Math. Program., Ser. B 105, 289-310 (2006)

Digital Object Identifier (DOI) 10.1007/s10107-005-0654-8

Jean Fonlupt - A. Ridha Mahjoub

Critical extreme points of the 2-edge connected spanning
subgraph polytope*

Received: May, 2004 / Accepted: April 10, 2005
Published online: 10 November 2005 — © Springer-Verlag 2005

Abstract. In this paper we study the extreme points of the polytope P (G), the linear relaxation of the 2-edge
connected spanning subgraph polytope of a graph G. We introduce a partial ordering on the extreme points
of P(G) and give necessary conditions for a non-integer extreme point of P(G) to be minimal with respect
to that ordering. We show that, if X is a non-integer minimal extreme point of P(G), then G and X can be
reduced, by means of some reduction operations, to a graph G’ and an extreme point X’ of P(G’) where G’
and &’ satisfy some simple properties. As a consequence we obtain a characterization of the perfectly 2-edge
connected graphs, the graphs for which the polytope P(G) is integral.
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1. Introduction

A graph G = (V, E) is called 2-edge connected if for every pair of nodes (u, v) there
are at least two edge-disjoint paths between u and v. Given a graph G = (V, E) and a
weight function w which associates to each edge e a weight w(e), the 2-edge connected
subgraph problem (TECSP) consits in finding a 2-edge connected subgraph H = (V, F)
of G, spanning all the nodes of G and such that ), w(e) is minimum. This problem
arises in the design of reliable transportation and communication networks [8], [34],
[26] [30]. It is NP-hard in general. It has been shown to be polynomial in series-parallel
graphs [36] and Halin graphs [35]. (A graph is called series-parallel if it can be obtained
from an edge by subdivisions and duplications of edges. A graph is said to be a Halin
graph if it consists of a cycle and a tree without nodes of degree 2 whose leaves are
precisely the nodes of the cycle.)

Given a graph G = (V, E) and an edge subset F C E, the 0 — 1 vector xF of RE
such that xf(¢) = 1 ife € F and xF(e) = 0if e € E \ F is called the incidence vector
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of F. The convex hull of the incidence vectors of the edge sets of the connected span-
ning subgraphs of G, denoted by TECP(G), is called the 2-edge connected spanning
subgraph polytope of G.

Let G = (V, E)beagraph. Given b : E — Rand F asubsetof E, b(F) will denote
ZeGF b(e). For W C V we letW =V \ W.If W C V is anode subset of G, then the
set of edges that have only one node in W is called a cut and denoted by (W). (Note
that (W) = 8§(W)). For v € V, we will write § (v) for 8({v}). An edge cutset F C E of
G is a set of edges such that F' = §(S) for some non-empty set S C V.

If x¥ is the incidence vector of the edge set F of a 2-edge connected spanning
subgraph of G, then x*" satisfies the inequalities

x(e)>0 VeeckE, (1.1)
x(e)<1 VeekE, (1.2)
x(8(S)>2 VSCV,S#0. (1.3)

Inequalities (1.1) and (1.2) are called trivial inequalities and inequalities (1.3) are
called cut inequalities.

Givenagraph G = (V, E) we will denote by P (G) the polytope given by inequalities
(1.1), (1.2), ( 1.3). The TECSP is then equivalent to the integer program

min{wx, x € P(G), x integer}.

The TECSP is closely related to the widely studied traveling salesman problem. In fact,
as pointed outin [16], the problem of determining whether a graph contains a hamiltonian
cycle can be reduced to the TECSP.

The subtour polytope of the traveling salesman problem is the set of all solutions of
the system given by inequalities (1.1)—(1.3) together with the constraints x (5 (v)) = 2
for all v € V. Clearly, the polytope P(G) is a relaxation of both the TECP(G) and the
subtour polytope. Thus minimizing wx over P(G) may provide a good lower bound for
both the TECSP and the traveling salesman problem.

Using network flows [14] [15], one can compute in polynomial time a minimum
cut in a weighted undirected graph. Hence the separation problem for inequalities (1.3)
(i.e. the problem that consists in finding whether a given solution j € RI®! satisfies
inequalities (1.3) and if not to find an inequality which is violated by y) can be solved
in polynomial time. This implies by the ellipsoid method [23] that the TECSP can be
solved in polynomial time on graphs G for which TECP(G) = P(G). Mahjoub [32]
called these graphs perfectly 2-edge connected graphs (perfectly-TEC). Thus an inter-
esting question would be to characterize these graphs. In [31], Mahjoub showed that
series-parallel graphs are perfectly-TEC. In [32] he described sufficient conditions for
a graph to be perfectly-TEC.

In [18], Fonlupt and Naddef studied the graphs for which the polyhedron given by
the inequalities (1.1) and (1.3) is the convex hull of the tours of G. ( Here a tour is
a cycle going through each node at least once). This is in connection with the graphi-
cal traveling salesman problem. They gave a characterization of these graphs in terms
of excluded minors. (A minor of a graph G is a graph obtained from G by deletions
and contractions of edges). A natural question that may arise here is whether or not
one can obtain a similar characterization for perfectly-TEC graphs. The answer to this
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question is, unfortunately, in the negative. If we add the constraints x(e) < 1 for all
e € E, the approach developed by Fonlupt and Naddef [18] would not be appropriate.
In fact, consider a non perfectly-TEC graph G (for instance a complete graph on four
nodes or more). Subdivide G by inserting a new node of degree 2 on each edge and let
G’ = (V’, E’) be the resulting graph. Clearly, each edge e of G’ belongs to a 2-edge
cutset. So x(¢) = 1 for all e € E’ is the unique solution of P(G’) and hence G’ is
perfectly-TEC. However, the graph G, which is a minor of G’, is not.

In this paper we study the fractional extreme points of the polytope P(G). We
introduce an ordering on the extreme points of P(G) and give necessary conditions for
a non-integer extreme point of P(G) to be minimal with respect to that ordering. We
show that if x is a minimal non-integer extreme point of P(G), then G and x can be
reduced, by means of some reduction operations, to a graph G’ and an extreme point x’
of P(G"), where G’ and x’ satisfy some simple properties . As a consequence, we obtain
a characterization of perfectly-TEC graphs.

The polytope TECP(G) has seen much attention in the last few years. Grotschel and
Monma [24] and Grétschel, Monma and Stoer [25], [27], [28] consider a more general
model related to the design of minimum survivable networks. They discuss polyhedral
aspects of this model. In particular, they study the polytope, the extreme points of which
are the incidence vectors of the edge-sets of the k-edge connected subgraphs of a graph
G, where £k is a fixed positive integer. In [27], they devise cutting plane algorithms along
with computational results are presented. A complete survey of that model can be found
in Stoer [34] (see also [26], [30]). In [5], [6] Chopra studies the minimum k-edge con-
nected spanning subgraph problem when multiple copies of an edge may be used. In
[5] he considers the problem in directed graphs, for k = 2. He shows how facets of
the associated polyhedron on undirected graphs can be obtained by projection and he
develops a cutting plane algorithm for that problem. In [6], he studies the problem for k
odd. In particular, he characterizes the associated polyhedron in this case, for the class
of outerplanar graphs. (A graph is called outerplanar if it can be drawn in the plane as
one cycle with noncrossing chords. Outerplanar graphs are also series-parallel.) In [12]
Didi Biha and Mahjoub give a complete description of the k-edge connected subgraph
polytope, for all k, when the graph is series-parallel. As a consequence, they show that
Chopra’s result remains true if the graph is series-parallel, which has also been indepen-
dently proved by Chopra and Stoer [7]. In [2], Barahona and Mahjoub characterize the
polytope TECP(G) for the class of Halin graphs. Baiou and Mahjoub [1] characterize the
Steiner 2-edge connected subgraph polytope for series-parallel graphs. Boyd and Hao [4]
discuss a class of facets for the TECP(G) related to the the traveling salesman polytope.
Extensions of the TECSP are addressed in [19], [21] (see also [20]), [22], [29], [13].

