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Abstract

In classic voting theory, collective decisions are made democratically and on the aggre-

gation of individual decisions. However, “Man is by nature a social animal...”, citizens’

actions have social meaning and are justified in a certain social context, for that social

context. Voting is no exception.

In this document, we show how specific correlation structures among competent vot-

ers, represented by graphs, can have an impact on collective decision through peer effects

or“learning”. We demonstrate that full information or full correlation and no correla-

tion among voters are equivalent situations for collective decision for a given measure of

collective decision performance. For small juries, we show the classic CJT may hold if

correlation structures are sufficiently weak. Finally, we provide, for small juries (n < 5),

a complete ranking of graphs or correlation structures, up to isomorphic transformation,

given the simple majority rule and a simple peer effect rule. In terms of graph related

effects, we obtained that the marginal effect of graph structure and intra-class difference

were increasing as n increased. In contrast, the maximum effect of link creation decreased

as n increased. We also showed that clustering and connectivity were not good predictors

of performance but most maximal social networks had relatively high clustering. In the

same vein, we brought to light that the edge-connectivity of a graph may determine which

graph other than the star is the worst.
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Introduction

“The many, when taken individually, may be quite ordinary

fellows, but when they meet together, they may well be found

collectively better than the few”.

— Aristotle, Politics, Book III

“Democratic electorates are composed of individually

interdependent, politically interconnected decision makers. [ . . . ]

they depend on one another for political information and

guidance”.

— Robert Huckfeldt, Paul E. Johnson, and John Sprague

In classic voting theory, collective decisions are made democratically and on the aggre-

gation of individual decisions1. However, “Man is by nature a social animal...” citizens’

actions have social meaning and are justified in a certain social context, for that social

context. Voting is no exception.

Given an individual that has the right to vote and to ponder on what he is voting on, it

is natural to believe that he or she constructs his or her opinion from the information that

is available to him or her. A natural question arises: “From where do these individuals

obtain the information that they consider “relevant” to decide which alternative to vote

for?”. Studies prove that family (Glass 1986), schools/closest friends, mass media (Becker

1975), religion and political parties (Campbell 1960) are the five most influential factors

that determine the voting behavior of individuals. In the light of this evidence, voting,

which is considered to be an individual social act, is no longer as individual as it seems.

It becomes somewhat of an extension of the context in which the action is present and

an expression of the influence that other agents may have on the individual.

1Idea that contradicts the holistic view of societal decision-making defended by A.Sigfried (1910) and
Paul Lazarsfeld

4



In the study of collective voting, therefore, ignoring the interdependence in opinions

among people is hardly realistic. Considering all of an individual’s relationships in an

analysis of collective decision integrates the ex ante opinions of peers in the individual’s

decision. In the field of economics and social psychology, the idea that an agent i’s

outcome depends on another agent j’s outcome (connected in some relevant sense to i)

is known as peer effect. Marquis de Condorcet (1785) assumed away such consideration

when he stated his renowned Condorcet Jury Theorem (CJT) on binary elections–hopeful

justification for Democracy2–, which states that if people in a group are sincere3, all

equally competent in determining which possibility is best and, if they vote independently,

the following propositions are true:

1. Non-asymptotic CJT : If the collective decision is taken using a majority rule, then

adding any other, at least equally competent, agent into the group will increase the

probability of collectively choosing the “correct” alternative.

2. Asymptotic CJT : As the number of agents tends to infinity, the probability of col-

lectively picking the right alternative tends to certainty.

This result is powerful4. Nonetheless, it holds only when all individuals have equal capa-

bilities of analysis, equal or equivalent criteria for voting and over all, no contact with one

another (e.g no political socialization). Even though the results he obtained were tempt-

ing to justify democracies, it is clear that the hypotheses he sends forth to obtain them

hardly or never hold in practice. People have different competencies, use different criteria

to compare alternatives, they suffer from cognitive dissonance 5 and voting, to them as to

others, is a social act for it begets a social meaning and is a “projection“ of their personal

identities. Thus, it is impossible to avoid some sort of political socialization. What part

of collective outcome or collective vote is due to socialization?

In this document, we extend Condorcet’s initial result by weakening the hypothesis of

2It can also be used to disapprove positive arguments for Democracy.
3An individual is said to be sincere if his vote is altruistic.
4As a corollary, Condorcet would have probably argued in the name of his theorem that: “ it may be

entirely reasonable to entrust a big binary decision for which there is a correct alternative, to a group
of individual of lesser competence (e.g a jury) than to a single individual of a greater competence (e.g a
judge)” (Miller, 1986).

5There is a difference between voting intentions and voting choices, there are different criterias of
choice that agents can find troublesome to compare.
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independence. We embed local peer effects and social network structure into a classic

CJT framework and estimate their effect on the probability of collectively choosing the

best alternative for society6. Provided all graph structures and a simple majority rule,

we compute the probabilities of choosing the correct answer and define a ranking on all

non-isomorphic graphs for n=2,3,4 and 5. Likewise, we establish a ranking for the una-

nimity rule for n=2 and n=3.

We show that when individuals are competent and when information is public among all

voter, the probability of making the correct choice is maximal. In the same line, we show

that adding people into any scrutiny may not be always favorable for society. We give

hints on how particular graph statistics such as clustering are not good predictors of the

performance of a social network and we construct a subset of the set of correlation struc-

tures that are always maximal for all n. Finally, we conjecture that the maximum effect

of graph structure and the maximum effect of link creation are bound to, respectively,

increase and decrease as n grows.

We hope that this work on individual competence and group accuracy represents an

interesting contribution to democratic theory and a useful complement to the usual em-

phasis in the social choice literature on correlated voting, especially for small groups.

This document is divided into several sections, in the first we discuss the literature. In the

second, which constitutes a chapter of its own, we survey the basics of graph theory as we

slowly transition into a section of applied combinatorial where we discuss some necessary

properties of graphs. Finally, we get to the central chapter of this document where we

present our model as we apply it to small groups of people. In the subsections that follow

we discuss and present our findings. Last, we summarize and discuss the implications of

our observations in the final section.

Preliminary Literature Review

The probabilistic approach to social choice began with the French mathematician and

philosopher Marquis de Condorcet (1785). As stated in the introduction, the Condorcet

Jury Theorem says that if people are confronted to a binary solution problem and if they

6Literature on voter psychology suggests that altruistic voting is far more likely than self-interested
voting (Popkin 1994).
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are competent enough and vote independently, then as we add competent people to the

fray, the probability of making the correct choice grows and tends to certainty. Although it

was originally stated for binary solution problems, it has been extended to n-ary solution

problems under the Borda rule (Young 1986, 1988) and under the plurality rule (List &

Goodin 2001). In this plurality of solutions context Pivato (2013b) proved that under

certain conditions, the correct answer was no other than a maximum likelihood estimator

of the correct answer.

Hoeffding (1965) weakened the first hypothesis and showed that the CJT held if and only

if the average competency of the average agent allowed him or her to make the correct

decision more than half of the time. Boland, Proschan & Tong (1989) generalized the CJT

to correlated voters, yet their model only described a particular graph structure with a

particular correlation.

An interesting and similar result known as the “Wisdom of Crowd”(WoC) principle was

proved by Galton in 1907. It stated that if a large group of people estimated a numerical

quantity, then the average of the estimates would converge, in probability, to the true

value. Nevertheless, both the WoC and the CJT along with all the other n-ary general-

izations depended on the assumption that the errors made by the people in the group are

independent from one another. Unfortunately, as expressed earlier in the introduction,

such hypothesis is far from being realistic. In reality, voters’ opinions are strongly cor-

related both because they rely on common sources of information and because intrinsic

human relationships make of opinions a leverage on other spheres of life (Grofman, Owen

et Feld 1983)7.

It has been intuitively understood that the “independence” assumption in the CJT was

problematic. From the 1980s and onward, an array of papers assessed the gravity of

the problem and proposed solutions. In 1984, Shapley and Grofman and Nitzan and

Paroush showed respectively that whenever a certain pattern of correlations arose, a non-

monotonic rule could be more reliable than a majority vote and that the CJT was very

sensitive to the independence assumption. In the same vein, Owen (1986) showed that

if the voters could be divided into groups such that each group was correlated, then an

“indirect” majority vote such as an electorate college would yield higher probabilities of

7Especially in undeveloped countries, political opinion can be as important as determining if one gets
a job or not. This phenomenon is yet to be studied.
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choosing the good alternative than its direct counterpart. Nearly six years later, Ladha

(1992) generalized the CJT theorem even further by weakening the independence condi-

tion to demanding the average correlation of voters to be bounded above. Fifteen years

later, Berend and Sapir (2007) found general conditions so that the non-asymptotic part

of the theorem held in a small community of correlated voters. Meanwhile, Kaniovski

(2008) showed that if correlation among jurors was negative, then the finite CJT held.

Last, Peleg and Zamir (2012) gave necessary and sufficient conditions for a population of

correlated voters to satisfy the CJT.

The sources of voter correlation that we are mostly interested in are “contagion” of opin-

ions through deliberation of discussion, and common source of information – we will ignore

correlation due to strategic voting. A series of papers have been published on the topic

starting by Boland et al. in 1989 where he developed a version of the CJT with an “infor-

mational leader” and later extended it to weighted voting rules. Eustland (1994) showed

that under certain conditions, having an “informational” leader could actually improve

the reliability of the majority vote. In another scope, Ladha (1992) showed that when

voter errors are not independent but exchangeable (interpreted as some kind of “trust”),

then the CJT held. Peleg and Zamir (2012) also proved a version of the CJT under the

same interchangeability conditions of errors. Finally, Dietrich and List (2004) showed

that if each voters drew information only from a set of unreliable information sources,

then the asymptotic part of the CJT theorem failed.

Combining the two sources of correlation and peer effects, Beaumister and Lear (1995)

showed that human behavior was strongly motivated by the desire to gain the recogni-

tion and respect of others. Moreover, the desire for approval motivates people to acquire

knowledge about politics when politics is a recurrent topic of discussion in the groups and

networks people belong to.

Referring oneself to more recent papers on voting, Yann Algan et al. (2015) published

the results of a natural experiment on first-year “science po” 8 students of the most pres-

tigious Political Science college in France. They showed that students’ political opinions

converged strongly among friends yet that evidence of homophily in network formation

did not affect these estimates (except among very similar friends).

8Sciences Politiques or Political Science in French.
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Finally, Pivato (2016) tackled the question theoretically. He modeled the correlation

between voters as issued from a culture and a collective behavior model. He proved that

if a social network satisfied certain mild geometric conditions, and that the correlation

between voters was a decreasing function of their distance in the network9, then the re-

sulting culture was sagacious10. Furthermore, he showed an even more interesting result

stating that if a social web had sublinear average degree growth then, any nearest-neighbor

correlation structure for that web was sagacious. This meant that as long as the agents

that are added into the group did not create too many links with other people and if an

agent’s opinion only depended on his or her closest neighbors then, society was sagacious.

However, it did not say anything about finite graph structures and how they grew as n

or the number of agents increased. Furthermore, it ignored part of the vast complexity of

peer effects by restricting the analysis to only converging statistics for sagacious populaces

and discussing only asymptotic properties.

In summary, in the conception of political economy decision-making and voting models,

there is a need for a better understanding of peer effects (Kenny 1998; Pivato 2016) and

on how network structure affects the final outcome of collective decision: the dissertation

explores these possibilities.

9As it was implicitly found in Yann Algan et al.’s paper.
10His way of saying that, asymptotically, the verdict of the group will incline towards the best alternative

because of its properties.
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Chapter 1

Graph Theory

A graph G is a pair of sets (V,E). V is the set of vertices or nodes and E the set of

edges or links of the graph. Moreover, we call order of the graph G the cardinality

or number of elements of the set of vertices V , #V = n, and edge count #E = m the

size of the graph. In a directed (undirected) graph1, each edge corresponds to an ordered

(unordered) pair {u, v} of elements in V 2. In this dissertation, we define the density δ

of a graph G = (V,E) as the ratio of the number of edges present in the graph over the

maximum possible edges or links possible in the later, δ(G) = m

(n
2)

. For n ∈ {0, 1}, we

set δ(G) = 0. A graph such that δ(G) = 1 is called complete and we write G = Kn. If

{u, v} ∈ E, we say that v and u are neighbors. Moreover, the set of neighbors of a given

vertex v, called neighborhood, is the set of all neighbors of v, Nv = {u ∈ V |{v, u} ∈ E}.

The number of edges incident or touching on a given vertex is called the degree of

v denoted by deg(v). Furthermore, we say that a graph is regular if all vertices have

exactly the same degree or more generally if for all v ∈ V and deg(v) = k, G is said to be

k-regular.

A path from v to u in a graphG is a sequence of edges {v, v1}, {v1, v2}, . . . , {vk−1, vk}, {vk, u}

in E starting at vertex v0 = v and ending at a vertex vk+1 = u. If such a path exists, we

say that vertices u and v are connected. The path is said to be simple if no vertex is

repeated in the sequences, on the other hand, if there exists a path starting and finishing

in the same vertex, this path is called a cycle. The length of a path is the number of

edges on it, and the distance duv between u and v is the length of the shortest path

connecting them in G. The average path length or average distance in a graph G, d(G)

1Also called a digraph in the literature in Graph Theory.
2There are, therefore at least twice as many directed graph than undirected graphs.
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is given by the average of these path lengths. A graph G is said to be connected if

there exists at least one path between all pair of vertices in V . If there are vertices that

cannot be reached by others, then the graph is said to be disconnected. In particular,

the minimum amount of links needed to connect a graph of order n is n− 1 and we call

its edge-connectivity the minimum number of edges to be removed to disconnect the

graph. Last, a bipartite graph K#A,#B is a graph where the vertex set V can be split

in two sets A and B such that all edges lie between those two sets: if {v, w} ∈ E, either

v ∈ A and w ∈ B or w ∈ A and v ∈ B.

