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convex hulls and linear programming

From points to polytopes

max{⟨c, x⟩ : x ∈ X} = max{⟨c, x⟩ : x ∈ conv(X)}

The Weyl-Minkowski Theorem

For |X| < ∞ there is A,b : conv(X) = {x ∈ Rn : Ax ≤ b}

LP-duality

max{⟨c, x⟩ : Ax ≤ b, x ∈ Rn} = min{⟨b, y⟩ : Aty = c, y ∈ Rm
+}

LP-algorithms

Efficient both in theory and praxis.
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representations as projections

Extension of a Polytope P ⊆ Rn:

A polytope Q ⊆ Rd and a linear projection p : Rd → Rn with
P = p(Q).

Size: Number of facets of Q
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representations as projections

Extension of a Polytope P ⊆ Rn:

A polytope Q ⊆ Rd and a linear projection p : Rd → Rn with
P = p(Q).

Size: Number of facets of Q

Extension Complexity of P:

xc(P) = smallest size of any extension of P
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Size: Number of facets of Q

Example (Carr & Konjevod 2004)
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completion times polytope

Jobs with processing times p1, . . . ,pn
..1. 2. 3. 4. 5
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cπ3
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Completion time vector: cπ = (cπ1 , cπ2 , cπ3 , cπ4 , cπ5 )

The polytope

Pct(p1, . . . ,pn) = conv({cπ : π ∈ S(n)})

Queyranne 1993
For 0 < p1 ≤ · · · ≤ pn: Description by one equation and∑

i∈I

pixi ≥
|I|∑
i=1

pi
i∑
j=1

pj for all ∅ ̸= I ⊆ [n]
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completion times polytope

Jobs with processing times p1, . . . ,pn
..1. 2. 3. 4. 5.

Schedule π ∈ S(n):
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.

cπ3

.

Completion time vector: cπ = (cπ1 , cπ2 , cπ3 , cπ4 , cπ5 )

The polytope

Pct(p1, . . . ,pn) = conv({cπ : π ∈ S(n)})

Wolsey 1986
The cube Q = [0, 1](

[n]
2 ) projects to Pct(p1, . . . ,pn) via

xi =
i−1∑
j=1

pjy{i,j} +
n∑

j=i+1

pj(1− y{i,j}) for all i ∈ [n] .
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some construction methods

▷ Disjunctive Programming
▷ Dynamic Programming
▷ Branched Polyhedral Systems
▷ Dualization
▷ Redundant Information
▷ Reflections

5



disjunctive programming
.



unions of polytopes

.

Balas 1975
For polytopes P1, . . . ,Pq ⊆ Rm (with dim(Pi) > 0)

xc(conv(
q∪
i=1

Pi)) ≤
q∑
i=1

xc(Pi)

holds.
7



matching polytopes

Matchings with ℓ edges

▷ Mℓ(n) = {M ⊆ E : M matching in Kn, |M| = ℓ}

▷ Pℓmatch(n) = conv({χ(M) ∈ {0, 1}E : M ∈ Mℓ(n)})
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matching polytopes

Matchings with ℓ edges

▷ Mℓ(n) = {M ⊆ E : M matching in Kn, |M| = ℓ}
▷ Pℓmatch(n) = conv({χ(M) ∈ {0, 1}E : M ∈ Mℓ(n)})

Edmonds 1965
Pℓmatch(n) is described by x ≥ 0, x(E) = ℓ, and:

x(E(S)) ≤ |S|−1
2 for all S ⊆ V, 3 ≤ |S| odd

The Strategy

1. Cover by few subproblems.
2. Find small (extended) formulations for subproblems.
3. Take (convex hull of) union.
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Colorful Matchings

For V = W1 ⊎ · · · ⊎W2ℓ, a matching M ⊆ E is colorful if it matches
exactly one node from each set Wi.
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colorful matching polytopes

Linear Description in RE
+

x(E(Wi)) = 0 for all i ∈ {1, . . . , 2ℓ}
x(δ(Wi)) = 1 for all i ∈ {1, . . . , 2ℓ}

x(E(∪i∈SWi)) ≤ (|S| − 1)/2 for all S ⊆ {1, . . . , 2ℓ}, |S| odd
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making all matchings colorful

(n, k)-perfect hash function family of size q

ϕ1, . . . , ϕq : [n] → [k] such that for all W ⊆ [n] with |W| = k there is
some i ∈ [q] with ϕi bijective on W
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perfect hash functions

Alon, Yuster, Zwick 1995

For n and k there are (n, k)-perfect hash function families of size

2O(k) log(n).

