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Abstract. This paper is an attempt to cast both uncertainty and time in a logical
framework. It generalizes possibilistic logic, previously developed by the authors,
where each classical formula is associated with a weight which obeys the laws of
possibility theory. In the possibilistic temporal logic we present here, each formula
is associated with a time set (a fuzzy set in the more general case) which represents
the set of instants where the formula is certainly true (more or less certainly true in
the general case). When a particular instant is fixed we recover possibilistic logic.
Timed possibilistic logic generalizes possibilistic logic also in the sense that we
substitute the lattice structure of the set of the (fuzzy) subsets of the temporal scale
to the lattice structure underlying the certainty weights in possibilistic logic. Thus
many results from possibilistic logic can be straightforwardly generalized to timed
possibilistic logic. lllustrative examples are given.

1. Introduction

Although temporal knowledge may be pervaded with imprecision and uncertainty as
any kind of knowledge, there have been very few works trying to handle uncertainty in
temporal reasoning ; among exceptions let us mention Kandrashina [26] who tried to
characterize approximate equality and inequality relations between time points in an axiomatic
manner, Fall [21] who propagates uncertainty and imprecision along the temporal axis using
belief functions, Dutta [19], [20] who has more recently modeled the lack of knowledge
about events by means of fuzzy sets of time intervals, and Dean and Kanazawa [8] who use
a probabilistic model for representing the propensity of a formula to persist in being true.
Also, Borillo and Gaume [6] allow for a non-graded treatment of incomplete information in a
calculus of events.

This situation seems to be mainly due to the fact that the handling of time and the
management of uncertainty are two distinct important issues, each of them raising its own
specific problems whose solutions require a lot of research efforts. However a proposal has
been made for the representation of imprecise or uncertain temporal knowledge in the
framework of possibility theory (see [15]) where fuzzily-known dates, time intervals with
ill-known bounds, uncertain precedence relations between events can be handled.
Nevertheless the above-mentioned proposal was not formalized in a logical framework but
was rather based on Zadeh's [31] approach to approximate reasoning using possibility
distributions for the representation of fuzzy incomplete knowledge. In the meantime a so-
called possibilistic logic (Dubois and Prade [13], Dubois, Lang and Prade [9], [11], [27])
has been developed for the treatment of uncertain formulas and has been shown to logically
embed an important part of Zadeh's approximate reasoning machinery [10].

Logical formalisms for the treatment of time (e.g. Bestougeff and Ligozat [5]) can be
classified in three categories :
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(i) classical logic approaches where time is handled as an ordinary logical variable and
where the specificity of time is not acknowledged ;

(i) modal logics where time indexes the worlds where a formula is true and modal
operators capture the notions of past and future (e.g. Audureau, Enjalbert and Farifias
del Cerro, [3]) ;

(i) reified logics (McDermott [28], Allen [2]) where for instance the time interval in which
a formula holds for true is explicitly associated to the formula. This approach, which
presents obvious advantages, is very commonly used in Artificial Intelligence (e.g.
Shoham [29], Joubel and Raiman [25]).

What is proposed in this paper is a kind of reified temporal logic which can be
viewed as a generalization of possibilistic logic, and which as such can deal both with time
and uncertainty in a unified manner. A possibilistic formula is a pair composed of a classical
logic formula and a certainty degree between 0 and 1 which is interpreted as a lower bound
of a necessity measure and which, as such, is governed by the axiomatics of these measures
A timed formula is similarly a pair made of a classical logic formula and a set-representation
of a time period in which the formulagsrtainly true ; the time period can be more generally
a fuzzy set of time points. The degree of membership of a time-point is then viewed as the
degree of certainty of the formula at this time point. The algebraic structures which underlie
the second element of the pair have common properties in possibilistic logic and in timed
possibilistic logic, namely it is a lattice structure. It enables us to generalize results of
possibilistic logic to timed possibilistic logic. The word "timed" is used here as being more
specific than "temporal” : temporal reasoning is more general than "timed logic" since the
latter only handles "timed formulae" while the former is supposed to handle statements about
time like precedence constraints.

The paper is organized as follows : Section 2 gives the necessary background on
possibilistic logic ; Section 3 presents a timed logic where formulas are associated with
ordinary time sets, while Section 4 considers a fuzzy timed logic. Examples illustrate the
approach.

2. Possibilistic Logic

In this section we give the formal definitions and the main results of possibilistic
logic (see [11] for a complete exposition).

2.1. Possihiligtic Logic : Basic Ideas

From now on,£ will denote a propositional or first-order logical language,
consisting of closed well-formed formulae (in the classical sense)QUss the set of
interpretations for this language.

A possibility distribution onQ is simply a functiormtfrom Q to [0,1] ;Ttis said to be
normalized if and only if 0w O Q such thatm(w) = 1 ; the quantity SNY{) =
1 — supfiw) | w O Q} is called sub-normalization degree @f; it is equal to O ifftis
normalized reflects the available knowledge an@o) estimates the extent to which it is
possible that the interpretatiomcorresponds to the one underlying the real world. Sihce



is exhaustivert should be normalized : at least one interpretation should be fully possible. A
possibility distribution encodes a preferential ordering among the interpretations ; see [16].

A possibility distributionrton Q gives birth to two functions frorif. to [0,1], called
possibility and necessity measures [30],[14] and denoted respectively pyand N, defined

by :
MN:£ -[01] OpOL) M) =supf(w) |wE= ¢}
N:£ - [01] OPOL) N@) =1-T(-9)
=inf{l - mMw) |w= ¢}

While the possibility estimatg () measures the extent to whighs compatible with
the available knowledge (describing what we know about the real world), the dual necessity
(or certainty) measure M) estimates to what extet is entailed by the available
knowledge.