Related work can be found in [9], [10], [11]. In [9] Cornuéjols, Fonlupt and Naddef
study the TECSP when multiple copies of an edge may be used. They showed that
when the graph is series-parallel, the associated polyhedron is completly described by
inequalities (1.1) and (1.3). In [10] Coullard et al. characterize the dominant of the
2-node connected subgraph polytope in the graphs which do not have Wy (the wheel
on 5 nodes) as a minor. In [11] they devise a linear algorithm for the Steiner 2-node
connected subgraph problem on Halin graphs and the graphs with no W4 as a minor.

This paper is organized as follows. In the next section we give more notation and
definitions and present some preliminary results. In Section 3 we study an ordering
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relation on the extreme points of P(G), and introduce the concept of critical extreme
points of P(G). In Section 4 we prove our main result. In Section 5 we discuss some
applications and give some concluding remarks.

2. Notation, definitions and preliminary results
2.1. Notation and definitions

We assume familiarity with graphs and polyhedra. For specific details, the reader is
referred to [3] and [33], respectively. We consider finite, undirected and loopless 2-edge
connected graphs, which may have multiple edges. We denote a graph by G = (V, E)
where V is the node set and E the edge set. If e is an edge with endnodes u# and v, then
we write e = uv. If W C V, we denote by G(W) the subgraph of G induced by W and
by E (W) the set of edges having both nodes in W. Given W, W’ two disjoint subsets of
V, 8(W, W) will denote the set of edges of G having one endnode in W and the other
in W.If W = {v}, we will write §(v, W) instead of §({v}, W’). If G is a graph and ¢ is
an edge of E, then G — e will denote the graph obtained from G by removing e. A path
P of G is an alternate sequence of nodes and edges (u1, e1, uz, ez, ... ,ug 1,41, Ug)
where e; € 6(uj, u;y1) fori =1,...,q — 1. We will denote a path P by either its node
sequence (u1, ... , Uq) or its edge sequence (e, ... , e;—1). The length of a path is the
number of its edges. A path is said to be even (resp. odd) if its length is even (resp. odd).

A graph G = (V, E) is said to be contractible to a graph G’ if G’ can be obtained
from G by deletions and contractions of edges. The contraction of an edge ¢ = uv con-
sists in deleting e, identifying u and v and in preserving all the adjacencies. If W C V,
then the graph obtained by contracting W is the graph obtained by contracting all the
edges of E(W).

Throughout the paper, we will consider a graph G = (V, E) and an extreme point x
of P(G). We suppose that P(G) is not integral and x is fractional. If x () = O for some
edge f € E, then the solution X’ such that X’'(¢) = X(e) foralle € E\ { f} is an extreme
point of P(G — f) if and only if x is an extreme point of P(G). Therefore studying the
structure of x on G is equivalent to studying that of X" on G — f. Hence we will suppose,
w.l.o.g. that x(e) > O for all e € E. We will denote by Ej (resp. E1) the subset of edges
e € Esuchthat 0 < x(e) < 1 (resp. x(e) = 1). The edges of Eq (resp. E1 ) will be
called fractional edges (resp. integer edges). We will denote by Gg = (Vy, Ep) (resp.
G1 = (V1, Ey)) the subgraph induced by Ey (resp. E1). The graph G (resp. G1) will
be called the fractional graph (resp. integer graph). We will use the subscript O (resp.
1) for the notation which refer to G (resp. G1). For instance, if W C V, then §o(W)
(resp. 61(W)) will denote 6 (W) N Ey (resp. 6(W) N Ey), and if x is a solution of P(G),
then x¢ will denote the restriction of x on Ey. Hence x( will denote the restriction of x
on Ey.

2.2. Cuts and polytopes

Let§(W)beacutof G.If G(W) isnot2-edge connected, then the constraint x (§(W)) > 2
is redundant in the decription of P(G). In fact suppose G(W) is not 2-edge connected,
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and let Wy, W, be a partition of W such that |6 (W, W3)| < 1. From the cut constraints
corresponding to Wi and W, we have x(B(W1, W)) > 1 and x(§(Wa, W)) > 1. By
summing these inequalities, we get x (§(W)) > 2. Let S(G) be the set of subsets S of V
such that G(S) and G(V \ §) are both 2-edge connected. Thus P(G) can be written as

0<x(e) <1 VecE,

P©G) {x((So(S)) +x(61(8) =2 VSeSG).

For S C V,letbsg =2 — |51(S)|. Let Pp(G) be the polytope given by

_J0=<x(e) =1 Ve € Ey,
Po(@) = {x(ao(S)) >bs VS eSG).

Note that Py(G) C RE0 and dim(Py(G)) = |Ep|. Since x is an extreme point of P(G),
we have that xo is an extreme point of Py(G). Moreover, if §(S) contains no (resp.
contains one ) integer edge, then bg = 2 (resp. bg = 1). If §(S) contains more than one
integer edge, then bg < 0, and hence x(§¢(S)) > by is redundant in Py(G).

Given a solution x € RE, a constraint ax > « is said to be tight for x if ax = «.

If 6(S) induces a cut inequality tight for X, then §(S) will be called a tight cut. If
8(S) is tight and 80 (S) # @, we will say that §o(S) is tight for xo. We will denote by Sy
the set of elements S € S(G) such that §y(S) is tight for xo. A cut §(S) tight for x will
be called a degree-cut if min(|S|, |S|) = 1. A node v € V is said to be right for x (or
just tight) if it induces a degree-cut. A cut §(W) is said to be proper if it is tight for x
and Eq(W) # 0 # Ey (W). We will denote by IT the set of proper cuts.

The following result, due to Cornuéjols, Fonlupt and Naddef [9], will be useful in
the sequel.

Lemma 1. [9] Let §(W) be a cut tight for X. Then the polytope P(G)N{x € RE; x(§(W))
= 2} can be described by the following system of linear inequalities

0<x(e)<1 Ve€kE,

x(8(S)) =2 vVScW, SeSG),
x(6(S)) =2 VScV\W, §SeSG),
x(8(W)) =2.

Given a node subset W C V we let (W) = §o(W) U Eog(W).

Let 6 (W) be a tight cut for xo. As X is an extreme point of Py(G), it follows that X
is an extreme point of the polytope Py(G) N {x € RE0; x(8o(W)) = 2}. From Lemma
1, it follows that this polytope is given by the inequalities

0<x(e) <1 VeeE,

x(80(S)) = bs VSCcW, SeSG),
x(80(S)) = bs VSCVA\W, §SeSG),
x(8o(W)) = bw.

AsO<xg(e) <1 forall e € Ep, we then have that xg is the unique solution of the system

x(80(S)) = by VSCcW, SeS,
(L) 1 x(80(8)) = bs VSCV\W, Sed8,
x(8o(W)) = bw.
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Let Ax = b (resp. Ax = b) be the equality system given by the first (resp. second)
set of equations of system (£). System (£) can then be written as

(L) = {x e RF*; Ax = b, Ax = b, x(8o(W)) = by }.
In the sequel we will denote by Py the polytope in RIW given by

0<x(e)<1 Vee (W),
WY x(0(S)>bs VSCW, SeS.

Given an edge subset F C E and x e RF, we will call extension of x the solution y € RE
given by y(e) = x(e)ife € Fand y(e) = lifee E\ F.

2.3. Redundant relations

Let §(W) be atight cut. Let A;jx = b;, i =1, ..., k be the rows of the system Ax = b.
Let ¢ be a row-vector of RT™) such that c(e) = 0 for all e € Eq(W). Suppose there is
arow-vector 4 = (uy, ..., ux) such that c = pA. Then the equation

cx =96,

where § = ub, will be called a redundant relation produced by Ax = b. If the scalar y;
is uniquely defined, u; will be called the weight of A;x = b; in the redundant relation
cx = §; note that in this case, the equation A;x = b; is linearly independent from the
other rows of the linear system Ax = b.

