Chapter 19

Social Choice Theory and Multicriteria
Decision Aiding

19.1. Introduction

Many organizations face such complex and important managemroblems that they
sometimes want their decisions to be somehow supported bgientific approach’, some-
times called alecision analysisThe analyst in charge of this preparation faces many divers
tasks: stakeholders identification, problem statemeahaehtion of a list of possible actions,
definition of one or several criteria for evaluating thestoas, information gathering, sensitiv-
ity analysis, elaboration of a recommendation (for inséaacanking of the actions or a subset
of ‘good’ actions), etc. The desire or necessity to take ipleltconflicting viewpoints into ac-
count for evaluating the actions often makes this task evere wifficult. In that case, we speak
of multicriteria decision aidingPOM 93, ROY 85, VIN 89]. The expert must then try to syn-
thesize the partial preferences (modeled by each crifebm a global preference on which a
recommendation can be based. This is catlederence aggregation

A very similar aggregation problem has been studied for g limes in the framework of
voting theory It consists of searching a ‘reasonable’ mechanism (weitcediting system or
aggregation method in the sequel) aggregating the opirrpsessed by several voters on the
candidates in an election, in order to determine a winneo saihk all candidates in order of
preference. This problem is of course very old but its moderysis dates back to the end of
the eighteenth century [BOR 81, CON 85].

The diversity of voting systems actually used in the worldve$ that this problem is still
important. In the 1950s, the works of [ARR 63, BLA 58, MAY 52V initiated a huge litera-
ture [KEL 91] forming what is today callesbcial choice theorylt analyzes the links that exists
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742  Decision Making

(or should exist) between thedividual preferencesf the members of a society and the deci-
sions made by this group when these decisions are supposefiett thecollective preference
of the group.

The many results obtained in social choice theory are véduial multicriteria decision
aiding. There are indeed links between these two domains:dasy to go from one to the
other by replacing the words ‘action’, ‘criterion’, ‘paatipreference’ and ‘overall preference’
by ‘candidate’, ‘voter’, ‘individual preference’ and ‘dettive preference’ [ARR 86].

The aim of this chapter is to present some important resaltotial choice theory in a
simple way and to discuss their relevance for multicritdgaision aiding. Using some classical
examples of voting problems (section 19.2), we will show edumdamental difficulties arising
when aggregating preferences. We will then present sonwedtieal results that can help us
better understand the nature of these difficulties (sedt®8). We will then try to analyze the
consequences of these results for multicriteria decisidm@ (section 19.4). A long list of
references will help the interested reader to deepen theignstanding of these questions.

19.2. Introductory examples

Choices made by a society often impact the individuals ngakimthis society. It therefore
seems reasonable to ground these choices on the prefecéiicesndividuals. The choice of a
candidate (law, project, social state, etc.) then dependh@outcome of an election in which
the individuals Yoterg express their preferences. A voting system (or aggregatiethod)
uses the information provided by the voters in order to deitez the elected candidate or, more
generally, the decision made by the group.

In such conditions, how should we conceive a ‘good’ votingtegn? Common sense tells
us that such a system must be democratic, i.e. it must yiélelotive preferences reflecting the
individual preferences as much as possible. In many casfgiroups, companies, committees),
this is operationalized by thmajority rule (or some variant of it): candidatewins againsb if
the majority of the voters preferto b. This simple rule is very intuitive. As we will later see,
when there are only two candidates this rule raises almoptatdem [MAY 52].

This rule can be adapted in many ways to face situations witerthan two candidates.
These adaptations can lead to surprising outcomes, whithenillustrated by a few examples
in this section. We will begin witluninominalvoting systems, where each voter expresses their
opinion through a ballot that only contains the name of ormelictate (section 19.2.1), before
moving to other systems where the voters can express the@rpnces in more complex ways
(section 19.2.2).

In all examples, we will assume that each voter is able to (poksibly with ties) all can-
didates in order of preference, i.e. can express prefesdnceneans of a weak order. If a voter
prefersa to b andb to c (thereby prefering: to c), we write ‘a > b > . Except if other-
wise stated, we will suppose that the voters are sincer¢heg express their ‘true’ preferences.
Finally, notice that most examples presented here arecldany more examples and the anal-
ysis of many voting systems can be found in [DUM 84, FIS 77, M&/)MOU 88, NUR 87].
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19.2.1. Uninominal systems

Example 19.1. Dictatorship of majority
Let{a,b,c,...,z} be the set of 26 candidates for an election with 100 voterssevipoefer-
ences are:

51 voters have preferences- b = c > ... = y > z,
49 voters have preferences-b >~ c > ... = y > a.

Itis clear that 51 voters will vote fat while 49 vote forz. Thusa has an absolute majority and,
in all uninominal systems we are aware afwins. But isa really a good candidate? Almost
half of the voters perceive as the worst one. And candiddtseems to be a good candidate for
everyone. Candidatiecould be a good compromise. As shown by this example, a unir@dm
election combined with the majority rule allows a ‘dictathbip of majority’ and doesn’t favor a
compromise. A possible way to avoid this problem might bestothe voters to provide their
whole ranking instead of their preferred candidate. Wesei# some examples in section 19.2.2.

The possibility of a dictatorship of the majority was alrgatknowledged by classic greek
philosophers. The following examples show that many ottrange phenomena can occur with
uninominal voting systems.

Example 19.2. Respect of majority in the British system

The voting system in the United Kingdom pdurality voting i.e. the election is uninominal
and the aggregation method is simple majority. {etb, c} be the set of candidates for a 21
voters election (021 x 10° voters if one wishes a more realistic example). Suppose that

10 voters have preferences> b > c,
6 voters have preferencés>- ¢ > a,
5 voters have preferences- b - a.

Then a (respectively,b and c) obtains 10 votes (respectively, 6 and 5) so thas chosen.
Nevertheless, this might be different from what a majorityaters wanted. Indeed, an absolute
majority of voters prefers any other candidate:t(11 out of 21 voters prefdrandc to a).

Let us see, using the same example, if such a problem coulddigea by the two-stage
French system (also called plurality with runoff). Afteetfirst stage, as no candidate has an
absolute majority, a second stage is run between candidatedb. We suppose that the voters
keep the same preferences{an b, c}. So

10 voters have preferences> b,
11 voters have preferencés>- a.
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Thusa obtains 10 votes anbl 11 votes so that candidateis elected. This time, none of the
beaten candidates @ndc) are preferred td by a majority of voters. Nonetheless we cannot
conclude that the two-stage French system is superior tBtitish system from this point of
view, as shown by the following example.

Example 19.3. Respect of majority in the two-stage French system
Let{a,b, ¢, d} be the set of candidates for a 21 voters election. Suppose tha

10 voters have preferencés- a > ¢ > d,
6 voters have preferences- a > d > b,
5 voters have preferences>- d = b > c.