A possibility measurg] satisfies the following properties :

0 Mno=0;nm=1
@) O¢, O, N Ow) = max(1(¢).M(Ww)*

wherel] andT denote contradiction and tautology respectively. We emphasize that we only
have[](¢ O W) < min([1(4),[1(d)) in the general case, aff{¢ 1) is not a function of
[1(d) and (W) only. This completely departs from fully truth-functional calculi like
multiple-valued logics. Axiom (ii) is then equivalent t0¢, OY, N O Q) =
min(N(¢), N()) and, as a consequence, letting= -, we get N¢) > 00 [](¢) = 1.

Moreover we only have (O @) = max(N@), N(W)) by duality. We adopt the following
conventions :

* N(¢) = 1 means that, given the available knowledge, certainly true.

* 1> N() > 0 that is somewhat certain and-not certain at all (since the axioms imply
thatd¢, min (N@), N(—-¢)) = 0).

* N(¢) = N(-¢) = 0 (equivalent td](¢) = [1(-$) = 1) corresponds to the case of total
ignorance ; it expresses that, from the available knowledge, nothing enables us ¢p say if
is rather true or rather false.

* 0<[](¢) <1 (equivalent to 1 > N@) > 0) means thap is somewhat impossible, i.e.

that ¢ is somewhat certain agdnot certain at all.

[1(¢) = 0, means thd is certainly false.

The use of min and max operators suggests that the precise values of the necessity (or
possibility) degrees is not so important, the essential beingrtieeing on the formulae
induced by the numbers.

1 Inthe caséf is infinite (e.g. in the first order case), (i) has to be replaced by the more general (ii')

MG o ¢i) = suppy M(d5)-



We point out that possibilistic logic is nofuzy logic strictly speaking, since fuzzy
logic assignglegrees of truth in [0,1] to vague (non-classical) formulae, measuring their
conformity with the reference knowledge, generally supposed to be complete. A statement
like "it is 0.7-true that John is tall", which may be translated in fuzzy logic, by
Truth(Tall(John)) = 0.7, expresses that the conformity of John's height with the
interpretation of the vague predicate "tall" is 0.7, i.e. that, knowing John's height precisely,
it is rather true that John is tall. Whereas the statement "it is 0.7-certain that the contract will
be signed” may be translated in possibilistic logic, by N(Signed(contea@t)), expressing
that thenon-vague event "the contract will be signed'rather certain, and notather true.

2.2. Possibilistic Logic : Language and Semantics

Let us define anecessity-valued formula as a pair¢ a), where¢ is a classical

propositional or first-order closed formula &, anda a valuation in [0,1]. Anecessity-
valued knowledge base is then defined as a finite set (in the conjunctive meaning) of
necessity-valued formulae ; these are the basic elements of the langneggssitly-val ued
possibilistic logic, which is a fragment of (general) possibilistic logic. The latter also
involves possibility-valued formulae ; see [11], [27].

Let us now consider the semantic aspects of necessity-valued logic. Necessity-valued
formulae will be interpreted by means of possibility distributions.Lée a possibility

distribution onQ (not necessarily normalized), anfld) a necessity-valued formula. Then
we define the notion of satisfaction by :

e (0 a) iff N@)2a

where N is the necessity measure inducedtby & = {(¢1 a1), ..., @n ap)} is a set of
necessity-valued formulae then

n=% iff Oi0{l, ..., n} e (0 o).

Then, the notion of logical consequence is defined in a very natural fvabeing a set of
necessity-valued formulae anfl ) a necessity-valued formula,

F = (pa) iff Om = impliestti= (¢ o)

i.e. the set of possibility distributions satisfyifig is included in the set of possibility
distributions satisfyingd( o).

Thus, the models of a set of necessity-valued fornifilase possibility distributions
on the sef of all interpretations foff. . Measuring the consistency @f consists then in
evaluating to what degree there is at least an interpretation completely possib)e.éorto
what degree the set of possibility distributions satisfyingontains normalized possibility
distributions ; the quanti®&/Consf) = sug—F SURLQ T(w) Will be calledconsistency

degree of #, and its complement to 1,

2 The notations SUR— F, SUR,]O express that the supremum is taken anmmsgch thatt = &, and
amongw such thato O Q respectively.



Incons@) = 1 — SUp=F SURyIQ T(w) = infp—F SN()

is called theénconsistency degree of . Thus, necessity-valued logic enables the gradation
of inconsistency. If Incon§f) = 0 then will be saidcompletely consistent ; if
Incons@) = 1 then will be saidcompletely inconsistent, and if 0 < Incongf) < 1 then
% will be saidpartially inconsistent. It easily comes down (see [27], [11] for the proofs) that

Proposition 2.1: Inconsf ) = inf{N(0) | m= %} where N is the necessity measure
induced byrt

Proposition 2.2: let# = {(¢1 a1), ..., & op)} be a set of necessity-valued formulas and
let us define the possibility distributiort & by

g (w) =min{l —-aj |w= —¢j,i=1, ..., n}
=1if0i, wE= ¢,

then for any possibility distributiom on Q, Tt satisfies# if and only ift< &, i.e.
OwlQ, mMw) < 1 F (w). & is said to be the least specific (i.e. the largest) possibility
distribution satisfying# .

Corollary 2.3.: & = (¢ a) iff T = (¢ Q).

Corollary 2.4.: InconsfF) = 1 — sugyno T F(w) = SNET* ).

Then, computing the inconsistency degreéfofeduces to compute the degree of
subnormalization of the possibility distributiotic=. The quantityr* & (w) represents the

compatibility degree afo with & .

The inconsistency degree of a possibilistic knowledge base can be seen as a threshold
below which any deduction is trivial : indeed, if Incafig(= a, then any possibility
distribution satisfying# verifies N(J) = o and a fortiori for any formulg, N(¢) = N(0) >
a ; thus, any deduction whose fornfis= (¢ B) with B < a is trivial. Allowing non-trivial

deductions only makes the consequence operator nonmonotonic (see [16] for a connection
with nonmonotonic logics).

