Biorders and bi-semiorders with frontiers

Denis Bouyssou  Thierry MARCHANT

LAMSADE-CNRS
Paris, France

Universiteit Gent
Ghent, Belgium

October 2008
séminaire FNRS, Bruxelles

Introduction

Introduction

Context of today’s talk
e preference modelling for MCDA

@ conjoint measurement

Conjoint measurement
@ set of objects: X = X7 x Xo x--- x X,

e preference relation on X: 77

e study a number of models leading to a numerical representation of -

:UPy@ZuZ o Zznj

=1

@ many alternative models




Introduction

Ordered classification

New premises
e replace = with (Ct,C?,...,C")
e (C1,C?,...,C") is an ordered partition/covering of X
o x € X is “good”, x is “bad”

e objects in C* are “more attractive” than objects in C*~1

@ objects in C* are not necessarily “equally attractive”

Additive Model without frontier

| N

n
reCt ool < ZUZ(%) < o"
1=1

Additive Model with frontier

| N

n
reCf oot < Zuz(x@) < gk
i=1

o C* N CF*L: thin frontier between categories C* and C*+!

Introduction

Particular cases

Two attributes, two categories, no frontier
e X = X1 X X2
r€C? &0 < u(zy) + us(xo)
& f(r1) > g(x2)

e x€C? =z, T xs
e 7 is a binary relation between X; and X5

e 7 is a biorder (Ducamp & Falmagne, 1969)

Biorders

@ Doignon, Ducamp & Falmagne (1984) give necessary and sufficient for
the existence of a numerical representation of biorders




Introduction

Particular cases

Two attributes, two categories with a frontier
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Main question
e generalize results on biorders to cope with a frontier

Outline
Outline

@ Decfinitions and notation

© Biorders

© Interval orders and semiorders
@ Interval orders
@ Semiorders

@ Biorders with frontier
e Model
@ Interval order with frontier
@ Semiorder with frontier

© Bi-semiorder
@ Bi-semiorder with frontiers

@ Discussion



Definitions and notation

Binary relations on a set

Relations on a set
@ X is a set
@ binary relation V on X is a subset of X x X

@ classic vocabulary and notation

Traces of a binary relation V

e ye V=2V
vy zVae=2zVy

vy e [z yand z 2}y

o =%, =" and Zy are reflexive and transitive

Definitions and notation

Relations between two sets

Relations between two sets
e A={a,b,...} and Z ={p,q,...} are two (wlog disjoint) sets
@ a binary relation V between A and Z is a subset of A x Z

@ any binary relation on X may be viewed a a binary relation between X
and a disjoint duplication of X

o V4 as a relation between Z and A such that p V¢ a < Not[a V p]

Traces of V

| \

e trace of Von A

azpbes [bVp=aVp, forall pc Z
e trace of V on Z

pi\qué[aniqu, for all a € A]

o —4 and =% are reflexive and transitive




Biorders

Biorders

Ferrers Property

@ V relation between A and Z

@ V is said to be a biorder if it has the Ferrers property

aVp aVq
and = or
bV q bV p

Some elementary properties

o V is Ferrers iff 54 is complete iff =% is complete
o V is Ferrers iff V¢ is Ferrers

o traces generated by V and V¢ on A and Z are identical

Biorders

Numerical representation of biorders

Theorem (Doignon at al. 1984)

Let A and Z be finite or countably infinite sets and T be a relation between
A and Z. The following statements are equivalent:

Q@ 7 is Ferrers
@ there is a non-strict representation of T
aTp<s fla) > g(p)
@ there is a strict representation of T
aTp< fla)>g(p)

The functions f and g can always be chosen in such a way that
aZF b fla) = f(b)

p =% qe gp) > glq)




Strategy of proof

@ build a relation Q on AU Z such that the restriction of Q on A x Z is T
(€ A, B € A, and o =4 3,

a€Z,BeZ and a i S,

a€e A peZ and aT 3,

la€Z,feA, and [Vye A, € Z,yTaand 8T 6= v T I

aQ B &4

when T is a biorder, () is a weak order

there is a real-valued function F on A U Z such that

aQpe Fla) > F(B)

defining f (resp. g) as the restriction of F' on A (resp. Z) leads to a
non-strict representation

aTp< fla) > g(p)

to obtain a strict representation, use the same trick on J¢¢

Biorders

Strict numerical representation of biorders

General case
@ order-denseness conditions have to be invoked
@ the strict and non-strict representations are no more equivalent

e Doignon at al. (1984) have given the necessary order-denseness
conditions in both cases

