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Abstract. We study mutation-set search in asynchronous Boolean Net-
work ensembles to control reachable attractors from initial conditions.
The robust evaluation of mutations requires averaging over many plau-
sible models. In this setting, each rollout is expensive, while attractor
estimates remain noisy under limited simulation budgets. We first de-
rive a variance decomposition that separates across-model diversity from
within-model simulation noise, yielding a simple rule for allocating the
ensemble size and the number of trajectories. We then compare Lazy
Nested Monte Carlo Search (LNMCS) and Nested Rollout Policy Adap-
tation (NRPA) algorithms. We benchmark the algorithms on different
ensemble of Boolean networks coming from biological applications, show-
ing their efficiency on realistic case studies.

1 Introduction

Boolean networks (BNs) are classical models to capture qualitative aspects of
gene-regulatory dynamics (see Fig. 1) and cell-fate decisions such as apoptosis,
invasion, and metastasis [7]. A BN is a dynamical model in which each node
is a binary variable indicating whether it is active (1) or inactive (0), and each
node has a logical rule specifying its next state as a function of its regulators.
Given an initial configuration, one can simulate the system by applying these
rules according to an update mode: in the synchronous mode, all nodes update
simultaneously; in the asynchronous mode, a single node updates at a time,
chosen non-deterministically. Ultimately, a simulation trajectory reaches a so-
called attractor of the system. An attractor can either be a single configuration
(fixed point), or a set of configurations (cyclic attractor) in which the system
can oscillate indefinitely. In biological applications, attractors typically model
stable phenotypes of cells, which are often characterized by the value of a subset
of nodes, so-called markers.

Logical rules of BNs aim to reflect biomolecular regulation, which, in prac-
tice, is only partially known. To capture this uncertainty, recent work advocates
ensembles of BNs that share structural and dynamical properties but differ in
local update rules [17,6,5]. In these works, BN ensembles are the result of BN
synthesis algorithms, which derive BN compatible with a given specification,
typically derived from a qualitative analysis of experimental data.
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(a) Dynamical-model view: discrete
states evolve under update rules and

settle into attractors.

(b) Cell-fate view: regulatory programs
guide differentiation, maturation, and

reprogramming decisions.

Fig. 1: Boolean networks as a classical modeling paradigm for regulatory systems.

A central application of BNs in systems biology is the prediction of perturba-
tions to control the (reachable) attractors [21,11]. There is an extensive literature
on control and reprogramming methods that, given a single BN, can derive tem-
porary or permanent mutations that modify the reachable attractor landscape
towards a desired marker [19,1,13]. In most cases, the main objective is to derive
the smallest combinations of mutations to obtain the desired attractors.

Lifted to ensembles, the control problem can be seen with a double opti-
mization objective: on the one hand, finding the smallest combinations (sets) of
mutations, and on the other hand, maximizing the probability that the muta-
tions succeed in controlling a BN of the ensemble. The control of BN ensembles
has been barely addressed so far. Exact methods such as [20,12] enable identify-
ing combination of mutations that perfectly control all the BNs of the ensemble,
which typically necessitate large sets of mutations. In [5], authors used exact
control methods on a few BNs of the ensemble, and then evaluate the identified
mutations on the full ensemble using stochastic asynchronous simulation with
the tool MaBoSS-ensemble. The advantage is that it allows to focus on small
sets of mutations with the highest success probability. However, the way the
candidate mutation sets are built may preclude discovering better solutions.

In this paper, we evaluate Monte-Carlo based search algorithms to find per-
manent mutation sets that drive a BN ensemble towards attractors verifying
given markers. Throughout, we use asynchronous simulations to approximate
steady-state phenotype probabilities, controlled by two parameters: the number
of trajectories per model w and the ensemble size M .