A lot of results can be proved about deduction in necessity-valued logic. They can be
found in [11] or [27]. The most important ones extend deduction and refutation to
possibilistic logic :

Proposition 2.6(deduction) O {(¢ D}= Wa) iff F=(@ - ¢ a).

Corollary 2.7 (refutation) :F = (p o) iff F 0{(-¢ 1)} = (Oa).



Thus, if we want to know whethed @) is a logical consequence @f or not, it is
sufficient to compute the inconsistency degreeéfofl {(-¢ 1)}, which is equal to the
largesta such thatF = (¢ a).

2.3 . Clausal Form and Resolution

A necessity-valued clause is a necessity-valued formulatjavhere c is a first-order
clause. Anecessity-valued clausal formis a finite set of necessity-valued clausesp It} is
a necessity-valued formula and if{fc..., ¢y} is a clausal form ofp then a clausal form of
(b a)is {(c1 a), ..., ()} ; if F is a set of necessity-valued formulas then the set of
necessity-valued clausésobtained by replacing each necessity-valued formula by one of its

clausal forms, is the clausal form®f, and is proved to have the same inconsistency degree
asd . The resolution rule for necessity-valued possibilistic logic is the following :

(cr1aq), (ap) — (c' min @1, ap))

where c' is a resolvent of clausesand @. Possibilistic resolution for necessity-valued
clauses is proved to be sound and complete for refutation, i.e. if Iigona(then there is
a deduction of[{ a), called arn-refutation, fromC, and this refutation is optimal, i.e. there
is noB-refutation fromC wherep > a. See [11].

Let us notice first that the semantics of possibilistic logic only requires the definition
of necessity measures on a logical langu#ge Furthermore, to define these necessity
measures fron¥£. to [0,1] we only needed three operations on [0,1] : the minimum and
maximum operators (which underlie thr@lering structure) and theorder reversing operation
(2 - Q@) . Thus, from a theoretical point of view, a straightforward generalization is to map
possibility distributions and necessity measures, no longer into [0,1] but more generally into
any complete distributive lattice L. In such a case we shall use the nata#tite-based
logics'.

In the following, we shall use tH&oolean lattice L = 2T, where T is a given set,
equipped with the set intersection, union, and complementation (the ordering being the set
inclusion). The reference set T will be interpreted in the rest of the section as a temporal scale

(discrete or continuous) : T will be assumed to be totally ordered ; for the sake of simplicity
we assume that T is a real closed interval T mill Tmax where Tmin and Tnaxmay be

equal to e or +w. In Section 4, instead ofl 2 we shall work with the set [0,1]of fuzzy
subsets of T.

3. A Reified Temporal Logic as a Lattice-Based Possibilistic Logic

Now we actualize the definitions of Section 2, in the framework of Boolean-valued
possibilistic logic, keeping in mind the temporal interpretatifin.still denotes a logical
propositional or first-order languag®, the set of interpretations associated viith The
valuation lattice L is the Boolean latticé,22quipped with the inclusion ordering)((note
that this symbol will denoteon-strict inclusion), the union [U), intersection (), and
complementation (denoted by an overbar) operations.



A temporal possibility distribution (or temporal distribution, for short) ol is a
mappingm: Q - L ; mis said to be normalized iffi{ T(w), w 00 Q} = T ; otherwise, the
subnormalization level afis defined as :

SN@m) =0 {mMw), w0 Q} = n {mMw), w O Q}.

A temporal (possibility) distribution is then an allocation of a set of time instants to
each interpretation. Writing down thai(w) = T means that at any instant t ofthe
interpretationw is not excluded (it may be tlaetual state of facts at time t) and that at any
instant oft, wis completely excluded. Whenis normalized there is an interpretation that is
considered as possible at any time instant. If a temporal distribution is subnormalized then
there are instants t in T such that no interpretation may be the actual state of facts at time t :

hence these instants are in a situation of inconsistency. More precisely, thec®isstent
instants according tatis SN(T), also callednconsistency lapse of Tt

Thetemporal possibility function induced byrtis the mapping] : &£ - L defined
by :
M1(¢) = U {nm(w), w= ¢}.

It is the set of instants whejn is possibly true (or equivalently, when we do not know
explicitely thatd is false). Theemporal certainty function induced byrtis the mapping N :
¥ - L defined by :

N(9) =0 {m(w), wE= ¢} = n {M(w), 0= -6}

As the relation N§) =7(—-¢) suggests, M) is the set of instants when it is impossible that
¢ be true, or equivalently, when it is explicitely certain thas true. Using] and N we

can distinguish between the instants when we are suré¢ thatue and the ones when it is
only possible. It can be checked that the following properties hold :

i) NT)=T

meaning that tautologies are certain at any instant of T ;
1)] N(C) = SN (= @ if rtis normalized)

meaning that contradictions are sure during an inconsistency lapse ;
i) N(¢ Ow) =N(@) n N(W)

meaning thap Y is certainly true when and only when bgtlandy are certainly true ; in
particular, N) n N(=d) = N(d) = SN ;

iv)  N(o Oy) > (N(9) O N(W))



meaning thap Iy is certainly true whenever one @pfandy is known to be certainly true
(but generally N¢g COW) # N(¢) O N(U)) ; for instance, if nothing is known abafitthen
N($) = N(—¢) = @ and however N([O-¢$) = N(T) =T ;

V) if ¢ = g then N§) ¢ N(W)

i.e. N is monotonic with respect to logical entailment ;

vi)  (N(9) n N(©@ ~ ) € N()

which is a timed version of the modus ponens.

A timed certainty-valued formula (timed formula, for short) is a paip {) where¢ is
a classical propositional formula amds a subset of T, i.a.c T. Writing down ¢ 1)

expresses that Bj > 1, i.e. thatp is certainly true at least durirtgIn practicet will be an
interval or a union thereof. Amed certainty-valued knowledge base is a finite set of timed
certainty-valued formulas.