Let Cx = d be a linear system of R% () that generates all the redundant relations of
Ax = b, that is any redundant relation of Ax = b can be written as a linear combination
of equations of Cx = d. Such a system will be called a redundant system for Ax = b.
Note that the affine subspace {x € RW): Cx = d} is nothing but the projection of the
affine subspace {x € RW): Ax = b} onto R%W) We have the following lemma.

Lemma 2. i) Ify € RW) isa solution of Cx = d, then there exists a unique solu-
tion¥ € RTW) of Ax = b (resp. 5 € RIW) of Ax = b) such that X (e) = y(e) for
all e € §o(W) (resp. X' (e) = y(e)fﬂ’ all e € 5o(W)).

ii) Let yq be the restriction of xo on I(W). Then yy is the unique solution of the system
Ax = b,
(LH{Cx=d,
x(80(W)) = bw.

iii) If Py is integral, then there exists at least one redundant relation of Ax = b different

from x(§o(W)) = by.

Proof. i) We prove the statement for Ax = b, the proof for Ax = b is similar. W.L.o.g.,
we may suppose that Ax = b is nonsingular. Hence, by elementary linear algebra
operations, Ax = b can be written as a system of the form

Ix1+A"xy =0,
Cxy =d,
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where x| and x; are the restrictions of x on Eo(W) and 8o(W), respectively, and
I is the identity matrix. As y is a solution of Cx» = d, clearly, there is a unique
solution y; € REoW) such that Iy; + A”y = b’. Hence X such that ¥(e) = y(e)
if e € Eg(W) and X (e) = y(e) if e € 8o(W) is the desired solution.

ii) Suppose there are two solutions y; and y> of system (£’). Let y; and yj be the
restrictions of y; and y> on 8o(W), respectively. As y] (resp. y5) is a solution of
Cx = d, by i) there is a solution x| € RE0W) (resp. x; € RE0W)) such that the
solution X1 (resp. X2) given by X1(e) = x{(e) if e € Eo(W) and X (e) = y;(e) if
e € 8o(W) (resp. ¥2(e) = x5(e) if e € Eg(W) and Xa2(e) = yj(e) if e € 8o(W))
is a solution of Ax = b. Let x1 (resp. x») be the solution such that xj(e) = x{ (e)
if e € Eo(W) and X1(e) = yi(e) if e € T (W) (resp. x2(e) = x)(e) if e € Eo(W)
and %, (e) = y»(e) if e € I'(W)). We then have that x; and X are both solutions of
system (L£). As y; # yp and hence x| # X, this contradicts the fact that xq is the
unique solution of (£).

iit) Suppose that Py is integral. If system Ax = b does not produce any redundant rela-
tion different from §o(W) = bw, then by ii), the solution yy is the unique solution
of the system

Ax = b,
x(8o(W)) = bw.

But this implies that yp is an extreme point of Pg;. As §o(W) is tight for xo, and
therefore yg is fractional, this is a contradiction. m]

2.4. Basic linear systems

Definition 2.1. Let (W) be a tight cut. Consider a partition of Ax = b into two sub-
systems A1x = by and Aix = by. We say that A1x = by is a basic system for W if the
following conditions hold:

i) x € RIW) s a solution of Ax = b if and only if x is a solution of {A1x = by;
x(80(W)) = bw}.

ii) The solutions set of the system {A1x = ~b]; x(8~o(W)) > by} is non-empty, and any
solution x of this system also satisfies A{x > by.

If the equation x(5o(W)) = byw is not a redundant relation of Ax = b, then Ax = b is
itself a basic linear system. If this is not the case, then there exists a proper subsystem
A1x = by of Ax = b in which x(60(W)) = byw is not redundant. Also a solution x
satisfies Ax = b if and only if x satisfies {A1x = by, x(§o(W)) = bw}.

Let Ajx = b; be a basic system for W. Let C1x = d; be a redundant system for
A1x = b1. We will now establish a lemma which will allow us to deal with Ajx = b
instead of Ax = b.

Lemma 3. i) Ifx(5o(W)) = bw isnotaredundant equation of Ax = b, thenC1x = d
is also a redundant system for Ax = b,

ii) If x(§o(W)) = bw is a redundant equation of Ax = b, then the linear system
{Cix =dy1; x(6o(W)) = bw} is a redundant system for Ax = b.
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Proof. i) This easily follows from the fact that A{x = by is a basic system for W.

ii) Since {A1x = b1; x(6o(W)) = bw} generates the whole system Ax = b, any
redundant equation produced by Ax = b can also be obtained from {A;x =
b1; x(5o(W)) = bw}. The result then follows.

O

3. Critical extreme points of P(G)

In this section we introduce the concept of critical extreme points and give our main
result.

Let x be a fractional extreme point of P (G). Let x’ be a solution obtained by replacing
some (but at least one) non-integer components of x by 0 or 1 (and keeping all the other
components of x unchanged). If x’ is a point of P(G), then x’ can be written as a convex
combination of extreme points of P(G). If y is such an extreme point, then y is said
to be dominated by x and we write x > y. Note that an extreme point of P(G) may
dominate more than one extreme point of P(G). Also note that if x dominates y, then
fee E; 0<y(e) <1} C{e € E; 0 < x(e) < 1}, and if x(e) is integer, then y(e) is
sO.

The relation > defines a partial ordering on the extreme points of P(G). The minimal
elements of this ordering (i.e. the extreme points x of P (G) for which there is no extreme
point y # x such that x > y ) correspond to the integer extreme points of P(G). In
what follows we are going to define, in a recursive way, a rank function on the extreme
points of P(G).

The minimal extreme points of P(G) will be said extreme points of rank 0. An
extreme point x of P(G) will be said of rank k, for fixed k, if x dominates only extreme
points of rank < k — 1 and if x dominates at least one extreme point of rank k — 1.

The maximum of the ranks of the extreme points of P(G) will be called the rank of
P(G).

In this paper we will be mainly interested in the study of the extreme points of P(G)
of rank 1. Note that if x is an extreme point of P(G) of rank 1 and if we replace one
fractional component of x by 1, keeping unchanged all the other components, we obtain
a feasible point x” of P(G) which can be written as a convex combination of integer
extreme points of P(G).

In [32], Mahjoub introduced the following operations:

01: Delete an edge.
0>: Contract an edge whose both endnodes are of degree two.
03: Contract a node subset W such that G(W) is 2-edge connected.

And he proved the following.

Theorem 1. [32]1fG = (V, E) is perfectly-TEC and G’ is a graph obtained by repeated
applications of the operations 0y, 05, 03, then G’ is perfectly-TEC.

Now we are going to consider somewhat similar operations but defined with respect
to a given solution x of P(G).
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61: Delete an edge e with x(e) = 0.

65: Contract an edge e whose one of its endnodes is of degree 2.

Qéz Contract a node subset W such that G(W) is 2-edge connected and x(e) = 1
forallle € E(W).

In contrast with operations 81 and 0[ (63 and Qé) which are similar, operations 6, and
65 are quite different. Suppose for instance that G contains a path P of length k > 3
whose internal nodes are of degree two. Using 6, one can replace P by a path P’ of
length > 2. However, by 6, P can be replaced by only one edge. This is because with
6} we do not only deal with the graph G (which is the case of 6) but we are also dealing
with a feasible solution x of P(G).If P = (ey, ... e), then we have x(¢;) = 1, for
i = 1,...,k. And by replacing P by only one edge, say ex, and assigning again the
value 1 to x(ex), we keep a record of the values of the variables x (e) on the edges of P.

Starting from a graph G and a solution x of P(G), and applying operations 6}, 65, 65
one obtains a reduced graph G’ and a solution x” € P(G’). The following lemmas estab-
lish the relation between x and x’. The proof of the first lemma is omitted because it is
similar to that of Theorem 1.