The main challenge is to find mutation sets that maximize the steady-state
probability of reaching the given marker in the BN ensemble with a limited
computation budget, mostly driven by the cost of evaluating a candidate muta-
tion set over the BN ensemble. In the Monte-Carlo Tree Search (MCTS) general
framework [8,10,2,9], Nested Monte Carlo Search (NMCS) algorithm specializes
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in single-agent optimization by recursively searching for the best sequence [3]
and its lazy pruning variant (LNMCS) reduces branching by cheaply screen-
ing moves before deeper search [16,15], and Nested Rollout Policy Adaptation
(NRPA) adds a learned stochastic rollout policy adapted to the best sequence
[14]. We connect these search methods with a simple variance-budgeting analysis
for noisy phenotype estimates.

Our contributions are twofold. First, we derive a variance decomposition
that separates across-model diversity from within-model simulation noise, which
directly yields a practical budget-allocation rule. Second, we provide an imple-
mentation of NMCS, LNMCS and NRPA for the control of BN ensemble, and
evaluate them on concrete case studies. It results that LNCMS and NRPA are
particularly efficient to quickly identify combinations of two to four mutations
with high success probability. For double and triple mutations for which the
ground truth has been computed, we show that these algorithms are able to
identify the optimal solution in a much shorter time than exhaustive screening.
Overall, nested search algorithms appear as an effective approach to control BN
ensembles.

2 Background and Problem Setup

2.1 Boolean Networks

Let n ∈ N, [n] = {1, . . . , n}, and B = {0, 1}. A Boolean network (BN) is a
function F : Bn → Bn,

F (x) :=
(
f1(x), . . . , fn(x)

)
(x ∈ Bn)

where fi : Bn → B is the local Boolean function of nodes i ∈ [n], and any x ∈ Bn

is a configuration (see the toy example in Fig. 2). We write ∆(x, y) = {i ∈
[n] | xi ̸= yi} for the nodes that differ in two configurations. Its influence graph
G(F ) is a signed digraph over its nodes [n], with i

+−→ j (resp. i −−→ j) whenever
there exist x, y ∈ Bn such that ∆(x, y) = {i}, xi = 0, and fj(x) < fj(y) (resp.
fj(x) > fj(y)).

In this work, we adopt asynchronous semantics to define the transition rela-
tion a1−→

F
between pairs of configurations x, y ∈ Bn:

x
a1−→
F

y ⇐⇒ ∃i ∈ [n] : ∆(x, y) = {i} and yi = fi(x),

with a1
==⇒
F

its reflexive-transitive closure. The relation a1−→
F

forms a digraph over

the configuration space Bn. Attractors (including fixed points) summarize long-
run behavior under this update mode and correspond to the inclusion-smallest
sets of configurations closed by a1

==⇒
F

. A phenotype is a Boolean condition ϕ over
configurations.
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Fig. 2: Influence graph G(F ) for the toy BN. Green: activation; red: inhibition.

Example: toy BN (n = 3):

f1(x) = ¬x2, f2(x) = ¬x1, f3(x) = ¬x1 ∧ x2.

Nodes 1 and 2 form a mutual-inhibition toggle; node 2 activates 3 while node
1 inhibits 3 (Fig. 2). Under asynchronous updates, this yields two fixed points:
(1, 0, 0) and (0, 1, 1).

2.2 Mutated Boolean Networks

A mutation fixes a node i to v ∈ B: (i, v). For a set M with at most one pair
per node,

(F/M)i(x) =

{
v, (i, v) ∈M,

fi(x), otherwise.

Restricting to modifiable regulators I ⊆ [n] (g := |I|), the k-mutant search
space is

Sk = {M ⊆ I × B : |M| = k}, |Sk| =
(
g

k

)
2k.

This combinatorial growth motivates the search strategies used later.
Fig. 3 illustrates asynchronous single-step trajectories on the toy BN under

single gain-of-function mutationsM = {(i, 1)}. Each cube displays the configu-
ration graph; thick arrows indicate the enabled update from the annotated start
state, and boxed vertices represent fixed points. The three cases show how fix-
ing a single node can reprogram the dynamics toward different attractors: fixing
node 1 locks the network at 100, fixing node 2 drives 010→011, and fixing node 3
drives 001→101.