It is clear that our timed (certainty-valued) logic is nothing but a reified temporal
logic, where the time component has been separated from the purely logical component.
From that point of view it is similar to what is done in Joubel and Raiman [25], where time
periods are considered as assumptions in an hypothetical reasoning system.

The semantics of the timed logic is easily defined, like in possibilistic logitisif
temporal possibility distribution then

1= (¢ 1) iff N(¢) > 1, where N is induced by ;
= {9110, ..., @n T} iff O, = (95 1) 5
{(d11D, .., OnTR)} = WD) iff m={(d111), ..., @ TR} entailsTti= (W T).

LetF ={(¢111), ..., @ Tn)} be a timed certainty-valued knowledge base @ra
formula. Then the deduction problem is to find the greatest set of instants when, according to
%, the formulay is certainly true. This set will be denoted by Q@rt(#). It comes
immediately that

Centp; F)=0{1,F = @W1}=n {N(P), N induced bytandri= F}.

Takingp =0, Cert@; ) = n {SN(m) , m= F} is the set of instants which are
inconsistent according to any temporal distribution satisfyinglt will be called the
inconsistency lapse of & and denoted by Incorig(. Given a temporal distribution, from the
fact that ifp = g then Np) ¢ N(P) and sincél = ¢, it comes immediately thatp 0 &£,
N($) > N(O) ; so Cert ; &) always contains Incor$(). As a consequencé; = (¢ 1)
with T ¢ Inconsf) is a trivial deduction. On the contrafy, = (¢ T) is non-trivial if T is
not included in Inconéf), and completely non-trivial if n Incons¢) = @. The non-trivial
part of a timed formulag(t) deduced from a timed knowledge bé&sés the timed formula



(¢ T\ Inconsf)) where \ is the set difference. The greatest non-trivial set of instants
where, according t&, the formulad is certainly true is

Cert*(¢ ; F) = Cert ; F) \ InconsfF).

Let us now give a simple characterization of the set of temporal possibility
distributions satisfyingF . Let# = {(¢1 11), ..., @n Tn)} then

=& iff Oi, N(dj) > T
iff Oi, n {T(w), W= =i} > Tj
iff 0wOQ,Ji0{1, ...,n} such thatw = -, (W) > Tj
iff 0w0Q, m(w) > (0 {1j, 0= —0i})
iff 0w0Q, mMw) C (n {Tj, wE= —bi})
iff 0w Q, mw) ¢ rg*(w) where

(W) = n {T1j, wE= -0}
(= Tif Oi, w= dj).

Thus, the set of temporal possibility distributions satisfinhas a maximal element
Tiz*. This characterization is interesting because

Cert@ ; ) = N&*(9)
Incons@F) = N [(0) = SN(*)

where Nz* is the temporal necessity function inducedry*. The proof is similar to the
one in possibilistic logic [11], [27]. Thus, the knowledgeraf* is sufficient for the

deduction problemriz* is the largest temporal distribution satisfyiffg in a sense very
similar to the principle of minimum of specificity [17]. Indeed-N$) contains all instants
when we are certain that is true (according to the knowledge containedrihand all
instants whef¥ is inconsistent, and only these instants.

Instead of focusing on the set of time instants where a given formula is certainly true,
we may dually consider the set of certainly true formulas at a given timé. tThis set
defined as ¢ | tLJ N&*(¢)} is a deductively closed, possibly inconsistent set of classical
formulas representing what is known for sure at time t. It leads to a more intuituive view of
the given semantics. Instead of considering*N &£ - 2T we may consider, in an
equivalent way, the collection of mappingq*()ﬂ]T defined from¥. to {0,1} by

[1iff Ngz*(¢) contains t
|0 otherwise.

Nt*(¢) =

It is clear that Nf(¢) = 1 if and only if according t&, either it is certain thaf is true, orF
IS inconsistent at time t. It easily comes that for allt,isla crisp (i.e. bivalued) necessity

measure, i.e. a mapping fraih to {0,1} satisfying the axioms



Ni* (T) =1
Do, w O£, Ne*(¢ Op) = min(NeF(6), Ne*(W)).

Then considering both{¢) and N*(=¢), four different situations may happen :

() N(9) = N*(=9) = 1 ; since Nr(0) = min (N*(), Ng*(=0)) = 1, which is
equivalent to f1 Inconsf) ; it means tha¥ is inconsistent at time t ;

(i) N¢*(¢) =1 and N(—=¢) = 0 ; it means thali is certainly true at time t ;

(i) N¢*(¢) = 0 and N(—=¢) =1 ; it means thafi is certainly false at time t ;

(iv) Nt*(9) = 0 and N*(—¢) = O ; it means that the truth value is completely unknown at
time t.

Thus for a given time instant t, temporal necessity-valued logic comes down to a
four-valued logic whose four "truth values" amaie, false, unknown andinconsistent
(Belnap [4]).

Let us now come back to the semantics of timed logic. The following results can be
established in a similar way as in possibilistic logic :

Deduction theorem :
FO{dN=@Woifandonly ifF = (d - P 1)

Refutation theorem :
F=@rv)ifandonly if¥ O{(-¢ T)} = (O1)
or equivalently

Cert@,0) = InconsfF O {(=¢ T)}).

Thus, if we want to know whetheg () is a logical consequence @f or not, it is
sufficient to compute the inconsistency lapsé-ofl {(-¢ T)}, which is equal to the union
of the sets of instantssuch thatF = (¢ 1).

As already pointed out, any deduction problem in timed logic comes down to
computing an inconsistency lapse, which is the set of instants when the knowledge behaves
inconsistently. In order to automatize the computation, we are going to define first a clausal
form equivalent to a set of timed formul&s and then a resolution rule similar to those used
in (numerical) possibilistic logic.