After the first stage, as no candidate has absolute majarggcond stage is run between can-
didatesb andc. Candidatey easily wins with 15 out of 21 votes although an absolute nitgjor
(11/21) of voters prefei andd to b.

Because it is not necessary to be a mathematician to figusuchtproblems, some voters
might be tempted not to sincerely report their preferenseshawn in the next example.

Example 19.4. Manipulation in the two-stage French system

Let us continue with the example above. Suppose that theoersrhaving preferences>

a > d > bdecide not to be sincere and vote foinstead ofc. Then candidate wins after the

first stage because there is an absolute majority for hin2{31If they had been sincere (as in
the previous examplep,would have been elected. Thus, casting an insincere vosefsilufor
those 6 voters as they preferto b. Such a system, that may encourage voters to falsely report
their preferences, is called manipulable.

This is not the only weakness of the French system, as altbstehe following three
examples.

Example 19.5. Monotonicity in the two-stage French system
Let {a, b, c} be the set of candidates for a 17 voters election. A few dajard¢he election,
the results of a survey are as follows:

6 voters have preferences> b > c,
5 voters have preferences> a > b,
4 voters have preferencés- ¢ - a,
2 voters have preferencés> a > c.

In the French system, a second stage would be run betweerl b anda would be chosen
obtaining 11 out of 17 votes. Suppose that candidat@ order to increase his lead over
and to lessen the likelihood of a defeat, decides to strendtiis electoral campaign against
Suppose that the survey exactly revealed the preferentls wbters and that the campaign has
the correct effect on the last two voters. Hence we observéottowing preferences.
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8 voters have preferences> b > c,
5 voters have preferences> a > b,
4 voters have preferencés>- ¢ > a.

After the first stageb is eliminated, due to the campaign@fThe second stage oppose® ¢
andc wins, obtaining 9 votes. Candidatethought that his campaign would be beneficial. He
was wrong. Such a method is called non-monotonic becausapnovement of a candidate’s
position in some of the voter’s preferences can lead to aidettion of his position after the
aggregation.

It is clear with such a system that it is not always interggstin efficient to sincerely re-
port one’s preferences. You will note in the next examplé soane manipulations can be very
simple.

Example 19.6. Participation in the two-stage French system
Let {a, b, ¢} be the set of candidates for a 11 voters election. Suppose tha

4 voters have preferences> b > c,
4 voters have preferences- b > a,
3 voters have preferencés> ¢ > a.

In the French system, a second stage should opptse andc should win the election obtain-
ing 7 out of 11 votes. Suppose that 2 of the first 4 voters (widfggences. - b > c) decide
not to vote because the worst candidate according to them, is going to win aryyWéhat will
happen? There will only be 9 voters.

2 voters have preferences> b > c,
4 voters have preferences- b > a,
3 voters have preferencés> ¢ > a.

Contrary to all expectations, candidatevill loose whiled will win, obtaining 5 out of 9 votes.
Our two lazy voters can be proud of their abstention sincg tiveferd to c¢. Clearly such a
method does not encourage participation.

Example 19.7. Separability in the two-stage French system

Let {a, b, c} be the set of candidates for a 26 voters election. The votertoaated in two
different areas: countryside and town. Suppose that theotil8s/located in the town have the
following preferences.

4 voters have preferences- b > c,
3 voters have preferencés> a > c,
3 voters have preferences> a > b,
3 voters have preferences> b > a.
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Suppose that the 13 voters located in the countryside hav®lbwing preferences.

4 voters have preferences- b > c,
3 voters have preferences> a > b,
3 voters have preferencés>- ¢ > a,
3 voters have preferencés> a > c.

Suppose now that an election is organized in the town, withiat8rs. Candidates andc will

go to the second stage aadvill be chosen, obtaining 7 votes. If an election is orgadizethe
countrysidea will defeatd in the second stage, obtaining 7 votes. Thus the winner in both
areas. Naturally we expeatto be the winner in a global election. But it is easy to obséinad

in the global election (26 voters) is defeated during the first stage. Such a method is called
non-separable.

The previous examples showed that, when there are more teanddates, it is not an
easy task to imagine a system that would behave as expeabeel tizt, in the presence of 2
candidates, the British system (uninominal and one-stiag=juivalent to all other systems and
it suffers none of the above-mentioned problems [MAY 52]. Might therefore be tempted by
a generalization of the British system (restricted to 2 wet@s). If there are 2 candidates, we
use the British system; if there are more than 2 candidatesyrhitrarily choose 2 of them and
we use the British system to select the winner. The winnepi®eed (using the British system)
to a new arbitrarily chosen candidate, and so on until no marglidates remain. This would
requiren — 1 votes between 2 candidates. Unfortunately, this methddrsusevere drawbacks.

Example 19.8. Influence of the agenda in sequential voting
Let {a, b, c} be the set of candidates for a 3 voters election. Suppose that

1 voter has preferences > b > ¢,
1 voter has preferencds> ¢ > a,
1 voter has preferences> a > b.

The 3 candidates will be considered two by two in the follagvirder or agendaz andb first,
thenc. During the first voteq is opposed té anda wins with absolute majority (2 votes against
1). Thena is opposed te andc defeatsz with absolute majorityc is therefore elected.

If the agenda is andc first, it is easy to see thatdefeats: and is then opposed toHence,
b wins against and is elected.

If the agenda i$ andc first, it is easy to see thatis finally elected. Consequently, in this
example, any candidate can be elected and the outcome depemgbletely on the agenda,
i.e. on an arbitrary decision. Let us note that sequentihgds very common in different
parliaments. The different amendments to a bill are comstti®@ne by one in a predefined
sequence. The first one is opposed to the original bill usiegBritish system; the second one
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is opposed to the winner and so on. Finally, the result is sppdo the status quo. Clearly, such
a method lacks neutrality. It doesn't treat all candidates isymmetric way. Candidates (or
amendments) appearing at the end of the agenda are mosettide¢ elected than those at the
beginning. We say that such a method ismetitral Notice that the British and French systems
are neutral because they do not favor any candidate.

Example 19.9. Violation of unanimity in sequential voting
Let {a, b, ¢, d} be the set of candidates for a 3 voters election. Suppose that

1 voter has preferencds> a > d > c,
1 voter has preferences> b > a > d,
1 voter has preferencas > d > ¢ > b.

Consider the following agenda: andb first, thenc and finallyd. Candidaten is defeated by

b during the first vote. Candidatewins the second vote andlis finally elected although all
voters unanimously prefer to d. Let us remark that this cannot happen with the French and
British systems.

Example 19.10. Tie-breaking chairperson

Suppose we use the two-stage French system and, at the stagadthe two candidates have
the same number of votes. This is very unlikely in a natiohetteon but can often occur in
small-scale elections (board of trustees, court jury, Pjufy, etc.). It is then usual to use the
chairperson’s vote to break the tie. In this case, the opsf all voters are not treated in the
same way. We then say that the voting system isamatnymousunlike all systems we have
seen so far. Note that using the chairperson’s vote is nairthyepossibility: we could break the
tie by choosing, for instance, the oldest of the two caneéiéthis would not respect neutrality).