Two graphs G1 = (V1, E1) and G2 = (V2, E2) are isomorphic if there exists a one-

to-one (or isomorphism) mapping f : V1 → V2 such that {v, u} ∈ E1 if and only if

{f(v), f(u)} ∈ E2. An isomorphism partitions the set of graphs into equivalence classes

on the relationship associated to the isomorphism. Two graphs G and G′ are in the same

equivalence class if they are isomorphic.

Last but not least,the complementary graph or inverse of a graph G = (V,E) is a graph

H = (V,E ′), noted G, on the same vertices such that two distinct vertices of H are

adjacent if and only if they are not adjacent in G. Formally, if K is the set of all two-

elements subsets of V , the set H = (V,K − E) is the complement of G.

For what concerns the rest of the dissertation we will note certain graphs of interest as

the following table suggests. We define the union of two disjoint graphs G = (V,E) and

G′ = (V ′, E ′) as to be a graph H = (V ′′, E ′′) such that V ′′ = V ∪ V ′ and E = E ′ ∪ E ′′.

“∪” is defined recursively on the set of disjoint graphs and we note for any arbitrary

graph G, the finite union of graphs G,
⋃n

i=1G = nG. We need these notations and oper-

ations to characterize and discuss certain complicated graphs without closing oneself to

one particular representations of these former. It will also simplify the discussion and the

presentation of results when addressing them.3

Name Notation Name Notation

Empty n Graph ∅n,nK1 n-Line Ln

(n,m)-Bipartite Graph Kn,m,Bn,m n-Cycle Cn

n-Complete Graph Kn,nK1 n-Star K1,(n−1)

3For example, avoid calling K1,3 a claw since it can also be called a 3-pronged star.
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1.0.1 Clustering in Graphs

Unfortunately in Graph Theory, no single definition of a cluster is universally accepted,

and the variants used in the literature are numerous (Edachery and al, 1999). In the

setting of the theory, each cluster should intuitively be connected: there should be at

least one or preferable several paths connecting each pair of vertices within a cluster.

Indeed, if a vertex v cannot be reached from a vertex v they should not be considered

to be in the same cluster. In voting theory, for instance, we can think of family to be a

cluster with respect to the vote. In part of the literature this motivate clusters to be also

called communities. When transposing clustering to social networks and voting theory,

two global clustering coefficients are usually proposed as measures of the degree to which

nodes in a graph tend to cluster together: the global clustering coefficient and average

clustering.

The global clustering coefficient, a.k.a transitivity clustering (Wassermann and Faust

1949), puts emphasis on closed triplets as they are considered as the basic indicator of

clustering. Naturally then, global clustering is simply defined to be the ratio of the

number of unordered closed triplets over the total number of unordered triplets in the

graph C = # of closed triplets
# of connected triplets

.

An alternative to the global clustering measure, the overall clustering measure 4, is

based on the local clustering coefficient. It quantifies how close the neighborhoods of

each vertex are close to a clique5. The local clustering coefficient of undirected graphs

can be informally defined as the number of an agent’s i friends that are actually friends:

Ci =
2#{ejk:vj ,vk∈Ni,ejk∈E}

ki(ki−1)
, where Ni is the neighborhood of i and ki = #Ni. When

ki = 0, 1, we pose Ci = 0. Intuitively, thus, we define the overall clustering measure as

the average of all local clustering coefficients, C = 1
n

∑
i≤nCi.

Note that this formula is not defined for graphs with isolated nodes and by convention,

when ki = 1, Ci = 0. Furthermore, for the scope of our research question, we will use

the global clustering coefficient since we will compare connected and disconnected graphs

even though this metric places more weight on low degree nodes than its counterpart6.

Example 1.0.1. G = ({1, 2, 3, 4, 5}, {{12}, {34}, {35}, {45}}) is disconnected and planar.

4Measure introduced in 1998 by Watts and Strograts to determine whether a graph is small-world
network.

5a complete sub-graph.
6In fact, a weighted average where each local clustering score is weighted by ki(ki − 1), is identical to

the global clustering coefficient.
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The complement graph is G = ({1, 2, 3, 4, 5}, {{13}, {14}, {15}, {23}, {24}, {25}}).We com-

pute the individual degrees of the nodes: deg(1) = deg(2) = 1; deg(3) = deg(4) = deg(5) =

2. The graph has an average degree of d = 7
4
, a transitivity clustering coefficient of C = 1

and, an overall clustering coefficient of C = 3
5
.

1.0.2 Some Combinatorial and Applied Graph Theory

In this section, we will introduce the reader to some particular combinatorial required to

understand some of the results in this dissertation. Given that the number of different

graphs to be considered is large for n > 3, it is extremely time consuming to compute

statistics on all distinct graphs. Nevertheless, we exhaustively count all the graphs on the

euclidean plane for n = 1, 2, 3, 4, 5 and reduce their number by considering their equivalent

classes with respect to rotations, translations, contractions and dilatations on the plane7.

Given a graph structure G and n nodes with valences living in a set S, there exist

#Sn distinct graphs. In effect, since two graphs G and G′ are different in this context if

and only if there is at least one node in G whose valence is different in G′. How many

different graphs or graph structures with n nodes do we have? Considering that a graph

can harbor at most
(
n
2

)
links, we can imagine that there is a non-negligible number of

graphs for each k ≤
(
n
2

)
number of links.

Proposition 1.0.1. Given a set of n nodes or agents N , there are mn
∑(n

2)
k=0

((n
2)
k

)
distinct

graphs, where m = #S is the number of mutually exclusive valences a node can take.

Proof. By reverse induction8. Take the complete graph Kn and pose K =
((n

2)
2

)
. It is

clear that there are mn of such graphs. If we eliminate one link from the complete graph,

there are
(
n
2

)
different ways to do so, and since there are mn different graphs of each of

those
(
n
2

)
different ways of eliminating the link, there are

(
n
2

)
×mn different graphs with(

n
2

)
− 1 links. In the same way, if we eliminate 2 links from the complete graph, there

are
((n

2)
2

)
ways of doing it and there are therefore,

((n
2)
2

)
×mn graphs with

(
n
2

)
− 2 links.

By backward induction, for all k ≤ K, the number of graphs with k links is mn ×
((n

2)
k

)
.

7This is not an easy problem either, see the Graph Isomorphism problem in fundamental Computer
Science

8Reverse induction is an instance of weak induction where the inductive step uses a negative integer.
It works in the following case. If the property holds for a given value K then, given that the property
holds for a given case, say n = k + 1, showing that the property holds for n = k is equivalent to saying
that the property holds for all values n ≤ K.
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Then, by adding up all graphs, we get mn
∑(n

2)
k=0

((n
2)
k

)
, the number of distinct graphs with

n nodes.

The idea of leads us to define a “class sequence”, that gives the number of different

classes of graphs given the number of links they have. Two graphs G,G′ are said to be

equivalent if and only if there exists a non-trivial linear form f such that G = f(G′)9. We

call a class sequence u a sequence (u0, . . . , u(n
2)

) such that ui is the number of distinct

classes of graphs with i links.

Example 1.0.2. The class sequence for n ∈ {2, 3, 4, 5}:

n = 2 : (1, 1) thus for 8 distinct graphs we only need to compute 8;

n = 3 : (1, 1, 1, 1) thus for 64 distinct graphs we only need to compute 16;

n = 4 : (1, 1, 2, 3, 2, 1, 1) for 784 distinct graphs we only need to compute 176;

n = 5 : (1, 1, 2, 4, 6, 6, 6, 4, 2, 1, 1) for 24,956 distinct graphs we only need to compute 1,088.

Remark 1.0.1. The class sequence is symmetrical with respect to the
(n
2)
2

th term. Indeed,

for every graph G, there exists another graph G′ where the links in G do not exist and

where the links that are missing in G appear10. So, for each class containing k links, there

exists exactly the same number of classes containing
(
n
2

)
− k links.

The importance of defining and explaining the class sequence is more practical than

theoretical. First, it tells us exactly how many graphs with n agents and m different

possible valences there are to be considered; second, it tells that once we know half

of the sequence, we know the other half. These two properties are interesting for the

computing, verification and ranking of the graphs. Nevertheless, note that the number of

computations are exponential in n, so since we compute the statistic for each graph, the

computation we are interested in can only be computed in exponential time.

9A graph can be represented by its adjacency matrix so, f(G′) is well defined. Two graphs are
equivalent if there is a bijective transformation f applied to the adjacency matrix of G′ such that the
image of such transformation from G′ is G.

10Also called complement graph, see previous section.
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Chapter 2

A Model of Non-Strategic Voting

with Peer Effects in Social Networks

2.1 Basic Principles of the Model

Take a group of people N composed of exactly |N | = n agents facing a decision problem.

Suppose that we can frame all possible solutions to this problem, construct the set of

all feasible1 solutions, and code the set of the two “best“ solutions by S = {0, 1} from

which people have to vote for. This could be a presidential election or a jury deciding

whether someone is guilty or not guilty of a crime. Suppose in particular that there exists

an universally accepted meta-criteria2 (unknown or not to voters) such that society as

a whole is better off, and a probability measure µ on the space of these two solutions

measuring the likelihood that one of these solutions is the best. Moreover, we note ω the

random variable related to the space of the best solutions S. Without loss of generality,

assume that one of these solutions, noted + or 1, is the best in all contexts (µ(ω = 1) = 1).

Every agent i ∈ N holds some kind of view or initial opinion øi on which solution he

or she believes to be the best to solve the decision problem at hand. We suppose that

these opinions are obtained each individually and independently from different Bernoulli

distributions B(i) where i represents i’s beliefs on which solution is best for society or for

himself or herself. We call this belief the Bayesian prior distribution of agent i. In

addition, we also note pr(vi = ω|ω = 1) = pi the ex-ante probability that individual i

1feasible in a technical or imaginative way
2and also a meaningful measure of being “better off”.
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votes for the correct answer ω = 1 or, informally, agent’s i competence with respect to

the problem at hand. The closer this probability is to 1, the more competent the agent is

and the more likely he or she is able to identify the best solution and vote for it. The link

between the probability of voting for the correct answer and the initial opinion is that

they both reflect the actual vote an individual would cast if there was no discussion or

dialogue. Moreover, it also pushes towards the fact that if there is no external influence to

individual voting, an agent will vote exactly according to his initial opinion. Furthermore,

we suppose that all agents are to some extent competent or, in other words, pi >
1
2
. Last

but not least, we assume that all agents are equally competent and thus, for all i in N ,

pi = p 3.

In the context of elections, most voters discuss their political views with their closest

friends and relatives (Huckfeldt 2015) before casting their votes. As they are social agents,

their decisions are most likely affected by the opinions of their friends and/or connections.

Define an agent i’s neighborhood Ni as to be exactly these closest friends, relatives, and

connections that may have an effect on i’s final voting decision4. In other terms, the people

that the individual i considers essential in the building of his or her choice. Although we

recognize that peer effects can go on any direction, we suppose that if two agents i and

j are connected then, they share their opinions related to the scrutiny with one another.

Last, the union of all of these neighborhoods constitutes a social network, G =
⋃

i∈N . We

call a society the set of agents N and the symmetric relationship inducing the social

network G.

Note On = Sn the set of all possible opinions in N and ø ∈ On a vector containing the

information on the opinions øi of each member in N . Taking into account the existence of

peer effects, it is natural to consider the opinions of an agent’s neighbors as information

– information that the agent uses to make his or her final vote decision5. In any case,

all agent i’s friends send him or her a signal σj ∈ S to express or share their opinion øj.

We suppose that dialogue or information exchange is perfect and that information flows

through the network without disturbance: σi = øi for all i ∈ N 6. Finally, an agent’s

3See Miller (1986) where he proves that people do not need to have the same common goal to vote
for society’s well being as a whole.

4We may define an agent’s neighborhood in an alternative way by defining the relationship R as iR j
if and only if “agent i trusts agent j in this particular decision problem.

5This is indeed some kind of rationality that we would like to call “decision transfer rationality” that
reposes on the fact that agents will somehow imitate the decision of people they believe more or equally
competent than them.

6This hypothesis can be interpreted as people being educated enough to understand opposing argu-
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information set Ii is given by the set of signals agent i receives from his or her neighbors

including his. Formally, Ii = {σj|j ∈ Ni} ∪ {σi}.

Example 2.1.1. Let n = 3, ø = (1, 1, 0) and, G = ((1, 2, 3), (12, 23)). The information

sets of agents 1, 2 and, 3 are given by I1 = {1, 1}, I2 = {1, 1, 0}, I3 = {1, 0}.

2.1.1 Peer Effects and Peer Effects Rules

The main objective of our model is not to describe reality but to highlight the importance

of social networks in collective voting outcome. In the light of this, we have to agree

on how an agent i’s peers affect his or her voting opinion. We need to define a rule

of social learning Ri that somehow creates a relationship between the signals agent i

receives and the decision that he or she makes7. Hence, we define a peer effect rule to be

a correspondence Ri : I → O, Ii → Ri(Ii) = o′i, that associates an agent i’s information

set to his personal voting opinion. For simplicity, we assume that all people in society

perceive the influence of their peers in exactly the same way. In other terms, Ri = R for

some peer effect rule R.

Intuitively, the peer effect rule takes an agent’s information set and renders a new

formed opinion o′i from which he or she bases his or her vote decision vi. We can imagine

different kinds of peer effect rules but we will stick to the following: if the number of

signals in favor of a particular solution is greater than the number of signals of the other

one, then the vote or voting opinion of the agent will be that of the signal that dominates

his or her information set. In the case of equal number of signals, we restrain ourselves to

the natural tie-breaker rules of abstention (A) where he or she will not vote and random

vote (R) where he or she votes randomly for 1.