Clausal form
A timed clause is a timed formula (¢ where c is a propositional clause. A timed

clausal form is a finite set of timed clauses. It is possible to find a (propositional) timed
clausal form, for any (propositional) timed necessity-valued knowledge base :

LetF ={(¢111), ..., On )} ;
Foreveryi=1,..,n,let{g ..., G n;} be aclausal form of; ;
LetC =0i=1,... .n(Oj=1,...,n (¢,j W)



Then it can be proved thétis equivalent t6F .

Resolution rule
Let (cT) and (c't) be two timed clauses, and let ¢" be any classical resolvent (if any)
of cand c'; then (c't n T') is a resolvent of (t) and (c'T'), which is formally written :

(co,(Cct)—(c" TnT).
In order to get a sound and complete procedure we must add a combination rule :

Combination rule
(c1,(ct)— (c TOT).

Resolution, together with combination, enjoys the properties of soundness and
completeness for refutation :

Soundness and completeness of resolution & combination for refutation
0 {t,C — (O1)} = Incons(C).

Technically, this result means that in order to find the inconsistency lapse, an
elementary algorithm consists in finding all the resolution paths leading to the empty clause,
and then combining them all by computing their least upper bound. Of course, it is not
always necessary to find all paths (for example, in the case where there exists a deduction of
the empty clause with weightsuch thatt = Incons(), only this refutation is necessary).

An open problem is the designing of efficient algorithms based on ordered search methods in
order to compute inconsistency lapses.

Example 1
Consider the following pieces of information :

John stayed in the office until 9.00 am +5 mn and certainly not afterwards
Mary stayed in the office from 8.50 am + 10 mn and certainly not before
John and Mary never met in the office this morning.

In order to translate them into timed formulas, we will slightly rewrite this information : let
us take the interval T = [8.00, 10.00] as temporal scale (assuming that nothing changes
between 8.00 and 8.40 and between 9.05 and 10.00) ; the first two sentences will be
expressed as

"John wasin the office” is certainly true between 8.00 and 8.55
"John was not in the office” is certainly true between 9.05 and 10.00
"Mary was in the office” is certainly true between 9.00 and 10.00
"Mary was not in the office" is certainly true between 8.00 and 8.40

whilst the last one is expressed in the form

"John was not in the office or Mary was not in the office"
is certainly true between 8.00 and 10.00.



Note that writing that "John was not in the office" is certainly true between 9.05 and
10.00 is another way to express that "John was in the office" is possibly true between 8.00
and 9.05. Nothing is said about what happened to John between 8.55 and 9.05. He may
have come in and get out of his office several times.

Let us now translate the five last sentences by means of timed formulas. For the sake
of simplicity, we use closed intervals for modeling them. Assuming that the literals J (resp.
M) means that John (resp. Mary) is at the office"; the formulas of the corresponding
knowledge basé are

@ [8.00, 8.55)
(=J [9.05, 10.00)

(M  [9.00, 10.00)
(-™M [8.00, 8.40)
(=3O =M [8.00, 10.00)

We can now compute the temporal distributigst, knowing that
(W) = n {15, i 1) OF, wE= —4i}).

Let us respectively denotelJM, J [ -M, =-J0OM, ~J[0 =M the four interpretations d@
meaning respectively that "J and M are given the viabg?, "J is given the valugue and M

the valuefalse”, etc. Then using the notations [a,b[, ]a,b[ for intervals open in b, open both
in a and in b respectively, we have

nz*(J OM) = [8.00, 9.05[n ]8.40, 10.00]n @ = @

nig*(J 0-M) = [8.00, 9.05[n [8.00, 9.00[ = [8.00, 9.00]
ng*(=J O M) =]8.55, 10.00]n ]8.40, 10.00] = ]8.55, 10.00]
T *(=J O -M) =]8.55, 10.00]n [8.00, 9.00[ =]8.55, 9.00]

Since,, TiF*(w) = [8,10], the inconsistency lapse %f is Inconsf ) = @, i.e.F never
behaves inconsistently.

We may now compute the time intervals in which some formulas are certainly or
possibly true :

Ngf*(\]) = T[g*(—l‘] OM) n T[g*(—u] 0 =M)
[8.00, 8.55]n ([8.00, 8.55]0 [9.00, 10.00])

= [8.00, 8.55]
Ng*(=J) = [9.00, 10.00]
Ng*(M) = [9.00, 10.00]
Ng*(=M) = [8.00, 8.55].

Thus, "John is in the office" is

- certainly true during [8.00, 8.55] ;
- certainly false during [9.00, 10.00] ;
- unknown (possibly true and possibly false) during ]8.55, 9.00[ ;



this is stronger than the information explicitly written in the knowledge base (according to
which "John is in the office" was certainly false during [9.05, 10.00] only).

Example 2

This example is somehow more complex than the first one since it involves
contradictory information. Consider the following pieces of informations

John stayed in the office until 9.15 + 10 mn and certainly not afterwards
Mary stayed in the office from 8.45 + 10 mn and certainly not before
Between 9.00 and 9.10 there was exactly one person
(among John and Mary) in the office

which, in a manner similar to Example 1, gives thesef timed formulas

(3 [8.00, 9.05] )
(=3 [9.25, 10.00])
(M  [8.55, 10.00])
(-M [8.00, 8.35] )

((~J0-M) O (I 0 M) [9.00, 9.10)
as represented on Figure 1.