2.3 Problem Setup

In the following, we consider F = {Fm}Mm=1, an ensemble of M distinct BNs
over the same fixed nodes [n], and an initial configuration x0 ∈ Bn.

Given a mutation set M, for a trajectory budget w ∈ N per model, for
each m ∈ [M ] and each trajectory j ∈ [w], let X

(j)
m ∈ B indicate whether a

random asynchronous trajectory of length at most nsteps in the transition graph
generated by a1−−−−→

Fm/M
, started from x0, satisfies the phenotype ϕ.
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000 100

010 110

001 101

011 111

100

(a)M = {(1, 1)}, start 100
(fixed).

000 100

010 110

001 101

011 111

(b) M = {(2, 1)}, 010 →
011 (fixed).

000 100

010 110

001 101

011 111

(c) M = {(3, 1)}, 001 →
101 (fixed).

Fig. 3: Asynchronous single-step trajectories on the toy BN (Fig. 2).
Each panel shows the configuration cube under one gain-of-function mutation
M = {(i, 1)}. Thick arrows mark the enabled asynchronous move; boxed states
are fixed points.

Evaluation objectives For a mutation set M and an ensemble {Fm}Mm=1, we
estimate the mean success probability p̂ens as follows:

p̂m =
1

w

w∑
j=1

1[X(j)
m = 1], p̂ens =

1

M

M∑
m=1

p̂m. (1)

Intuitively, M averages over model diversity; w reduces simulation noise per
model. Both contribute to cost.

Search problem Given depth D (number of mutations) and a time budget, our
goal is to find M ∈ SD that maximizes p̂ens. Because |SD| =

(
g
D

)
2D grows

rapidly, we later employ nested Monte Carlo search with pruning and noise
control.

3 Variance Decomposition and Budgeting: Ensemble
Diversity Dominates

Given a fixed ensemble size M , how many trajectories w per network are needed
to estimate a target-phenotype probability accurately? Larger ensembles average
model diversity and typically reduce how large w must be (see Fig. 4).

3.1 Setup

Let F = {Fm}Mm=1 be a BN ensemble on nodes [n]. Fix a simulation protocol
(initial state or law, asynchronous updates, and a step cap nsteps). For phenotype
ϕ, each model Fm has a success probability pm: under the fixed protocol, it is the
probability that an asynchronous trajectory of the mutated model Fm/M sat-
isfies ϕ before the step cap nsteps. Per-model and ensemble estimators (p̂m, p̂ens)
are those defined in Section 2.3 and Eq. (1).
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Fig. 4: Convergence under ensemble simulations. Bottom: stability versus trajec-
tories per model w. Top: stability versus ensemble size M .

Assumptions. (i) Within each model, trajectories are i.i.d. given pm; (ii)
different models are independent given (pm)Mm=1; (iii) models are sampled uni-
formly (with replacement) from F .

3.2 Variance decomposition

Lemma 1. Under the above assumptions,

Var(p̂ens) =
σ2
p

M
+

η

Mw
, η := E[pm(1− pm)], σ2

p := Var(pm).

Proof (Proof sketch). Apply the law of total variance with Var(p̂m | pm) =
pm(1− pm)/w and E[p̂m | pm] = pm.

Theorem 1 (Minimal ensemble size). If Var(p̂ens) ≤ ε2, any (M,w) with

M ≥
σ2
p + η/w

ε2
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is sufficient. With only pm ∈ [0, 1] (hence σ2
p ≤ 1

4 , η ≤
1
4),

M ≥
1
4 + 1

4w

ε2
.

Corollary 1 (Fixed total budget B = Mw). With B fixed,

M ≥
σ2
p

ε2 − η/B
(requires ε2 > η/B).