Lemma 4. The solution x is an extreme point of P(G) if and only if x' is an extreme
point of P(G').

Lemma 5. The solution x is an extreme point of P(G) of rank 1 if and only if x' is an
extreme point of P(G') of rank 1.

Proof. Suppose that x is an extreme point of P(G) of rank 1. By Lemma 4, x’ is an
extreme point of P(G’). If x’ is not of rank 1, then there must exist a fractional extreme
point x” of P(G’) that is dominated by x’. Let y € R be the solution such that

x"(e) ifeecE’,
y(e) =131 ifx(e)=1andee€ E\ E',
0 ifx(e)=0ande € E\ E'.

Note that x” can be obtained from y using the same operations as x’ from x. By Lemma
4,y is then an extreme point of P(G). Moreover, we have that x > y. As y is fractional,
this contradicts the fact that x is of rank 1.

If x’ is of rank 1, we can prove in a similar way that x is also of rank 1. O

An extreme point of P(G) will be called critical if it is of rank 1 and if none of
the operations 6}, 65, 65 can be applied for it. By Lemma 5, the characterization of the
extreme points of rank 1 reduces then to that of the critical extreme points of P(G). In
the rest of the paper we restrict ourselves to that class of extreme points. Our aim is to
give necessary conditions for an extreme point of P(G) to be critical.

Definition 3.1. Given a graph G = (V, E) and a solution x € P(G), the pair (G, x)
is called a basic pair if the following hold.

) v=viuv? with vVIinvZ=g,
E=E'UE?> with E'NE*=90,
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Fig. 1. Basic pairs

(VI,E") isanodd cycle,
(V, E?) is a forest whose set of pending nodes is V!, and such that all the
nodes of V2 have degree at least 3,
i) x(e) = % fore € E!,
x(e) = 1 fore € E2, and
iii) x(8(W)) > 2 for any cut §(W) such that |W| > 2 and |W| > 2.

Note that by the last condition of Definition 3.1, if (G, x) is a basic pair, then G
is 3-edge connected. Figure 1 shows some examples of basic pairs. In Figure 1 (a) the
forest is a star, Figure 1 (b) shows an example where one component of the forest is an
edge. In Figure 1 (c) the forest is a tree but not a star.

Lemma 6. If (G, x) is a basic pair, then x is an extreme point of P(G).

Proof. First note that conditions ii) and iii) of Definition 3.1 ensure that x is a solution of
P(G). Moreover, since (V!, E') is an odd cycle, x is the unique solution of the system

x(e) =1 VeeE?,
x@) =2 VveVl

This implies that x is an extreme point of P(G). O
We can now state the main result of the paper.
Theorem 2. If x is a critical extreme point of P(G), then (G, X) is a basic pair.

The proof of Theorem 2 will be given in the next section. In what follows we give,
as a consequence of Theorem 2, a characterisation of the perfectly-TEC graphs.

Let Q2 be the class of graphs G = (V, E) such that G can be obtained from a graph
satisfying condition i) of Definition 3.1 by replacing some edges of E? by paths of
length two. Note that the graphs of €2 are not perfectly-TEC. In fact, let G = (V,E)and
% € RE form a basic pair and G = (V, E) be a graph of Q obtained from G by inserting
nodes of degree two on some edges of the forest of G. Let x € R¥ be the solution of
P(G) such that x(e) = %(e) ife € E and x(¢) = 1 ife € E \ E. As by Lemma 6 ¥ is
an extreme point of P(G), x is an extreme point of P(G). Since x is fractional, G is not
perfectly-TEC.

A consequence of Theorem 2 is the following.
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Corollary 1. A graph G is perfectly-TEC if and only if G is not reducible to a graph of
Q by means of the operations 601, 62, 63.

Proof. Assume that G = (V, E) reduces to a graph G’ = (V’, E’) of Q by means of
the operations 61, 6>, 63. By Lemma 6, G’ is not perfectly-TEC. Hence from Theorem
1, it follows that G is not perfectly-TEC.

Conversely, suppose G is not perfectly-TEC. Then P (G) contains fractional extreme
points, and, in consequence, there existo an extreme point y of P(G) of rank 1. By Lemma
5 together with Theorem 2, G and y can be reduced by operations 6}, 65, 05 to a basic
pair (G', ). If instead of applying 6 we apply 6>, we obtain a graph of Q. O

4. Proof of Theorem 2

We first present the main steps of the proof of Theorem 2. We will suppose that x is a
critical extreme point of P(G). We first establish some useful properties of x and the
tight cuts for x in G. These are given in Lemmas 7, 8 and 9. Then the proof is divided
into two parts. In the first part, we suppose that the set of proper cuts IT is empty. We will
show that x and G satisfy in this case the conditions of Definition 3.1, and hence induce
a basic pair. This is given by Proposition 1. In the second part, which is the crucial part
of the proof, we will show that IT = ¢, and thus, by the first part, the theorem follows.

So suppose that x is critical. Then x is of rank 1, and x cannot be reduced by any
of the operations 6y, 65, 65. (Recall that a cut §(W) is proper if it is tight for X and

Eo(W) # 0 # Eo(W).)

4.1. Structural properties

We have the following lemmas. The first one, given without proof, is a direct consequence
of the fact that x is critical.

Lemma?7. i) x(e) > Oforalle € E.
ii) G contains no nodes of degree 2.
iii) If for some W C V, G(W) is 2-edge connected, then Eo(W) # (.

Lemma 8. Let 5(W) be a proper cut tight for x. Then

i) X(f)+x(g) < 1foreverytwo edges f, g of §(W),
i) 8(W)| = 4.

Proof. i) Suppose that x(f) + x(g) > 1. Let y € RI'™) be the restriction of X on
I'(W). Clearly y is a solution of Ax = b. Let y be the extension of y. Note that
y € P(G) and §(W) is tight for y. Also note that, as (W) is proper, and hence,
EoW) #@,{e e E; 0 < y(e) <1} C{e e E; 0 <X < 1}. As X is critical, y
can be written as a convex combination of integer extreme points of P(G). Let y!
be one of these extreme points, and let yé be its restriction on I'(W). Notice that
any constraint of P(G) that is tight for y is also tight for j'. Hence )75 is a solution
of Ax = b, and as §(W) is tight for y, we have that )71(8(W)) = 2. Moreover,
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since X(f) 4+ x(g) > 1, §' can be chosen so that ' (f) = y!(g) = 1 and hence
yl(e) = 0 forall e € §(W) \ {f, g}. By considering the restriction of X on I'(W)
we can similarly show that there exists an integer solution ¥ of P(G) such that its

restriction on I'(W), )')g is a solution of Ax = b, $2(f) = 7%(g) = 1 and y2(e) = 0
foralle € §(W)\{f, g}. Observe that )76 (e) = )_zg(e) foralle € 8o(W).Let y € REo
be the solution given by

Jo(e) ifee (W),

e = F(e) ifee Eo(W).

We have that y is a solution of (£). Since y # Xy, this is impossible.
ii) If |§(W)| < 3, then there exists two edges f, g in §(W) with x(f) + x(g) > 1. But
this contradicts i). |

Lemma 9. If 3(S) is a cut of S(G) tight for x with |S| > 2, then 5(S) is proper.