Although agents do make use of their information, they also have prior beliefs on which

solution is the best among the two alternatives found in S, which we called Bayesian

priors on S. These are independent on whether one of the choices in S is more likely

to be the best. We suppose that individuals do not favor the occurence of any state of

the world and thus pr(ω = 1) = pr(ω = 0) = 1
2

for all i in N . Now, we are interested in

computing the Bayesian posterior distribution, that we will also note pi, of the random

variable vi given an agent’s information set and a peer effect rule. From Bayes’ formula,

ments and integrate them into their decisions if they desire.
7In effect, peer effect rules should depend on an agent’s tendency to conform to or repudiate his or

hers neighbors’ opinions.
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we have (for ω ← 1, the best choice):

pi = pr(vi = ω|Ii, ω) =
pr(vi = ω)pr(Ii, ω|vi = ω)

pr(ω)
=

pr(Ii, ω|vi = ω)

(pr(Ii, ω|vi = ω) + pr(Ii, ω|vi = (1− ω)))

The probability that an agent i votes for the correct candidate given his information

set Ii is the probability that the peer effect rule image R(Ii) yields the correct candidate:

pr(vi = ω|Ii, ω) = pr(R(Ii) = 1) = pi. Furthermore, with n−i and n+
i respectively the

number of 0 and 1 correct signals in Ii, we have the following rules for abstention and

random vote:

1. The abstention rule A:

R(Ii) =

1 if n+
i > n−i

0 if n+
i < n−i .

2. The x-random rule R:

R(Ii) =


1 if n+

i > n−i

0 if n+
i < n−i

ai if n+
i = n−i 0.

where pr(ai = 1) = pr(ai = 0) = 1
2
.

Remark 2.1.1. The random rule, in particular, depends on the prior beliefs of the

individual agents. Indeed, one half is not chosen randomly but is a result of agent’s

learning. We derive the value directly from Bayes’ formula,

pr(vi = ω|Ii, ω) =

(n+
i +n−i
n+
i

)
pn

+
i (1− p)n−i(n+

i +n−i
n+
i

)
pn

+
i (1− p)n−i +

(n−i +n+
i

n−i

)
pn
−
i (1− p)n+

i

,

which yields 1

1+pn
+
i
−n−

i (1−p)n
+
i
−n−

i

= 1
2
⇔ n+

i = n−i .

On the other hand, in the singular case where n+
i = n−i = 0, we obtain the classical

model with no correlation among voters.
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Finally, two hypothesis are key to the model. First, corr(ø, G) = 0 (Yann Algan

et al. 2015) or peer effects and opinions do not change the structure of the graph.

Second, after individuals have formed their opinions based on their information

sets, they do not change them before votes are cast8. Thus, these opinions perfectly

represent all individual votes (vi)i∈N = V .

2.1.2 Collective Decision Rules

It is clear that the probability of making a correct decision depends strongly on the

collective decision rule that society chooses for deliberation. A collective decision

function Dc : V → S is a correspondence that goes from the space of vectors of

votes V to the solution space S defined over the discrete topology. We note M the

simple majority rule and A the unanimity rule.

For a given decision problem, we note π(p, q;Dc, G) the probability that society

chooses the right answer through the collective decision rule Dc, given the basic

social geometric properties of the social network G (a.k.a number of edges and their

positions), the competence of agents p, and the nature of the peer effects R. Last

but not least, note q the probability that if there is a tie or indecision after the

voting process, society chooses the right answer.

The interpretation of q can be somewhat tricky. It can be chosen as to be the

probability that another process is chosen to deliberate and that the same solution

is proposed and chosen9. Alternatively, a somewhat holistic interpretation for q

would be related to considering society as a voting unit with its own “collective”

competence. This collective competence can be driven by a constitution, an ideol-

ogy or any abstract principle that “globally” represents society and for which the

constituent does not directly vote10for11.

In this scope, we can see graph structure as some kind of morphism that takes a

vector of opinions, obtained for a certain probability, and renders another vector

8The composition of Ri as a correspondence is well defined. We can imagine Ri to be an instance of
peer effects for a moment in time where they can be easily observed.

9In the U.S, a tie in general elections is broken by a deliberation in the House of Representatives.
Since we can assume that representatives are very competent, q should be at a lot greater than 1

2 .
10It is another decision problem in the set of P of problems probably voted for long ago.
11For some representative positions such as State Judge in States like New Mexico, the flip of a coin

breaks the ties: q = 1
2 .
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to which the collective decision rule is applied. As figure 2.1 shows, we part from

the initial opinions on the right answer, then the peer effect rule and the union

of all of the agents’ neighborhoods define the information sets that agents will use

to determine their individual voting decisions. Finally, the collective decision is

obtained from taking the individual voting decisions and applying the collective

decision rule on them.

Initial
Opinions

(On)

Individual
Voting

Decisions
(Vn)

Collective
Final

Decision

R and G Dc

Figure 2.1: Collective Decision in Steps

Example 2.1.2. Let ø = (1, 1, 0, 0, 0, 1), G = ((1, 2, 3, 4, 5, 6), (12, 23, 24, 45, 46))

and R = A, Dc = M . The information sets of agents 1,2,3,4,5 and, 6 are given

by I1 = {1, 1}, I2 = {1, 1, 0, 0}, I3 = {0, 1} and, I4 = {1, 1, 0, 0},I5 = {0, 0} and

I6 = {1, 0}. The probability that candidate 1 wins is qp3(1− p)3.

++−−−+ +−
+ wins

with prob-
ability q

A and G M

Figure 2.2: Example of Collective Decision in Steps

2.1.3 A Statistic for Graph Performance

We have defined the basic foundations of individual peer effects and vote aggrega-

tion. We are interested in computing the probability that society makes the good

decision given the set of individual opinions and the structure of the social net-

work that defines it. In other words, for a given n and eventually other parameters

such as the number of links m, we would like to solve the optimization problem,

maxG∈G(n,m)
π(p;Dc, G), in order to determine which social network structure is the

most advantageous for society as a whole. For n small, the number of distinct

graphs is not big so we can solve for the set argmax(π) ∈ G by comparing the

graph structures altogether.
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The performance of societies with certain graph structures are measured and rep-

resented by probabilities on the solution space S. Note D the random variable

that equals 1 whenever the correct decision from S is chosen and 0 if not, pro-

vided the collective decision rule Dc. Since 1 is supposed to be the right answer

and recalling the definition of π, pr(D = 1) = π(p;Dc). We are interested in com-

puting the probability that 1 wins adding the information on the structure of the

subjacent social network defining society. Formally, we compute for all G ∈ G,

pr(D = 1|G) = π(p;Dc, G). For simplicity of notation, we do not include ω = 1 in

the computations.

The probability that 1 wins given a particular graph is the sum of the probabilities

that 1 wins for all the different vectors of opinions,

pr(D = 1|G) =
∑
ø∈On

pr(D = 1|G, ø)pr(ø) =
∑
ø∈On

pr(
∑
i∈N

vi ≥
n+ 1

2
|V = (vi)

n
i=1)pr(ø).

Moreover, note On
k the set of opinion vectors containing k zeros, then

⋃n
k=0O

n
k = On

and we can rewrite our equation as a function of the number of 0s in the configura-

tion,

pr(D = 1|G) =
∑
ø∈On

pr(D = 1|G, ø)pr(ø) =
∑
k≤n

∑
ø∈On

k

pr(D = 1|G, ø)pr(ø).

This equation yields the following fundamental theorem:

Theorem 2.1.1. Take a graph G = (V,E) of order n, the probability of yielding 1

as a winner is a polynomial π on p:

π(p;G,M) = a0p
n + a1p

n−1(1− p) + . . .+ an−1p(1− p)n−1 + an(1− p)n

=
∑
k≤n

akp
n−k(1− p)k.

such that for q = 1
2
, ∀k ≤ n, ak + an−k =

(
n
k

)
.

Proof. Let us explicitly construct the polynomial by induction on the number k of

negative opinionated people in the vector of opinions ø. The polynomial or vari-

able part of the equation is simply given by pr(ø). Since the opinions øi are i.i.d

Bernouillis of parameter p, the probability of having a vector with exactly n − k 1s
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is
(

n
n−k

)
pn−k(1 − p)k. However, not all of these compositions yield 1 as a winner

because of the new information we have on the structure of the social network. The

vector of votes V is therefore, a priori, different for each different combination of

graphs and opinion vectors, thus for k 0-opinionated voters, there are at most
(

n
n−k

)
different vote vectors. We have

∑
ø∈On

k

pr(D = 1|G, ø)pr(ø) =
∑

j≤( n
n−k)

pr(D = 1|Vj)pn−k(1− p)k

which implies that ak =
∑

j≤( n
n−k)

pr(D = 1|Vj). The polynomial expression that we

want to find follow immediately when adding over all k. Since for all opinion vectors

with k zeros, one can find the dual opinion vector, noted ø containing k ones, then

we claim that the voting vector for the first is the dual of the second: G∩ ø = V 12.

and G ∩ ø = V . We have that for all m there exists j such that Vm = Vj. Then,

ak + an−k =
∑

j≤( n
n−k)

pr(D = 1|Vj) +
∑

m≤(n
k)

pr(D = 1|Vm)

=
∑

j≤( n
n−k)

(pr(D = 1|Vj) + pr(D = 1|Vj)) =
∑

j≤( n
n−k)

1 =

(
n

n− k

)
.

This result is a consequence of the fact that scrutiny has to yield a victor in some

way or the other. If 1 does not win, then 0 wins, hence intuitively, the probability

that 1 loses is exactly the probability that 0 wins. For example, if there are m

graphs and we know that 1 wins, on average, in m
3

of these graphs, then 0 has to

win in 2m
3

of those graphs.

Remark 2.1.2. The unanimity rule being a particular instance of the general ma-

jority rule, the same equation can be written for it by substituting
∑

i∈N vi ≥
n+1

2
for∑

i∈N vi = n, and posing q to be the probability of choosing 1 whenever
∑

i∈N vi 6= n

or
∑

i∈N vi 6= 013.

Example 2.1.3. Take G = ({1, 2, 3, 4, 5, 6}, {(12), (13), (23), (34), (45), (46), (65)},

Dc = M, and the random rule peer effect rule. For no − opinionated voters, it is

12The intersection here is defined as to be the graph structure G with nodes t1, ..., tn of valences
ø1, ..., øn. The order of the sets count.

13We can imagine q to be different according to the number of people in the unanimity that do not
vote for 1.
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clear that 1 wins all of the time with probability p6. For one − opinionated voters

the same happens since all the agents have at least two neighbors voting +. For 2

− voters we have 15 different opinion vectors to account for, but peer effects make

that some among them are equivalent in terms of the voting vector they generate.

The following table summarizes the case for k = 2.

Opinions (øi) −+ +−++ −+−+ ++ −+ +−++ −−+ + ++ +−+ + +−

Eq Configs 1 4 4 2 4

Votes (vi) + + aa+ + −− a+ ++ + + a+ ++ −− a+ ++ + + + + ++

pr(D = 1) 1 1+q
2

1 1+q
2

1

Coeff 1 2 + 2q 4 1 + q 4

where pr(a = +) = pr(a = −) = 1
2

and pr(D = 1|
∑

i∈V vi = n
2
) = q. Note that

the sum of all equivalent configurations is equal to all possible opinions vectors con-

taining two −s (15). We get that 1 wins with probability the sum of all coefficients

multiplied by the probability of getting the said opinion vector, (12 + 3q)p2(1− p)4.

For 3 voters, we get the following table:

Opinions (øi) −−−+ ++ −+−−++ −−+ + +− −+−+ +− −−+−++

Eq Configs 2 4 4 8 2

Votes (vi) −−−+ ++ −−−a+ + −− a+ ++ −−−aa+ + −−−+ ++

pr(D = 1) q q
2

1+q
2

1+q
4

q

Coeff 2q 2q 2 + 2q 2 + 4q 2q

We get that whenever there are three − opinionated voters, 1 wins with probability

(4 + 12q)p3(1 − p)3 or the sum of all the different cases where he or she wins.

The remaining coefficients can be found using theorem 2.1.1. In effect, for four −

opinions, we get that the coefficient by solving for x such that 12 + x+3
2

= 15. We

get x = 3, and therefore, 1 wins with probability 3qp2(1− p)4. Finally we get,

pr(D = 1|G) = p6+6p5(1−p)+(12+3q)p4(1−p)2+(4+12q)p3(1−p)3+3qp2(1−p)4.
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Finally, let us construct a binary relationship “%”14on the space of graphs G. Since

the best decision is assumed to be “wished” by society as a whole (and by its agents

(Popkin 1994)), any network G that increases the chances that society chooses the

best solution is desired. Our binary relationship is to be defined as follows: a social

network structure G is better for society15 than another social network G′ if and

only if the probability of collectively voting for the correct decision is greater in G

than in G′ for R, q, p and, Dc given. Formally,

G % G′ ⇔ π(p;Dc, q, G)Rn ≥ π(p;Dc, q, G′)Rn ,∀p ∈ (p, 1).

Consequently, we call a graph maximal if it maximizes the probability of choosing

the correct answer given n and minimal if it minimizes it.

From now on we consider the majority peer effect R with the random rule R tie-

breaker and fix q = 1
2

unless said otherwise. As for the collective decision rule we

take the simple majority M or the unanimity U rule if explicitly specified. The

following general results comes naturally,

Proposition 2.1.1. For all n ∈ N, nK1 is maximal in Gn.

Proof. From the preceding theorem, let G be any arbitrary graph of order n odd.