Remark 1 (Simulation-noise-only bound). Since p(1−p) ≤ 1
4 , enforcing η/(Mw) ≤

ε2sim gives

w ≥ 1

4Mε2sim
.

The key implication is simple: once w is modest, the σ2
p/M term from across-

model diversity often dominates the η/(Mw) term from within-model simulation
noise. Under a fixed budget, spending more computation on the ensemble size
M is therefore often more beneficial than pushing w much further.

4 Nested Monte Carlo Search for Large Boolean-Network
Ensembles

We compare three search variants: NMCS, the lazy baseline LNMCS, and NRPA.
All search over mutation sets under the same evaluator, but differ in how they
screen candidate moves and how much search guidance they accumulate over
time. To make large-ensemble search practical, we use two implementation prin-
ciples throughout: (i) order-invariant per-level caches for partial mutation sets;
and (ii) rollout caching for completed playout evaluations.

4.1 Nested Monte Carlo Search (NMCS)

Nested Monte Carlo Search [3] is a recursive algorithm originally used for single-
player games and adapted here to search over mutation sets in BN ensembles.
At level 0, it runs a random playout by picking mutations uniformly until the
depth limit, returning the resulting score and mutation set. At higher levels, it
evaluates each legal move from the current state at one lower nesting level, keeps
the best complete mutation set found so far, and then extends the current state
with the first unseen move of that best set.

Algorithm 1 mirrors the implementation used in our experiments. States are
sorted before caching, so logically identical mutation sets share the same key. The
recursive procedure alternates between two phases: evaluating all legal children
at level L− 1, and then expanding the current partial mutation set by the next
move suggested by the best returned completion.
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4.2 Lazy NMCS (LNMCS)

Lazy nested search (LNMCS) [16,15] keeps the same overall structure as NMCS
but adds a depth-dependent pruning rule. Each legal child is first screened by b
cheap playouts using the main evaluator. A child whose mean score falls below
a threshold θd is collapsed to level 0; otherwise it is explored at level L− 1.

4.3 Nested Rollout Policy Adaptation (NRPA)

NRPA replaces uniform playouts with a learned stochastic policy over mutation
choices [14]. In our setting, this provides an alternative form of guidance: rather
than pruning branches explicitly, NRPA gradually biases future rollouts toward
moves that appear in the best mutation sets found so far.

π : S ×A → R, (s, a) 7→ π(s, a),

where π(s, a) is a log-weight assigned to action a ∈ A(s) in state s.
At search level L = 0, actions are sampled according to the Gibbs distribution

Pπ(a | s) =
exp

(
π(s, a)

)∑
a′∈A(s)

exp
(
π(s, a′)

) , (2)

which biases selection toward higher-weight actions while retaining stochastic
exploration.

After each level-L search, the policy is adapted toward the best sequence
B = (a1, . . . , aD) found so far. Let st be the state before executing at. The
update rule is

π ← π + α

D∑
t=1

[ecode(st,at) −
∑

a∈A(st)

Pπ(a | st) ecode(st,a)] (3)

where ei is the i-th standard basis vector and α > 0 is the learning rate. Equa-
tion (3) is a stochastic gradient-ascent step on logPπ(B) under Eq. (2).

5 Experiments

We benchmark the mutation search algorithms presented in the previous section
on their performance for identifying combinations of mutations that maximize
the reachability of attractors having target markers. Experiments have been
performed on two previously published BN ensembles related to the modeling of
biological processes (tumour invasion and hematopoiesis). Each algorithm has
been given a maximum running time of one hour on a single thread of an Intel(R)
Xeon(3) 3.6Ghz CPU.