Up until now, we have assumed that the voters are able to fhn&radidates from best to
worst without ties but the only information that we colletigas the best candidate. We could
try to palliate the many encountered problems by askingrsdteexplicitly rank the candidates
in order of preference (some systems, like approval votieg,another kind of information; see
[BRA 82]). This idea, although interesting, will lead us t@ny other pitfalls as discussed in
the following section.

19.2.2. Systems based on rankings

In this kind of election, each voter provides a ranking withties of the candidates. Hence
the task of the aggregation method is to extract from allehreskings the best candidate or a
ranking of the candidates reflecting the preferences of dbers as much as possible. Compar-
ing all candidates pairwise in the following way has beergested [CON 85].

Condorcet method (or majority method) Candidate: is preferred ta if and only if the num-
ber of voters ranking. beforeb is larger than the number of voters rankihgeforea.
In case of tie, candidatesandb are indifferent.
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Condorcet states the following principle.

Condorcet principle If acandidate is preferred to each other candidate using#jerity rule,
then he should be chosen. The candidateCitvedorcet winneris necessarily unique.

Note that neither the British or French system respect thisciple. Indeed, in exam-
ple 19.2, the British system leads to the electiomaofhile b is the Condorcet winner and,
in example 19.3, the French system eléot¢hile a is the Condorcet winner.

The Condorcet principle seems very sensible and close fatiliéve notion of democracy
(yet it can be criticized, as suggested in example 19.1 wdardidate: is a Condorcet winner).
It is not always operational: in some situations, there i<Comdorcet winner; this is the so-
calledCondorcet paradaxindeed, in example 19.8,is preferred td, b is preferred ta: andc
is preferred tax. No candidate is preferred to all others. In such a case, timel@cet method
fails to elect a candidate. One might think that example 198ry bizarre and unlikely to
happen. Unfortunately it isn’t. If you consider an electiwith 25 voters and 11 candidates,
the probability of such a paradox is significantly high: apgpmately1/2 [GEH 83]. The more
candidates or voters, the higher the probability of suchragux. Note that, in order to obtain
this result, all rankings are supposed to have the same litiaaéSuch an hypothesis is clearly
questionable [GEH 83].

We must find how to proceed when there is no Condorcet winnermaly, for example,
choose a candidate such that no other candidate defeatstdmuang to the majority rule (weak
Condorcet principle), but such a candidate does also natyahexist (as in example 19.8). Many
methods have been proposed for exploiting the relationtaaeied using the majority method
[FIS 77, LAS 97, NUR 87].

An alternative approach has been proposed by [BOR 81]. Hgesiig) associating a global
score to each candidate. This score is the sum of his ranke irhkings of the voters.

Borda method Candidateu is preferred to if the sum of the ranks of in the rankings of
the voters is strictly smaller than the corresponding sund feve now assume that the
rankings are without tie and we assign rank 1 to the best datelin the ranking, rank
2 to the second best candidate, and so on; as we will see, ttimdnean be easily
generalized for handling ties).

Example 19.11. Borda and Condorcet methods

Let {a,b, ¢, d} be the set of candidates for a 3 voters election. Suppose that

2 voters have preferencés>- a > ¢ > d,
1 voters have preferences> ¢ = d > b.

The Bordascoreafis5 =2 x2+1 x 1. Forb,itis6 = 2 x 1 + 1 x 4. Candidates and
d receive 8 and 11. Thusis the winner and the collective rankingds> b > ¢ > d. Using
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the Condorcet method, the conclusion is differéris the Condorcet winner. Furthermore, the
collective preference obtained by the Condorcet methodaissitive and yields the ranking
b > a > ¢ > d. The two methods diverge; the Borda method does not verdyQbndorcet
principle. Nevertheless, it can be shown that the Borda aaktiever chooses a Condorcet loser,
i.e. a candidate that is beaten by all other candidates bysolite majority (contrary to the
British system, see example 19.2).

The Borda method has an important advantage with respebet@€ondorcet method. In
any situation, it selects one or several winners (those thighlowest sum of ranks). Further-
more, it always yields a ranking of the candidates from bestdrse. The Condorcet method,
on the contrary, sometimes yields non-transitive prefegsrand it is then impossible to rank
the candidates or even to choose a subset of ‘good’ candidste example 19.8). It is easy
to verify that the Borda method is neutral, anonymous, sdpey monotonic and encourages
participation.

The Borda method nevertheless sometimes behaves in aestrayg Indeed, consider ex-
ample 19.11 and suppose that candidagasdd decide on the eve of the election not to compete
because they are almost sure to lose. With the Borda methedetv winner i$. Thusb now
defeatss just because andd dropped out. The fact thatdefeats or is defeated Bytherefore
depends not only on the relative positionsacdndb in the rankings of the voters but is also
contingent upon the presence of other candidates and arptisgtion with respect to all other
candidates. This can be a problem as the set of candidatesasvays fixed. It is even more of
a problem in decision aiding because the set of actionsdesegiven and is, to a large extent,
the outcome of a modeling process.

After all these examples, we would like to propose a demacnag¢thod with the advantages
of the Borda method (transitivity of the collective prefeces) and those of the Condorcet
method (Condorcet principle and absence of contingendylgmus). We will see in section 19.3
that it is mainly hopeless.

Let us mention that we limited this discussion to voting eyss aimed at choosing a candi-
date and not a subset of candidates. The reader might themipéatd to conclude that those sys-
tems are inferior to systems aimed at choosing a representatdy with some ‘proportional’
method. But this is too simple, for at least two reasonstRing definition of what constitues
a fair or democratic proportional representation is compled most proportional systems lead
to paradoxical situations [BAL 82]. Second, represengaltiodies must make decisions and, to
this end, they need voting systems aimed at choosing a sactjtan.

19.3. Some theoretical results

Based on the preceding examples, we now have the intuitairctimceiving ‘good’ prefer-
ence aggregation methods raises serious problems. Thisfismed by some celebrated results
in social choice theory.
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19.3.1. Arrow’s theorem

Arrow’s theorem is central in social choice theory. It is abwoting systems aimed at ag-
gregatingn (n > 3) weak orders (rankings possibly with ties) in a collectiveak order. Just
as in section 19.2.2, each voter ranks all the candidatssijlpg with ties.

Formalization 19.1. A binary relation R on a setA is a subset ofA x A. We often write
aRb instead of(a,b) € R. A weak order onA is a complete (for alk,b € A we haveaRb

and/or bRa) and transitive (for alla, b,c € A, aRb andbRc imply aRc) binary relation on
A. LetWO(A) denote the set of all weak orders on the detThe asymmetric part aR is

the binary relationP defined bya Pb < [aRb and NotbRa]. The symmetric part oR is the
binary relation! defined byi./b < [aRb andbRa].