The temporal distribution@* is then :

mg*(3 OM) = [8.00, 9.25[n 18.35, 10.00]n ([8.00, 9.00[1 19.10, 10.00])
= 18.35, 9.00[0 ]9.10, 9.25]
g *(J O -M) = [8.00, 9.25[n [8.00, 8.55] = [8.00, 8.55]

i *(~J O M) = ]8.35, 10.00]n 9.05, 10.00] = ]9.05, 10.00]
1t *(~J 0 =M) = 19.05, 10.00]n [8.00, 8.55[n ([8.00, 9.00[0 ]9.10, 10.00]) = @

8.3t 8.4C 8.4t 85C 855 9.0C 9.0¢ 9.1C 9.1t 9.20 9.25

N() N(=J)
The N(-M) a '
knowledge 3
base N(M)
g
N[(M 0J)0(-M 0-J)]
ot
— [
N*(J)
N*(=J) N*(=J)
obtained |
conclusiong NA(M)
— i
N*(=M) N*(=M)
—> = e P History of JIM
false unknown true inc. false unknown false

Figure 1



Let us compute the inconsistency lapsegf.

Do Tig *() = [8.00, 9.00[0 19.05, 10.00]
Hence
Incons() = SN(g*) = [9.00, 9.05]

Thus the knowledge base behaves inconsistently between 9.00 and 9.05, due to the fact that
it is explicitely written in{J that both John and Mary are in the office and that there is exactly
one person in it during this time interval. Then we have (see Figure 1 where N* is short for
N *
57 Ng*(J) = [8, 9.09]

Ng*(=J) = [9, 9.10]U [9.25, 10.00]

Ng*(M) = [8.55, 10.00]

Ng*(=M) = [8, 8.35] 1 [9.00, 9.05]

Ng*(J OM) =[8.55, 9.05]

Ng*(=J 0 -M) = [8, 8.35]0J [9.00, 9.10]1 [9.25, 10.00]
but since] is partially inconsistent, we have to drop out the inconsistent instants in order to
keep only the non-trivial part of these deductions. For instance,

Cert*(J0M) = Ng*(J OM) \ Incons() = [8.55, 9.00]
Cert*(~-J 0 -M) = [8, 8.35]0 19.05, 9.10]0 [9.25, 10.00]

Lastly, let us focus ond M ; according to the last equalities, the state of knowledge V*
about J1M when considering a given instant t is

inconsistent] t (1 [9.00, 9.05]
ItrueD t 0 [8.55, 9.00[

false] t O [8.00, 8.35]0 ]9.05, 9.10]0 [9.25, 10.0C
unknown( t 0 ]8.35, 8.55[[1 ]9.10, 9.25]

which is represented in Figure 1.

V*t(JDM)z\

These results can be obtained using refutation by resolution :

(i) computing the maximal set of instartsuch that] = (JOM 1) comes down to
compute Incons{ O {(=J O-M T)}). Let us consider the clausal forimof § where
the last formula ((-JJ -M) O (30 M) [9.00, 9.10]) has been transformed into

{(=J O -=M [9.00, 9.10]), (JJ M [9.00, 9.10]} ; let us then add (-I-M T) to ©
and let us find all deductions of the empty clause (Figure 2).

(-J 0 -~ MI[8,10]) (J [8,9.05])
(- M [8,9.05]) (M [8.55,10])

(O [8.55,9.05])
Conclusion : I\ﬁ*(J [0M) =[8.55, 9.05]

Figure 2



(J [8,10]) (=J [9.2510]) (=M O =J [9,9.10]) (-M [8,8.39])

/s
7
(O [9.25,10]) (=M [9,9.10)) o
N ~ Ve
~ =~ o s
~ =~
S (=M [8,8.35] O [9,9.10]) (M [8,10])
o \/
N

S (O [8,8.35] 0 [9,9.10])

~ _ -

\/ — —

(O [8,8.35] 0 [9,9.10] O [9.25,10])
Conclusion : I\g*(—-J 0-M) = [8, 8.35]0 [9.00, 9.10]0 [9.25, 10.00]

Figure 3

(i) computing the maximal valuesuch thatj = (-JO-M 1) comes down to compute

Incons@@ O @O M T)) where (JO M T) is equivalent to the two clauses
{@T), (MT)} (Figure 3).

Remark

Among worth-considering extensions, we may think of existentially quantified time
instants, which would enable us for instance to deal with clipping problems like the
following one : '$ andy cannot be simultaneously true", i.e¢p(B-P T), "¢ is true in the
interval [t1,x]", where § is a constant and x is unknown, L&.(¢ [t1,x]), "W is true in the
interval [y,b]", where p is a constant and y is unknown, iL.&. (U [y,t2]), where § < .
We want to establish that we should have x <y. Indeed resolution \ie[g]), i.e. the
knowledge base is consistent only if y > x, as well &s [(#t2]) and (- [t1,x]). This
extension requires symbolic treatment of time periods.

5. A Reified Temporal Logic : the Fuzzy Case

It is not always realistic to assume that the interval where things happen are always
perfectly defined. In the previous section "John left the office between 9.05 and 9.25" meant
that it is completely possible that he left it at any time between 9.05 and 9.25, all instants
being equally possible, and that it is completely impossible that he left his office at a time
outside this interval. On the contrary we could wish to express that John left the office at
"about 9.15", meaning, for example, that all times between 9.10 and 9.20 are completely
possible, all times before 9.05 and after 9.25 completely impossible and, the closer to 9.05
(resp. 9.25) the less possible John left the office. This leads us to allow the interpretation of
pieces of knowledge as formulas being certain durimggzy time interval (Dubois and
Prade [15]), or more generally a fuzzy subset of the temporal scale.

The new structure is now defined as follows : T is still a temporal scale ; L ¥ [0,1]
is the lattice of fuzzy subsets of T, equipped withftizzy inclusion ordering : ift andt'



are two fuzzy subsets of T defined by their membership functigrendpz from T to
[0,1], then
T T iff 0tOT, ug(t) < pup(t)

The lattice operators on L are the fuzzy intersection, union and complementation operators
which are defined respectively by

M o 1O = min @g(0), k(D)
Ht O (0 = max (g(1), pe()
T = 1 —pg(t)

(L, n, O) is a complete distributive lattice but it is not Boolean since genéf’rllj?# T and
Tni1z0.