Theorem (Doignon at al., 1984)

Let T be a binary relation between A and Z. The following statements are
equivalent:

@ 7 is Ferrers and there is a finite or countably infinite subset B* C A
such that, for alla € A and p € Z

aTp=la =4 b* and b* T p, for some b* € B*]

@ there is a strict representation of T

The functions f and g can always be chosen in such a way that they
represent the traces.




Interval orders and semiorders Interval orders

Interval orders

e an interval order T is an irreflexive Ferrers relation on a set X \

Interval order as biorders

@ an interval order T' may be viewed as a biorder between X and a
disjoint duplication of X

Strict representation of interval orders on countable sets

@ there is a strict representation of 1" as a biorder
Ty u(x) > v(y)
o irreflexivity implies that u(z) < v(z), for all z € X

Non-strict representation of interval orders on countable sets

@ there is a non-strict representation of 1" as a biorder
Ty < u(z) > o(y)
o irreflexivity implies that u(z) < v(z), for all z € X

Interval orders and semiorders Semiorders

Semiorders

Definition

@ a semiorder T is a semitransitive interval order

xVy xVw
and = or
yV z wV z

e the trace 7y of a relation V is complete iff V' is Ferrers and
semitransitive

@ the left and right traces are not contradictory, i.e., it is never true that
75 >€/ yand y ~7, @

Semiorders as biorders

| \

@ on at most countable sets this leads to representation with no proper
nesting of semiorders (Aleskerov et al., 2007)

u(z) > u(y) = v(z) = v(y)
@ the general case is dealt with using the order-denseness condition
presented above




Interval orders and semiorders Semiorders

Three models for semiorders

Representations with no proper nesting

rTy<su(x) >y
u(z) > uly) = v(z) = v(y)
u(x) < v(x)

Representations with no nesting

| A

xTy<eu(x) >y
u(z) = u(y) < v(z) = v(y)
u(z) < v(z)

Constant threshold representations

x Ty u(z) >uly) +1

Interval orders and semiorders Semiorders

Sample result on semiorders

Results (Fishburn, 1985)

Q representations with no nesting are equivalent to representations with
no proper nesting

e no proper nesting: u represents =%, v represents "

~o k)

e no nesting: u and v represent .

© on finite sets, constant threshold representations are equivalent to
representations with no nesting




Biorders with frontier Model

Biorders with frontier

e two disjoint relations T and F between the sets A and Z
o R=TJUZF
e a N p < Notla R p)

Numerical representation with frontier

Traces

=4 (resp. 5Z) is the trace of T on A (resp. on Z)
=4 (resp. %) is the trace of R on A (resp. on Z)
4= rd
27 = ZAN 2R

Biorders with frontier Model

Biorders with frontier

Necessary conditions
e 7T is a biorder

@ R is a biorder
o traces of 7 and R must be compatible (>-# and %7 are complete)

e specific conditions

e JF is “thin” J
@ thinness for F holds on A if

aJp aFqsbFq

and = and sa~tb

bFp aTqgsbTq
@ thinness for F holds on Z if

aFp bFpsbFqg

and = and s p~Zyg

adq bTp&sbTq




Biorders with frontier Model

Remarks

e if T is a biorder, R is a biorder, and JF is thin on both A and Z then

both =4 and %7 are complete

@ the following four conditions are independent: T is a biorder, R is a
biorder, thinness for F holds on A, thinness for ¥ holds on Z

o 7 is strictly monotonic wrt to =4 and =2

aFpandb>=2al=>0Tp
]
]
]

a?pandr>fp =aNr

aﬂ’pandp%fq =aJq

affpanda>fc =cNp

[
[
[
[

Biorders with frontier Model

Numerical representation of biorders with frontier

Proposition (B & M, 2008)

Let A and Z be finite or countably infinite sets and let T and F be a pair of
disjoint relations between A and Z.
The following statements are equivalent:

Q there is a representation of T and F as a biorder with frontier
© 7 is a biorder, R = T U J is a biorder and thinness holds on A and Z