Example: n = 8, k = 2, size 3
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combining things

We have seen:

▷ Pℓmatch(n) is the convex hull of

2O(ℓ) log(n) colorful matching polytopes…

▷ …each having a description of size at most 22ℓ + n2.

K, Pashkovich, Theis 2010

xc(Pℓmatch(n)) ≤ 2O(ℓ)n2 log(n)

Consequence

xc(P⌊log n⌋match (n)) is bounded polynomially in n.
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colorful cycle polytopes (prescribed node)

Extended Formulation via

▷ a1-a2 flows of value one
▷ and projection
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combining things for cycle polytopes

We have seen:

▷ Pℓcycl(n) is the convex hull of 2O(ℓ)n log(n)

colorful cycle polytopes (with prescribed nodes)…

▷ …each having a description of size at most O (2ℓ)n2.

K, Pashkovich, Theis 2010

xc(Pℓcycl(n)) ≤ 2O(ℓ)n3 log(n)

Consequence

xc(P⌊log n⌋cycl (n)) is bounded polynomially in n.
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hyperpath polytopes

Martin, Rardin, Campbell 1990

The source-to-terminals path polytope of a directed single-tail
acyclic hypergraph with a unique source and terminal-disjoint head
sets is described by the conservation equations and nonnegativity
constraints.
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branched polyhedral systems
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branched combinatorial/polyhedral systems
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For each non-sink v

S(v) ⊆ 2N
out(v)

Condition
S ∈ S(v), u,w ∈ S, u ̸= w:

R(u) ∩ R(w) = ∅
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For each non-sink v

S(v) ⊆ 2N
out(v)

Condition
S ∈ S(v), u,w ∈ S, u ̸= w:

R(u) ∩ R(w) = ∅
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▷ ∀v ∈ F:
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Induces branching
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0/1-Polytope P(B)

conv({χ(F) : F feasible)}
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extended formulation

K & Loos 2010
P(B) is described by the following extended formulation:

xs = 1
xv = y(δin(v)) for all v ̸= s

A(v)yδout(v) − xvb(v) ≤ 0 for all non-sinks v
xv ≥ 0 for all non-sinks v

(if A(v)z ≤ b(v) describe P(v) = conv({χ(S) : S ∈ S(v))})

...v ..

.

.

.

.. .

.

.

.

.

22



dualization
.



the method

P = {x ∈ Rn : ⟨a, x⟩ ≤ α ∀a ∈ A}

▷ ∅ ̸= A ⊆ Rn polyhedron, α ∈ R

▷ A = {q(z) : Cz ≤ c} (q linear)

P = {x ∈ Rn : max{⟨a, x⟩ : a ∈ A} ≤ α}
= {x ∈ Rn : max{⟨q(z), x⟩ : Cz ≤ c} ≤ α}
= {x ∈ Rn : max{⟨q⋆(x), z⟩ : Cz ≤ c} ≤ α}
= {x ∈ Rn : ⟨c, y⟩ ≤ α, yTC = q⋆(x), y ≥ O}

Martin 87
xc(P) ≤ xc(A) + 1

In fact (if P ̸= ∅):

| xc(P)− xc(A)| ≤ 1

24
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spanning forest polytopes

Edmonds 71
Pspf(G) = {x ∈ RE

+ : x(E(S)) ≤ |S| − 1 ∀∅ ̸= S ⊆ V}

{x ∈ RE
+ : x(E(S))− |S| ≤ −1 ∀∅ ̸= S ⊆ V}

={x ∈ RE
+ : ⟨(χ(E(S)), χ(S)), (x,−1)⟩ ≤ −1 ∀∅ ̸= S ⊆ V}

={x ∈ RE
+ : ⟨(χ(F), χ(S)), (x,−1)⟩ ≤ −1 ∀∅ ̸= S ⊆ V, F ⊆ E(S)}

={x ∈ RE
+ : ⟨(a,b), (x,−1)⟩ ≤ −1 ∀(a,b) ∈ P⋆sub(G)}

Subgraph polytopes

Psub(G) := conv{(χ(F), χ(S)) : S ⊆ V, F ⊆ E(S)}
P⋆sub(G) := conv{(χ(F), χ(S)) : S ⊆ V, F ⊆ E(S), S ̸= ∅}
Pv0sub(G) := conv{(χ(F), χ(S)) : S ⊆ V, F ⊆ E(S), v0 ∈ S}
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describing subgraph polytopes