Proof. If §(S) is not proper, then at leat one of the sets Eo(S) and Ep (S) is empty.
Suppose, for instance, that Eo(S) = @. Then E(S) = E(S). Since G(S) is 2-edge
connected, X can be reduced by operation 65, a contradiction. O

4.2. CaseI1 =0

Proposition 1. IfI1 = (), then ( G, X ) is a basic pair.
Proof. Assume that [T = ¢J. By Lemma 9, X is the unique solution of the linear system
x(o(v)) =by, YveVr,

where V* is the set of tight nodes of V. Let G, = (V’, E)) be a connected component
of the fractional graph Gy. Let V* = V* N V'. Then the linear system

x(80(v)) = by, Yove VY, A.1)

has also a unique solution, namely the restriction of x to E{. Thus |V*'| > |Ej|. On the
other hand, since Gy, is connected, |V*'| < |V'| < |Ej| + 1. Hence

V¥ > V|- 1. 4.2)

In addition, if v € V*, then v is adjacent to at least two fractional edges. If G, is a tree,
then G, has at least two (pending) nodes which do not induce tight cuts and therefore
|V*¥| < |V’| — 2, contradicting (4.2). Thus G, is not a tree, and hence |V’| < |E()|. We
then have that |V*'| < |V'| < |Ej| < |V*|. Consequently, |V*| = |V’|. This implies
that V* = V’, and the matrix of system (4.1) is the node-edge incidence matrix of a
cycle. Moreover, as this matrix is non-singular, this cycle must be odd, and therefore the
unique solution of (4.1) is X (e) = % for all e € Ej. We claim that E| = Eg. In fact, if
E{, C Ey, let y € E be the solution such that

_ x(e) ife e Ey,
y(e) = ) ,
1 ifee Ey\ E).
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Obviously, y € P(G). Also as y is a unique solution of system 4.1 and y(e) = 1 for
alle € E \ E, y is an extreme point of P(G). Since X > , this implies that X is not
critical, a contradiction.

Consequently, G is an odd cycle such that x(e) = Lforalle e Eo. Moreover, as x
is critical, by Lemma 7 i) x(¢) > Oforalle € E. Hence x = 1 foralle € E \ Ey. Also,
as every node of V) is tight, it follows by Lemma 7 iii) that the integer graph, G is a
forest whose pending nodes are precisely the nodes of Vj. Thus conditions i) and iii) of
Definition 3.1 are satisfied with respect to G and x.

In addition, if |§(W)| = 2 for some cut 6 (W) and, say W = {v}, then v is a node of
degree two. But this contradicts Lemma 7 ii). Therefore condition iii) of Definition 3.1
is also satisfied with respect to G and x. Consequently, G and x form a basic pair. O

4.3. Case 1 # 0

4.3.1. Further structural properties We first prove a basic lemma, which establishes
further structural properties of x and the tight cuts of G when IT # ¢. In particular we
will show in this case that the components of X are 0, 1 and 1, and all the proper cuts
have exactly four edges.

Lemma 10. IfT1 # @, then

i) x(e) = %for all e € Eg, and
ii) |8(S)| = 4 for any proper cut §(S) of T1.

Proof. Let 6(S) be a proper cut. Let §(W) be a proper cut such that W C S and |W|
is minimum, that is |W| < |§’| for any proper cut §(S’) with S’ C S. Thus, if §(7T) is
a tight cut with T C W, then either x(§o(7)) = br is redundant in (£) and hence in
Ax = b or §o(T) is a degree-cut. Thus we may suppose that the equations of Ax = b
all correspond to degree-cuts.

Let f = uv € Eg(W) and let x* € RE be defined as

x(e) ifee E\{f},
1 ife=f

Clearly, x* € P(G). If none of the nodes « and v induces a tight cut for X, then clearly
x; is a solution of (£). As x* # Xo, this is a contradiction.

If only one of these nodes, say u is tight, then we have x*(§(u)) = 3 — x(f). As
x* € P(G) and x is critical, x* can be written as a convex combination of integer
extreme points of P(G). Let y! be one of these extreme points. Since x( f) > 0 and thus
x*(8w)) < 3, y1 can be chosen so that yl(é (1)) = 2. Moreover, every constraint of
P(G) which is tight for x* is also tight for y!. Thus yj is a solution of (£). As y; # %o,
we have again a contradiction. (Recall that y(% is the restrictions of y! on Eg.)

So assume that both nodes u and v are tight for x. Hence x*(8(u)) < 3 and
x*(8(v)) < 3. As we did in the previous case, we can show that there exists an integer
solution y? of P(G) such that y?>(8(v)) = 2 and y? satisfies with equality every con-
straint of P(G) which is tight for x*. Thus y1 W) = yz(W) = 2. Moreover, we have
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y!(8(v)) > 2 and y?>(8(u)) > 2. For otherwise, either yé or yg would satisfy system
(L), contradicting the fact that x¢ is the unique solution of (L£).
Now it is not hard to see that there exists 0 < « < 1 such that the solution

j=ay' + (1 —a)y? 5.1
satisfies
yOw) =y@B®) =p > 2.

Note that y satisfies with equality all the constraints tight for x other than x(§(u)) > 2
and x(6(v)) > 2. Also note that y(f) = 1. Let z € RE such that

o2 5@ eI,
3—p ife=f.

As z(8(u)) = z(8(v)) = 2, we have that z is a solution of (£). Since Xy is the unique
solution of (L), we then have ¥ = z.

Consider now our initial cut §(S). Since yl (8(S)) =2 and y2(8(S)) = 2, there are
four edges ey, e2, €3, e4 € §(S) such that

yl(er) = y'(e2) =1, and y'(e) =0 forall e € §(S) \ {e1, ez},
y2(e3) = y*(eq) = 1, and y'(e) =0 forall e € §(S) \ {e3, e4}.

Since x(e) > 0 for all e € §(S), it follows that [6(S)| < 4. For otherwise, there
would exist an edge e € §(S) such that yl(e) = yz(e) = 0. But this implies that
x(e) = z(e) = 0, a contradiction.

If ¢; = e; for some i, j where i € {1,2} and j € {3,4}, then y(e;) = z(e;) =1
and hence x(¢;) = 1. But this implies that x (e;) +x(e;) > 1, contradicting Lemma 8 i).
Consequently, e1, e2, €3, e4 are all distinct, and therefore 6(S) = {ey, e2, €3, e4}. Hence
|6(S)| = 4, and ii) is proved.

Moreover we have

x(e1) +x(e2) = 2a,
x(e3) +x(eq) =2(1 — o).

By Lemma 8 i), we should also have y(e1) + y(e2) = 2 < 1 and y(e3) + y(es) =
2 —2a < 1. Thus @ = % This implies that x(e) = % for all e € Ep \ {f}. Since
x(8(u)) =2 and x(f) > 0, we should also have x(f) = %, which proves i), and ends
the proof of the lemma. O

4.3.2. No proper cuts exist In what follows we are going to show that no proper cuts
exist. Once this fact is established, Theorem 2 follows from Proposition 1.

Suppose, on the contrary, that there exists a proper cut 6 (W). By Lemma 10 ii) there
are four edges e, e2, e3, e4 € Eq such that §(W) = {ey, ez, €3, e4}. The set W is called
anice set if there exists a basic system A1x = by for W such that, after eventual permu-
tation of the four edges of 6 (W), the relation x(e1) + x(ez) = 1 is the unique redundant
relation produced by Ajx = by.
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Now the proof will be organized as follows. First we will prove the following crucial
result (Proposition 2): any proper cut is induced by a nice set. The proof of this propo-
sition uses two preliminary results. The first, established by Lemma 11, states that the
family of nice sets contained in W is a nested family. (The definition of a nested family
is given below.) And the second, given in Lemma 12, shows that the polytopes Pw and
Py are integral. As a consequence, we will obtain that the sets W and W are both nice.
Using this, we will finally show that there is an integer solution that satisfies system (£).
As this solution is different from x, we will thus get a contradiction.

By Lemma 3, if x(6§(W)) = 2 is linearly independent in the system Ax = b, then
x(e1) +x(ez) = lis also the unique redundant equation produced by Ax = b. However,
if x(§(W)) = 2is aredundant equation of Ax = b, then {x(e1)+x(e2) =1, x(§(W)) =
2} is a redundant system for Ax = b. Thus, if W is a nice set and x is a solution of

Py N{x e R'W: Ax = b, x(8(W)) = 2},

then x(e1) + x(ep) = 1 and x(e3) + x(eq) = 1.