Let N = {1,2,...n} represent the set of voters antithe set of candidates. We assume
that voter: € N expresses their preference by means of a weak deder WO(A) on the set
A. We writeP; (respectively/;) for the asymmetric (respectively, symmtric) parff

Arrow was interested in the aggregation methods satisfifindollowing conditions.

Universality Every configuration of rankings is admissible.

Formalization 19.2. We want to find an aggregation functidnyielding a result (a collective
weak order) for every elemefR:, Rz, ..., R,) of WO(A)".

This condition excludes any constraint on the set of adimissiankings. The examples
of the previous section have shown that some problems ase=déwy some specific rankings
or configurations of rankings. A possible way out would thensist of proposing a method
that works only with ‘simple’ configurations. Imposing nestions on the admissible configu-
rations is sometimes reasonable. For instance, one maytismeseassume that all voters and
candidates are located on a right-left axis and that eadr vahks the candidates in order of
increasing distance between themself and the candidateréferences of the voters are then
single-peaked[BLA 58] showed that a Condorcet winner then necessariigtexHowever,
such restrictions imply e.g. the absence of atypical vofEings cannot be excluded priori.
With a non-universal aggregation method, some ballots evbalimpossible to analyze.

Transitivity The outcome of the aggregation method must always be a ctenpleking, pos-
sibly with ties.

Formalization 19.3. The aggregation function takes its values#O(A).
When there is no ambiguity, we wrif¢ = F(R1, R2,..., R,) and P (respectively,l) the
asymmetric part (respectively, symmetricyf

This condition imposes that the outcome is transitive peesive of the preference of the
voters. Whenever the society preferdo b and b to ¢, it must therefore prefes to c. We
have seen that the Condorcet method does not satisfy thditicon It is sufficient (but not
necessary) to ensure that the method will, in all casesgdat# one or several best candidates
(those with the best positions in the ranking). We will lagee that weakening this condition
does not improve the situation formalized by Arrow’s theore
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Unanimity The outcome of the aggregation method may not contradictdtexs when they
vote unanimously.

Formalization 19.4. The aggregation functiod’ must be such that, for all,b € A, if aP;b
forall i € N, thenaPb.

If a is ranked beforé in each ranking, then it must be befdrén the collective ranking.
This condition is very sensible; Example 19.9 neverthedéssvs that some methods violate it.

Independence The relative position of two candidates in the collectivekiag only depends
on their relative position in the individual rankings.

Formalization 19.5. For all (R1, Rs, ..., Ry), (R}, R,, ..., R),) € WO(A)" and alla,b €
A, ifaR;b & aRbandbR;a < bRa, thenaRb < aR'D.

This condition is more complex than the previous conditidden comparing andb, it
forbids

— taking preference intensities into account: the onlyghimat matters is that is ranked
by the voters before or aftér and

— taking other candidates into account.

Let us illustrate this condition with an example.
Example 19.12. The Borda method and Independence

Let {a, b, c,d} be the set of candidates. Suppose there are three votertheitbllowing pref-
erences:

2 voters have preferences> a > b > d,
1 voters has preferences > b > d > c.

The Borda method yields the ranking:c, b, d with the respective scores 5, 6, 8 and 11.

Suppose now that :

2 voters have preferences> a > b > d,
1 voters has preferences > ¢ >~ b > d.

The Borda method yields the ranking:a, b, d with the respective scores 4, 5, 9 and 12.

Note that, in each individual ranking, the relative positaf « andc did not vary across
ballots: one voter prefersto ¢ while two voters prefee to a. Independence then imposes that
the position ofu andc in the collective ranking be identical. This is not the casinthe Borda
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method. Indeed, this method uses the fact that the ‘distdneteeena andc seems larger in
the rankinga > b > d > cthan in the ranking > ¢ > b > d, becausé andd lie betweem
andc in the first case.

The dependence of the relative positioruaindc with respect td andd is ruled out by the
Independence condition. It also excludes any method usirggldition to the rankings, some
information regarding preference intensities.

The last condition used by Arrow states that no voter can sapin all circumstances,
their preferences to the society. This condition is extigreensible for anyone willing to use a
democratic method.

Non-dictatorship There is no dictator.

Formalization 19.6. Forall : € N and alla,b € A, there is a profile(R1, Rz, ..., Rn) €
WOQO(A)"™ such thata P;b andbRa.

We are now ready to state the following celebrated theorem.

Theorem 19.1. [ARR 63] If the number of voters is finite and there is at le&se¢ candi-
dates, no aggregation method can simultaneously satisfyersality, transitivity, unanimity,
independence and non-dictatorship.

Proof. The proof of Arrow’s theorem uses the following definitiodssubset! C N of vot-
ers isalmost decisivdor the pair of candidatega,b) € A? if, for all (R, R2,...,Ry) €
WO(A)", [aP;b,Vi € I andbPja,Vj ¢ I] = aPb. Similarly, the subsef C N of voters
is decisivefor the pair of candidatega,b) € A? if, for all (Ri, Ra,...,Ra) € WO(A)™,
[aP;b,Vi € I] = aPb.

We first show that, iff is almost decisive for the pai, b), thenI is decisive for all pairs
of candidates.

Let ¢ be a candidate distinct from andb (such a candidate always exists because we
assumedy > 3). Let (R1, Ra, ..., Rn) € WO(A)" be a profile such thatP;c, Vi € I. Let
(R1, Ry, ..., RL) € WO(A)" be a profile such that

—aP/bPlc,Vi €1,

- bP]{a andijfc, Vi él.

Since[ is almost decisive for the paia, b), we havea P’b. Unanimity imposes$P’c. Tran-
sitivity then impliesaP’c. Since the relation betweanand ¢ for the voters outsidé in the
profile (R1, R5, ..., R;,) has not been specified, Independence impliEs. We have there-
fore proved that whenevdris almost decisive for the pafr, b), thenI is decisive for any pair
of candidatega, c¢) such that # a, b. This reasoning is easily generalized to the case where
is not distinct froma or b.
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We now show that there is always a votet N almost decisive for some pair of candidates.
As shown above, this voter will be decisive for all pairs ohd@ates and will therefore be a
dictator.

By unanimity, NV is almost decisive for all pairs of candidates. Sif¢és finite, there is at
least one subset C N almost decisive for the paii, b) with a minimal cardinality. Suppose
|J| > 1 and consider a profileR, Ra, ..., Rn) € WO(A)™ such that:

—aP;bP;c, fori € J,
—cPjaPjbVj e J \ {’L},
—bPycPyaVk ¢ J.