Now, the following definitions : temporal possibility distribution, temporal
possibility function, temporal certainty function, timed (certainty-valued) formula, timed
knowledge base , inconsistency lapse, logical consequence are formally the same as the one:
given in Section 3. Incon$() is now a fuzzy subset of T, meaning that among inconsistent
instants, some are more inconsistent than others.

The resulting logical model isfazzy reified temporal logic that we shall namtizzy
timed logic. Let N be a temporal certainty function in the fuzzy caseh)Ng a (non
necessarily normalized) fuzzy subset of T. Then, given a forgnadad an instant t, the
membership degree of t to p)(estimates to what exteditis certainly true at time t. Note

that this degree is meaningless if it is not strictly greater than the membership degree of t to
the inconsistency lapse of the knowledge base (see Section 2). Considering a fixed time t,

the mappingp ~ uN(¢)(t) defines a necessity measure, satisfying the axioms given in
Section 2. Thus, an intuitive way to consider a fuzzy temporal necessity function is to view it
as acollection (indexed by time instants of T) of necessity measugeSiiilarly, a fuzzy
timed knowledge bas& = {(¢; Tj), i = 1,n} can be viewed as a collection of possibilistic
knowledge bases i = {(9; ufi(t)), I = 1,n}, indexed by t1 T, where N(¢j) = ufi(t). In

other words, fuzzy timed logic is also a timed possibilistic logic.

The deduction and refutation theorems still hold in fuzzy timed logic, as well as the
resolution procedure. Let us point out that in order to select the non-trivial part of a deduction

F = (¢ T) we have to know Cerp(; &), Incons§ ) and then to compute the fuzzy set-
difference Cert¢ ; &) = Certp ; F) \ InconsfF). There are several existing definitions for
this operation [12]. The question is how to define the fuzzy set-difference in accordance with
the algebraic structure of ([0,]max, min, 1 —[f) while preserving intuitive properties.
Especially, the non-trivial deduction in fuzzy timed logic must be in accordance with non-
trivial deduction in possibilistic logic. 1 is a possibilistic knowledge base with
Incons¢) =a > 0, then the non-trivial deduction operatisng defined as follows

F k(¢ B) if and only ifF = (¢ B) with f > a
F k= (¢ 0) otherwise



Back to fuzzy timed logic viewing o as Hincons@F)(t) and B as Heerg:#)(t) for some

t O T, the fuzzy set differendaducedby the treatmentof non-trivial deductionin the static
case is such that

Hcerte:#) \ Incons@)(H) = Hcert: 7)1) © Mincons)(t)

withB2 a =0ifB<aandpB @ a = otherwise.This definition hasnice properties,i.e.
the non-trivial part Certtf ; &) verifies the two properties

«if Cert(¢ ; F) c Incons@) then Cert*p ; F) = @
« Cert ; ) O Incons ; F) = Cert*@ ; F) O Incons ; F)

Cert*(¢ ; F) is eventhe smallestfuzzy setthat satisfiesthe aboveequality, i.e. B @ o =

inf{x | max(x,a) = max@,a)}. This fuzzy setdifferenceoperationhasbeenintroducedin
Dubois andPrade[12], noticing thatin the crisp caseB \ A = [ {E | B ¢ A O E}, which

yieldsp @ a = inf{x, B < max@,x)} as well.

Example 3

This example is a fuzzification of Example 2. Consider the following pieces of
information

John stayed in the office until about 9.15 and certainly not afterwards
Mary stayed in the office from about 8.45 and certainly not before
Between 9.00 and 9.10 (strictly) there was exactly one person (among John and Mary)
in the office

Let us consider that the fuzzy temporal intervals representing "gijoaret "trapezoidal”
fuzzy intervals (see Dubois and Prade [14]) of the form shown in Figure 4 (hegg=for t
8.45 and@ = 9.15), meaning that if an event occurs at "abgytttis completely possible

K about to"(?)




that it actually occurs betwegg-+ 5 mn andg+ 5 mn, completely impossible that it actually
happens beforggt— 10 mn or afterg + 10 mn, and that the membership function of the
possibility it actually happens at time t is linearly increasing gr-[0.10, ¢ — 0.05] and
linearly decreasing ondt+ 0.05, ¢ + 0.10].

In a manner similar to Examples 1 and 2, the logical translation of the previous
sentences gives the set of fuzzy temporal necessity-valued formulas

J 1) whereTq is \
} L

9.0¢ 9.1C

(t1 is the fuzzy set of instants necessarily before "about 9.15",u'rr-”_eL(t) =

infi>s 1 —U"about 9.15(S) which is the necessity measure of "t before s" (t < s), where
possible values of s are restrictedyhout 9.15115])-

(-J 12) where Ty is /

T 1 P
9.2C 9.2¢
M T where T3 is /
M 13) 3 /.
8.5C 8.5t
A
(=M 1y wherety is : N\ -
8.3t 8.4C
(-JI0-M)OE@OM) T5) where g is
00  9.cC

Let us first compute the fuzzy temporal possibility distributign* :
Mz *OM)=Tan T40 T5
Mg *( O-M) = T2 0 T3
Mg *(~J OM) =T n Tg

Mg*(~J 0-M)=T1n T3n T5



These objects are fuzzy subsets of T (they cannot be named "fuzzy intervals" since they are
generally not convex). Incon${) is the fuzzy complementary of the union of these four
fuzzy subsets, i.e.

Inconsff) = T*(J OM) O T *(=J OM) O T *(I O =M) O Tiegp*(=J O =M)
0174015 n (12013) n (11 0Ty n (110130 15)

M 0174015)n 13N T1 n (110130 15)

=11 n 13 n (T2 0 14 0 15) (using the peculiarities of thg's)

=T nT2n13)d(T1n 13N Tg) O(T1 N 13N T5)

=11 n 13 N T5=T1 n T5 (using the peculiarities of thg's)

which is represented in Figure 5.

Let us now compute N *(J) and Ngp*(M).