Two sets S and T are said to be crossing if SNT # 3, SNT # @, SNT # @ and
sNT # (). A family of sets Sy, ..., Sk is said to be nested if Sy, ... , Sy are pairwise
noncrossing.

Lemma 11. Let W C V be a nice set. Then for every proper cut §(T), W and T are
NONCrossing.

Proof. Assume, on the contrary, that 7 and W are crossing. Let W; = W N T and
Wo = WNT.As 8§(W) and 8(T) are tight for x, it is easy to see that §(Wj) and
8(Wy) are also tight for x, and ¥ (§(W1, Wa)) = X(8(W1, W)) = ¥(§(Wp, W)) = 1. As
W € Sp, and by Lemma 10 i), x(e) = % for all e € Ep, we have that |§(W;, W)| =
|8(Wo, W)| = |8(W1, W2)| = 2. So we may suppose that §(W;, W) = {ej, ez} and
§(Wp, W) = {es, e4}. Let 8(Wy, Wa) = {f1, f>}. Then the following equations are
among those of Ax = b,

x(Bo(W1)) = x(e1) +x(e2) +x(f1) +x(f2) =2,
x(80(W2)) = x(e3) + x(eq) + x(f1) +x(f2) = 2.

As W is anice set, it then follows that the unique redundant relation of Ax = b is either
x(e1) +x(ez) = 1 or x(e3) + x(eg) = 1. Consider the following solution y € R such
that

i(e) ifee E(W)Us(W),
y(e) =11 ife e E(W)\ {f2},
0 ife=f.

As §(W) is proper, and hence G (W) is 2-edge connected, by Lemma 1, y € P(G). Also
observe that both cuts §(W7) and §(W>) are tight for y. Hence y is a solution of the
system
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x(e) =1 ifee (E1UEW))\ fa,
x(e)=0 ife= fs,
(L1) yx(er) +x(e2) =1,
x(e3) +x(eq) =1,
Ax = b.

By Lemma 2 ii), it follows that y is the unique solution of (L), and in consequence y
is an extreme point of P(G). Moreover we have that x > y. Since y is fractional, this
contradicts the fact that x is critical. O

Lemma 12. Py and Py are integral.

Proof. We show the statement for Py, the proof for Py is similar. Assume the contrary,
and let y € RI'™) be a fractional extreme point of Py . Let y € RE be the extension of
y.As G (W) is 2-edge connected, from Lemma 1 it follows that y € P(G). Furthermore
since y is an extreme point of Py, we have that y is also an extreme point of P(G).
Since §(W) is proper, and hence EO(W) # (), we have that x > y. As y is fractional,
this is a contradiction. O

Now suppose that the cut §(W) is such that if S C W, then S is a nice set. As
6(W) e Il1. By Lemma 11 there exists a partition Sy, ... , Sy, {w1}, ..., {ws} such that
Si, ..., S, are maximal noncrossing nice sets and wy, ... , wy are tight nodes. Note
that if T C W induces a proper cut, then 7 C S; for some i = 1, ..., r. Also notice
that, as by Lemma 10 i) x(e) = Lforalle e Ey, every wi, i = 1,...,s, is either of
degree 2 or of degree 4 in Go. If w;, fori =1, ..., s, is of degree 2 (resp. 4), then w;
will be called a 2-singleton (resp. 4-singleton). Observe that if w; is a 2-singleton (resp.
4-singleton), then x (§p(w;)) = 1 (resp. x (6o (w;)) = 2), and hence x (§p(w;)) = 1 (resp.
x(8g(w;)) = 2) is one of the row of Ax = b.

We now establish the following which is the crucial point of the proof. It shows that
any proper cut is induced by a nice set.

Proposition 2. Any proper cut is induced by a nice set.

Proof. We will show that W is a nice set. To this end we will consider two cases.
Case 1. W contains no nice sets.

Let W* be the set of tight nodes in W (i.e. W* = {wy, ..., ws}). As W does not
contain nice sets, it follows that Ax = b is given by

x(6o(v)) = by, Vve W* (4.3)

Letv;, i = 1,...,4 be the nodes (not necessarily distinct) of W incident to ¢;; i =
1,...,4, respectively.

Claim 1. Let W; € W be a node subset that induces a connected component of Go(W).
Let A1x = b be the linear system given by the inequalities (4.3) corresponding to the
nodes of W* N W. Then
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)
i)

Proof.

ii.l)

(W) Ns(W)| =1,
Assume that Ajx = b; produces a redundant constraint distinct from x (6 (W)) =
2. Then
ii.1) Go(Wy)isatree 7 and all the nodes of W; belong to W*,
ii.2) 7 has at most one 4-singleton,
ii.3) if 7 has one 4-singleton, then 7 has at least one 2-singleton, and (after
eventual permutation of edges) A;x = b; produces a unique redundant
relation given by

x(e1) +x(e2) — x(e3) — x(es) =0, (4.4)

ii.4) if all the nodes of 7 are 2-singletons, then 7 is a path. Moreover, if 7
is an even (resp. odd) path, then Ajx = b; produces a unique redundant
relation given by

x(e1) +x(ex) =1, 4.5)

(resp. x(e1) — x(e2) =0.) (4.6)
ii.5) The rows of Ajx = by are linearly independent.

i) If §(W1) N 8(W) = @, then 8o(W;, W) = ¢, and therefore Ajx = by has
aunique solution, namely the restriction of x to Eo(W/). Note that this solution is
fractional. As any extreme point of the polytope P, = Py N{x e RIW); Ax =
b, x(§(W)) = 2} is also a solution of the system Ajx = by, it then follows that
all the extreme points of Py, are fractional. Since by Lemma 12 Py is integral,
and hence P{V is so, this is impossible.

We first prove that Go(W) does not contain even cycles. Indeed, assume, on the
contrary, that Go(W) contains an even cycle C = {f1, ..., f2p}, (k > 1). Con-
sider the solution y € R¥ defined as

x(e) Vee E\C,
y() = 1x(faiy1) +€ Vi=0,...,p—1,
x(fai) — € Vi=1,...,p,

where € > 0. Since all the equations of system Ax = b correspond to degree-cuts,
we have that y is a solution of system (£). As y # X, this is a contradiction.
Now by i), we may assume that v € Wj. Let cx = d be a redundant relation
produced by Ajx = b; and distinct from x(§(W)) = 2. If v € W* N Wy, let
w(v) be the weight of the equation x(§(v)) = b, in cx = d. W.lo.g., we may
assume that c(e;) = +1, and hence u(vy) = +1. Let e = vw be an edge of
Eo(Wp). As c(e) = 0, if v € W* and u(v) # 0, one should have w € W* and
ww) = —p(w). As vy € Wi N W* and u(v;) = +1, this implies that all the
nodes of W belong to W*, and p(u) = +1 or —1 for all u € Wj. Let W T
(resp. W17) be the set of nodes u € W with u(u) = +1 (resp. u(u) = —1).
Note that W1+ and W~ are determined in a unique way. Hence W1+ and W~
is a partition of Wy, and therefore the graph Go(W) is bipartite. In consequence,
Go(W7) does not contain odd cycle. Since Go(W7) does not also contain even
cycles, it follows that Go(W)) is a tree 7.
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ii.2) By ii.l) every pending node of 7 belongs to W* and hence is either a 2 or a
4-singleton. Also at least one of the edges incident to it belongs to §(W). Hence

every pending node of 7 is one of the nodes vy, .. . , v4. In consequence, 7 cannot
contain more than one 4-singleton.
ii.3) If 7 has a 4-singleton, then the four nodes vy, ... , v4 belong to 7. Now recall

that w(vy) = +1 and that the weights of the equations of Ajx = by, involved
in the generation of the redundant relation cx = d are +1 and —1. Also these
weights are determined in a unique way. In consequence, there is a unique redun-
dant relation. If the weights of the constraints induced by the four nodes is +1,
then the redundant relation is x(e1) + x(e2) + x(e3) + x(eq4) = 2. But this con-
tradics the fact that cx = d is different from x(8o(W)) = 2. If only one node
among vy, ... , U4, Say vy, induces a constraint with weight —1, then the redun-
dant relation would be x(e1) + x(e2) + x(e3) — x(ea) = 1. As we also have
x(e1) + x(e2) + x(e3) + x(eq) = 2, from both equalities we get x(eq) = % So
this implies that the polytope Py N {x € RIW)  Ax = b, x(§(W)) = 2} is
not integral, contradicting Lemma 12. Consequently, exactly two nodes among
v, ... , V4 induce constraints with weight —1, and therefore the redundant rela-
tion is of the form (4.4). Also note that 7 contains at least one 2-singleton.