SinceJ is almost decisive for the pafr, b) we havea Pb. Itis impossible thatPb. Indeed, by
independence, this would implf\ {} is almost decisive for the pait, b) and, hence, decisive
for all pairs, contrary to our hypothesis. We therefore hiake and transitivity impliesa Pc.
This implies that{i} is almost decisive for the pafr, c). ¢

This negative result applies only when there are at leasetbandidates. It is easy to verify
that the majority method satisfies the five conditions of ssotheorem with two candidates.
Arrow’s theorem explains to a large extent the problems weimgection 19.2 when we were
trying to find a ‘satisfying’ aggregation procedure. Obsgeffor instance, that the Borda method
verifies universality, transitivity, unanimity and noretiitorship. Hence, it cannot verify inde-
pendence, as shown in example 19.12. The Condorcet metbpelcts universality, unanimity,
independence and non-dictatorship. It cannot therefoteabsitive, as shown in example 19.8.

Notice that Arrow’s theorem uses only five conditions. Initidd to these, we might wish
to impose also neutrality, anonymity, monotonicity, hoasmipulability, separability or Con-
dorcet’s principle. What makes Arrow’s theorem so strongriscisely that it uses only five
conditions, all seemingly reasonable. This is enough togoem impossibility.

Arrow’s theorem initiated a huge literature, a good ovesvigf which can be found in
[CAM 02, FIS 87, KEL 78, SEN 86]. Let us mention that weakeniramsitivity does not solve
the problem revealed by Arrow’s theorem. For instance, ifimpose quasi-transitivity (i.e.
transitivity of the asymmetric part) instead of transtiythen we can always determine one or
several winners. However, it is possible to prove that m@ptatransitivity by quasi-transitivty
in Arrow’s theorem leads to an oligarchy instead of a digttig. An oligarchy is a subset of
voters that can impose their preferences when they aremoasiand such that each of them
can veto any strict preference i.e. if a member of the oligastrictly prefersa to b, thenb
cannot be strictly better thanin the collective preference [GIB 69, MAS 72].

Example 19.13. Let us consider six voters numbered fram= 1 to 6 and an aggregation
method yielding the relatio® = F(R1, Rz, ..., Re) by means of:

zPy < > wi> A
{i:xPyy}
xly otherwise

with w1 = w2 = 0.4, ws = w3 = ws = we = 0.05 and\ = 0.7. This method is oligarchic.
Indeed, consider the sé containing voters 1 and 2. It is easy to verify that, for anyfite of
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preferences,
[xP1y andz Poy| = x Py,
[xP1y or zPay] = NotyPux.

The existence of an oligarchy is as problematic as the exdstef a dictator. Indeed, if the
oligarchy contains all voters (this is the only possibilftyve want a democratic method) then,
because of the veto right of each voter, the collective peefee will not be very decisive since
it will not discriminate much between candidates. On thereoy, an oligarchy containing only
one voter is a dictatorship. Between these two extreme caselution is satisfactory.

We can weaken transitivity even more and impose that there @rcuit in the asymmetric
part of the collective preference relation. This condiinecessary and sufficient to guarantee
the existence of maximal elements in any finite set of caneggSEN 70]. However, it is then
possible to prove the existence of a voter with an absolute[AS 72] so this does not really
help much.

19.3.1.1. Arrow’s theorem and fuzzy preferences

Why is it impossible to aggregate voters’ preferences intiafaatory way (i.e. while re-
specting Arrow’s conditions)? There are mainly two reasons

— The information contained in the weak orders describirgguitters’ preferences is too
poor; it is ordinal. If we use richer structures, we can hapedscape Arrow’s theorem. In
particular, if we represent the voters’ preferences by medfuzzy relations, we can not only
speak of the preference afoverb but also of the intensity of this preference.

— The global preference must be a weak order and this is agstamstraint. If we weaken
this condition, we may consider aggregation methods yigldelations with more flexibility,
such as fuzzy relations.

Some authors [e.g. BAR 86, BAR 92, LEC 84, PER 92a] have asdlifze consequences of
imposing that the outcome of the aggregation is a fuzzyicelathat is a mapping? from A2 to
[0, 1]. Their findings are unfortunately largely negative: if wepimse that the fuzzy relation has
some properties permitting the easy designation of a wioneonstruction of a ranking, then
we find that the only possible aggregation methods give vifgrent powers to the various
voters (as in oligarchies or dictatorships). In particulais the case if we impose that the
collective preference relation verifies min-transitivite. for alla, b, ¢ € A:

R(a,c) > min(R(a,b), R(b,c)).
This condition guarantees that the relati®g defined by
aRx\b < R(a,b) > A,

is transitive for any value ok. Hence, starting from a min-transitive relation, it is ndficult
to designate a winner or to rank the candidates.

However, there are some positive results in the literaturielvuse weaker transitivity con-
ditions [e.g. OVC 91]. It is then tempting to believe that éw's theorem does not hold with



Social Choice Theory 755

fuzzy relations. But these apparently positive resultsnaideading: the transitivity condition
they use is so weak that is not incompatible with Condorcelesy as shown in the following
example.

Example 19.14. The transitivity condition used by [OVC 91] can be expresaedbllows. For
alla,b,c € A:

R(a,c) > R(a,b) + R(b,c) — 1. (19.1)

Suppose we want to aggregate the preferenceswvaiters. We can define the collective fuzzy
preference relation by

Ra,b) = %#{i € A:aRib).

It is easy to show that it satisfies equation (19.1). Let us nomsider & voters with the fol-
lowing preferences:

k voters have preferences> b > c,
k voters have preferencés> ¢ > a,
k voters have preferences> a > b.

We obtain:R(a,b) = 2/3, R(b,c) = 2/3 andR(c,a) = 2/3; this is indeed compatible with
equation (19.1). However, note that this relation is in s@®ese cyclic and does not permit
us to designate a winner or to rank the candidates. Therafasedoes not solve the problem
raised by Arrow’s theorem.

In summary, unless we consider a very weak transitivitytieta(without any practical
interest), aggregation methods yielding fuzzy relatioms ot escape Arrow’'s theorem.

19.3.2. Some other results

Arrow’s theorem and its many extensions represent only agidhe numerous results in
social choice theory. For a comprehensive overview of thid fsee [CAM 02, SEN 86]. In this
paper, we will roughly group the results into three categods follows:

1) Impossibility results, as for Arrow’s theorem, show tkatme conditions are incompat-
ible. These results help us to understand better why it ficdif to find a ‘good’ aggregation
method.

2) Characterization results present a set of conditiortsatigéven aggregation method and
only this one simultaneously respects. Such results helnderstand better the essential char-
acteristics of a method. It is then easier to compare it witielomethods.

3) ‘Analysis’ results: given a set of desirable conditiotitgse results compare different
methods in order to see which satisfies the most axioms. Hmshelp to find a satisfactory
method (within the limits revealed by impossibility resiit
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This distinction is of course to some extent arbitrary, dralthree kinds of results are not
contradictory. They often use the same conditions.

