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Recap: actor-critic

batch actor-critic algorithm:

w50 0+ aVeJ(0)

> 1. sample {s;,a;} from my(als) (run it on the robot)
2. fit qu (s) to sampled reward sums

3. evaluate A™(s;,a;) = r(s;,a;) + Vi(s;) — Vi(si)
4. VoJ(0) = > . Vologmg(ai|si)A™(s;,a;)

fit V7

fit a model to
' ! estimate return

generate
samples (i.e.
N the polj

policy

0 0+ aVyJ(0)




Can we omit policy gradient completely?

AT (s¢,a;): how much better is a; than the average action according to at least as good as any a; ~ 7(ay|s;)

arg maxa,, A™(s¢,a;): best action from s;, if we then follow 7 regardless of what m(az|s;) is!
L forget policies, let’s just do this!
fit A™ (or Q™ or V)
1 if a; = argmax,, A™(s¢, a¢)

fit a model to
71"(8. |S ) . estimate return
LISt 0 otherwise ‘

generate
L samples (i.e.
as good as 7
(probably better) ;

policy
T 7'




Policy iteration

High level idea:

policy iteration algorithm:
1. evaluate A™(s,a) «—— how to do this?
2. set m <« 7’

1 if a; = argmax,, A™(s¢, a¢)
0 otherwise

7 (ayls) = {

as before: A™(s,a) =r(s,a) + yE[V™(s")] — V™ (s)

let’s evaluate V™ (s)!

fit A™ (or Q™ or V)

fit a model to
r ’ estimate return
generate
samples (i.e.

t_

policy
T 7




Dynamic programming

Let’s assume we know p(s’[s,a), and s and a are both discrete (and small)

0.20.3(0.40.3f 16 states, 4 actions per state
0.3[0.3]0.5]0.3

0.4]0.4[0.6[0.4
osloslozlosl 7 is 16 x 16 x 4 tensor

can store full V™ (s) in a table!

bootstrapped update: V7 (s) <= Ear(als)[7(s;a) + YEgs wp(s'|s,a) [V (8)]]

just use the current estimate here

1 if a; = argmax,, A™(s¢,a
7T/<at‘St) _ { t g t ( t t)

0 otherwise —— deterministic policy 7(s) = a

simplified: V7 (s) < r(s,7(8)) + v Es ~p(s|s,x(s)) [V (8')]



Policy iteration with dynamic programming

policy iteration:
1. evaluate V7 (s)
2. set <+ 7’

estimate V7™

fit a model to
estimate return

w’(at|st) _ { 1 if a; = arginaxa, A”(st,at) generate

0 otherwise

samples (i.e.

policy evaluation:

improve the
ﬂ- T policy
4 (S) — T(Sv 7T(S)) + ’yEs’rvp(s’|s,7r(s))[V (S )] e
0.210.3104[0.3) 16 states, 4 actions per state
0.310.310.5]0.3
¥ can store full V™ (s) in a table!
0.4|0.4|0.6[0.4
05loslo7los| 7 is 16 x 16 x 4 tensor




Even simpler dynamic programming

| 0 Q" (s,2) = 7(5,8) + VEg wp(sr(s.0) [V (5)]
/ _ ) lifa; =Qrg maxa, A™(st,ay) Q(s.a) Q(s.2) Q(s.a)
n (at|5t) - 0 otherwise Qs,2) | Q(s, )| o) fit a model to
Q(s,2) Q(s,a) Qs,a) r ’ estimate return
S Q.a) Qs.a) Qls,a)
AT (s,a) =r(s,a) + yE[V™(s")] — V™ (s) Q(s,2) Q(s.a) Q(s,a) generate
Q(s,a) Q(s;a) Q(s,a) samples (i.e.