Psub(G) = {(a,b) ∈ [0, 1]E × [0, 1]V : ae ≤ bv ∀v ∈ V, e ∈ δ(v)}
Pv0sub(G) = Psub(G) ∩ {(a,b) : bv0 = 1}

P⋆sub(G) = conv
( ∪
v0∈V

Pv0sub(G)
)

Martin 87
xc(Pspf(G)) ≤ xc(P⋆sub(G)) + O(|E|) ≤ O(|V| · |E|)

Conforti, K, Walter, Weltge 14

P⋆sub(G) = {(a,b) ∈ Psub(G) : a(E(T))− b(T) ≤ −1 ∀T ⊆ E spf}

| xc(Pspf(G))− xc(P⋆sub(G))| ≤ O(|V|+ |E|)
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redundant information
.



spanning trees in planar graphs
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spanning trees in planar graphs

.....................................................................

Parb(G) = conv{(χ(⃗T), χ(T⃗⋆)) : T spanning tree of G}

28



spanning trees in planar graphs

.....................................................................

Parb(G) = conv{(χ(⃗T), χ(T⃗⋆)) : T spanning tree of G}
Pspt(G) = p(Parb(G)) with linear projection p

28



linear description of Parb(·)

..

v

.

w

.f . g.

yv,w

.

yw,v

.
zf,g

.
zg,f

Williams 2001

yv,w + yw,v + zf,g + zg,f = 1 ∀{v,w} ∈ E∑
w yv,w = 1 ∀v ̸= root∑
g zf,g = 1 ∀w ̸= root

yv,w, yw,v, zf,g, zg,f ≥ 0 ∀{v,w} ∈ E

Thus xc(Pspt(G)) ≤ O(n) for planar G on n nodes.

29



linear description of Parb(·)

..

v

.

w

.f . g.

yv,w

.

yw,v

.
zf,g

.
zg,f

Williams 2001

yv,w + yw,v + zf,g + zg,f = 1 ∀{v,w} ∈ E∑
w yv,w = 1 ∀v ̸= root∑
g zf,g = 1 ∀w ̸= root

yv,w, yw,v, zf,g, zg,f ≥ 0 ∀{v,w} ∈ E

Thus xc(Pspt(G)) ≤ O(n) for planar G on n nodes.

29



linear description of Parb(·)

..

v

.

w

.f . g.

yv,w

.

yw,v

.
zf,g

.
zg,f

Williams 2001

yv,w + yw,v + zf,g + zg,f = 1 ∀{v,w} ∈ E∑
w yv,w = 1 ∀v ̸= root∑
g zf,g = 1 ∀w ̸= root

yv,w, yw,v, zf,g, zg,f ≥ 0 ∀{v,w} ∈ E

Thus xc(Pspt(G)) ≤ O(n) for planar G on n nodes.
29



speed-ups for degree ≤ 3 [k & sorgatz 2012]
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reflections
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the reflection operation

..

H=

.

P

.

conv(P′ ∪ ϱ(P′)) = RH≤ (P)
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the reflection operation

..

H=

.

P′ = P ∩ H≤

.

conv(P′ ∪ ϱ(P′)) = RH≤ (P)

▷ RH≤(P) = {x+ λa : x ∈ P, ⟨a, x⟩ ≤ ⟨a, x+ λa⟩ ≤ 2b− ⟨a, x⟩}

▷ Thus: xc(RH≤(P)) ≤ xc(P) + 2
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sequences of reflection operations

Consequence

For each sequence H≤
1 , . . . ,H

≤
r ⊆ Rn of halfspaces and for each

polytope P ⊆ Rn, the polytope

RH≤
1 ,...,H≤

r
(P) = RH≤

r
(RH≤

r−1
(. . .RH≤

1
(P) . . . ))

satisfies
xc(RH≤

1 ,...,H≤
r
(P)) ≤ xc(P) + 2r .