We will now informally mention some results that we find imgaont or interesting for un-
derstanding some phenomena presented in the examplegiohsk2.2.

19.3.2.1.Impossibility results

Among the impossibility results in social choice theoryptare particularly important:

1) Gibbard-Satterthwaite’s theorem [GIB 73, SAT 75]. Thesult shows that there is no
aggregation method (for choosing a single candidate) wegfuniversality, non-dictatorship
and non-manipulability when there are at least three caelid The French electoral system
is clearly non-dictatorial and satisfies universality. & weglect the ties than can occur during
the second stage, Gibbard-Satterthwaite’'s theorem tslkhat there is at least one situation
where a voter would benefit from voting not sincerely. We hssen such a situation in exam-
ple 19.4. Note that this result initiated a huge literaturalgzing voting problems in terms of
non-cooperative games [DUM 84, MOU 80, MOU 88, PEL 84].

2) Sen’s theorem of the ‘Paretian liberal’ [SEN 70]. Suppaseciety must vote to choose
one of several social states. These are defined in such a atahély concern the private sphere
of an individual. Clearly, there are conflicts between thgomity principle, possibly yielding to
a dictatorship of majority (see example 19.1), and the r@spiethis individual for his private
sphere, in which he should decide alone. The theorem of trei&aliberal tells us much more
than this: it proves that the respect of a private spherecisnipatible with universality and
unanimity. This result initiated a large literature, a gamabrview of which can be found in
[SEN 83, SEN 92].

19.3.2.2.Characterizations

Among the many characterization results (many such reatdtpresented in [SEN 86]),
those about the Borda method (section 19.2.2) are pantigutderesting. Indeed, this method
satisfies most conditions encountered so far and it is vesy ®aimplement.

19.3.2.2.1. A characterization of the Borda method

In this section, we present a characterization of the Bordtéhad proved by [YOU 74].
This method is considered as a choice procedure, i.e. aguoeenapping each profile of weak
orders onA to a non-empty subset of. In this context, the Borda method works as follows:
for each candidate, we calculate a score (Borda scof@ja) equal to the sum of the ranks of
candidate: in the weak orders of the voters. In case of tie, we use the maedn The choice set
then contains the candidate(s) with the smallest scorenpbkal9.11 illustrates how the scores
are computed. Note that, in this example, the Borda methosded to rank and not to choose.

Formalization 19.7. A choice procedure is a functiofi: WO(A)" — 2%\ @. To eachn-
uple of weak ordersf associates a non-empty subsetfinterpreted as the set of the best
candidates. The Borda method is defined by:

f(R1,Ra,...,Rn) ={a€ A: B(a) < B(b), Vb € A},
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whereB(a) is the Borda score of candidateand is defined by :

n

Bla) =Y _[#{b€ A:bRia} — #{b€ A: aRib}]. (19.2)

i=1

This formalization is not exactly the sum of the ranks butéaeler will easily check thaB(a),
defined by equatioiil9.2) is an affine transformation of the sum of the ranks and toesef
using equatior(19.2) or the sum of the ranks always yields the same result. We séllegua-
tion (19.2)because it is more convenient than the sum of the ranks.

In order to characterize the Borda method, [YOU 74] uses ¢ouaditions.

Neutrality The choice set depends only on the position of the candidtatbs preferences of
the voters and not, for instance, on the name of the candidaten their age.

Formalization 19.8. Let P be the set of all permutations oft, = an element of° and R a
binary relation onA. We writerr (T) for the binary relation such that(a) =(T") w(b) < aRb.
A choice method is neutral if and onlyf{ R, ..., Rn) = n(f(w(R1),...,7(Rx))) for any
permutations in P.

This condition imposes that all candidates be treated irs#ime way. It excludes, for in-
stance, methods where the older candidate wins in case &itiglarly, sequential voting (ex-
ample 19.8) is ruled out.

Faithfulness If there is only one voter, then the choice set must containbibst candidates
according to this unique voter.

Formalization 19.9. f(R:1) = {a € A: aR1b, Vb € A}.

This condition is extremely intuitive. Inedeed, if thereoisly one voter, why not respect
their preferences?

Consistency Suppose, as in example 19.7, that the voters are dividedvitgroups. We use
the same choice method in both groups. If some candidatead&b both choice sets,
then these candidates and only these should belong to tieedet which results from
applying the same choice method to the whole set of voters.

Formalization 19.10.
f(Ri,...,Rn)N f(Rm+1,...,Rn) # & =

F(Ri,...,Rn) = f(Ri,..., Rn) O f(Rms1, ..., Rn).
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Consistency is quite sensible. If two groups agree that standidate, say, is one of the
best, then it is difficult to understand whywould not be a winner when both groups vote
together.

Many such conditions, involving two groups of voters, hagerbused in the literature. They
are often called separability. Consistency is one of thegéitions.

Cancellation Let us consider two candidatesandb and suppose the number of voters prefer-
ring a to b is equal to the number of voters preferribigp a. This is not very particular.
Suppose now this is true not only farandb but for all pairs of candidates, simultane-
ously. We then face a very particular situation. In such@asion, cancellation requires
that the choice set contains all candidates.

Formalization 19.11.

Va,b € A, #{i € N:aR;b} = #{i € N : bRja} = f(Ri1,...,Rn) = A.

Among the four conditions used by Young, cancellation isptdy the most questionable
one. In some sense, it is reasonable: when, for eachupaiof candidates, there are as many
voters in favor ofa as in favor ofb, we can indeed prudently consider that no candidate is
better than the other. But there are other situations whedgmce recommends considering
all candidates tied. For instance, when the majority retais cyclic (see above, Condorcet
paradox). Choosing cancellation rather than another tiondmposing a complete tie in case
of a cyclic majority relation or in another case is ratheritagiy.

The reader will easily verify that the Borda method verifiesitnality, faithfulness, consis-
tency and cancellation. The following theorem, proved bunfp tells us much more.

Theorem 19.2. [YOU 74] One and only one choice method verifies neutraliithfulness,
consistency and cancellation: the Borda method.

Since the proof of this theorem is quite long, we do not pregen this chapter. Notice
that a similar characterization exists for the borda methsed to rank [NIT 81]. Moreover,
different generalizations of this result have been proeedife Borda method used to aggregate
many different kinds of binary relations and even fuzzy bjnalations [DEB 87, MAR 96,
MAR 98, MAR 00, OUL 00].