Ngo* (3) = Tigp*(=J OM) O migg*(-d 0-M) = (13 0 T4) 0 (17 0 T3 T5)
=MO0YnMOBOE=1101YnT=11

whose non-trivial part is Cert*(J) & \ Incons{f?).

Nege*(M) = (T2 013) n (11 0130 15) =13
Negp*(J OM) = Negp*(J) n Negg*(M) = T1 0 T3

Negg*(=J O -M) = ip*(JOM) = Tp 0 T4 O Ts,

Nep*(J O M) and Cert*(J0 M) = Ngp *(J O M) \ Incons() are represented on
Figure 6.1. Nep*(=J OO -M) and Cert*(-JJ =-M) are represented on Figure 6.2. On Figure

6.3. we have represented Certf{M) and Poss*(I1 M) = Cert*(=J [0 =-M) which is the
fuzzy set of time instants wherélM is possibly true ; it can be seen on the Figure 6.3 that
Poss*(JJ M) contains Cert*(I1 M), which is in accordance with our intuition.

A
1
_~[ /
3
0 —— . —
8.4C 8.5

Figure 5: Incons(¥) =11 n 15 —



A Ng*(@QOM)=T1 n T3
Incons(Ff) =71 n Tg

Figure 6.1: Cert*(JOM)

Incons(£f) Cert*(=JO-~ M)

Figure 6.2: Cert*(=J =M)

Poss*(JD M)  Cert*(JOM) Cert*(-JO- M)
1 B e IR
| \
! \
0 / — L — .
! ! | T T I T I =
8.5C 9.0C 9.1C 9.2C 9.3C

Figure 6.3: Poss*(J1 M)

Lastly, let us check that Incori&{), N *(J O M) and Ny *(=J O =M) can be
computed using refutation by resolution. This is done in Figures 7, 8, 9



* Figure 7 : collecting the fuzzy sets attached teads to

Incons@f) =(T1n 1) 0 (13N Tg) O (T1 n13n 15) O (T2 N T4 N T5)
=@0@0T1nT3nT5) 0D
=11 N 13N T5=T11 N T5

1) T (- 30~ M T5)

01n1) M 1nts (M 13) (-M1) (JOM 15)

2 V\/\/

(0Tpn13ntg (D13nTy) (@unig (I
A \/
& (0 T2 N T4 N T5)

%]
Figure 7: Incons{f)

« Figure 8 : (-J1-M T) has been added &, and it leads to M *(J OM) =T1 n 13

(-JO-M [8,10)) 3 1)
(=-MT19) M 13)
(0 11 n 13)

Figure 8: Nep*(J O M)
e Figure 9 : (J T) and (M T) have been addedffoand it leads to Ny * (=3 O =-M) =

To0140(T3n15) =12 014 0 15

(G[810) (=32 -JO-MT5) (M[BL)] (M 1g)

(0 1) -M1w5) M3 (O 1)
N —~
~ N \N/ P -
™~ -~ (DT‘30T5) -
~ P -
L
(0 1720740 (13 n 15))

Figure 9: Ngp*(=J O ~M)



On the whole, timed logic makes possible to compute the fuzzy set of instants when
we are more or less certain that a proposifios true, and the fuzzy set of instants when we
are more or less certain thfatis false. By complementation, this latter fuzzy set yields the
fuzzy set of instants whenis more or less possibly true (a fuzzy set which includes the first
mentioned one, sincet($) > 0 entaild]t(¢p) = 1- Ne(=¢) = 1). Then from these two fuzzy
sets, defined by N¢) and[]i(¢) when t varies, we can compute the fuzzy bounds of
intervals whenp is true ; see [15] for the definition of these bounds. Considering now two
formulas$ andy, describing events, we can then compute to what extent it is certain (in the
sense of a necessity measure) that, for instgntakes place befong, using the extension
of Allen's [1] interval relationships to fuzzily bounded intervals ; see [15] for details. Note

that a piece of information like "it is somewhat certain th&tkes place beforg” can be
easily handled in standard possibilistic logic.

5. Conclusion

In this paper we have provided the basis for a reified temporal logic with a semantics,
while handling (graded) uncertainty. Timed possibilistic logic, as presented here, has some
limitations. Let us mention some of them. In our logic we cannot presently represent

information like "there exists at least an instant t in the time penadere it is more or less
certain thatp is true". The evaluation of such a statement would require the use of a quantity
like supr Nt(9). We cannot either express that for instance a sentence cannot become true

before another becomes false. Hence we cannot express symbolic precedence constraints a
in Ghallab and Mounir-Alaoui [23]. So the language is not rich enough to formulate planning
problems. The logic described in this paper is thus more adapted to handle timed information
such as observations issued from a dynamic world and whose reliability decreases with time.

Lastly, reified temporal logics are basically very simple and have a limited expressive
power with respect to modal temporal logic where past and future can be explicitly dealt
with. Since representations of possibilistic logic in a (multi-) modal logic framework have
been already explored (Dubois, Prade and Testemale [18], Farifias del Cerro and Herzig
[22]), we may think of incorporating some possibilistic logic ideas in modal temporal logics
for grading modalities and still enhance their expressive power.

Another problem that can be addressed in a structure similar to possibilistic logic is
the case of a knowledge base whose contents stems from several sources. To do that, we

might change the temporal axis T into a set S of sources, and defihasNihe subset of
sources which claim that is certainly true. The same results as obtained here would be

arrived at. Besides, let us replace T By, @here A is a set of assumptions ; then Lz'é‘zs

the set of all sets of assumptions, which may be interpreted as the set of all disjunctions of
conjunctions of assumptions, or, in the Assumption-based Truth Maintenance Systems
(ATMS) terminology [7], as the set of all labels, a label being a disjunction of environments.
This idea of viewing ATMS as a particular Boolean-valued logic has been studied by
Ginsberg [24].
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