Task for target polytope Q

Find (and describe) P, design sequence H≤
1 , . . . ,H

≤
r , and prove

Q = RH≤
r ,...,H≤

1
(P) .
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conditional reflections

Define ϱ⋆ : Rn → Rn via ϱ∗(x) =
{
x if x ∈ H≤

ϱ(x) otherwise
.

..

H≤

.

x = ϱ∗(x)

..

H≤

.

ϱ∗(x)

.

x
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conditional reflections

Define ϱ⋆ : Rn → Rn via ϱ∗(x) =
{
x if x ∈ H≤

ϱ(x) otherwise
.

..

H≤

.

x = ϱ∗(x)

..

H≤

.

ϱ∗(x)

.

x

ϱ∗(x) ∈ P ⇒ x ∈ RH≤(P)
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generating the target polytope

K & Pashkovich 11
Let
▷ Q = conv(W) be some (target) polytope,
▷ H≤

1 , . . . ,H
≤
r ⊆ Rn be a sequence of halfspaces, and

▷ ϱi (and ϱ⋆i ) the associated (conditional) reflections.

For a polytope P, we have

Q = RH≤
r ,...,H≤

1
(P)

whenever the following two conditions are satisfied:

1. P ⊆ Q and ϱi(Q) ⊆ Q for all i ∈ [r].
2. ϱ⋆1 (ϱ⋆2 (· · · (ϱ⋆r (w) · · · )) ∈ P for all w ∈ W.

35



generating the target polytope

K & Pashkovich 11
Let
▷ Q = conv(W) be some (target) polytope,
▷ H≤

1 , . . . ,H
≤
r ⊆ Rn be a sequence of halfspaces, and

▷ ϱi (and ϱ⋆i ) the associated (conditional) reflections.
For a polytope P, we have

Q = RH≤
r ,...,H≤

1
(P)

whenever the following two conditions are satisfied:

1. P ⊆ Q and ϱi(Q) ⊆ Q for all i ∈ [r].
2. ϱ⋆1 (ϱ⋆2 (· · · (ϱ⋆r (w) · · · )) ∈ P for all w ∈ W.

35



generating the target polytope

K & Pashkovich 11
Let
▷ Q = conv(W) be some (target) polytope,
▷ H≤

1 , . . . ,H
≤
r ⊆ Rn be a sequence of halfspaces, and

▷ ϱi (and ϱ⋆i ) the associated (conditional) reflections.
For a polytope P, we have

Q = RH≤
r ,...,H≤

1
(P)

whenever the following two conditions are satisfied:
1. P ⊆ Q and ϱi(Q) ⊆ Q for all i ∈ [r].

2. ϱ⋆1 (ϱ⋆2 (· · · (ϱ⋆r (w) · · · )) ∈ P for all w ∈ W.

35



generating the target polytope

K & Pashkovich 11
Let
▷ Q = conv(W) be some (target) polytope,
▷ H≤

1 , . . . ,H
≤
r ⊆ Rn be a sequence of halfspaces, and

▷ ϱi (and ϱ⋆i ) the associated (conditional) reflections.
For a polytope P, we have

Q = RH≤
r ,...,H≤

1
(P)

whenever the following two conditions are satisfied:
1. P ⊆ Q and ϱi(Q) ⊆ Q for all i ∈ [r].
2. ϱ⋆1 (ϱ⋆2 (· · · (ϱ⋆r (w) · · · )) ∈ P for all w ∈ W.

35



reflection groups

Finite Reflection Group G

A finite group generated by a (finite) family ϱHi : Rn → Rn (i ∈ I) of
reflections at hyperplanes 0 ∈ Hi ⊆ Rn.

Coxeter-Arrangement of G

The set of all hyperplanes 0 ∈ H ⊆ Rn with ϱH ∈ G.

Action on Rn

G acts transitively on the regions of the Coxeter-Arrangement.

G-Permutahedron of polytope P in one region

PGperm(P) = conv(
∪
g∈G g.P)
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example: I2(4)
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classification of irreducible reflection groups

Name Dynkin Diagram Regular Polytope

I2(m) .... m m-gon

An−1 ...... (n− 1)-simplex

Bn ........ 4 n-cube, n-cross polytope

Dn ........