19.3.2.3.Generalizations of the Borda method

The Borda method is a particular case of a general family gfegation methods called
scoring rules These rules associate a number (a score) to each posit®miimary relation.
In order to aggregate preference relations, we compute, for each candidate,uimeds its
scores in the preference relations of theoters. The winner is the candidate with the smallest
total score. The Borda method is a particular scoring ruler@lthe numbers associated to each
rank are equally spaced. The British system is also a scanlegvhere the best candidate in a
preference relation receives 1 point and all the otherswedtlee same score, say 2.
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It has been shown that scoring rules are essentially cletizet by neutrality, anonymity
and separability [SMI 73, YOU 74, YOU 75]. (If we then add celfation, we obtain a char-
acterization of the Borda method.) For an overview of marsuits about scoring rules, see
[SAA 94]. The French system is not a scoring rule becauseeoditond stage. However, it is
neutal and anonymous. It is therefore not separable, assimosxample 13.7. We have noticed
in section 13.2 that the British system and the Borda metlooalod satisfy the Condorcet prin-
ciple (see examples 19.2 and 19.10). This is not a surprideed, it is possible to prove that
no scoring rule can satisfy the Condorcet principle [MOU.88]

The French system can be considered as a scoring rule wittide: at the first stage, it
uses the British system for selecting two candidates. Time system is then used at the second
stage. Note that there are many ways to iterate a scoringanéecould for example use more
than two stages). A result by [SMI 73] shows that no iteratgatiag rule is monotonic. The
violation of monotonicity by the French system (example) & simply a consequence of this.

19.3.2.4.A characterization of simple majority

In this section, we present the characterization of simpégority of [MAY 52] for two
candidates. In this case, the distinction between choagidganking is no longer meaningful
but, in order not to use a new formalism, we adopt here theceHformalism. May considers a
choice procedure, i.e. a method designating one or sevarakvg, based on the preferences of
the voters. A formal definition of a choice method was premgabove, in relation to the Borda
method.

A candidate belongs to the choice set with a simple majofitiged number of voters sup-
porting them is not smaller than the number of voters supmptheir contender.

Formalization 19.12. The simple majority choice method is definedd¥ f(R,..., R,) if
and only if
#{i € N:aRb} > #{i € N : bRia}.

Note that voters that are indifferent betweeandb have no effect on the outcome of the
election. Their votes are counted on both sides of the id&guehe outcome would be the same
if they did not exist. In order to characterize simple majefMAY 52] used three conditions.

Anonymity The choice set depends only on the preferences of the vaténsat, for instance,
on their name or age.

Formalization 19.13. Let S be the set of all permutations aN = {1,...,n}. A choice
method is anonymous if and onlyfiR1, ..., R.) = f(Rs(1),- .-, Ren)) fOr any permuta-
tionoinS.

This condition rules out, for example, the methods whereesooters weigh more than
others and methods where a voter (usually the chairperstreafommittee) has the power to
decide in case of a tie.
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Neutrality See above.

Strict monotonicity Given the preferences of the voters, if the candidatasdb are chosen
and if one of the voters changes his preferences in favar (tfie other voters do not
change anything), then onlyis chosen. If, onlyu was chosen at the beginning, then
stays alone in the choice set.

Formalization 19.14. Consider two weak order®; and R; identical apart from the fact there
is a pair of candidatega, b) such that:

— NotaR;b andaR.b or
—bR;a and NothR}a.

Strict monotonicity then imposes:
f(Ri,...,Ri,...,Ry) ={a} = f(R1,...,R;,...,Ry) = {a},

and
f(Ri,...,Ri,...,Ry) ={a,b} = f(R1,...,R;,...,Ry) = {a}.

A consequence of this condition is that, in case of a tie, glsivoter changing their mind is
enough to break the tie. Simple majority clearly verifiesttiree above-mentioned conditions.
Moreover, no other method satisfies them all.

Theorem 19.3. [MAY 52] When there are exactly two candidates, the onlya#aiethod sat-
isfying neutrality, anonymity and strict monotonicity isyple majority.

To understand why this theorem only applies to the case otamalidates, note that many
different choice methods coincide when there are only twalichates. In particular, the Borda
method and many scoring methods always yield the same @&ssimple majority with two
candidates. You may then question the interest of this ctexriaation. Actually, Arrow’s theo-
rem has shown us that simple majority cannot be extended te than two candidates (without
deeply modifying it). The characterization with two caraties is therefore essential.

19.3.2.5.Analysis

The few aggregation methods presented so far are just a semafle of all the methods
proposed in the literature. In particular, we did not memtibe methods using the majority
relation (constructed by the Condorcet method) to arriveedtoice set or a ranking. Similarly,
the properties (such as neutrality or monotonicity) presgso far are also a very small subset
of all those studied in the literature. For an overview of moels and properties, see [ARR 63,
DED 00, FEL 92, FIS 77, LEV 95, NUR 87, RIC 75, RIC 78a, RIC 78bCR1].
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19.4. Multicriteria decision aiding and social choice thety
19.4.1. Relevance and limits of social choice results

We have seen in section 19.1 that aggregation problems iticnitglria decision aiding and
social choice are formally very close to each other. The @lasof section 19.2 and the results
of section 19.3 taught us that conceiving a satisfactoryegggion method is a challenging task.
Some authors [e.g. GAR 82] have then concluded that mi@itecision aiding is doomed
to failure. For a detailed answer to this objection, see [FI3Y We nonetheless mention the
following points:

1) Such a conclusion flows from a biased and too radical indémpion of the available
results in social choice theory. There are some impogsiléisults but this does not mean that
resorting to an aggregation method to try to find a collectieeision is a futile exercise. It
is a demanding task requiring compromises to be made betse@mal exigencies that are in
general not compatible.

These results, when combined with characterization antysisaesults, provide a good
support to motivate the choice of a method. There is no idesthad but some are perhaps
more satisfactory than others. See [SAA 94] for a convingileg in favor of the Borda method
or [BRA 82] for approval voting.

2) The formal proximity between both problems does not intplgt both problems are
identical. In particular:

- The goal of a multicriteria decision aiding process is Hotags to choose one and
only one action. There are many other kinds of outcomeskerrihi social choice theory
[ROY 85].

- Some conditions look intuitive in social choice theory brg questionable in multicri-
teria decision aiding, and conversely. Let us mention, ¥aneple, that anonymity is not relevant
in multicriteria decision aiding as soon as we wish to takiga of different importance into
account. Conversely, the set of potential actions to beuatedl is seldom given in multicriteria
decision aiding (contrary to the set of candidates in satiaice theory); it can evolve. The
conditions telling us how an aggregation method should \&khen this set changes (some
actions are added or removed) are therefore more importamalticriteria decision aiding than
in social choice theory.

- The preferences to be aggregated in multicriteria detiaiding are the outcome of
a long modeling phase along each criterion [BOU 90]. This eftiad phase can sometimes
lead to incomplete preferences, fuzzy preferences or qgmdes such that indifference is not
transitive [FOD 94, PER 92c, PER 98, ROU 85]. In some circamsts, it is possible to finely
model preference intensities or even to compare preferdiif@ences on different criteria
[KEE 76, VON 86]. Let us mention that handling uncertaintyprecision or indeterminacy
is often necessary to arrive at a recommendation in mukita decision aiding [BOU 89],
contrary to social choice theory.