Then, we can write the probability that 1 wins for G and nK1 as a polynomial of

order n in p. The difference is also a polynomial of order at most n,

π(p;nK1)− π(p;G) =
∑

k≤n−1
2

(

(
n

k

)
− ak)pn−k(1− p)k −

∑
k≥n+1

2

akp
n−k(1− p)k

=
∑

k≤n−1
2

(

(
n

k

)
− ak)(pn−k(1− p)k − pk(1− p)n−k).

Since by construction
(
n
k

)
−ak ≥ 0 and for p > 1

2
and for all m ≥ k ≥ 0, pm(1−p)k >

(1−p)mpk, the difference computed is positive. nK1 is therefore always maximal. For

n even, the expression is written in the same way and we add the term
(
n
n
2

)
q−
(
n
n
2

)
A(q)

where A(q) is a linear probability function on q. If q ≥ A(q), then nK1 is maximal.

For q = 1
2
, the inequality holds since for k = n

2
, ak + an−k = 2an

2
⇒ an

2
= 1

2

(
n
n
2

)
.

14The asymmetric and strict relationships ∼ and � are defined accordingly.
15We can also say that a society is more competent than another given social network.

24



The proposition gives us a bound of how good society can do when facing a binary

decision problem as a function of p. It tells us that a group of people does best when

the individuals in the group vote only on their information or personal opinion.

However, intuition tells us that if all information is made public and information

from competent individuals is shared, then people should always do better than if

that information was not given. The only graph where all agents have access to all

opinions is the complete graph Kn. We show that Kn is also a maximal graph for

the simple majority rule.

Proposition 2.1.2. For all n ∈ N, Kn is maximal.

Proof. To prove that Kn is maximal, we have to show that π(p;Kn) =
∑

k≤bn
2
c akp

n−k(1−

p)k. For the odd complete graph, all agents receive exactly the same information,

Ii = {σ1, . . . , σn}, ∀i ∈ N . Since there is an odd number of agents, a representative

agent i votes for 1 if and only if at least half of these signals are favorable to 1.

All voting vectors obtained are either comprised of all vi = 1 or of all vi = 0. The

probability of 1 winning for this graph is simply given by the sum of the probabilities

of having 1 as a winner when we have k ≤ n−1
2

0-opinionated voters. The prob-

ability of 1 winning here is therefore
∑

k≤n−1
2

(
n
k

)
pn−k(1− p)k, the same expression

we computed for π(p;nK1). For n even, the coefficient of all graphs of order n in

(p(1− p))n
2 are equal, so Kn is maximal.

Remark 2.1.3. Maximality clearly depends on the level of collective competence.

We cannot say anything on the ranking for the case of n even without characterizing

the functions A(q) that depend on the graph structures considered.

We have studied the relatively simple cases of graphs with null density (δ(nK1) = 0)

and full density (δ(Kn) = 1), we know that they are maximal for M. Now, what

happens when δ(G) ∈ (0, 1)? The following lemmas tell us something about it:

Corollary 2.1.1. nK1 � (n− 2)K1 ∪K2. Adding a link is detrimental for society.

Proof. Note that if the agents that are connected have the same opinion, then this

graph performs exactly like nK1. Otherwise, it has an effect if and only if their two

random votes decide whether 1 wins or not. The only cases where they change the

result of the deliberation for n odd is when the difference d between the number of
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agents voting for 1 and 0 is equal to -1 or 1. In effect, we have pr(D = 1|d =

1) = 3
4

and pr(D = 1|d = 0) = 1
4
. The difference between the two graphs is then16:

π(nK1)−π((n−2)K1∪K2) =
(

n
n−1
2

)
p

n−1
2 (1−p)n−1

2 (n+3
n−1

p− (1−p))1
4
. This difference

is positive if and only if n+1
n−1

p ≥ 1
2

which holds for all p > 1
2

and n ∈ N

Claim 2.1.1. Destroying a link in Kn for n > 3 does not hinder society’s probability

of choosing the right answer.

Proof. We simply have to prove that the probability of choosing the right answer

is the same than in the one for the complete graph. We do it by induction on the

number of − voters. Be n odd. If there is one vote − vote, then everyone vote +.

If there are two, we are in the same situation. We continue like this until getting to

a number of − voters such that 1 does not directly win by taking only non-random

votes, namely n−1
2

. For n−1
2
− voters we get that all n − 2 agents with n − 1 links

vote for + in all circumstances, while both agents that have n − 2 links vote both

randomly if and only if none of them vote −. We have that 1 wins anyways. By

theorem 2.1.1, we know that 1 cannot win when considering more − voters than

n−1
2

. For n even, the proof is analogous.

We can see that adding or eliminating a link from the maximal graphs results in a

net loss or gain of chances to select the correct answer or in no effect. When adding

a link to nK1, we add correlation between voters which has a clear negative effect

and corresponds to the possibility of 1 not being chosen even when a majority of

agents clearly express a favorable initial opinion for him or her. When eliminating a

link, information is so abundant that in the complete graph, that it has no particular

effect on the probability of making a correct collective decision.

From now on, we study graphs through the specter of the order built above and

we build and explain the rankings issued from it. In the same way, we study how

several parameters affect the rankings and in what way such effect is meaningful for

society and juries.

Finally, we are interested in estimating the marginal effect of link addition or de-

struction in networks, the effect of the different allocation of a fixed number of links

16The case of n even is treated analogously and by taking the difference to be (2q−1
2 )

(
n
n
2

)
(p(1− p))

n
2 +

( 3+q
4 )
(

n
n
2 +1

)
p

n
2 +1(1− p)

n
2−1 − ( q

4 )
(

n
n
2−1
)
p

n
2−1(1− p)

n
2 +1.
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within a society of n people and last, the global effect of network structure. To

this goal, considering the evolution of graphs as we add one link into its structure

is necessary. Does adding link to society necessarily mean that the probability of

collectively choosing the right answer will increase, if not, will it ever increase again

before becoming the complete graph?

An evolution path for a graph G is a sequence g = (g0, g1, . . . , gn−1, gn) of graphs

such that g0 = G and, for all i, gi is attainable from gi−1 by adding only one link17.

A path is said to be monotone increasing (decreasing) if for all i from the sequence

g, π(p; gi, D
c) ≥ π(p; gi−1, D

c) (π(p; gi, D
c) ≤ π(p; gi−1, D

c)). For instance, as we

will see later on, the sequence 3K1, K2 ∪K1, L3, K3 is not monotone increasing nor

decreasing for the majority rule.

2.2 The Benchmark Model for Small Societies or

Groups

In this section, we will study the implication of links creation and destruction be-

tween individuals in very small societies or groups. We can consider these groups

to be families or simply the biggest units in society that deliver countable, formal

votes. As we have seen previously, groups are considered to be clusters or connected

graphs, and societies the union of these graphs independently of whether the re-

sulting graph is connected or not. For every n ≤ 5, we use chapter 1 to name the

graphs and we rank them according to π.

We will also estimate three distinct yet similar statistics on the majority rule18 which

give an idea on how important the structure of the social network is. The marginal

effect of link addition, which gives a bound on how much better or worse a group

can do if we add or eliminate a single link,

M e
n(q) = max

p,G,e
‖π(p, q; (V,E), Dc)− π(p, q; (V,E ∪ {e}), Dc)‖;

17Since we treat only a finite number of agents, we can also define an evolution path by destroying
links one by one parting from the complete graph with n agents.

18We have done it with already for the unanimity rule for n=3.Refer to authors.
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the intra-class or pure structural counter-factual statistic that compares for a given

m all non-isomorphic graphs with m links and evaluates how strong allocating re-

lationships differently is,

MC
n (q) = max

p,G,G′,#E=m
‖π(p, q; (V,E), Dc)− π(p, q; (V,E), Dc)‖;

and last, the overall effect of the structure of the graph, which simple compares the

best and the worst graphs given n nodes and gives the biggest effect that one can

get by jumping from one graph to another. It also measures how important the

social structure is for society and its objective function,

MG
n (q) = max

p,G,G′
‖π(p, q;G,Dc)− π(p, q; (V,G′, Dc)‖.

All these statistics are given in probability points and are to be taken into consider-

ation alongside the competence level p that maximizes the objective function. The

maximum effect is felt at p and thus the importance of it should be looked at using

a maximal graph’s probability at competence level p as reference.

Remark 2.2.1. If a maximal graph can be obtained from a minimal graph by adding

or destroying a link, then M e
n = MG

n . If there exists a number of links m such that

there are at least two classes with m links, one maximal and the other minimal, then

M e
n = MG

n . Last, if there exists a maximal graph G and a minimal graph H with

the same number of links such that H is attainable by G′ and π(G) = π(G′), then

M e
n = MG

n = MC
n .

2.2.1 The Simple Even Number Case: n = 2

For two agents, there are only 2 graphs to consider: the empty graph (with no links)

2K1 and the complete graph K2. Using the notation seen in previous sections we

have:

Theorem 2.2.1. The probabilities that two agents choose the right answer given
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the graph structure G and the collective decision rule Dc =M or U are:

π(p; ∅2,M) = π(p; ∅2,U) = p2 + 2qp(1− p);

π(p;K2,M) = π(p;K2,U) = p2 + (
1 + 2q

2
)p(1− p);

Corollary 2.2.1. For two agents, it is better for them to communicate or be con-

nected in some meaningful way if and only if society is not collectively competent.

Proof. From theorem 2.1.1, it suffices to check for which values of q we have q >

A(q) = 1+2q
4

. For q > 1/2 the inequality holds and if q = 1
2
, the difference is 0.

Whenever the collective consciousness is weak, it is better that two agents discuss

among each other rather than isolating themselves and voting. Nonetheless, de-

pending on individual competence and q, having the link can have different effects

on π.

Corollary 2.2.2. The effect of adding a link between both agents is bounded above

by 2q−1
8

given q. In particular the absolute maximum effect of link creation is 1
8

for

q 6= 1
2

and 0 otherwise.

Proof. The result comes from the optimization problem: maxp‖(2q−1
2

)(p(1 − p))‖

that we can rewrite as ‖(2q−1
2

)maxp(p(1 − p))‖. We have g(p) ≥ 0 and g(1
2
) =

g(1), where g(p) = p(1 − p). By Rolle’s theorem, there exists a value of p in the

interval that maximizes this function. By solving for it, we find the maximum 1
4

at p = 1
2
. The maximum effect of link creation is therefore 2q−1

8
. For the second

assertion, write the maximization problem as a product of functions on q and p

separately,maxq|f(q)| ×maxpg(p). Furthermore, since the function on q is defined

on a compact [0, 1], it attains its maximum at one of the extremities of this compact.

Thus maxp,q|f(q)g(p)| = 1
8
. If q = 1

2
, the objective function is 0.

This corollary shows the explicit existence of a bound related to the creation of a

link in a social network comprised of only two people. The effect is non-negligible

since the estimations yield an increase or decrease in the probability of choosing

the correct answer of an additive factor of 0.125 − ε (ε > 0 small) for all p. If

collective competence does not favor any solution, then discussing or not on the

solution changes nothing.
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Notice as well that the probabilities for the unanimity rule and for the simple ma-

jority are the same. This is expected since the unanimity rule is just an instance of

the majority rule and for two agents, they coincide. Finally, M e
2 = MG

2 = MC
2 .

2.2.2 The Simple Odd Number Case: n = 3

For a group of three agents we have exactly four distinct graphs. The empty graph

3K1, the complete 2 people graph with an isolated node K2 ∪ K1, the line with

three agents L3, and the complete graph with three agents K3 or elementary cycle.

Although our results are presented for q = 1
2
, we give the general equations.

Theorem 2.2.2. The probabilities that three agents choose the right answer given

the graph structure G, collective competence q, and collective decision rule Dc =

M,U are:

π(p; ∅3,M) = p3 + 3p2(1− p);

π(p;K2 ∪K1,M) = p3 +
5

2
p2(1− p) +

1

2
p(1− p)2;

π(p;L3,M) = p3 +
11

4
p2(1− p) +

1

4
p(1− p)2;

π(p;K3,M) = p3 + 3p2(1− p);

π(p; ∅3,U) = p3 + 3qp2(1− p) + 3qp(1− p)2;

π(p;K2 ∪K1,U) = p3 +
1 + 5q

2
p2(1− p) +

5

2
qp(1− p)2;

π(p;L3,U) = p3 +
5 + 7q

4
p2(1− p) +

7

4
qp(1− p)2;

π(p;K3,U) = p3 + 3p2(1− p).

Proof. We apply theorem 2.1.1 for n=3.

Corollary 2.2.3. For the majority rule and for all p, the best graphs are K3 and

3K1 followed by L3 and K2 ∪K1:

3K1 ∼ K3 � L3 � K2 ∪K1;

Proof. It comes directly from theorem 2.2.2. Indeed, by comparing all the formulae

for the majority rule with respect to the complete graph, we get the following set
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equations:

π(K3,M)− π(K2 ∪K1,M) =
1

2
p(1− p)(2p− 1);

π(K3,M)− π(L3,M) =
1

4
p(1− p)(2p− 1);

π(K3,M)− π(3K1,M) = 0;

Observe that all equations have the same polynomial form. Since 2p − 1 is always

positive for p > 1
2
, we only need to observe the coefficients obtained from the differ-

ences to determine which graph is better than the other. Indeed, if the coefficient of

the difference between the probability of making the correct decision in K3 is greater

for a graph G than for a graph G′ this means that G′ is better than G because

G′ punctures more “probability points” from the maximal graph K3 than G. The

rankings are an immediate result of this observation since 0 < 1
4
< 1

2
implies that

3K1 ∼ K3 � L3 � K2 ∪K1.