E6
.......

E7
........

E8
.........

F4 ...... 4 24-cell

H3 ..... 5 dodecahedron, icosahedron

H4 ...... 5 120-cell, 600-cell 38



the reflection group I2(m)

The group

▷ Hφ = H=((− sinφ, cosφ), 0), H≤
φ = H≤((− sinφ, cosφ), 0)

▷ Generators of I2(m): ϱH0 , ϱHπ/m

▷ Group elements: Reflections at Hkπ/m, rotations by 2kπ/m
▷ One region: FRI2(m) = {x ∈ R2 : x2 ≥ 0, x ∈ H≤

π/m}

If P lies in FRI2(m):

PI2(m)
perm(P) = RH≤

rπ/m,...,H
≤
4π/m,H

≤
2π/m,H

≤
π/m

(P)
(with r = ⌈log(m)⌉)

Thus we have:
xc(PI2(m)

perm(P)) ≤ xc(P) + 2⌈log(m)⌉+ 2

39
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example: I2(128)
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the reflection group An−1

The group

▷ Hk,ℓ = H=(ek − eℓ, 0), H≤
k,ℓ = H≤(ek − eℓ, 0) ⊆ Rn

▷ Generators of An−1: ϱHk,k+1 (for all 1 ≤ k ≤ n− 1)
▷ Group elements: Coordinate permutations
▷ One region: FRAn−1 = {x ∈ R2 : x1 ≤ x2 ≤ · · · ≤ xn}

The reflections
τ k,ℓ = ϱHk,ℓ : Rn → Rn: transposition of coordinates k and ℓ

Conditional reflections

τ k,ℓ> (y) =
{
τ k,ℓ(y) if yk > yℓ
y otherwise
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sorting networks

Sorting Network

Sequence (k1, ℓ1), . . . , (kr, ℓr) with
τ k1,ℓ1> ◦ · · · ◦ τ kr,ℓr> (y) = y(sort)

for all y ∈ Rn.
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Ajtai, Komlós & Szemerédi 1983

There are sorting networks of size r = O(n logn).
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results for An−1

If P lies in FRAn−1 :

For each sorting network (k1, ℓ1), . . . , (kr, ℓr), we have
PAn−1
perm(P) = RH≤

kr,ℓr
,,...,H≤

k1,ℓ1
(P).

Thus we have:
xc(PAn−1

perm(P)) ≤ xc(P) + O(n log(n))

Goemans 2009
xc(Pnperm) ≤ O(n log(n))
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general g-permutahedra

K & Pashkovich 11
If
▷ G is a finite reflection group on Rn and
▷ P ⊆ Rn is a polytope in one region of G,

then we have:

xc(PGperm(P)) ≤ xc(P) + O(logm+ n logn)

(where m is the largest number such that I2(m) is a factor of G).
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huffman polytopes

The set Vnhuff of Huffman vectors (n = 4)
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(3, 1, 3, 2)

Pnhuff = conv(Vnhuff)

Nguyen, Nguyen, & Maurras 10

Pnhuff has at least 2Ω(n log n) facets.
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an extended formulation of size O(n2)
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1. For γ ∈ S(n): γ. Vnhuff = Vnhuff.
2. For v ∈ Vnhuff:

2.1 There are i ̸= j with vi = vj = max{vk : k ∈ [n]}.
2.2 (v1, . . . , vi−1, vi − 1, vi+1, . . . , vj−1, vj+1, . . . , vn) ∈ Vn−1

huff

3. For w′ ∈ Vn−1huff : φ(w′) = (w′
1, . . . ,w′

n−2,w′
n−1 + 1,w′

n−1 + 1) ∈ Vnhuff.

A first extended formulation
Pnhuff = RH≤

1,2,...,H
≤
n−1,n,H

≤
1,2,...,H

≤
n−2,n−1

(φ(Pn−1huff)).
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schematic view on the construction
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a better construction
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K & Pashkovich 11
xc(Pnhuff) ≤ O(n logn)
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slack matrices
.



slack matrices

Definition
For a polytope P = conv(V) = {x ∈ Rn : Wx ≤ w} the slack matrix
w.r.t. the representation (V,W,w) is:

S(V,W,w) = (w,−W) ·
(
1T
V

)
= (w, . . . ,w)−WV ≥ 0

(entry (i, j): slack left by j-th generating point in i-th inequality)

..
0

.
0

.
1

.