The functions f and g can always be chosen in such a way that
a 22 b fla) = f(b)
p i as g(p) > 9(q)




Biorders with frontier Model

Idea of proof

The binary relation .2 on AU Z defined letting

(€ A,B€ A, andaifﬂ
aeZ pBeZ anda=?
ac€ApeZ andaRj

@€ Z,8€ A, and Not[3 T q

is a weak order when 7 is a biorder, R is a biorder, and ¥ is thin on both A
and Z

al B

a2 e Fla) = F(B)

aTpea pand Notlp £ al] = F(a) > F(p)
aFpefalpand p £ al= F(a) = F(p)
Notla R b] < [Not[a £ p] and p £ a] = F(a) < F(p)

Biorders with frontier Model

The general case

A subset A* C A is dense for the pair T and F if, for all a € A and all p € Z,
aTp=lar=?a* and a* T p)

aNp=[a*Npand a* =2 q

for some a* € A*

Proposition (B & M, 2008)
The following statements are equivalent:

Q there is a representation of T and F as a biorder with frontier

© 7T is a biorder, R = T U JF is a biorder, thinness holds on A and Z, and
there is a finite or countably infinite set A* C A that is dense for the
pair (T, F)
The functions f and g can always be chosen in such a way that, for all
a,b e A and p,q € Z,
aZy b f(a)
p i ae g(p)

f(0)
9(q)

AVAAY,




Biorders with frontier Interval order with frontier

Interval order with frontier

Definition
e let 7" and I be two disjoint relations on X
@ let R=TUF and [ = R’ (symmetric complement of R)

xTy<ulz)>v(y)
z Fy<eulzr)=ov(y)
u(x) < v(x)

@ results for interval orders with frontier are obvious corollaries of results
on biorders with frontier

Biorders with frontier Interval order with frontier

Necessary conditions

@ T is an interval order J

@ R is an interval order

Traces

o traces of T: =% and =7,

o traces of R: =% and =7
@ intersection of traces:
) ) )
i;* — E_JT M i_.zR
2L = N2k

T
*

e we have to ensure that ¢ and =" are complete




Biorders with frontier Interval order with frontier

Necessary conditions

Thinness

o F'is upper thin if

z F z rFwesyFw
and = and s~y
y F z zTwsyTw

e F'is lower thin if

z Fzx wFrxeswFy
and = and S x Ly
z Fy wTlzeswTly

Biorders with frontier Interval order with frontier

Results

Proposition (B & M, 2008)

Let T and F' be two disjoint relations on a finite or countably infinite set X.
The following statements are equivalent:

@ the pair of relations T" and F' has a numerical representation as an
interval order with frontier

@ T is an interval order, R is an interval order and F' is upper and lower
thin

We can always choose u and v in such a way that

z 7ty e u(z) > u(y)

T 2Ly < v(x) >u(y)

General case

@ A subset X'* C X is dense for the pair T and F' if, for all x,y € X,
e Ty= [zt o* and * T y]

| \

z R°y = [z* R°y and z* =% 1]

for some z* € A'*

N




Biorders with frontier Semiorder with frontier

Semiorder with frontier

Representations with no proper nesting
@ let 7" and F' be two disjoint relations on X
o let R=TUF and I = R*® (symmetric complement of R)
Ty u(x) > v(y)
z Fy < u(z) =y
u(z) < v(z)
u(@) > u(y) = v(z) > v(y)

Biorders with frontier Semiorder with frontier

Necessary conditions

Necessary conditions

o (T, F,I) is a pseudo-order with a thin relation F’

e T is a semiorder
e R is a semiorder
e consistency conditions

v
Consistency conditions

TFICT
IFT CT
FITCT
TIFCT




Biorders with frontier Semiorder with frontier

Representations with no proper nesting

Proposition (B & M, 2008)
Let T and F' be two disjoint relations on a finite or countably infinite X.
The following statements are equivalent:

@ the pair of relations has a representation with no proper nesting

© T is a semiorder, R is a semiorder, TFI C T, IFT CT, F is upper
thin, and F' is lower thin
We can always choose u and v in such a way that
z 25y u(z) = u(y)
z 2Ly e v(z) > u(y)