The implementation and data are available at https://github.com/Cazou21/
Monte-Carlo_Search_for_Boolean_Networks. Search algorithms and have been

https://github.com/Cazou21/Monte-Carlo_Search_for_Boolean_Networks
https://github.com/Cazou21/Monte-Carlo_Search_for_Boolean_Networks
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Fig. 5: Distribution of mutation score for all double and triple mutations in case
study

implemented in Python, and the asynchronous simulation of BN ensembles has
been implemented in Julia, for performance reason. Indeed, the evaluation of a
candidate mutation through BN ensemble simulation is the main bottleneck of
search algorithms. On the case studies, the Julia implementation enables simu-
lating in average 10-15,000 asynchronous trajectories per second, which is 10-100
times faster simulation compared to equivalent Python implementation, and 3-6
times faster than C++-based MaBoSS depending on the evaluated mutations.
As the running time of algorithms is largely dominated by simulation time, the
speedup factor directly translates as the speedup of the overall search.

5.1 Case study 1: Tumour invasion BN ensemble

The BN ensemble comprises 1,000 BNs of 32 nodes, all sharing the same influence
graph, but having different Boolean functions. The ensemble has been generated
by [6] by computing alternative BNs that have the same reachable attractor set
than a manually designed BN of tumour invasion. The study [6] has shown that
model variability within the ensemble can explain the discrepancies between
the base model prediction on control and the experimental data. In this case
study, the initial configuration is miR200 = 1, miR203 = 1, and miR34 = 1,
while DNAdamage and ECMicroenv are initialized randomly with probability
0.5 each. The target attractor marker corresponds to the phenotype characterized
by Invasion = 1, EMT = 1, and Apoptosis = 0.

Ground truth for 2 and 3 mutations We performed the exhaustive evaluation
of all possible double and triple mutations on the complete ensemble with 500
trajectories per BN (500,000 trajectories per mutant). This leads to 1,624 double
mutations and 29,232 triple mutations. Total computation time was 5 hours for
exhausting all double mutations and 49 hours for triple mutations. Fig. 5 show
the distribution of score of mutants. The best score for double mutants is 0.70
and 0.82 for triple mutants.

Comparison of NMCS, LNMCS, and NRPA We evaluated the algorithms on
the full ensemble with a timeout of 30min to identify the best combination
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of two, three, and four mutation. Each algorithm has been run 10 times to
account for its variability. Evaluation of candidates was performed using 100
asynchronous simulation per model of the ensemble. The LNMCS algorithm
used a lazy evaluation over b=2 playouts (see Fig. 8 for comparison over this
parameter). Fig. 6 compares the average, min and max best score obtained along
the time with the 10 runs.

In all cases, LNMCS and NRPA clearly outperform NMCS. This can be
explained by the large number of playouts that NMCS has to evaluate at each
step compared to the two other methods.

For double mutants, the optimal score is found after 260 seconds in most runs
of LNMCS and NRPA; 1100 for triple mutations. For quadruple mutations, no
ground truth has been computed due to the high number of candidates. LNMCS
and NRPA find mutations that outperform triple mutants after minutes.

In average, LNMCS performed 6265 ± 483 evaluations of mutations (consist-
ing of 100 000 simulations) and NRPA 726 ± 312.

5.2 Case study 2: Chevalier BN ensemble of hematopoiesis

The BN ensemble generated by [5] comprises 1,000 BNs of 39 nodes with varying
influence graph and initial configurations, but shared properties on the reach-
able attractors from these initial configurations. The initial configurations and
reachable attractors have been designed to match with single-cell transcriptomic
data capturing the mouse hematopoietic stem and progenitor cell differentia-
tion. The initial configuration correspond to the stem state, and attractors to
differentiated cellular types.

We applied LNMCS algorithm with a timeout of 3600s to identify mutations
that would force the system going towards one given attractor. Fig. 7 shows the
results of the 10 runs for the reprogramming towards 3 sets of markers defined
in [5]: S2 and S4 refers to two distinct differentiated cell type. S2-min and S4-
min refers to minimalist markers for these types (4 and 3 nodes respectively),
whereas S2-max is a more refined marker for type S2 consisting of the value
of 10 nodes. For the min markers, LNMCS consistently reaches the maximum
score of 1 even at depth 2. The only exception is the S2-max marker, for which
the maximum score is reached at depths 3 and 4, but not at depth 2. Further
experiments will evaluate double mutations for reaching each marker.