We observe as expected for the majority rule, that the best graphs are those where

either information is public to everyone: Ii = {σ1, σ2, σ3} or where there is absolutely

no correlation among voters: Ii = {σi}. Moreover, as we have proven, we can see

that adding a link to the empty graph 3K1 results in a net loss of chances to select

the correct answer. This negative effect corresponds to the possibility of 1 not being

chosen even when two agents have clearly expressed a favorable opinion for him or

her. As a result of sharing information, the chances that 1 wins is given by the

probability that at least one of these two agents votes 1, which is 3
4

instead of 1 in

the case where such link does not exist. Equally important, this effect also gives 1

a chance of 1
4

of winning when 0 is initially preferred by the majority. So what we

observe is the differential between these two effects, if the former is greater than the

latter, then the negative correlation effect dominates the positive information

effect. In this case, since the probability that two agents vote 1 is higher than the

one where two agents vote 0, the correlation effect dominates the information effect.

Note that the level of individual competence has no particular effect on the ranking

yet it determines how big the difference between these two effects is.

Corollary 2.2.4. The unanimity ranking for graphs with three nodes yields a mono-

tonic evolution path.

K3 % L3 % K2 ∪K1 % 3K1
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Proof. We take the difference of all polynomial equations.

π(K3,U)− π(3K1,U) =
3

2
p(1− p)(2p− 1);

π(K3,U)− π(K2 ∪K1,U) =
5

4
p(1− p)(2p− 1);

π(K3,U)− π(L3,U) =
7

8
p(1− p)(2p− 1);

First note that K3 is maximal since all the differences are positive when p > 1
2
.

Additionally, see that all of differences have the same polynomial form and thus,

the higher the coefficient associated to the polynomial, the worse the graph is. The

observation gives the ranking.

Figure 2.3: Ranking n = 3 for the simple majority rule (right) and for unanimity (left).

The monotonous evolution path is not a surprise, in effect, we can interpret the

coefficients of the polynomial as the average number of times that 1 wins given a

configuration of opinions. For the disconnected graph to yield 1 as a winner, it

requires all of the three agents to vote independently for 1, which is highly unlikely.

Furthermore, all the other configurations that do not declare 0 as a winner, yield

1 as a winner with probability q = 1
2
. Adding correlation among voters allow

configurations containing 1 opinions to yield 1 as unanimous winner without being

weighted by q, with probability greater than those with lower correlation. For this

reason, the more there are configurations yielding 1 as a winner the better it is for

society (see figure 2.3).

Remark 2.2.2. If we free q, there exists a level of collective competence such that

voting unanimously is better than voting as a majority. By comparing the maximal

graph obtained by using the majority voting K3 and the worst graph 3K1 obtained

by unanimity voting, we get that whenever p < q, 3K1 � K3. This is a consequence

of the fact that 1 has a higher chance to win when a majority of agents have initial

opinion favorable to 0 in the unanimity case (there are more situations, weighted

by q, where there is an inconclusive vote than the situations where 1 wins in the

majority case).
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Figure 2.4: (p, π). n = 3 for M.
Black:K3 ∼ 3K1; Red:K2 ∪ K1; Blue:
L3.

Figure 2.5: (p, π). n = 3 for U .
Black:K3; Green:K2∪K1; Blue: L3; Red:
3K1.

We have studied the rankings but not the size of the effect of graph structure. The

following corollary sheds light on how important the structure of a small social

network of three decision-makers is important to collective decision.

Corollary 2.2.5. The marginal effect of link addition for the majority rule and for

three agents is bounded above by 1
12
√

3
.

Proof. From the ranking we know that worst graph is K1 ∪K2 so the difference be-

tween this graph and the most performant graph, which we can obtain by eliminating

the only link in it, gives the most important effect of link addition on the probability

of choosing the correct answer. The result comes from the optimization problem:

M e
3 = maxp|(π(p; 3K1) − π(p;K2 ∪K1)| = maxp|(1

2
p(1 − p)(2p − 1)| The objective

function is separable into a polynomial function on p and is defined on a compact

where g(p) ≥ 0 and g(1
2
) = g(1), for g(p) = p(1 − p)(2p − 1). By Rolles’ theorem,

there exists a value of p ∈ (1
2
, 1) that maximizes this function. By solving for it, we

find the maximum 1
12
√

3
at pe3 = 1

2
+ 1

2
√

3
.

Remark 2.2.3. Note that M e
3 = MG

3 . There is a possibility of attaining a maximal

graph from the worst graph by simply adding or destroying one link. MC
3 = 0 since

there is only one class of graphs per m number of links.

We call the probability pe3 where the peer effect is at its strongest, the social exper-

tise competence threshold. We call it this way because we consider that experts

on a problem are supposed to be less affected by their peers. In this sense, for any

competence grater than the threshold, society is less affected by graph structure.
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For a fixed n we can say that if all agents of society have competence close to this

value, then their society is potentially very sensitive to differences in social network

structure. In addition, it tells us that relative to the highest probability of choosing

the correct answer, the structure of the graph accounts for at most roughly 5% of

the probability of making the correct decision. By computing π(pe3;K3) ≈ 81%, we

see that it corresponds to 5.9% of these chances.

Remark 2.2.4. Note that q is not a meaningful parameter when the number of

agents is odd and the collective decision rule is the simple majority. The number of

votes that Dc counts is odd, hence there is always a winner. Note as well that if we

consider the abstention rule, such consideration is no longer true.

2.2.3 Even Number Case, n = 4

For four agents we have 11 non-isomorphic graphs. The class sequence of this case is

(1,1,2,3,2,1,1) meaning that for a social network of four agents, there are three non-

isomorphic graphs containing three links. We give the probabilities for all graphs

with four nodes under the simple majority rule.

Theorem 2.2.3. The probabilities that four agents choose the right answer given

the graph structure G and the collective decision rule M are:

π(p; ∅4,M) = p4 + 4p3(1− p) + 6qp2(1− p)2;

π(p;K2 ∪ 2K1,M) = p4 +
7 + q

2
p3(1− p) + (1 + 4q)p2(1− p)2 +

q

2
p(1− p)3;

π(p;L3 ∪K1,M) = p4 +
15 + q

4
p3(1− p) +

3 + 6q

2
p2(1− p)2 +

q

4
p(1− p)3;

π(p; 2K2,M) = p4 + (3 + q)p3(1− p) +
5 + 14q

4
p2(1− p)2 + qp(1− p)3;

π(p;L4,M) = p4 + 4p3(1− p) +
5 + 14q

4
p2(1− p)2;

π(p;K1,3,M) = p4 +
28 + 3q

8
p3(1− p) +

15 + 18q

8
p2(1− p)2 +

1 + 3q

8
p(1− p)3;

π(p;K3 ∪K1,M) = p4 + 4p3(1− p) + 3p2(1− p)2;

π(p;C4,M) = p4 + 4p3(1− p) + 6qp2(1− p)2;

π(p;L3 ∪K1,M) = p4 + 4p3(1− p) + (2q + 2)p2(1− p)2;
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π(p; 2K1 ∪K2,M) = p4 + 4p3(1− p) +
7 + 10q

4
p2(1− p)2;

π(p;K4,M) = p4 + 4p3(1− p) +
15 + 18q

8
p2(1− p)2.

Proof. We apply theorem 2.1.1 to n=4.

From these equations we can determine without flaw an ordering among the graphs

for all couples (p, q) and more particularly for q = 1
2
.

Corollary 2.2.6. Let q = 1
2
, the ranking for graphs of four agents is

4K1 ∼ K3∪K1 ∼ L4 ∼ K4 ∼ L3 ∪K1 ∼ 2K1 ∪K2 ∼ K4 � L3∪K1 � K2∪2K1 � K1,3 � 2K2.

Figure 2.6: Graph rankings for n = 4 and simple majority rule.

Seven of the eleven graphs are equivalent or generate the same probability of calling

the correct answer correct. In effect, all of these graphs yield 1 as a winner when

there are none or one 0 opinionated voter, which makes them equivalent whenever

such configuration of opinions is found. The same applies to the configurations where

there are two opinionated voters for each side, a random collective consciousness

gives 1 as a winner exactly, on average, half of the time.

We see that there exists a monotonous evolution path starting at K2 ∪ K1 and

reaching the 4-complete graph. The maximum marginal effect of a link for this case

is clearly given by the difference between the worst graph and one of the maximal

graphs that can be directly reached from it: 2K2 and L4.

Proposition 2.2.1. The maximum marginal effect of adding a link in the network

is 1
12
√

3
. In particular, it is also the maximal graph structure effect.
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Proof. This comes directly from the maximization problem: MG
4 = maxp(π(p;L4,M)−

π(p; 2K2,M)) = 1
2
maxpp(1−p)(p2−(1−p)2)) = 1

2
maxpg(p). The objective function

is continuous on p’s domain and since g(1
2
) = g(1) and g(p) ≥ 0, it admits a maxi-

mum somewhere inside the interval. We find that the function reaches its maximum

of 1
12
√

3
at pe4 = 1

2
+ 1

2
√

3
. It is also the maximal graph structure effect because we can

reach a maximal graph directly from 2K2.

In effect, what this statistic tells us is that relative to the highest probability of

choosing the correct answer (given by pe4), the structure of the graph accounts for

at most roughly 5% of the probability of making the correct decision. In this case,

by computing π(pe3;K3) ≈ 88%, we see that it corresponds to 5.6% of these chances

which is not negligible. In terms of the counter-factual effect of graph structure, we

know that there are different classes of graphs given m links and thus, it is non-null.

We find it by maximizing the biggest difference among intra-classes which happens

to be 3
8
(p3(1− p)− p(1− p)3), obtained from the L3 ∪K1 and the two disjoint lines.

We have MC = 1
16
√

3
≈ 0.036 at p = 1

2
+ 1

2
√

3
.

Remark 2.2.5. Observe that the level q of collective competence induces a full

ranking on the set of maximal graphs. The only differentiating parameter between

these graphs is the coefficient of the square polynomial (p(1− p))2 which is linear in

q. These coefficients give lines on the (q,R) axis and intercept at (1
2
, 3) hence, the

ranking is given by the position of the line on the vertical axis (see figure 2.5).

Figure 2.7: (p, π). n = 4 graphs.
Red:2K1; Blue:K1,3; Purple:K2 ∪ 2K1;
Green:L3 ∪K1; Black:Best4.

Figure 2.8: q in abscissa. n=4 maximals.
Black:4K1 ∼ C4; Pink:L4; Blue:K3∪K1;
Red:L3 ∪K1; Green:2K1 ∪K2; Yellow:
K4.

For the unanimity rule, outcomes change drastically. When all people have to give

their accord on a decision, it is a lot easier that nothing is chosen. The sensitivity of
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this decision rule with respect to one individual suggests that the more disconnected

they are and the lower the density of the social network is, the lower the probability

that such society chooses the correct answer. We prove this assertion for n=4 by

giving the raking of the graphs for q = 1
2
.

Proposition 2.2.2. For the unanimity rule, the probabilities of choosing the correct

answer for graphs of order 4 are

π(p; 4K1,U) = p4 + 3p2(1− p)2 + 2p(1− p)(2p2 − 2p+ 1);

π(p;K2 ∪ 2K1,U) = p4 +
1

2
p3(1− p) + 3p2(1− p)2 +

7

4
p(1− p)(2p2 − 2p+ 1);

π(p;L3 ∪K1,U) = p4 +
5

4
p3(1− p) + 3p2(1− p)2 +

11

8
p(1− p)(2p2 − 2p+ 1);

π(p; 2K2,U) = p4 + p3(1− p) + 3p2(1− p)2 +
3

2
p(1− p)(2p2 − 2p+ 1);

π(p;L4,U) = p4 + 2p3(1− p) + 3p2(1− p)2 + p(1− p)(2p2 − 2p+ 1);

π(p;K1,3,U) = p4 +
13

8
p3(1− p) + 3p2(1− p)2 +

19

16
p(1− p)(2p2 − 2p+ 1);

π(p;K3 ∪K1,U) = p4 + 3p3(1− p) + 3p2(1− p)2 +
1

2
p(1− p)(2p2 − 2p+ 1);

π(p;C4,U) = p4 + 4p3(1− p) + 3p2(1− p)2;

π(p;L3 ∪K1,U) = p4 + 3p3(1− p) + 3p2(1− p)2 +
1

2
p(1− p)(2p2 − 2p+ 1);

π(p; 2K1 ∪K2,U) = π(p;K4,U) = p4 + 4p3(1− p) + 3p2(1− p)2;

Proof. We apply theorem 2.1.1 for n = 4 and the unanimity rule.

Corollary 2.2.7. The ranking for the unanimity rule is

K4 ∼ 2K1 ∪K2 ∼ C4 � L3 ∪K1 ∼ K3 ∪K1 � L4 � K1,3 � L3 ∪K1

� 2K2 � K2 ∪ 2K1 � 4K1.

Proof. The ranking issued from this proposition is obtained by exactly the same

procedure used for the other ones. The differences between any two of these proba-

bilities can be written c1p
3(1− p) + c2p(1− p)3 where c1 = a2 − b2 and c2 = a3 − b3.

Furthermore from theorem 2.1.1, c2 + c1 = 0 because a2 + a3 = 4 and b2 + b3 = 4

We take each equation, we subtract it from the others and provided that p > 1
2
, a

graph is better than the other if and only if c1 > 0 19. The ranking results from this

19We can say that in this case the ordering is lexicographic on the powers of the polynomial 1− p.
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observation.

Figure 2.9: Graph rankings for n = 4 and unanimity rule.

It is clear that all evolution paths embedded by this ranking are monotonic increasing

and therefore adding a link is always better or without impact to society. Adding a

link to the graph creates the possibility that whenever any agent is 0-opinionated,

there is still more chances for 1 to win than if he was voted for randomly. There is

a pure information effect going on: the only relevant information is one where the

agent favors 1 and it is capitalized by the fact that unanimity can be reached where

it could not have been reached before.