General case

@ A subset X'* C X is dense for the pair T and F' if, for all x,y € X,
T y= [zt 2* and z* T y]

| N

z Ry = [z* R°y and z* =* 2]

for some z* € A'*

Biorders with frontier Semiorder with frontier

Semiorder with frontier

Representations with no nesting
@ let 7" and F' be two disjoint relations on X
o let R=TUF and I = R* (symmetric complement of R)
Ty u(x) > v(y)
x Fysulxr)=1u(y)
u(z) < v(z)
u(z) = u(y) < v(z) = v(y)




Biorders with frontier Semiorder with frontier

Necessary conditions

e all conditions used for the case of representations with no proper
nesting remain necessary

@ a stronger version of thinness is needed

Strong thinness

e F'is strongly upper thin if

(2T weyT w)

sz} rFwesyFw
= < > o T~y Y

y Fz wFreswly

\w Tz wT y)

e F'is strongly lower thin if
(2T w&EsyT w)

zF:U} rFwesyFw
= > o X~y Y

z Fy wFreswly

\w Tz wT y)

Biorders with frontier Semiorder with frontier

Representations with no nesting

Proposition (B & M, 2008)

Let T and F' be two disjoint relations on a finite or countably infinite set X.
The following statements are equivalent:

@ the pair of relations has a representation with no nesting

@ T'is a semiorder, R is a semiorder, TF'I C T, IFT CT, F is strongly
upper thin, and F' is strongly lower thin

We can always choose u and v in such a way that
z Zay e u(x) = u(y) & v(z) 2 v(y)

General case

@ open question




Biorders with frontier Semiorder with frontier

Semiorder with frontier

Representation with constant threshold

xTysulx)>uly)+1
rFysulr)=u(y)+1

Proposition (B & M, 2008)

Let T and F' be two disjoint relations on a finite set X. The following
statements are equivalent:
@ this pair of relations has a constant threshold representation

@ T is a semiorder, R is a semiorder, TFI CT, IFT CT, F is strongly
upper thin, and F' is strongly lower thin

We can always choose u and v in such a way that
T Ty = ulx) > uy)

Bi-semiorder

Bi-semiorder

Definition (Ducamp & Falmagne, 1969)
Let T and P be two relations between the sets A and Z

aPpe fla)>g(p)+1
aTp< fla)>g(p)

More general models

| \

@ many possible variants
a®Pp<e fla) > h(p)
aTp< fla) > g(p)
h(p) > g(p)




Bi-semiorder

Notation

o trace of T on A (resp. Z) is denoted by =4 (resp. =Z)

e trace of P on A (resp. Z) is denoted by =% (resp. =3)
o Zid=rfnzpand 22 =24Nn7%

Necessary conditions

o the six relations =4, =Z, =4 =Z =4 and =Z are complete

o ~4 is complete iff >A and > are complete and compatible

o =7 is complete iff >Z and > are complete and compatible

Bi-semiorder

Necessary conditions

Conditions
o PCT

o T is Ferrers (774 and =Z are complete)

o P is Ferrers (-4 and % are complete)
e compatibility of traces
aPp bPop aPp aPq

and = or and = or
bT q a7 q bT q bT p




Bi-semiorder

Result

Theorem, Ducamp & Falmagne (1969)

Let A and Z be finite sets. Let T and P be two relations between A and Z.
The following statements are equivalent:

@ P and T are biorders satisfying conditions the two compatibility
conditions

@ the pair of relations P and T has a constant threshold representation

We may always choose the functions f and g such that
a2y b fla) > f(b)
pZ5 ae g(p) > 9(q)

Outline of proof

(a,8€ A andozifﬁ
a,B€Z and o =% 3
aceA,peZ andaTp
la€Z,0€A and Not[37T o

a Qo B4

Qo is a weak order

(a,8€ A and o P v and Not[3 T 7], for some v € Z
a,Be€Z and Not[y T o] and v P (3, for some v € A
aH, & acA e andaPp
a€Z,feA and NotlyT al,y P46, and Not[5 T ¢]
for some vy € A, € Z

\

H, is a semiorder and @), refines the weak order underlying H,

aH, & Fla) > F(B)+1
a Qo f = Fla) = F(f)