6 Conclusion

We studied mutation-set search under large Boolean network ensembles, where
evaluation cost grows with the number of models and trajectories. The variance
decomposition shows that, once a modest number of trajectories is used per
model, across-model diversity typically dominates simulation noise. This obser-
vation motivates search strategies that preserve search breadth under fixed time
budgets. In that regime, state-of-the-art search algorithms LNMCS and NRPA
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Fig. 6: Pairwise comparison of performances of NMCS, LNMCS and NRPA al-
gorithms on the Case study 1 with different mutation depth (size). For each
algorithm, the plots show the average best score of 10 runs along the time, with
minimum and maximum best score.
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Fig. 7: Average, min, and max best score over 10 runs of LNMCS on the BN
ensemble of case study 2 for mutations improving the probability of reaching
attractors matching with markers S2-min and S4-min/max.
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that we adapted to BN ensemble provide a practical and efficient method for
identifying mutation sets that maximize the probability of control success.

As the running time is largely dominated by the evaluation of candidate
mutations by simulations, there is a budget-accuracy trade-off. Small M × w
is fast but noisy; large M × w is accurate but costly. Our current control uses
a uniform worst-case bound for the simulation variance, which is conservative.
Tighter, data-dependent estimates would better indicate when an estimate is
“good enough”.

In future work, the tractability of the algorithms should be validated on larger
ensembles of larger BNs. As the simulation cost grows, it motivates the design
of adaptive simulation strategies, leveraging on the variance decomposition of
ensemble size and within-model simulation variability. On the policy-adaptation
side, GNRPA generalizes NRPA with temperature and bias terms [4], and recent
work has already started to learn these bias weights automatically rather than
tune them by hand [18], making the bias-design direction particularly concrete.
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A Search Algorithms

Algorithm 1: NMCS for BN Ensembles
Input: current mutation set S, level L, depth D, move list A, evaluator ec,

optional timeout
Output: best score and mutation set
Function NMCS(S,L,D,A, ec, timeout)

T ← (now + timeout) or ∅
best← (−∞, ∅); C ← [Map() ]Lℓ=0

return Core(S,L,D,A, ec, C, T, best)
Function Core(S,L,D,A, ec, C, T, best)

if T ̸= ∅ and now > T then
return (best.score, best.set)

S ← Sort(S); k ← Key(S)
if k ∈ C[L] then

return C[L][k]
if L = 0 or Terminal(S,D) then

if k /∈ C[0] then
C[0][k]← RandomPlayout(S,A, D, ec)

(sc, S⋆)← C[0][k]
if sc > best.score then

best← (sc, S⋆)
return (sc, S⋆)

Scur ← S; bestSc← −∞
while not Terminal(Scur, D) do

localSc← −∞; localSet← ∅
foreach m ∈ LegalMoves(Scur,A) do

S1 ← Sort(Scur ∪ {m}); k1 ← Key(S1)
if k1 /∈ C[L− 1] then

C[L− 1][k1]← Core(S1, L− 1, D,A, ec, C, T, best)
(sc, S⋆)← C[L− 1][k1]
if sc > localSc then

localSc← sc; localSet← S⋆

if sc > best.score then
best← (sc, S⋆)

if localSc > bestSc then
bestSc← localSc

x⋆ ← first(localSet \ Scur)
if x⋆ = ∅ then

break
Scur ← Sort(Scur ∪ {x⋆})

return (bestSc, Scur)
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Algorithm 2: Nested Rollout Policy Adaptation (NRPA)
Input: Level level, policy policy, number of iterations N
Result: Best score and associated sequence
Function NRPA(level, policy)

if level = 0 then
return Playout(policy)

bestScore← −∞
for i← 1 to N do

(score, newSeq)← NRPA(level − 1, policy)
if score ≥ bestScore then

bestScore← score
seq ← newSeq

policy ← Adapt(policy, seq)
return (bestScore, seq)