- In multicriteria decision aiding, contrary to social cbej it is not always necessary
to completely construct the global preference. Indeedantaccur that the decision maker can
express their global preference with respect to some pbatbawnatives. For example, they are
able to state that they preferto z andy to z but they hesitate betweanandy. If they then use
an aggregation method, it is in order to construct the peefez only betweer andy and not
on the whole set of alternatives. Of course, these prefeeetiat we construct on some pairs of
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alternatives must be based on the single-criterion preée®of the decision maker but also on
the global preferences stated.

In multicriteria decision aiding, we therefore have a neengnt at our disposal: the
global preferences. These do not exist in social choiceayh@bey are of course (very) incom-
plete but they can nevertheless help construct the gloleé¢gnce relation. In practice, these
global preferences are often used by analysts in order ttheetalue of some parameters of
the aggregation method they use. For instance, with theadsthased on multi-attribute value
theory (MAVT), the decision maker must compare (sometimggifius) alternatives in order
to assess the value functions. The existence of these gboetdrences, totally non-existing
in social choice theory, breaks the symmetry between nnitética decision aiding and social
choice theory. Few theoretical results have so far takemglitteal preferences of the decision
maker into account. More research is needed [MAR 03].

Even if both domains are formally close to each other andniesgonditions used in so-
cial choice theory can also be found in multicriteria demisaiding, we must beware of crude
transpositions due to the many specificities of multicist@ggregation.

Conversely, we must not conclude that both domains areatecelbnd that the examples
and results of sections 19.2 and 19.3 are of no consequenceulticriteria anlysis. It has
clearly been shown [VAN 86a] that it is possible and usefuldnsider multicriteria aggregation
methods in the light of social choice theory. Let us mentivat,tfor example, the difference
between the Condorcet and the Borda method can be found iticritatia anlysis between
the ordinal methods [ROY 91, ROY 93] and the cardinal onesrevfiee idea of preference
difference is central [KEE 76, VON 86]. In the light of Arrosvtheorem, it is not surprising
that ordinal methods often lead to global preference waiatfrom which a recommendation is
not always easy to derive [VAN 90].

Many results of social choice theory still need to be adaptetior extended to make them
relevant to multicriteria analysis. Among the works in ttlieection, let us mention:

— impossibility results [ARR 86, BOU 92a, PER 92b],
— characterization results [BOU 92b, BOU 86, BOU 92c¢, MARRB 95, PIR 97] and
— analysis results [BOU 97, LAN 96, LAN 97, PER 94, PER 95, PTR\@IN 92].

However, there is still much to do [BOU 93].

19.4.2. Some results in close relation with multicriteria analysis

So far, we have tried to sketch a global overview of sociaiahtheory and to show the
links with multicriteria decision aiding and the limits dfis analogy. In this last section, we
mention some results of social choice theory that are djreetevant for the analysis of some
popular aggregation methods in multicriteria decisionrayd

19.4.2.1. TACTIC [VAN 86b]

The first relevant result is the characterization of a sinmpégority with two alternatives
by [MAY 52], presented higher. This aggregation method carséen as a particular case of
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TACTIC, with a concordance threshold equalltowithout weights and without discordance.
For the case of two alternatives, a result by [FIS 73] charats simple majority with weights.

Another article worth mentioning here is by [MAR 03]. It pegds two characterizations of
weighted simple majority with any number of alternativess therefore slightly more general
than the results of May and Fishburn. It corresponds to dcpdat case of TACTIC with a
concordance threshold equalitand no discordance.

19.4.2.2 .Multi-attribute value theory (MAVT) [KEE 76, VON 86]

The methods of this family are usually analyzed in the fraorévof measurement theory
[KRA 71, WAK 89]. There are however some relevant resultsdoia choice theory and, in
particular, in cardinal social choice theory. In this pdrsocial choice theory, the information
to be aggregated is not ordinal (not a binary relation) butlical: it consists of utilities, that
is, numbers representing preferences [ROB 80]. As far asnearknone of these results have
been transposed in multicriteria decision aiding.

19.4.2.3.Weighted sum

The weighted sum is a particular case of MAVT methods. Theipos section is there-
fore relevant for the weighted sum. Let us highlight a pattc result: [ROB 80, theorem 2]
characterizes the weighted sum. See also [BLA 54, D’A 77].

19.4.2.4.ELECTRE and PROMETHEE [ROY 91, ROY 93, VIN 89]

With ELECTRE and PROMETHEE, each alternative is represkbie a vector ofR™,
x = (z1,...,zn) Wherez; represents the performancea0bn criterion: (we suppose that all
criteria are to be maximized).

The first step in PROMETHEE consists of choosing, for eadeigon, a preference func-
tion f; [MAR 88]. This is used to compute, for each pair of alternagiv, y, a number be-
tween0 and1 representing a preference degree denotef:ly, v) and defined byP; (z,y) =
fi(zi,y:). At the end of the first step, we therefore have a fuzzy prefereelation for each
criterion, P; being the fuzzy relation associated to criterioand P;(z,y) the value of this
relation for the paitr, y.

In the next step, these fuzzy relations are aggregated bysmefaa generalization of the
Borda method. This generalization has been characteriz@d AR 96]. Some variants of this
characterization are presented in [MAR 98, MAR 00, OUL 00].

The ELECTRE methods use a somehow similar construction tveto effects [ROY 91,
ROY 93]. The preference relation constructed at the end @fatigregation phase uses some
functions f; andg; with values in[0; 1] in order to define (1) concordance indic@gx, y) =
fi(zi,y:) representing to what extent is at least as good as and (2) discordance indices
Di(z,y) = gi(w:,y:) expressing to what extent the differenge— z; is compatible with
a global preference aof overy. Wheny; — x; exceeds a certain thresholdefo thresholyl
D;(z,y) equalsl and the aggregation method then forbids a prefereneeowéry [PER 92c].
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The ELECTRE and PROMETHEE methods therefore use aggregptimcedures based

on the construction and aggregation of fuzzy relationsyTtherefore do not escape the im-
possibility results mentioned in section 19.3.1.1 or alibet aggregation of fuzzy relations
[PER 92b]. This is why a last phase (exploitation) is neagssaorder to reach a recommen-
dation [ROY 93, VAN 90] This last phase is often difficult arftetproblems it raises can also
be analyzed in the light of axiomatic results on ordinal aggtion of preferences. For in-
stance, some non-monotonicity phenomena arising withoétion procedures based on an
iterated choice function [FOD 98, PER 92a] can be explaine8rith’'s theorem presented in
section 19.3.2.3 or by more recent axiomatic analyses isdhee direction [BOU 04, JUR 03].

Let us finally mention that [BOU 96] has extended the classsalts of[MCG 53] regarding
simple majority to ELECTRE and PROMETHEE.
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