1) LHE DO
; improve the
policy

V7 (s) + max, Q™ (s,a)

arg max,, A™(s¢,a;) = arg max,, Q™ (s, az)

Q7 (s,a) = r(s,a) + yE[V™(s")] (a bit simpler) ar policy

skip the policy and compute values directly! approximates the new value!

value iteration algorithm:
1. set Q(s,a) < r(s,a) + yE[V (s')]
2. set V(s) + max, Q(s, a)



Fitted Value Iteration & Q-lteration



Fitted value iteration

how do we represent V(s)? S=0:V(s) =02 Q(s.2) & r(s.2) + Y Eypisrisa V()]
big table, one entry for each discrete s

. s=1: V(S) = 0.3 fit a model to
neural Ilet fU.IlCthIl V : S _> R ﬁ estimate return

generate
i V(S) samples (i.e.
pa’rameters ¢ 1N tNE DO
; improve the
policy
£(¢) = 5 HVCb(S) - mSJXQ (Saa)H |S| — (2553)200X200 V (S) — maXaQ (S, a)

(more than atoms in the universe)

fitted value iteration algorithm: curse of
@ 1. set y; < maxy, (r(s;, a;) + YE[Vy(s])]) dimensionality
2. set ¢ + argming 3 3%, [|Vo(s:) - yill



What if we don’t know the transition dynamics?

fitted value iteration algorithm:
1. set y; < maxa, (r(s;,a;) + vE[Vy(sh)]) need to know outcomes
] < . . I
2. set ¢ < argming 1 3, [|[Vis(si) — vill? for different actions!

Back to policy iteration...

policy iteration: policy evaluation:
1. evaluate Q™ (s, a)

9. set T 7’ V7(s) < r(s, m(s s~p(s'|s,m(s)) [V (8")]
1 if a; = argmaxa,, Q7 (s¢, ar)
0 otherwise

' (adlse) = { 07 (s,2) < (s, 8) + 7 Eurnep(er 5.0 @ (', 7(5)]

can fit this using samples J



Can we do the “max” trick again?

fitted value iteration algorithm:

1. set y; < maxa, (r(si, ;) + vE[Vy(s;)])

1. evaluate V7 (s) ) [
2. set ¢ < argming % ZZ |V (si) — yz‘H2

policy iteration:

2. set ™+ 7’

forget policy, compute value directly

can we do this with Q-values also, without knowing the transitions?

doesn’t require simulation of actions!
fitted Q iteration algorithm:

@ 1. set y; < r(si,a;) +vE[Vy(s))] < approxiate E[V (s))] ~ maxa Q4(s},al)
2. set ¢ « argming 2 >, [|Qe(si,a;) — yill’

+ works even for off-policy samples (unlike actor-critic)
+ only one network, no high-variance policy gradient
- no convergence guarantees for non-linear function approximation (more on this later)



Fitted Q-iteration

full fitted Q-iteration algorithm:

1. collect dataset {(s;,a;,s;,r;)} using some policy

@ 2. set y; < r(s;,a;) + 7Y MaXa/ Qop(s;; a;)
X
3. set ¢ « argming 1 >, [|Qe(s;,a;) — yill®

Q¢(S7 a)

parameters ¢

parameters

dataset size NV, collection policy

iterations K

gradient steps S



Review

e Value-based methods
« Don’t learn a policy explicitly
e Just learn value or Q-function

e If we have value function, we
have a policy

e Fitted Q-iteration

Qy(s,a) < r(s,a) + ymaxa Qgu(s’,a’)

fit a model to
‘ ’ estimate return
generate

samples (i.e.

;

policy

a = argmax, Q4(s, a)



From Q-lteration to Q-
Learning



Why is this algorithm off-policy?

full fitted Q-iteration algorithm:

1. collect dataset {(s;,a;,s;,r;)} using some policy
2 set yi 7“.—|— LaXa; Qg (s> ;) this approximates the value of 7" at s

2
3- set @ «— argmfny 5 Zz ”qu(szaaz) yil , 1 if a; = arg max,, Q7 (s¢, at)
74 (at|st) =

0 otherwise

given s and a, transition is independent of 7

Fitted Q-iteration




What is fitted Q-iteration optimizing?

full fitted Q-iteration algorithm:

