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Abstract

The Constrained-Routing and Spectrum Assignment (C-RSA) problem arises in the
design of 5G telecommunication optical networks. Given an undirected, loopless, and
connected graph G, an optical spectrum of available contiguous frequency slots S, and
a set of traffic demands K, the C-RSA consists of assigning, to each traffic demand
k € K, a path in G between its origin and destination, and a subset of contiguous
frequency slots in S subject to certain technological constraints while optimizing
some linear objective function. In this paper, we devise an exact algorithm to solve
the C-RSA. We first introduce an extended integer programming formulation for the
problem. Then we investigate the associated polytope and introduce several classes
of valid inequalities. Based on these results, we devise a Branch-and-Cut-and-Price
algorithm for the problem and present an extensive computational study. This is also
be compared with a Branch-and-Cut algorithm of the state-of-the-art.
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1 Introduction

The last decade has seen deep changes in optical transport networks with continuous
growth in bandwidth capacity due to the growth of global communication services and
networking like the mobile internet network. Therefore, a new generation of optical
transport network architecture called Spectrally Flexible Optical Networks (SFON5s)
has been introduced as a promising technology because of its flexibility and efficiency
compared with the traditional Fixed-Grid Optical Wavelength Division Multiplexing
(WDM) (Ramaswami 2009; Ramaswami et al. 1993). In SFONs, the optical spectrum
is divided into slots having the same frequency of 12.5 GHz where WDM uses 50 GHz
as recommended by ITU-T (Amar 2016). We refer the reader to Lopez and Velasco
(2016) for more details about the architectures, technologies, and control of SFONs.
With SFONS, Telecommunications operators are faced to several optimization prob-
lems. In particular some variants of routing and resource assignment problems arise
when dimensioning and planning optical networks. The classical Routing and Wave-
length Assignment (RWA) problem is the key issue for the design of Fixed-Grid WDM
networks. Here, we are given an optical network and a set of demands where each
demand has a pair of origin—destination nodes. The task is to find a path for each
demand and a wavelength such that a single 50 GHz wavelength is assigned to each
demand, while minimizing the total number of assigned wavelength. It was first con-
sidered by Bal et al. (1991), and extended by Chlamtac et al. (1992). The RWA is
known to be NP-Hard (Chlamtac et al. 1992). It has been shown to be equivalent to
the n-graph-coloring problem where the number n of the colors corresponds to the
number of wavelengths, and finding the minimum number of wavelengths to route
all the traffic demands is equivalent to finding the chromatic number of a conflict
graph (where the demands correspond to the nodes and two nodes are linked by an
edge if the path of the associated demands share an edge) when the paths are already
established. It has also been shown to be equivalent to a special case of the inte-
ger multicommodity flow (MCF) problem where some specific constraints are added
(Brun and Baraketi 2014). Several models and algorithms have been proposed to
solve the RWA problem. These are based on some integer linear programming for-
mulations (Brun and Baraketi 2014; Christodoulopoulos et al. 2010; Liu and Rouskas
2013), decomposition-based methods (Simonis 2011; Zang et al. 2000), and heuristics
(Shiva-Kumar and Sreenivasa-Kumar 2002; Siregar et al. 2003; Skorin-Kapov 2007).
However, in SFONs, RWA cannot handle the changes from wavelength to contigu-
ous slots. As a consequence, a new problem has appeared to deal with this situation,
called Routing and Spectrum Assignment (RSA) problem. It consists of assigning for
each traffic demand k a physical optical path, and a set of contiguous slots (called
also channels), while optimizing some linear objective function and satisfying the
following constraints (Hadhbi et al. 2019):

1. spectrum contiguity: a set of contiguous slots should be assigned to each demand
k with a width equal to the number of slots requested by demand k;

2. spectrum continuity: the set of contiguous slots assigned to each demand stills the
same along the chosen path;
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3. non-overlapping spectrum: the sets of slots of demands whose paths are not edge-
disjoint cannot share any slot over the shared edges.

The RSA plays a key role when dimensioning and planning SFONs. In recent years, the
routing and resources assignment in communication networks have received increas-
ing attention. In particular, numerous works have been conducted on the RSA problem
since its first appearance. From a complexity point of view, the RSA is known to be
NP-Hard (Shirazipourazad et al. 2013; Talebi et al. 2014). Various integer linear pro-
gramming formulations have been proposed. In particular, a big amount of work is
related to an edge-path based formulation. Heuristics are proposed in Christodoulopou-
los et al. (2011), Klinkowski et al. (2010), Klinkowski and Walkowiak (2011), Velasco
etal. (2012), Zotkiewicz et al. (2013). These are based on the edge-path formulation by
taking into account some precomputed-paths for each traffic demand. Hai and Hoang
(2017) propose some hybrid approaches combining heuristics with exact algorithms to
solve the RSA problem. On the other hand, column generation based techniques have
been used by Ruiz et al. (2013) and Jaumard and Daryalal (2016) to properly manage
the set of paths for the edge-path formulation and solve the linear relaxation of the RSA
problem. Nguyen et al. (2019) devise also a column generation algorithm to solve the
RSA problem. In order to strengthen the LP bounds of the RSA relaxation, Klinkowski
et al. (2014) propose a class of valid inequalities related to the non-overlapping con-
straint. A Branch-and-Cut-and-Price algorithm has been developed by Klinkowski
et al. (2015).