ii.4) Suppose that 7 is an even path, and, w.l.0.g., v; and v; are the extremities of 7.
As u(vy) = +1, it follows that [W+| = |W~| + 1, and u(vz) = +1. This yields
the redundant relation (4.5).

If 7 is an odd path, and v; and v, are its extremities, then |[W¥| = |W ™| and so
u(v2) = —1. Hence the redundant relation is of type (4.6).

ii.5) As 7 is a tree and the weights w(v) for all v € W, are uniquely defined, the
statement follows.

O

As |6(W)| = 4, from Claim 1 it follows that, if W contains no nice sets, Go(W) has at
most two connected components each being a tree and producing a redundant relation.
If Ax = b produces two redundant relations, then each relation is of type either (4.6) or
(4.5), and Go(W) has no node of degree 4. If Ax = b produces one redundant relation,
this is of type either (4.4), (4.6) or (4.5).

Case 2. W contains a nice set.

Thus r > 1. As §(S1) € I1, by Lemma 10 ii), there are four edges fi, f2, f3, fa € Ep
such that §(S1) = {f1, f2, f3, fa}. Let Ajx = b; be a basic system for S;. Note that
A1x = b; can be considered as a subsystem of Ax = b. As §j is a nice set, we may
suppose that x(f1) + x(f2) = 1 is the unique redundant relation of Ajx = bj. Let
Azx = by be the system given by

x(fO)+x(f) =1,
x(f3)+x(fa) =1,
x(80(T)) = br, YTCW, TNS; =0, TeSp.
As by Lemma 11, nice sets and node sets that induce proper cuts are noncrossing, it

follows that a solution of RI'W) satisfies Ax = b if and only if it satisfies both systems
A]X = b] and A2x = bz.
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Claim 2. Systems Ax = b and A>x = b; have the same sets of redundant relations.

Proof. Since x(f1) + x(f2) = 1 is a redundant relation of Ajx = by, it is clear that a
redundant relation of A,x = b is also a redundant relation of Ax = b. Now consider
a redundant relation cx = d of Ax = b. If this equation is not redundant in A>x = b»,
then there must exist a solution y, € RIWNE0(S) of A>x = by such that ¢y, # d. By
Lemma 2 i) there exists a solution y; € RIS of Ajx = by such that yi(f) = »n(f)
forall f € 8(S1). Let § € RTW) such that

<« Jyi(e) ifee Eo(S1),
y(e) = .
n(e) ifee'(W)\ Eo(S)).

Clearly y is a solution of both systems Ajx = b; and Ayx = by, and hence is a solution
of Ax = b. As cx = d is redundant in Ax = b, it then follows that cy = d. However,
¢y = c¢yp # d, a contradiction. O

Claim 2 allows a reduction on the graph G. Indeed, consider the graph Gy =
(‘70, Eo) obtained from G as follows:
— remove the nodes of S; and the edges of E¢(S1),
— add two new nodes s1, 52, and
— link s7 to the edges f1, f2 and s> to the edges f3, fa.

Let W = (W\ 81)U{s1, s2}. We have that Ax = b is the linear system corresponding
to W in Go.

By Claims 1 and 2 we can assume, by induction on the number of maximally nice
sets of W, that Ayx = b, (and therefore Ax = b) has either one redundant relation
of type either (4.4), (4.5) or (4.6) or two redundant relations each being of type either
(4.5) or (4.6). Now the rest of the proof consists in studying all the possible cases of the
redundant relations produced by Axy = by and showing for each one either W is nice
or the considered case does not hold. As it is quite technical, this part of the proof is
omitted, the complete proof can be found in [17]. O

By Proposition 2, it follows that every proper cut in Ax = b is induced by a nice set.
In consequence, we have that both W and W are nice sets. W.1.0.g., we may suppose that
x(e1)+x(e2) = 1isthe unique redundant relation of Ax = b, and that the unique redun-
dant relation of Ax = b is one of the relations x (¢;) + x(ej) =1,1i,je{l,...,4}.
Suppose for instance that the redundant relation of Ax = b is x(e1) + x(e3) = 1.
(The other cases can be treated in a similar way.) Consider the solution y € R* such
that y(e;) = 1, y(ez2) = 0, y(e3) = 1, y(eq) = 0. Clearly, y satisfies both redun-
dant relations. By Lemma 2 i) there exists a solution z; € RI'W) of Ax = b with
z1(e;) = y(e;) fori = 1,...,4. Similarly there is a solution z0 € RTW) of Ax = b
such that zo(e;) = y(e;) fori =1,... ,4.Letz € RE0 e given by

_|a@ ifeermw),

HO=0 o) ife e Eg(W).

In consequence, we have that z is a solution of system (£). Since z # Xo, this is a
contradiction.

Consequently, the set of proper cuts IT is empty. By Proposition 1 (G, x) is then a
basic pair, and the proof of our theorem is complete.
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5. Concluding remarks

In this paper we have introduced the concept of critical extreme points of the polytope
P(G), and we have given necessary conditions for a non-integer extreme point of P(G)
to be critical. As a consequence, we have obtained a characterisation of perfectly 2-edge
connected graphs.

Theorem 2 has interesting polyhedral and algorithmic consequences. First note that
operations 6}, 65, 65 can be performed in polynomial time and in any order. Now con-
sider a graph G = (V, E) and a critical extreme point x. By Theorem 2, there exists an
odd cycle C of G such that x(e) = % and x(e) = 1 fore € E\ C. Morover E \ C induces
a forest whose pending nodes are precisely the nodes of C. The following inequality,
which is valid for the TECP, is then violated by .

> x(e) = |C|2+ L (5.1)
ecC

Thus we have the following.

Theorem 3. Critical extreme points can be separated from the 2-edge connected sub-
graph polytope in polynomial time.

Also, if G is for instance a wheel, that is the forest induced by E \ C is a star, constraint
(5.1) defines a facet of the TECP [31]. Thus by Theorem 3 critical extreme point may
be separated by facet defining inequalities of the TECP in polynomial time. So a natural
question that arises here is to characterise the facets that can be produced by critical
extreme points.

Moreover, given an extreme point x of P(G) of rank k, one can obtain from x
extreme points of rank <k. Thus a further question that may be asked here is to find out
whether it is possible to lift facets induced by extreme points of rank k to facets induced
by extreme points of rank <k. It may be however possible that when all the non-integer
extreme points of P (G) have rank 1, the problem of the descrption of the facets of P(G)
is tractable. So we shall give the following conjecture.

Conjecture 6.2. For k fixed, if all the non-integer extreme points of P(G) have rank
< k, then TECSP can be solved in polynomial time.

As a final remark, let us note that the rank concept introduced in Section 3 for the
extreme points of P(G) can be extended to the faces of a polytope.
Let H C R" be the hypercube, i.e.,

H={xeR" 0<x;,<1,i=1,...,n},

and S a subset of the extreme points of H. (Each element of S is the incidence vector
of a subset of the set {1, ..., n}).