1. collect dataset {(s;,a;,s;,r;)} using some policy
@ 2. set y; < r(si,a;) +ymaxy Qu(s],a;) < this max improves the policy (tabular case)
X

3. set ¢ « argming 2 >, ||Qe(si,a;) — yill”

|

error £

£ = %E(s,a)’”ﬁ [<Q¢(s,a) — [r(s,a) +ymax Q¢(S/’a/)])2]

if £ =0, then Q4(s,a) =r(s,a) +ymaxy Qu(s’,a’)
this is an optimal Q-function, corresponding to optimal policy 7’

1if a, = maximizes reward
T (ay]sy) = { if a; = arg maxa, Q4 (s, at)

0 otherwise sometimes written Q* and 7*

most guarantees are lost when we leave the tabular case (e.g., use neural networks)



Online Q-learning algorithms

Qs(s,a) < r(s,a) +ymaxy Qu(s’,a’)
full fitted Q-iteration algorithm:

‘
1. collect dataset {(s;,a;,s;,r;)} using some policy estimate return

2. set Yi < T(Si, ai) -+ ’Yma;Xa; Q(p(S,/L, a,lb) generate
) 1 9 samples (i.e.
3. set ¢ «— argming 5 > . ||Q4s(si,a:) — il 0 the pol|
; improve the
policy

a = argmax, Q4(s, a)

/ off policy, so many choices here!

online Q iteration algorithm:

1. take some action a; and observe (s;,a;,s., ;)
2 yi = T(Sza a’b) + fymaxa Q¢( 27 z)
3. < ¢— Cl{ dgb (Sza az)(ng(Sza az) Yz')



Exploration with Q-learning

online Q iteration algorithm: final policy:
: , Ca &l
1. take some action a; and observe (s;,a;,s;, ;) s 1 if a, — arg maxa, Qu(se, as)
2. y; = r(s;, az-) + ymaxa Qy(s,al) Lt 0 otherwise

3. ¢ — ¢ Oé d¢ (Szaaz)(ng(Sivai) - yz)
why is this a bad idea for step 17

o H 124
1 —e€if a; = argmaxa, Qy(st, ar) epsilon-greedy
(at|st) =

e/(|A| — 1) otherwise

m(ae|st) oc exp(Qy(st, ar)) “Boltzmann exploration”

We’'ll discuss exploration in detail in a later lecture!



Review

e Value-based methods
« Don’t learn a policy explicitly
e Just learn value or Q-function

e If we have value function, we
have a policy

e Fitted Q-iteration
« Batch mode, off-policy method

e Q-learning

« Online analogue of fitted Q-
iteration

Qs(s,a) < r(s,a) +ymaxa Qu(s’,a’)
fit a model to
‘ ’ estimate return

generate
samples (i.e.
1N the poli

;

policy

a = argmax, Q4(s, a)



Value Functions in
Theory



Value function learning theory

value iteration algorithm:

0.2[0.3[0.4]03
1. set Q(s,a) < r(s,a) +vE[V(s')] 0.3[0.3]0.50.3
2. set V(s) + max, (s, a) 0.4[0.4[0.6[0.4
0.5[0.5[0.7[0.5

does it converge? and if so, to what?

stacked vector of rewards at all states for action a

define an operator B: BV = max, ra + Y7V
AN

matrix of transitions for action a such that 75, ; = p(s’ =i|s = j,a)

V* is a fized point of B V*(s) = max, r(s,a) + YE[V*(s')], so V* = BV*
always exists, is always unique, always corresponds to the optimal policy

...but will we reach it?



Value function learning theory

value iteration algorithm:

0.2[0.3[0.4]0.3
1. set Q(s,a) + r(s,a) +yE[V(s')] 0.3/0.3[0.5]0.3
2. set V(s) < max, (s, a) 0.4[0.4[0.6[0.4
0.5[0.5[0.7[0.5
V* is a fixed point of B V*(s) = max, r(s,a) + yE[V*(s')], so V* = BV*
we can prove that value iteration reaches V* because B is a contraction /./
contraction: for any V and V', we have ||BV — BV |lso < Y|V — V]| v

gap always gets smaller by ~!
(with respect to oco-norm)

what if we choose V* as V? BV* = VV*!