Bi-semiorder with frontiers

Bi-semiorder with frontiers

e four relations P, J, T and F between the sets A and Z

@ defineS=PUJ, R=TUTF

e we suppose that PNJ=92, TNF=9,JNF=,and S CT
@ consequence: PC S CTCR )

Constant threshold representation

aPpe fla)>g(p)+1
adp< fla)=g(p)+1
aJpe fla)>g(p)
aFpe fla)=g(p)

More general models
@ many possible variants

Bi-semiorder with frontiers

Bi-semiorder with frontiers

Traces

([ bPr=aPr )

bSr=adr

>_A

as be | bT 7= aTr s forallr € Z
kber:>aer/
([ ¢cPp=>cPq )

7 CSp:>CSq

D To 4« T = aT 4 v forallce A

cRp=cRq |




Bi-semiorder with frontiers

Necessary conditions

e P, 8, 7, and R must be biorders

e all conditions (12 in total) necessary to imply that =2 on A and %Z on
Z are complete

@ new thinness conditions

aFp ) aFp )
and p=a~2b and p =p~Zq
bFp | a¥q |
adp ) adp )
and >$a~fb and >$p~fq
bdp | adq
e when thinness conditions are imposed, some of the 12 compatibility
conditions become redundant. In total 8 of them must be imposed J

Bi-semiorder with frontiers

Result: finite case

Proposition (B & M, 2008)

Let A and Z be finite sets. Let P, J, T, and F be four relations between the
sets A and Z such that PNJ =9, TNF=9,JNF=3,and PUJ=8 C 7.
The following statements are equivalent:

@ there is a constant threshold representation of (P, J, T, F)

Q@ P, 38, T, R=TUJTF are biorders satisfying the 8 compatibility conditions
and such that thinness® holds for both J and F on both A and Z
The functions f and g above can always be chosen so that, for all a,b € A
and p,q € Z,
a8 b fla)> f(b)
pZZ a< 9(p) > g(q)

Idea of proof

@ tedious ...

@ ...but closely follows the strategy of Ducamp & Falmagne (1969)




Discussion

Summary

Considering preference structures with frontier
@ leads to interesting questions ...

@ ...that are simple but not trivial

Results

e N & S conditions for the representation of biorders with frontier

o intervals order with frontier

o semiorders with frontier (representation with no proper nesting)
o semiorders with frontier with no nesting (countable case)

o semiorders with frontier with constant threshold (finite case)

@ N & S conditions for the representation of bi-semiorders with frontiers
with constant threshold in the finite case

Discussion

Applications

Conjoint measurement with ordered categories

@ N & S conditions for an additive representation with two attributes and
two categories with or without frontier

@ N & S conditions for an additive representation with two attributes and
three categories with or without frontiers in the finite case

| A

Temporal logic

@ interval orders are used to deal with the problem of locating “events” on
a “time scale” given information on the fact that some entirely precede
or follow others

@ interval orders with frontier is the adequate model if one wishes to
include “immediate succession” relations as in Golumbic & Shamir

(1993)




Discussion

Future research

Open problems & future research

@ semiorder with frontier

e representation with no nesting in the general case

@ study the many variants of bi-semiorder with or without frontier

References

References

[3 Bouyssou, D., Marchant, Th. (2008)
Biorders and bi-semiorders with frontiers
Working paper, 2008.



References

References

B

B

Doignon, J.-P., Ducamp, A., and Falmagne, J.-C. (1984)
On realizable biorders and the biorder dimension of a relation.
Journal of Mathematical Psychology, 28:73—-109.

Ducamp, A. and Falmagne, J.-C. (1969)
Composite measurement.
Journal of Mathematical Psychology, 6:359-390.

Fishburn, P. C. (1973)
Interval representations for interval orders and semiorders.
Journal of Mathematical Psychology, 10:91-105.

Fishburn, P. C. (1987)
Interval orders and intervals graphs.
Wiley, New York.

Nakamura, Y. (2002).
Real interval representations.
Journal of Mathematical Psychology, 46:140-177.



	Introduction
	Introduction
	Outline

	Main Talk
	Definitions and notation
	Biorders
	Interval orders and semiorders
	Interval orders
	Semiorders

	Biorders with frontier
	Model
	Interval order with frontier
	Semiorder with frontier

	Bi-semiorder
	Bi-semiorder with frontiers
	Discussion

	Closing
	References