Let P be a polytope included in H and containing S. A non-empty face F of P is
said to be fundamental if there exists a face L of H such that F = P N L. The polytope
P will be considered itself as a fundamental face. Let us denote by F(P) the set of
fundamental faces of P, and for a point x of P by F(x) the smallest fundamental face
containing x.
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Assume now that P satisfies the following property:

Any fundamental face of P contains at least one element of S.
Note that if x is an integer extreme point of P, then the set {x} is a face of P and therefore
x is an element of S. (Thus if P is not an integer polytope, P is a relaxed polytope of
the convex hull of the elements of S). We will now define the rank of a face (extreme
point) F of P, which will be denoted by rank (F), in a recursive way.

1) The rank of an extreme point x of P is equal to rank(F(x)).

2) The rank of a fundamental face is O if and only if it is integral. Thus all the integer
extreme points of P have rank 0.

3) If F is a fundamental face which is not integral, then

rank(F) = 1 4+ max{rank(F'); F' € F(P), F' C F}.

A fundamental face F (resp. an extreme point x) of P is called critical if rank(F) = 1
(resp. rank(x) = 1).

Note that if S is the set of the incidence vectors of the 2-edge connected subgraphs
of a 2-connected graph G and if P is the polytope P(G), then the definitions related to
the rank of an extreme point and to the critical extreme points, given in Section 3, fit in
this more general concept.

A further illustration of this new general concept comes from perfect graphs. Here
S is the set of incidence vectors of the stable sets of a graph G and P is the polytope
described by the non-negativity and the so-called clique constraints. We have that P is
critical if and only if the graph G is critically imperfect.

References

1. Baiou, M., Mahjoub, A.R.: Steiner 2-edge connected subgraph polytopes on series parallel graphs. SIAM
Journal on Discrete Mathematics 10, 505-514 (1997)
2. Barahona, F., Mahjoub, A.R.: On two-connected subgraphs polytopes. Discrete Mathematics 147, 19-34
(1995)
3. Bondy, J.A., Murty, U.S.R.: Graph theory with applications. Universities Press, Belfast, 1976
4. Boyd, S.C., Hao, T.: An integer polytope related to the design of survivable communication networks.
SIAM Journal on Discrete Mathematics 4, 612-630 (1993)
5. Chopra, S.: Polyhedra of the equivalent subgraph problem and some edge connectivity problems. SIAM
Journal on Discrete Mathematics 5, 321-337 (1992)
6. Chopra, : The k-edge connected spanning subgraph polyhedron. SIAM Journal on Discrete Mathematics
7, 245-259 (1994)
7. Chopra, S., Stoer, M.: Private Communication
8. Christofides, N., Whitlock, C.A.: Network synthesis with connectivity constraints: a survey. In: J.P.
Brans, (ed) Operational Research 81, North Holland 1981, pp 705-723
9. Cornuéjols, G., Fonlupt, J., Naddef, D.: The traveling salesman problem on a graph and some related
integer polyhedra. Mathematical programming 33, 1-27 (1985)
10. Coullard, R., Rais, A., Rardin, R.L., Wagner, D.K.: Linear time algorithm for the 2-connected Steiner
subgraph problem on special classes of gaphs. Networks 23, 195-206 (1993)
11. Coullard, R., Rais, A., Rardin, R.L., Wagner, D.K.: The dominant of the 2-connected Steiner subgraph
polytope for Wy-free graphs. Discrete Applied Mathematics 66, 33—43 (1996)
12. Didi Biha, M., Mahjoub, A.R.: k-edge connected polyhedra and series-parallel graphs. Operations Re-
search Letters 19, 71-78 (1996)
13. Didi Biha, M., Kerivin, H., Mahjoub, A.R.: On the polytope of the (1,2)-survivable network design
problem. Preprint, 2005



310

J. Fonlupt, A.R. Mahjoub: Critical extreme points of the 2-edge connected spanning subgraph polytope

15.
16.

17.

19.
20.
21.
22.
23.
24.
25.
26.

217.

28.

29.

32.
33.

34.
. Winter, P.: Steiner problem in Halin networks. Discrete Applied Mathematics, 281-294 (1987)
36.

. Dinits, E.A.: Algorithm for solution of a problem of maximum flow in a network unit with power

estimation. Soviet Mathematic’s Doklady 11, 1277-1280 (1970)

Edmonds, J., Karp, R.M.: Theoretical improvement in algorithm efficiency for network flow problems.
Journal of Association for Computing Machinery 19, 254-264 (1972)

Erikson, R.E., Monma, C.L., Veinott, A.F. Jr.: Send and split method for minimum-concave network
flows. Mathematics of Operations Research 12, 634-664 (1987)

Fonlupt, J., Mahjoub, A.R.: Critical extreme points of the 2-edge connected spanning subgraph polytope.
Technical Report RR-04-17 LIMOS, Université Blaise Pascal, Clermont-Ferrand, France, 2004

. Fonlupt, J., Naddef, D.: The traveling salesman problem in graphs with some excluded minors. Mathe-

matical Programming 53, 147-172 (1992)

Fortz, B., Labbé, M., Maffioli, F.: Solving the two-connected network with bounded meshes Problem.
Operations Research 48, 866-877 (2000)

Fortz, B.: Design of Survivable Networks with Bounded Rings. Kluwer Academic Publishers, Dordrecht
2000

Fortz, B., Labbé, M.: Polyhedral results for two-connected networks with bounded rings. Mathematical
Programming 93, 27-54 (2002)

Fortz, B., Mahjoub, A.R., McCormick, S.T., Pesneau, P.: The 2-edge connected subgraph problem with
bounded rings. Mathematical Programming, to appear

Grotschel, M., Lovasz, L., Schrijver, A.: The ellipsoid method and its consequences in combinatorial
optimization. Combinatorica 1, 70-89 (1981)

Grotschel, M., Monma, C.L.: Integer polyhedra arising from certain network design problem with con-
nectivity constraints. SIAM Journal on Discrete Mathematics 3, 502-523 (1990)

Grotschel, M., Monma, C.L., Stoer, M.: Facets for polyhedra arising in the design of commumication
networks with low-connectivity constraints. SIAM Journal on Optimization 2, 474-504 (1992)
Grotschel, M., Monma, C.L., Stoer, M.: Design of survivable networks. In: M.O. Ball, et al. (eds)
Handbook in Operations Research and Management Science 7, North-Holland, 1995, pp 617-671
Grotschel, M., Monma, C.L., Stoer, M.: Computational results with a cutting plane algorithm for design-
ing communication networks with low-connectivity constraints. Operations Research 40/2, 309-330
(1992)

Grotschel, M., Monma, C.L., Stoer, M.,: Polyhedral and computational investigation for designing
communication networks with high survivability requirements. Operations Research 43/6, 1012-1024
(1995)

Huygens, D., Mahjoub, A.R., Pesneau, P.: Two edge-disjoint hop-constrained paths and polyhedra. SIAM
Journal on Discrete Mathematics 18, 287-312 (2004)

. Kerivin, H., Mahjoub, A.R.: Design of survivable networks: A survey. Networks, 46 (1), 1-26 (2005)
31.

Mahjoub, A.R.: Two-edge connected spanning subgraphs and polyhedra. Mathematical Programming
64, 199-208 (1994)

Mahjoub, A.R.: On perfectly 2-edge connected graphs. Discrete Mathematics 170, 153-172 (1997)
Pulleyblank, W.R.: Polyhedral combinatorics. In: G.L. Nemhauser, et al. (eds) Optimization Handbooks
in OR-MS 1, pp 371-446, 1989

Stoer, M.: Design of survivable networks. Lecture Notes in Mathematics 1531, Springer, Berlin, 1992

Winter, P: Generalized Steiner problem in series-parallel networks. Journal of Algorithms 7, 549-566
(1986)