BV = V¥ oo <AV =Vl



Non-tabular value function learning

value iteration algorithm (using B): fitted value iteration algorithm:
C 1.V« BV @ 1. set y; < maxa, (r(s;, a;) + vE[Vy(s))])
2. set ¢ ¢ argming 1 37, [|[Vi(si) — yill*
fitted value iteration algorithm (using B and II):
T LV« TIBV S

what does this do?

define new operator II: IIV = argminy/cq % STV (s) — V(s)]|? updated Valile function
V'’ + argminyieq 2 Y ||[V/(s) — (BV)(s)|?
/

all value functions represented by, e.g., neural nets

BV
/‘ set 2 (e.g., neural nets)
v

IT is a projection onto §2 (in terms of 5 norm)

/

V/



Non-tabular value function learning

fitted value iteration algorithm (using B and II): / /
2 1.V <+ 1BV \

B is a contraction w.r.t. oco-norm (“max” norm) IBV = BV |loo <AV = Vs

IT is a contraction w.r.t. ¢>-norm (Euclidean distance) IV — 1OV ||?2 < ||V = V||?

but... IIB is not a contraction of any kind

Conclusions:
‘/ BV value iteration converges
/ (tabular case)
y fitted value iteration does not
converge
v’ Vv not in general

often not in practice



What about fitted Q-iteration?

fitted Q iteration algorithm:
@ 1. set y; < r(si,a;) + YE[Vy(s))]

2. set ¢ « argming 2 Y. [|Qe(si,a;) — yill’

define an operator B: BQ = r + v7T max, )
\ "
max now after the transition operator

define an operator 1I: II() = argming/cq % > Q' (s,a) — Q(s, a)H2

fitted Q-iteration algorithm (using B and II):
T 1.Q« IIBQ

B is a contraction w.r.t. co-norm (“max” norm)

IT is a contraction w.r.t. ¢-norm (Euclidean distance)

IIB is not a contraction of any kind Applies also to online Q-learning



But... it’s just regression!

online Q) iteration algorithm:

1. take some action a; and observe (s;,a;,s;, ;)
2. yi = r(si, az’) + v maxar Qg (s}, a;)
3. ¢ — ¢ Oé d¢ (Szaaz>(Q¢(Siaai) - Y’L)

N

isn’t this just gradient descent? that converges, right?

Q-learning is not gradient descent!

66— % (1,20 (Qs(si 1) ~(o1r20) + 7 maxe Qs al)

no gradient through target value




A sad corollary

¢~ contraction B (but without max)
batch actor-critic algorithm: \

1. sample {s;,a;} from my(als) (run it on the robot ~
ple {s;a;} olals) ( ) Yit 2 1(Sit,ait) + YV (Sijt4+1)

2. fit V(;T (s) to sampled reward sums
3. evaluate A™(s;,a;) = r(s;, a;) + Vg(sg) — Ad;”(si) ! . 9
4. VoJ(0) = > . Vologmg(a;|s;)A™(s;,a;) L(¢) = 9 Z b (8i)) = yi
5. 0+ 0+ aVyJ(0) /
An aside regarding terminology {2 contraction II
V™. value function for policy 7 fitted bootstrapped policy evaluation doesn’t converge!

this is what the critic does

V*: value function for optimal policy 7*
this is what value iteration does




Review

Value iteration theory
o Operator for backup
« Operator for projection
« Backup is contraction
o Tabular value iteration converges

Convergence with function

approximation
« Projection is also a contraction
« Projection + backup is not a contraction

« Fitted value iteration does not in general
converge

Implications for Q-learning
o Q-learning, fitted Q-iteration, etc. does

not converge with function approximation

But we can make it work in practice!
e Sometimes — tune in next time

Qy(s,a) < r(s,a) + ymaxa Qyu(s’,a’)

fit a model to
‘ ! estimate return
generate

samples (i.e.

;

policy

a = argmaxa, Q4(s,a)