Function Adapt(policy, sequence)
polp← policy
state← root
foreach b ∈ sequence do

z ← 0
foreach m ∈ Moves(state) do

o[m]← exp(policy[Code(m)])
z ← z + o[m]

foreach m ∈ Moves(state) do
pm ← o[m]

z

polp[Code(m)]← polp[Code(m)]− α
(
pm − δbm

)
Play(state, b)

return polp

Function Playout(policy)
state← root
while true do

if Terminal(state) then
return ( Score(state), Sequence(state))

z ← 0
foreach m ∈ Moves(state) do

o[m]← exp(policy[Code(m)])
z ← z + o[m]

move← Sample
(
m ∈ Moves(state), o[m]

z

)
Play(state, move)



18 X. Zhang et al.

Algorithm 3: LNMCS for BN Ensembles
Input: current set S, level L, depth D, move list A, evaluator ec, playout count b, pruning

ratio r, optional move cap e, optional timeout
Output: best score and mutation set
Function Eval0(C, S,A, D, ec, best)

S ← Sort(S); k ← Key(S)
if k /∈ C[0] then

C[0][k]← RandomPlayout(S,A, D, ec)
(sc, S⋆)← C[0][k]
if best ̸= ∅ and sc > best.score then

best← (sc, S⋆)
return (sc, S⋆)

Function FastMean(S,Cf ,A, D, ec, b)

return 1
b

∑b
j=1 Eval0(Cf , S,A, D, ec,∅).score

Function LNMCS(S,L,D,A, ec, b, r, e, timeout)
initialize deadline T , global best best, per-level caches Cm, Cf , and depth statistics
tr, trmax

return Core(S,L,D,A, ec, Cm, Cf , tr, trmax, b, r, e, T, best)

Function Core(S,L,D,A, ec, Cm, Cf , tr, trmax, b, r, e, T, best)
if T ̸= ∅ and now > T then

return (best.score, best.set)
S ← Sort(S); k ← Key(S)
if k ∈ Cm[L] then

return Cm[L][k]
if L = 0 or Terminal(S,D) then

return Eval0(Cm, S,A, D, ec, best)
Scur ← S; bestSc← −∞
while not Terminal(Scur, D) do
M← LegalMoves(Scur,A)
if e ̸= ∅ and |M| > e then
M← UniformSample(M, e)

d← |Scur|; Cand← [ ]
foreach m ∈ M do

S1 ← Sort(Scur ∪ {m})
s̄← FastMean(S1, Cf ,A, D, ec, b)
update tr[d] and trmax[d] with s̄
Cand← Cand ∪ {(s̄, S1)}

θd ← tr[d].mean + r (trmax[d]− tr[d].mean)
localSc← −∞; localSet← ∅
foreach (s̄, S1) ∈ Cand do

nextL← 0 if s̄ < θd else L− 1
if nextL = 0 then

(sc, S⋆)← Eval0(Cm, S1,A, D, ec, best)
else

k1 ← Key(S1)
if k1 /∈ Cm[L− 1] then

Cm[L− 1][k1]←
Core(S1, L− 1, D,A, ec, Cm, Cf , tr, trmax, b, r, e, T, best)

(sc, S⋆)← Cm[L− 1][k1]

if sc > localSc then
localSc← sc; localSet← S⋆

if sc > bestSc then
bestSc← sc

if sc > best.score then
best← (sc, S⋆)

x⋆ ← first(localSet \ Scur)
if x⋆ = ∅ then

break
Scur ← Sort(Scur ∪ {x⋆})

return (bestSc, Scur)
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Fig. 8: Average, min, and max best score over 10 runs of LNMCS on the BN
ensemble of case study 1 with different parameters b (2, 5, 10)
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