The interesting observation would be to understand why 2K1 is worse than L3∪K1

when they have the same number of links. Correlation effect seems to be decreasing

in the number of links that one agent has. Notice that the effect on collective

decision of adding a link between two agents with degree 0 is 1
4
p(1−p)(2p−1) while

when adding the link between two disconnected agents, one with degree 1 and the

other with degree 0 is just of 1
8
p(1 − p)(2p − 1). Loses are stronger as we connect

agents with smaller degree which suggests that information has a stronger impact

on collective decision when agents have less information in their information sets.

2.2.4 A Non-Trivial Odd Case, n = 5

Our results for n = 3, 4 are interesting but somewhat flat. We have proven that when

going from 3 individuals to 4 individuals, outcomes do not change too much. Their

worst graphs and their best graphs both yield the same probability of correctly
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voting for society’s best interest, consequently, the statistics we defined are very

similar. If we want to pose conjectures on the evolution of these statistics as society

grows, we need to study the case of five individuals.

For n = 5, we have pretty much reached our computational limit. The class sequence

is (1,1,2,4,6,6,6,4,2,1,1) thus, we have 34 of these graphs for which to compute the

statistics.

Theorem 2.2.4. The probabilities that five agents choose the right answer given

the graph structure G and M are: For the disconnected graphs:

π(p; ∅5,M) = p5 + 5p4(1− p) + 10p2(1− p)3;

π(p;K2 ∪ 3K1,M) = p5 + 5p4(1− p) +
17

2
p3(1− p)2 +

3

2
p2(1− p)3;

π(p;L3 ∪ 2K1,M) = p5 +
31

8
p3(1− p) + 3p2(1− p)2 +

1

8
p(1− p)3;

π(p; 2K2 ∪K1,M) = p5 + 5p4(1− p) +
31

4
p3(1− p)2 +

9

4
p2(1− p)3;

π(p;L4 ∪K1,M) = p5 + 5p4(1− p) +
35

4
p3(1− p)2 +

5

4
p2(1− p)3;

π(p;K3 ∪ 2K1,M) = p5 + 5p4(1− p) + 7p3(1− p)2 + 3p2(1− p)3;

π(p;L3 ∪K2,M) = p5 + 5p4(1− p) +
61

8
p3(1− p)2 +

19

8
p2(1− p)3;

π(p;K1,3 ∪K1,M) = p5 +
39

8
p4(1− p) +

61

8
p3(1− p)2 +

19

8
p2(1− p)3 +

1

8
p(1− p)4;

π(p;L3 ∪K1 ∪K1,M) = p5 + 5p4(1− p) + 8p3(1− p)2 + 2p2(1− p)3;

π(p;K3 ∪K2,M) = p5 + 5p4(1− p) + 7p3(1− p)2 + 3p2(1− p)3;

π(p;C4 ∪K1,M) = p5 + 5p4(1− p) + 10p3(1− p)2;

π(p;K4 ∪K1,M) = p5 + 5p4(1− p) +
65

8
p3(1− p)2 +

15

8
p2(1− p)3;

and for the connected graphs:

π(p;L5,M) = p5 + 5p4(1− p) +
35

4
p3(1− p)2 +

5

4
p2(1− p)3;

π(p; fork,M) = p5 + 5p4(1− p) +
127

16
p3(1− p)2 +

33

16
p2(1− p)3;

π(p;K1,4,M) = p5 +
75

16
p4(1− p) + 8p3(1− p)2 + 2p2(1− p)3 +

5

16
p(1− p)4;

π(p; 2K1 ∪K2 ∪K1,M) = p5 + 5p4(1− p) +
33

4
p3(1− p)2 +

7

4
p2(1− p)3;

π(p; bull,M) = p5 + 5p4(1− p) +
129

16
p3(1− p)2 +

31

16
p2(1− p)3;
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π(p; 2K1 ∪K2 ∪K1,M) = p5 + 5p4(1− p) +
17

2
p3(1− p)2 +

3

2
p2(1− p)3;

π(p; banner,M) = p5 + 5p4(1− p) + 9p3(1− p)2 + p2(1− p)3;

π(p; banner,M) = p5 + 5p4(1− p) +
73

8
p3(1− p)2 +

7

8
p2(1− p)3;

π(p;C5,M) = p5 + 5p4(1− p) + 10p3(1− p)2;

π(p;L5,M) = p5 + 5p4(1− p) +
37

4
p3(1− p)2 +

3

4
p2(1− p)3;

π(p;K2,3,M) = p5 + 5p4(1− p) + 9p3(1− p)2 + p2(1− p)3;

π(p;C4 ∪K1,M) = p5 + 5p4(1− p) + 10p3(1− p)2;

π(p;L3 ∪K1 ∪K1,M) = p5 + 5p4(1− p) +
35

4
p3(1− p)2 +

5

4
p2(1− p)3;

π(p; fork,M) = p5 + 5p4(1− p) +
33

4
p3(1− p)2 +

7

4
p2(1− p)3;

π(p;L4 ∪K1,M) = p5 + 5p4(1− p) +
19

2
p3(1− p)2 +

1

2
p2(1− p)3;

π(p;K3 ∪ 2K2,M) = p5 + 5p4(1− p) + 9p3(1− p)2 + p2(1− p)3;

π(p;K1,3 ∪K1,M) = p5 + 5p4(1− p) +
139

16
p3(1− p)2 +

21

16
p2(1− p)3;

π(p;K2 ∪ L3,M) = p5 + 5p4(1− p) +
143

16
p3(1− p)2 +

17

16
p2(1− p)3;

π(p; 2K2 ∪K1,M) = p5 + 5p4(1− p) +
19

2
p3(1− p)2 +

1

2
p2(1− p)3;

π(p; 2K1 ∪ L3,M) = p5 + 5p4(1− p) +
39

4
p3(1− p)2 +

1

4
p2(1− p)3;

π(p; 3K1 ∪K2,M) = p5 + 5p4(1− p) + 10p3(1− p)2;

π(p;K5,M) = p5 + 5p4(1− p) + 10p3(1− p)2.

Proof. A direct consequence of applying theorem 2.2.1 to five agents.

Corollary 2.2.8. The ranking of social networks for 5 people is:

5K1 ∼ C4 ∪K1 ∼ C5 ∼ C4 ∪K1 ∼ 3K1 ∪K2 ∼ K5 � L3 ∪ 2K1 � L4 ∪K1

∼ 2K2 ∪K1 � L5 � banner � banner ∼ K2,3 ∼ K3 ∪ 2K1 ∼ L3 ∪K2 � L4 ∪K1 ∼ L5

� L3 ∪K1 ∪K1 � K1,3 ∪K1 � K2 ∪ 3K1 ∼ 2K1 ∪K2 ∪K1 � L3 ∪ 2K1 ∼ 2K1 ∪K2

∼ fork � bull � L3 ∪K1 ∪K1 � fork � 2K2 ∪K1 � L3 ∪K2 � K3 ∪ 2K1 � K3 ∪K2.

Proof. Directly from the previous theorem. All differences, except for the 66 differ-

ences to compute related to the graphs containing a disjoint bipartite graph, are of

the form cp2(1− p)2(2p− 1) where c ∈ R is a constant. Since these are differences
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with respect to the maximal graph, the higher the constant, the better the perfor-

mance of the graph is. This order on the coefficients yields the ranking for these

graphs.

The best graphs are 5K1, C4∪K1, C5, C4 ∪K1, 3K1 ∪K2, K5, while the worst graphs

excluding the bipartite graphs (and graphs that have a star-like component) are

K3 ∪K2 and K3 ∪ 2K1, which are equivalent. We now show that when determining

the ranking, the competence of individuals plays a major role. Indeed, the stars are

the worst graphs possible if and only if people’s competence is sufficiently high:

Claim 2.2.1. The ranking for n = 5 depends on the individual level of competence.

Indeed, there exist values p1 and p2 such that the ranking changes.

Proof. Take the differences between the worst graphs and the stars. We see that

π(p;K3 ∪K2)− π(p;K1,3 ∪K1) =
1

8
(p4(1− p)− p(1− p)4) +

5

8
(p2(1− p)3 − p3(1− p)2);

π(p;K3 ∪K2)− π(p;K1,4) =
5

16
(p4(1− p)− p(1− p)4) + (p2(1− p)3 − p3(1− p)2);

π(p;K1,3 ∪K1)− π(p;K1,4) =
3

16
(p4(1− p)− p(1− p)4) +

3

8
(p2(1− p)3 − p3(1− p)2).

From the equations we see that K1,3 ∪ K1 � K1,4 for all p. On the other hand,

K3 ∪K2 % K1,4 if and only if p ≤ 21+
√

21
42

and K3 ∪K2 % K1,3 ∪K1 if and only if

p ≤ 3+
√

3
6

. These result yields the following general rankings:

K5 � . . . � L3∪K2 �


K1,3 ∪K1 � K1,4 � K3 ∪K2 ∼ K3 ∪ 2K1 if p < 21+

√
21

42
;

K1,3 ∪K1 % K3 ∪K2 ∼ K3 ∪ 2K1 % K1,4 if 21+
√

21
42

≤ p ≤ 3+
√

3
6

;

K3 ∪K2 ∼ K3 ∪ 2K1 � K1,3 ∪K1 � K1,4 if p > 3+
√

3
6

.

p1 and p2 are given by the bounds for p.

From this result we can estimate the maximum effect of graph structure for five

individuals, that will depend double-wise on the individual competence.

Corollary 2.2.9. The maximum effect of graph structure MG
5 for 5 individual de-

pends on p.

Proof. The claim is a direct result of computations from the ranking. The maximum
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effects are a result of the following maximization problems:

MG
5 =

maxp[
5
16

(p4(1− p)− p(1− p)4) + 2(p3(1− p)2 − p2(1− p)3] if p ≥ 21+
√

21
42

maxp[3p
2(1− p)2(2p− 1)] if p < 21+

√
21

42
.

By maximizing these functions on the corresponding interval, we get

MG
5 ≈

0.05896 at p = 1
2

+ 1
6

√
1
5
(37− 2

√
166

0.03711 at p = 1
2

+ 1
2
√

5

which clearly depends on the level of competence.

This dependence is not a surprise. We believe that the level of competence should

determine whether a graph is better than the other. For example, if we take the star,

giving too much importance to the opinion of the central agent can be dangerous.

Indeed, if he or she happens to have an unfavorable opinion, all the other agents will

choose the correct answer with probability one half, deeply hindering the chances

of making the correct decision. As p grows large, the probability that such scenario

occurs is bigger, thus making the graph worse as p increases. For the worst graph

K3∪K2, its minimality comes from the fact that only two agents govern the scrutiny

as long as they are in the cycle. Two negative votes in the cycle, a relatively likely

configuration, gives an immediate win to 0. Finally, it is clear that since C4 ∪K1 is

maximal and K3 ∪K2 is minimal, MC
5 = MG

5 .

The effect of marginal link addition is also very important in terms of knowing

where to put a link in a graph to increase or avoid decreasing the probability that

society makes the correct decision. The maximum effect in the case of 5 agents is

found when adding a link between the star K1,4. The maximum effect is found after

solving the problem: maxp
5
16

(p4(1 − p) − p(1 − p)4) + 1
2
(p3(1 − p)2 − p2(1 − p)3).

M e
5 =≈ 0.0332 at pe5 =≈ 0.781.

The statistics tell us is that relative to the highest probability of choosing the cor-

rect answer (given by pe5), the structure of the graph accounts for at most roughly

6% of the probability of making the correct decision. In this case, by computing

π(pe5;K5) ≈ 90%, we see that it corresponds to 7% of these chances which is not
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negligible.

2.2.5 Comparative Statics

In this section we discuss how the effects of peers and graph structure should evolve

as the number of agents in society increases. We base ourselves in what we had

observed for the cases n=2,3,4 and 5. We also study the mean effect of all of what

we have computed, instead of only the maximum effect. If M(p) is the function that

describes an effect, then the mean effect is given by: E =
∫ 1

1
2
M(p)dp.

For example, we take the biggest difference between any two graphs, and we take

the mean effect of going from this graph to the other on p. This will represent the

maximum mean effect of going from one graph to the other. This statistic gives us

a bound of how important, averaging on competence, the effect is on π.

In terms of the marginal effect of adding and or destroying a link, we cannot say a

big deal. We see that it is exactly the same for n = 3 and n = 4, but it increases

when going from n = 2 to n = 3, from 0 to 1
2
p(1−p)(2p−1). Moreover, when going

from n = 4 to n = 5, the difference is non-negligible and positive. Notwithstanding,

if we take the difference between the functions that give these maximum effects,

we find that for individual competence small enough p > 3+
√

5
6

, the effect of graph

structure is higher for n = 4 than for n = 5. The reason to this may come from the

fact that if individual competence is high enough, the probability is already close

to certainty and thus, changing the structure of the graph, given that there are not

too many different correlation structures, has almost no impact on π. Regarding

the mean effect of graph structure, for n = 3 and n = 4 (0.016) they are equal

meanwhile for n=5 it increases to 0.019. This suggests that as the number of agents

increases, the graph structure can have potentially a higher mean effect on collective

voting.

With respect to marginal effect of link addition, when taking the difference between

the two general maximum effects of link addition in n = 4 and n = 5, we get the

function p(1 − p)(2p − 1)(1
2
− 7

8
p(1 − p)), which is positive for all p. It tells us

that there exists no social network in the set of graphs of order n + 1 that is more

sensitive to adding a link than all the social networks in the set of graphs of order
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n. So this means that as n grows, the potential effect of adding a link decreases.