4

.

5

.

3
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homogenization

Definition
The homogenization of a polytope P = {x ∈ Rn : Wx ≤ w} is:

homog(P) = cone({1} × P) = {(x0, x) ∈ R× Rn : Wx ≤ x0w}

⇝ pointed (polyhedral) cone

51



extensions / slack matrices of cones

Definition
Extension of cone K: (polyhedral) cone mapped linearly to K

xc(K): Smallest number of facets of any extension of K

▷ For polytopes P: xc(P) = xc(homog(P))

Definition
For K = {x ∈ Rn : Ax ≥ 0} = B · Rk

+: the slack matrix w.r.t. (A,B) is

S(A,B) = AB ≥ 0

▷ K = homog(P): S(V,W,w) = S(A,B) with A = (w,−W), B =
(1T
V
)
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a property of slack matrices

Lemma
If S ∈ Rm×k

+ is a slack matrix of some cone K:

S · Rk
+ = S · Rk ∩ Rm

+

K is pointed: A · K = S · Rk
+ = S · Rk ∩ Rm

+ is isomorphic to K (via
x 7→ Ax).

Proof.
For K = {x ∈ Rn : Ax ≥ 0} = B · Rk

+ and S = S(A,B):

A · Rn ∩ Rm
+ = A · K = A · (B · Rk

+) = S · Rk
+

⊆ S · Rk ∩ Rm
+ = (AB) · Rk ∩ Rm

+ ⊆ A · Rn ∩ Rm
+
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nonnegative factorizations…

Let K = {x ∈ Rn : Ax ≥ 0} = B · Rk
+ be pointed, S = S(A,B)

▷ K ∼= A · K = S · Rk
+

Suppose S = CD with C ∈ Rm×q
+ , D ∈ Rq×n

+ .

▷ S · Rk
+ = C · Rq

+ ∩ A · Rm

▷ ⊆: clear
▷ ⊇: Ax ∈ C · Rq

+ ⊆ Rm
+ ⇒ x ∈ K⇒ Ax ∈ A · K

▷ Hence: K ∼= C · {λ ∈ Rq
+ : Cλ ∈ A · Rm}

Thus: xc(K) ≤ q
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extension…

Let Q be an extension of K with q facets.

▷ Can assume:

▷ K = S · Rk
+ ⊆ Rm

+

▷ Q = M · Rp
+ = M · Rp ∩ Rq

+, M ∈ Rq×p
+

▷ K = P · Q and S = PM with P ∈ Rm×q

▷ With Q⋆ = {z ∈ Rq : ⟨z, y⟩ ≥ 0 ∀y ∈ Q} (dual cone of Q):

▷ Pi,⋆ ∈ Q⋆ = (M · Rp ∩ Rq
+)

⋆ = (M · Rp)⊥ + Rq
+

▷ Hence ∃ti ∈ Rq: tTiM = 0 and Pi,⋆ − ti ∈ Rq
+

Thus: With T =

 tT1
...
tTp

: P− T ∈ Rq×p
+ and S = (P− T)M
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a result of yannakakis’ (1991)

Definition
The nonnegative rank rank+(M) of M ∈ Rm×k

+ is the smallest r such
that there are U ∈ Rm×r

+ , V ∈ Rr×k
+ with M = UV.

Theorem
For a cone K with slack matrix S:

xc(K) = rank+(S)

Theorem
For a polytope P with slack matrix S:

xc(P) = rank+(S)
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nonnegative rank

Geometric Interpretation of rank+(M):

Smallest number of nonnegative vectors spanning a convex cone
that contains all columns of M.

Theorem [Vasavis 2009]

Deciding whether rank+(M) = rank(M) holds is NP-hard.

Appearances in:

▷ Communication Complexity
▷ Stochastic/Statistics
▷ Quantum Mechanics
▷ Algebraic Complexity
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non-incidences
.



embeddings of face lattices

Observation
If P = p(Q) with a linear map p then j : L(P) → L(Q) with
F 7→ p−1(F) ∩ Q is a lattice-embedding.
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L(7-simplex)

..

