the pairs corresponding to X. Hence, it remains
to show that for each pair (k;,¢;) where j € {1,...,2} \ X there exists a realization in G.
(Clearly, if all pairs are realized then the union of the realizations form the vertex set o[S] such
that |S| = k.) To see that there exist realizations for these pairs observe the following: The
(4k)*™ neighborhood of any vertex contains at most 2A%" vertices. Thus, if in the case of two
pairs (k1, 1), (k2, £2) the value of the second counter is ¢z > 2A% . then we can deduce that for
every realizing vertex vy for (ki,¢1) there exists a realizing vertex v for (ka,¢2) such that the
distance d between v; and v, is more than 4k. Since d > 4k, it follows that the realizations for
(k1,¢1) and (ko,f2) do not overlap. (If two realizations would overlap then some vertices in
o(S) may be counted twice.) Generalizing this argument to x integer pairs (k1,¢1), ..., (kz, 4z)
yields the following: If there exists an i € {1,...,2} such that ¢; > x -2 - A% then for any
realization of the pairs (k;,¢;) with i # j there exists a non-overlapping realization of (k;,¢;).
Thus, we can ignore the pair (k;, £;) where ¢; > -2+ A% in the remaining algorithm and can
assume that (k;, ¢;) is realized.

Observe that from the Lines 5 to 16 it follows that for all j € {1,...,2} \ X we have
cjp>x-2- A*_ Thus, from the argumentation in the previous paragraph it follows that there
exist non-overlapping realizations for all pairs corresponding to {1,...,z} \ X. Thus, there
exists a solution set .S as required.

Running time: Observe that ¢ < Ak as described in the proof of Lemma 12. Thus,
the guessing in Lines 2 and 3 can clearly be done in O(k - k¥(Ak)*) = O(k**+1AF). By
Lemma 15 the checking in Line 7 can be done in AOGKD) time. Thus, the loop in Line 5
requires n-» ., ACGED) < AOF*) ..y time. Clearly, the loop in Line 13 needs O(z) < O(k)
time. Furthermore, the loop in Line 16 needs O(k - n) time. For the checking in Line 19
observe the following. After deleting the vertices in the loop in Line 16 the remaining graph
can have at most ) , .y ¢; <x-2-x- A* vertices. Furthermore, > icx ki <k and, thus, there
are at most (2-z%- A%)* candidate subsets for the solution set S. Checking whether Y.y k;
chosen vertices activate >,  £; other vertices can be done in (2 z%- A%)? time. Hence, the

checking in Line 19 can be done in AO*?) time. Putting all together we arrive at a running
time of (kA)O*?) . p = 20K log(kA)) . . o

5. Conclusions

We established results concerning the parameterized complexity as well as the polynomial-
time and fpt-time approximability of two problems modeling the spread of influence in social
networks, namely MAX OPEN k-INFLUENCE and MAX CLOSED k-INFLUENCE.

In the case of unanimity thresholds, we show that MAX OPEN k-INFLUENCE is at least as
hard to approximate as DENSEST k-SUBGRAPH, a well-studied problem. We established that
DENSEST k-SUBGRAPH is r(n)-approximable for any strictly increasing function r in fpt-time
w.r.t. parameter k. An interesting open question consists of determining whether MAX OPEN
k-INFLUENCE is constant approximable in fpt-time. Such a positive result would improve the
approximation in fpt-time for DENSEST k-SUBGRAPH. In the case of thresholds bounded by
two we excluded a polynomial time approximation scheme for MAX CLOSED k-INFLUENCE
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but we did not found any polynomial-time approximation algorithm. Hence, the question
arises, whether this hardness result can be strengthened.
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