In conclusion, the effect of adding a link is far less important as the number of

different structures available is higher. In the same manner, the mean effect of link

addition slightly decreases from n=3 (≈ 0.016) to n = 4 (≈ 0.012) and further drops

for n=5 (≈ 0.011)20. Consequently, we can say that on average, the more people

there are, the less the average effect of adding a link is important with respect to

individual competence. An interpretation to this result may be that links may be

so much more present in these social networks, that adding or destroying a link

may not have great importance with respect to the high number of signals that an

agent potentially receives. However, in some cases, the link is essential (to connect

disjoint parts of the graph for example) in getting closer and closer to an optimal

graph.

In term of the counter-factual structure effect which compares graphs with the

same number of links, the only interesting cases are n=4 and n=5. The comparison

depends on the level of individual competence: the intra-class effect for graph in

n = 4 is greater than the one in n=5 if and only if p > 1
2

+
√

2
4

. The information

this gives us is that when constructing social networks, the counter-factual structure

effect grows with n. Indeed, this can be due to the fact that as n grows large, the

array of different possibilities of allocating links is also larger. Last but not least, the

statistic pen captures the idea that society’s performance is more and more sensitive

to graph structure as n grows for smaller and smaller values of p. The following

table illustrates our findings.

M e MG (MC ,m) (MG) pe MG % of π(pe)

2 0 0 (0,0) 0 p 0

3 0.048 0.048 (0,0) 0.016 0.788 5.9%

4 0.048 0.048 (0.03,3) 0.016 0.788 5.6%

5 0.033 0.054 (0.054, 4) 0.019 0.749 7%

Observations make clear that the difference between the best and the worst graph

for each n is greater (not necessarily strictly) as n increases. The worst graphs for

n = 5 are better than the worst graph in n = 4, but for n = 3 and n = 4 they are

20This result might not be robust.
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equal. It is hard to know whether this holds true for higher orders, since we do not

really know if there is a structure that is always the worst.

Figure 2.10: Quantitative effects of links. Intra-class,
global...

Figure 2.11: (π, p). Social
Expertise and maximum graph
structure effects for p low. Red:
n = 2; Blue: n = 3 and n = 4;
Black: n = 5.

Figure 2.12: (π,m) plane where m = card(E) and p = 3
5
. Evolution Paths for n = 3, 4.
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2.2.6 Observations on Connectivity, Density, Clustering and

Social Network Performance

Starting from graphs with four agents signs of clustering and a clear partitioning

between the graphs that are connected and those that are not appear. A natural

question is to inquire on any particular relationship between the clustering statistics

and connectivity of a graph and its performance, since clustering can be interpreted

as information exchange among few people. We find that there is no clear relation-

ship between these statistics and the performance of the graph.

For n = 4 we find that there are many more maximal graphs with very distinc-

tive clustering coefficients and degree distributions. Indeed, all four graphs with

non-null clustering coefficient are maximal and three of the other seven with null

clustering are also maximal. Furthermore, there is one disconnected graph (with

high clustering) that is also best. So, there is no clear relationship between cluster-

ing, connectedness and, graph performance21 for n = 4.

In the same vein, for five agents we observe that the proportion of maximal graphs

decreases dramatically with respect to a society of four people. The maximal graphs

are all obtained from graphs with at least four links. Note, however that clustering

is not correlated with the performance of the graph in general. The worst graph is

disconnected and has a high clustering coefficient which means that all the other

graphs with null clustering are worse than it. The only particular interesting thing

we can find is that as the density of the graph grows the, minimal intra-class graph

increases. So the potential of choosing the good alternative increases as the density

of the graph increases and as the mean clustering coefficient increases.

We have learned a few things from this exploratory endeavor. First, for n greater

than 3 there is always a maximal graph with
⌈
n
2

⌉
links. This is the case for n = 4

with the line and the 3-cycle with an isolated node and for n = 5 with the 4-cycle

and the isolated node. This hints that the chances that a graph is maximal is higher

when one knows that the graph considered is connected. Likewise, a minimal graph

seems to be found for all n in the class of graphs with
⌈
n
2

⌉
links. This is the case for

n = 3, n = 4 with the two disjoint lines, and, with n = 5 with the disjoint 3-cycle

21We can,however, show that for some values of q within the connected graphs, the higher the clustering
the better the graph is placed in the ranking.
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and 2 isolated nodes. We can therefore say that is very likely that we can always

find minimal graphs in the set of disconnected graphs.

Second, we can find that as the density of the graph grows the minimal intra-class

graph increases. So the potential of choosing the good alternative increases as the

density of the graph increases, as it becomes more connected and as the mean

potential clustering coefficient increases. We observe that the worst disconnected

graphs are those with very stable cuts, because of the high propensity of ties they

might induce. For n=4, the two disjoint lines is the worst graph as it is consistent

to this assertion.

Third and quite importantly, the degree distribution of the graphs seem to be the

most important predictive element of the performance of social networks. Indeed

we can observe that the best graphs are those where most agents have even degree.

Likewise, the worst graphs seem to have very skewed degree distributions towards

odd degrees. Hence, since clustering measures the propensity of triangles in a net-

work, this may corroborate with a hypothesis in which clustering is correlated to

the positive performance of a graph. For higher order graphs, most maximal graphs

should be connected and have a degree distribution skewed towards even number

degrees. The worst graphs should present the opposite ( the star is a good example).

Figure 2.13: Degree distribution of all
graphs n = 4.

Figure 2.14: Degree distribution of some
graphs n = 5.
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2.3 Condorcet Jury Theorem in Social Networks

In this section we will discuss the finite Condorcet theorem in the context of social

networks. We will discuss how the parameters are important for the theorem to

hold. For this, we show a few results on the computation of the probabilities for all

the graphs.

Let us recall the finite Condorcet Jury Theorem:

Theorem 2.3.1. Finite Condorcet Jury Theorem (Condorcet, 1785; see also Moore

and Shannon 1956a, 1956b). If 1 > p > 1
2

and agents vote sincerely then the

probability that a majority chooses the correct answer is monotonically increasing in

n.

In our context, we say that the finite CJT holds if and only if adding an individual

to the scrutiny is always, independently of the links the agent creates or has, at

least as good for society than if he or she had not been added: For all G ∈ Gn and

for all G′ ∈ Gn+1, G′ % G. We can also say that the CJT partially holds if there

exits a subset of graphs G ⊂ Gn and a subset G ′ ⊂ Gn+1 such that for all G ∈ G and

for all G′ ∈ G ′, G′ % G. We will consider some specific cases and consider only the

majority rule with q = 1
2
, unless specified otherwise, as we will generalize some of

these results to all graphs.

2.3.1 The Finite Condorcet Jury Theorem

In this subsection we discuss the finite CJT in the context of small societies and clear

graph structures. We also discuss the maximality of certain correlation structures

as n grows large.

Note that the ordering % is not stable22 under the operation of disjoint union of

graphs. Indeed, let us find two graphs G,G′,and a third G′′ disjoint of the other

two such that G % G′ and ¬(G ∪ G′′ % G′ ∪ G′′). Pose G = K3, G′ = L3 and,

G′′ = 2K1. We have π(p;K3,M) > π(p;L3,M) or G % G′, and π(p;K3∪2K1,M) <

π(p;L3 ∪ 2K1,M) or G ∪ G′′ ≺ G′ ∪ G′′. As a consequence, we cannot deduct the

22The union of equivalent elements does not keep the ranking unchanged.
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ordering of graphs as a function of their disjoint components, we have to recur to

computation for basic results.

Proposition 2.3.1. There exists p and q such that the finite CJT holds going from

n=2 to n=3. In particular, for q = 1
2

the finite CJT holds.

Proof. We take the difference of the worst graph for n=3 (for all q and p) and both

graphs for n=2 whenever they are maximal and check for which values of p and q

the difference is positive.

π(p;K2 ∪K1,M)− π(p; 2K1,M) = −p3 + 2p2q +
p2

2
+ 2pq +

p

2
> 0;

π(p;K2 ∪K1,M)− π(p : K2,M) = −p3 +
p

2
+ pq + p− q − 1

2
> 0;

For q < p the finite CJT holds when going from 2K1 to K2 ∪ K1. In the same

manner, it holds whenever q < 1
4
(2p + 1). Consequently, finite CJT holds if and

only if q respects both of these bounds with respect to p, thus as long as q < 1
2

the

theorem holds for all p.

What this theorem tell us is that finite CJT does not hold if we take q sufficiently

high, adding people to the scrutiny goes with a reduction in the chances of choosing

the correct answer. Indeed, taking any collective competence level greater than the

bounds makes at least one of the graphs for n=2 better than the worst graph in

n=3. Hence, we have proven two things: First, when the electoral process or the

collectivity favors no agent, there is no reason to exclude an agent from the process

independently of the links he or she forms if he or she decides to participate in

the scrutiny. Second, whether it holds or not depends on the differential between

the level of individual and collective competence. In other words, society sees no

interest in adding agents in the graph if its collective competence is already high

enough, cases where there are ties are more advantageous to society than the cases

where there are no ties that will be brought by adding a new agent. For q = 1
2

the

CJT clearly holds. We prove that this is not always true for an arbitrary n:

Proposition 2.3.2. For p sufficiently low and n ≤ 5 the best graph of even order

n is at most as good as the worst graph of odd order n+ 1.
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Proof. The case of n=2 has been treated in the previous proposition since for q = 1
2

the CJT clearly holds. Take K4 and since the worst graph for n=5 depends on p,

choose the best of the worst graphs. We have: π(p;K4) − π(p;K3 ∪ K2) = 3(1 −

p)2p2 − 3(1 − p)3p2 + 4(1 − p)p3 − 7(1 − p)2p3 + p4 − 5(1 − p)p4 − p5 = 0, which

proves the first assertion. Recall that for p ≥ 21+
√

21
42

, K1,4 ≺ K3 ∪K2 and therefore

π(p;K4)− π(p;K1,4) ≥ 0.

The proposition gives a lot of information. It tells us that there exists a level of

competence for which at least one graph for n=4 is better than a graph in n=5.

When going from an even number society to an odd numbered one, the CJT will

always hold as long as q = 1
2

and, more importantly, as individual competence

is sufficiently low. This bring interest into studying the performance of the worst

graphs, noted Wn, and their evolution.

Corollary 2.3.1. For n ≤ 5 even, we have Wn−1 ∼ Wn - Wn+1.

Proof. The result comes immediately from comparing the worst graphs of all families

for all p. From proposition 2.3.1, we know that W2 - W3 since the CJT always holds.

W1 ∼ W2 is trivial. Now, compare K1,4 and 2K2: p4 + 7
2
p3(1 − p) + 3p2(1 − p)2 +

1
2
p(1− p)3 − (p5 + 75

16
p4(1− p) + 8p3(1− p)2 + 2p2(1− p)3 + 5

16
p(1− p)4) < 0 for all

p greater than a half. So W4 - W5. Last but not least, compare the worst graph for

n=3 with the worst from n=4, the result is 0 for all p and thus W3 ∼ W4.

Proposition 2.3.3. The finite CJT never holds when going from a society with an

n odd number of individuals to an even n+ 1 number of individuals.

To prove this assertion we have to prove an intermediary result that tells us that

we can never do better when adding an individual to a society with an odd number

of individuals.

Theorem 2.3.2. Whenever society is composed of an n odd number of individuals,

Kn ∼ Kn+1.
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Proof. We compute the probabilities for all n odd and n+1 even,

π(p;nK1,M) =

n+1
2∑

k=0

(
n

k

)
pn−k(1− p)k;

π(p; (n+ 1)K1,M) =

n−1
2∑

k=0

(
n+ 1

k

)
pn+1−k(1− p)k +

1

2

(
n+ 1
n+1

2

)
p

n+1
2 (1− p)

n+1
2 .

Take the difference of these probabilities and we get:

n−1
2∑

k=0

(
n+ 1

n+ 1− k

(
n

k

)
pn+1−k(1− p)k −

(
n

k

)
pn−k(1− p)k) +

1

2

(
n+ 1
n+1

2

)
(p(1− p))

n+1
2

=

n−1
2∑

k=0

[pn−k(1− p)k
(
n

k

)
(
p(n+ 1)

n+ 1− k
− 1)] +

1

2

(
n+ 1
n+1

2

)
(p(1− p))

n+1
2

= −
(
n

n+1
2

)
(p(1− p))

n+1
2 +

1

2

(
n+ 1
n+1

2

)
(p(1− p))

n+1
2 .

We have to prove that for all n, this difference is 0. Indeed, provided that 2
(

n
n+1
2

)
=(

n+1
n+1
2

)
, we get the desired result.

The theorem gives us a partial ranking on the graph with different number of agents

which proves the theorem for all n. For n=3,4 we get, K3 ∼ 3K1 ∼ K4 and recall

that since K4 is maximal, K3 is strictly better than all non-maximal graphs of order

4.

K3 � L3 ∪K1 � K2 ∪ 2K1 � K1,3 � 2K2

Hence, the CJT does not hold for n=4. A natural question to ask is: “for what

graphs does the CJT hold strictly”? We have an answer, it holds for the set of

maximal graphs of the even order n+ 1.

More generally, we can say that for all n even, whenever you add an agent to society,

the potential that society improves its chances of choosing the correct solution is

higher that if he had not been added. Indeed, when we combine the finite CJT

and Kn ∼ nK1 for all n, we get that Kn+1 % Kn. Likewise, the difference between

the worst graph is hard to tell since we have no possible way to know if there is

a particular structure that is always worst for n individuals. In the same way, we

cannot truly say that the maximal graph structures we have encountered for n = 4
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and n = 5 continue to be maximal as n grows large. We show that nor the even

line, nor the cycle are maximal if we choose n sufficiently large.

Theorem 2.3.3. For n > 8, Cn is not maximal.