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
L(4-cross polytope)
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non-incidence graphs

For a polytope P and two subsets F1,F2 ⊆ L(P):

Non-incidence graph: bipartite graph on F1 and F2 with
F1 ∈ F1 adjacent to F2 ∈ F2 ⇐⇒ F1 ̸⊆ F2

Example: P = 3-cube, F1 = {vertices}, F2 = {facets}

...............

Biclique: complete bipartite subgraph
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biclique covers

Lemma
If Q is an extension of P then the facets of Q induce a biclique-cover
for every non-incidence graph of P.

............................................
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a combinatorial bound

Biclique-Cover Number of a (bipartite) graph G:

bc(G) = smallest size of a biclique-cover of G

For every non-incidence graph G of P:

bc(G) ≤ xc(P)
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bicliques vs. rectangles

..................................................................................

rc(M) := bc(G)
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bicliques vs. rectangles

........................................................................................

rc(M) := bc(G) 63



correlation polytope
.



the correlation polytope

Definition
For b ⊆ [n]: define yb ∈ {0, 1}n×n via ybij = 1⇔ i, j ∈ b

Pcorr(n) = conv{yb : b ⊆ [n]}

Example: n = 6, b = {1, 4, 5}

yb =



1 0 0 1 1 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 1 1 0
1 0 0 1 1 0
0 0 0 0 0 0


=



1
0
0
1
1
0


︸ ︷︷ ︸

χ(b)

·
[
1 0 0 1 1 0

]
︸ ︷︷ ︸

χ(b)t
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the correlation polytope

Definition
For b ⊆ [n]: define yb ∈ {0, 1}n×n via ybij = 1⇔ i, j ∈ b

Pcorr(n) = conv{yb : b ⊆ [n]}

Theorem [de Simone 1989]

Pcorr(n) is affinely isomorphic to Pcut(n+ 1).

Fiorini et al. 12, Avis & Tiwary 13, Pokutta & van Vyve 13

Pcorr(n) is a projection of a face of Ptsp(·), …

Thus:
xc(Pcorr(n)) non-polynomial =⇒ xc(Ptsp(·)), …non-polynomial
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some of its faces

For a ⊆ [n]:

▷ πa(x) = (⟨χ(a), x⟩ − 1)2 ≥ 0: degree-2 polynomial

▷ Πa(y): degree-1 polynomial obtained via xixj → yij, xi → yii
▷ For b ⊆ [n]: Πa(yb) = πa(χ(b)) ≥ 0 with = iff |a ∩ b| = 1

Consequence

▷ For each a ⊆ [n] there is a face Fa of Pcorr(n) such that for each
b ⊆ [n]:

yb ̸∈ Fa ⇔ |a ∩ b| ̸= 1

[Fiorini, Massar, Pokutta, de Wolf, Tiwary 2012]
▷ M(n): Corresponding non-incidence matrix (of size 2n × 2n)
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lower bounds

Theorem [K & Weltge 2013]

rc(M(n)) ≥ 1.5n

Corollary

xc(Pcorr(n)) ≥ 1.5n

Previous best bounds:

▷ xc(Pcorr(n)) ≥ rc(M(n)) ≥ cn (with c > 1)
[Fiorini, Massar, Pokutta, de Wolf, Tiwary 2012]

relying on [Razborov 1992]
▷ xc(Pcorr(n)) ≥ rc(M(n)) ≥ 1.24n [Braun & Pokutta 2013]
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the non-incidence matrix m(n)
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two types of non-incidences: �em(n)
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the proof strategy

The setup:

▷ .. : |a ∩ b| = 0
▷ .. : |a ∩ b| = 1
▷ .. : |a ∩ b| ≥ 2

▷ rc(M(n)): Minimal # of .. -free rectangles covering all .. and ..

▷ Total # .. -entries: 3n

▷ ϱ(n): Maximal # of .. -entries in any .. -free rectangle
▷ Thus rc(M(n)) ≥ 3n/ϱ(n)

The goal: show ϱ(n) ≤ 2n.
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bounding red’s in grey-free rectangles
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bounding red’s in grey-free rectangles
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Thanks for your attention.
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