Proof. We have to show that for all n > 7 there exists an opinion vector ø con-

taining a majority of + voters such that pr(D = 1|ø, Cn) 6= 1. As an exam-

ple, for C9, the opinion vector ø = (1, 1, 0, 0, 1, 0, 0, 1, 1) yields a voting vector

V = (1, 1, 0, 0, 0, 0, 0, 1, 1). This proves that it cannot be maximal. For an arbi-

trary n we have to choose a similar opinion vector. For n odd, we simple need to

take the opinion vector where a + voter is squeezed between two groups of − voters.

If we note k1 and k2 then number of − voters in these groups, choose k1+k2 =
⌊
n−1

2

⌋
,

then ø = (0, . . . , 0︸ ︷︷ ︸
k1

, 1, 0, . . . , 0︸ ︷︷ ︸
k2

, 1, . . . , 1︸ ︷︷ ︸
n−k1−k2−1

). This opinion vector gives a voting vector

V = (0, . . . , 0︸ ︷︷ ︸
dn2 e

, 1, . . . , 1) which if n is odd, yields 0 as a winner and if n is even,

yields 1 as a winner with probability q < 1.

Remark 2.3.1. However, cycles are maximal for n ≤ 8. All agents in the graph

have similar information sets containing an odd number of signals. If there is one 0,

it will always vote 1 since his or her two neighbors vote 1. If there are two 0s, then

the biggest number of 0 voters that there will be is two (if they are neighbors to each

other), thus 1 will win. If we take any number k of 0 voters, the maximum number

of 0 votes will be given by k. Since agents never vote randomly, any opinion vector

with a number of k ≤ n+1
2

0-opinionated voters will yield 1 as a winner if n is odd.

Hence, the probability that 1 wins is
∑

k≤n−1
2

(
n
k

)
pn−k(1− p)k. Symmetrically, 0 will

win whenever k is strictly greater than the threshold. For n even, the remark stays

untouched since from theorem 2.1.1, when we have half 1 voters and half 0 voters,

1 wins half of the time.

In the same way as we have noted that the cycle was maximal for n = 2, 3, 4, 5.

We ask ourselves if for n sufficiently big, Cn−1 ∪ K1 also respects the maximality

condition.

Corollary 2.3.2. Cn−1 ∪K1 is not maximal for n > 9.

Proof. It is a direct corollary of the previous proof. We reason with respect to the

cycle, if n is even, then putting all the 0 voters in the cycle (in the way studied in
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theorem 2.3.3), yields 0 as a winner because one more voter voted for 0 than for 1.

If the isolated node’s initial opinion is +, then 1 wins with probability q. If n is odd,

then 0 wins with a gap of two votes and independently of the vote of the isolated

node, 0 will win.

For the line, we had observed that it was maximal for n=4 and considering the

simple structure of the network, we could think that perhaps it is maximal. We

show that it is not and that n=4 is a marginal case.

Corollary 2.3.3. For all n > 4, Ln cannot be maximal.

Proof. To show that not all even lines are maximal, we simply need to find a line

such that when having a majority of + opinions, it does not yield + as a winner all

the time. We have to find, for all n, a opinion vector such that pr(D = 1|Ln, ø) 6= 1.

As an example, consider L6 and the opinion vector (1,1,1,0,0,1). The voting vector

we obtain is V = (1, 1, 1, 0, 0, a) and 1 wins with probability 1
2

+ q
2
< 1 for q < 1,

thus this line cannot be maximal. This procedure can be done for all the other lines

simply by taking the vector of opinions (1, . . . , 1︸ ︷︷ ︸
n
2

0, . . . , 0︸ ︷︷ ︸
n
2
−1

, 1). It yields the voting

vector (1, . . . , 1︸ ︷︷ ︸
n
2

0, . . . , 0︸ ︷︷ ︸
n
2
−1

, a), which yields 1 as a winner with probability 1
2

+ q
2
< 1.

In the same manner, odd lines cannot be maximal. When there are n+1
2

1-opinionated

voters, the configuration ø = (+−+ . . .+−+) may declare 0 as a winner with prob-

ability 1
4
.

2.3.2 Asymptotic CJT and Social Networks

In this section we discuss what happens with society as we add agents indefinitely

either by fixing the structure of the graph or by conjecturing on what happens when

new agents form links with people in society. The asymptotic CJT says that as long

as agents are competent, adding additional competent agents indefinitely will make

the probability tend to 1. In the context of our model, we cannot truly talk about

the asymptotic CJT.

Indeed, to build recursive equations for graphs, we need either to know the exact

effect of the adding links between agents, or simply fix the structure of the graph.
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The former is extremely difficult and we do not have enough information to con-

struct graphs this way. The later is more viable but unfortunately it restricts the

results to a very small subset of graphs namely, bipartite graphs, trees, cycles, com-

plete graphs, etc. Even if we believe that somehow it suffices to compute their

distributions or bound them to familiar equations, this will not work. As we have

shown, different relationship formation may invert the bound in such way that at

some point the graph that bounded the other loses its bound. For instance, we

would like to say that all the graphs that are maximal tend to 1 as we add people

with different links, but what does it actually mean to tend towards 1 for maximal

graphs with particular structures such as K3 ∪K1 or K2 ∪ 2K1? We do not go far

into asymptotic CJT in this dissertation, we give intuitive claims on how some type

of graphs should behave as n tends to infinity.

Theorem 2.3.4. Adding agents and connecting them to all other agents in the

complete graph ensures that the correct answer is chosen, limn→∞π(Kn) = 1.

Proof. It comes immediately from the classic Condorcet Jury theorem and the fact

that for all n we have π(Kn) = π(nK1).

Claim 2.3.1. Taking any graph G, adding independent agents to it indefinitely

assures that the correct answer is chosen: limn→∞π(G ∪ nK1)=1

Proof. We can write the probability π(G ∪ nK1) =
∑

k≤m+n ckp
m+n(1− p)m+n−k

where m is the order of the graph G and, ck = (
(
n+m
k

)
− ak) for ak ≥ 0 depending

on whether in G 1 wins with k 0s. As n grows, ak becomes negligible with respect to(
n+m
k

)
and for all ck where there is no binomial coefficient (k > n+1

2
), it tends to 0.

We can, thus say that there exists n0 such that for all n > n0 we can approximate

π(G ∪ nK1) by π(nK1). Taking the limit as n tends to infinity, limn→∞π(G ∪

nK1)=1.

The result is somewhat intuitive. As n grows large, the votes of the people in G

become negligible with respect to the increasing number of agents that are added.

Claim 2.3.2. Adding peripheral individuals indefinitely to the bipartite graph or the

star assures that the worst alternative can be chosen: 0 < limn→∞π(B1,n) < 1.
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We give an idea or sketch of how to prove such assertion. As we have observed for

n = 3, 4, 5, the 4-star is better than the 3-star for all p, while the 5-star is better

than the 4-star, if and only if p is sufficiently low, yet still better than the 3-star. We

observe that as n increases, the level of competence p for which the odd numbered

star is better than the even one tends to 1
2
. For n big, we can expect that such

probability no longer exists (since we suppose p greater than a half). In this case,

we only need to study the even stars to find an upper bound for all stars, and the

odd ones to find a lower bound. For this we give a explicit formula for all odd stars:

π(K1,n) = pn +

n−1
2∑

k=1

(
1

2n−k−1

(
n− 1

k − 1

) n−k−1∑
j=k+1

(
n− k − 1

j

)
+

(
n

k

)
)pn−k(1− p)k

+
n−1∑

k=n+1
2

(
1

2k

(
n− 1

k

) k∑
j=d k2e

(
k

j

)
)pn−k(1− p)k.

where k is the number of − opinionated voters and j the number of necessary

random votes to win whenever random voters decide the scrutiny. For n even, the

formula is similar but for the fact that all random votes are possible and q is present.

We believe that this formula tends to a limit l > 0 23.

23A naive bound that tends to 0 of the expression given has been explored.
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Chapter 3

Conclusion and Conjectures

In this dissertation we have studied the effects of social network correlation and peer

effects in a CJT framework. We have shown that for a small number of agents and

given a particular peer effect rule, we can establish a ranking on social networks

according to the probability that, from dialogue or influence among members, soci-

ety chooses the correct answer. The final conclusion for small groups is that they

perform at their maximum when no or all information is shared among the members

of the group. Not only that, we observed that there exist some particular, different

correlation structures such as the cycle and the isolated agent with the cycle that

also performs maximally when the number of individuals is sufficiently small. We

did not find any clear correlation structure that proved maximal for all n other than

the complete graphs and the empty link graphs.

We found, for a small number of agents, that the evolution paths from the empty

graph to the complete graph were tumultuous, yet we could always observe that

the worst intra-class graphs were always better (from
⌈
n
2

⌉
links) as we added links.

Moreover, either the n-star or a disconnected graph with
⌈
n
2

⌉
always represented the

worst performing correlation structure. Finally, we found that the finite Condorcet

Jury Theorem almost always holds when going from a society with an even number

n to an odd numbered one with n+ 1 individuals.

For the unanimity rule, we found that correlation or adding links was always ben-

eficial to society independently of the value of collective competence. Furthermore,

we observed that graphs where connecting agents with smaller degrees were those
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that gained less probability points than those where agent with greater degree were

connected. Finally, unanimity can do better than the majority rule if collective

competence is sufficiently high.

In terms of graph related effects, we obtained that the marginal effect of graph

structure and intra-class difference were increasing as n increased. In contrast, the

maximum effect of link creation decreased as n increased. We also showed that

clustering and connectivity were not good predictors of performance but that we

had enough evidence to believe that perhaps most maximal social networks had

relatively high clustering. In the same vein, we brought to light that the edge-

connectivity of a graph may determine which graph other than the star is the worst.

All of these observations constitute interesting considerations when extrapolating to

real-life static unweighted social networks. From what we had surveyed, heavy-tailed

degree distributions present in real-life graphs may suggest that there is no reason

to believe that real-life graphs are actually good. Indeed, they would have to have a

degree distribution skewed towards even degrees and be connected. Similarly, real-

life social networks tend to have few nodes in many triangles and many nodes with

very few triangles. This hints that what is important to observe is not clustering

itself but the centrality of certain agents. The clustering coefficient is not necessarily

enough of an indicator of the performance of a graph.

We pose the following conjectures (added to the claims we did not prove) on peer

effects and social networks. On the ranking of graphs and the CJT:

• The worst graphs, for p sufficiently high, are the stars (K1,n). Otherwise, a

disconnected graph with n
2

or n−1
2

edges is minimal.

• For all n, Wn - Wn+1 and Bestn - Bestn+1. In some way, we retrieve the

finite CJT theorem.

• For n even, there exists a graph G of order n+ 1 such that the best graph Bn

is similar to G: G ∼ Bn. This would give a family of graphs for which the

finite CJT does not hold.

• There exists nk individuals such that a k-regular graph other than the complete

graph is maximal.
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On the effect social network structure:

• The maximum marginal effect of link creation tends towards a relative small

constant, thus evolution paths are less and less skewed as density increases.

• The maximum counter-factual effect and maximum graph structure effect in-

creases for all n and converges to 1− ε where epsilon is the limit as n goes to

infinity of the probability of the worst graph (conjectured to be the star).

• Society becomes more and more sensitive to peer effects and graph structure

as individual competence changes and as n increases.

This list is not exhaustive and many other questions may arise. In any case, the long

term goal of this opening dissertation is to develop a formalized benchmark model

of non-strategic voting in social networks. The idea resides in finding a sufficiently

flexible model able to explain an array of different scenarios and eventually, find

invariants1 between them.

This model is an instance of a more general model where one may consider all feasible

peer effect rules, all different collective decision rules, different competencies and,

an stochastic approach to the correct answer. In a nutshell, it is a simplified model

of non-strategic voting among heterogenous voters through time. For instance, if we

chose the abstention rule instead of the random rule, the ranking would be different

and the impact of collective competence would be even more crucial in establishing

all the rankings. If we considered the graph G = ({1, 2, 3}, {(12), (23)}) and the

opinion vector (1, 0, 1) then, under the random peer effect rule, 1 would win with

probability 3
4
, meanwhile under the abstention rule, 1 would win with probability

1. Similarly, we can imagine a model where peer effect rules are given for each

individual and consider how the combinations of different families of peer effect

rules can change the ranking.

An interesting extension to this dissertation would be to demonstrate some of the

conjectures or claims that have not been shown by using algorithms and computer

science tools. In the same vein, comparing the rankings issued from other peer

1Invariant in the sense of graph theory. Number of object that does not change when the graph is
subject to a one-to-one transformation.
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effect rules or other collective decision rules by creating a metric that defines how

sensitive rankings are to these rules could also be interesting. Moreover, it could

be intriguing to observe how randomizing graph structures validates or not whole

CJT theorem (since we could be able to define the probability of a solution winning

conditional only the number of agents). Last, checking the effect of competence

heterogeneity and different beliefs for the random rule on the ranking can also be

a valuable contribution. A conjecture would be that if the prior favors the correct

answer, then the graphs that tend to generate very random vectors (with a lot of

random voters) do better than those that do not and gaps between social networks

shorten.

Another extension of the model could be to consider peer effect rules over time.

Every instance of the peer effect rule R can be seen as a moment in time where

there is serious dialogue on the decision problem at hand (for example primaries

or caucuses...). Studying the correspondence Rn(Ii) as n tends to infinity and then

applying the collective decision rule on the limit distribution could be helpful in

proving the asymptotic CJT for different correlation structures. Finally, a multi-

agent based model could be very useful in disentangling complications related to

graph structures, sizes and temporal dynamics.

In any case, the main goals of our model resides in observing the extent to which

the Condorcet Jury Theorem can be applied and in identifying the role of peer

effects and thus social networks on the outcomes of collective decision-making. To

this end, we can take this benchmark model and test if the results are robust for

all “reasonable” combinations of peer effect rules, beliefs, individual and collective

competences and, other collective decision rules to provide a partial explanation on

why sometimes groups, when deliberating, make wrong decisions.
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