Moreover, edge-node based formulations have been considered in Bertero et al. (2018),
Caietal. (2013), Velasco et al. (2012), Zotkiewicz et al. (2013). In Bertero et al. (2018),
present a comparative study of these formulations.

In addition to exact approaches, several heuristics (Ding et al. 2014; Mesquita et al.
2018; He et al. 2020), and metaheuristic algorithms (Goscien et al. 2015; Gong et al.
2012; Hai and Hoang 2017; Hai et al. 2017; Klinkowski et al. 2015; Lezama et al.
2021), have been proposed for the RSA problem. A hybrid meta-heuristic approach
has been proposed by Ruiz et al. (2020) to solve large-sized instances of the RSA
problem. Also artificial intelligence based algorithms have been devised for the RSA
problem (Liu et al. 2019; Lohani et al. 2019). Some techniques based on machine
learning are also proposed (Chen et al. 2018; Gu et al. 2020; Salani et al. 2019; Zhang
et al. 2020).

In this paper, we consider the Constrained-Routing and Spectrum Assignment (C-
RSA) problem. Here we impose that the network should also satisfy the transmission-
reach constraint that is the route for each demand should not exceed a certain length.
Today, the transmission-reach constraint is very required by the network operators due
to the usage of some equipment called transponder configurations. They are necessary
to send an optical signal between the origin node and the destination node of each
traffic demand. For this reason, we have studied a real variant of the RSA problem
called C-RSA while considering additional constraints related to the transmission-
reach constraints.

The C-RSA is more complex and more challenging than the RSA. It can also be seen
as a new variant of the well known Routing, Modulation and Spectrum Assignment
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(RMSA) problem where the modulation formats (called also transponder configura-
tions) are preselected for each traffic demand.

Recently, Hadhbi et al. (2019) introduced a linear integer programming formulation
for the C-RSA problem. This has been used by Chouman et al. (2021) and Chouman
et al. (2021) to show the impact of some objective functions on the optical network
state, and by Colares et al. (2021) to propose a compact formulation for the problem.
Note that the transmission-reach constraint has not been taken into account by Velasco
etal. (2012), Cai et al. (2013), and Bertero et al. (2018). Their formulations can easily
be adapated to the C-RSA problem. Computational results presented by Hadhbi et al.
(2019), show that their formulation solves larger instances compared with those of
Velasco et al. (2012) and Cai et al. (2013). Recently, Pedro et al. (2022) propose a
new framework for the C-RSA based on an edge-path formulation combined with a
Multi-Commodity Flow approach.

Our aim in this paper is to devise an exact algorithm to solve the C-RSA. We propose
an extended formulation based on the so-called path formulation. We investigate also
the polytope associated with this formulation and introduce several classes of valid
inequalities. Using these results, we develop a Branch-and-Cut-and-Price (B&C&P)
algorithm by combining a Branch-and-Bound (B&B) algorithm with cutting plane
and column generation algorithms. We present an extensive computational study for
showing the efficiency of our algorithm.

The rest of this paper is organized as follows. In Sect. 2, we present the C-RSA prob-
lem. In Sect.3, we introduce the extended formulation. In Sect.5, we describe the
associated polytope and introduce some valid inequalities. Our Branch-and-Cut-and-
Price algorithm is presented in Sect. 6. In Sect. 7, we discuss our computational results.
Finally, Sect. 8 is devoted to some concluding remarks and future work.

In the rest of this section, we give more definitions and notations that are used in the
sequel.

A graph is denoted by G = (V, E) where V represents the set of nodes and E the set
of edges. G is said to be connected if for each pair of nodes u, v € V there exists at
least one path between u and v in G. A path p in a graph G = (V, E) is a sequence
of edges in G. For a path p of G, E(p) will denote the set of edges of p. Also, for
an edge e € E, p(e) denotes the set of paths going through e in G. A subset of
nodes C in a graph G = (V, E), is said to be clique if every two different nodes in
C are linked by an edge in G which is equivalent to say that the induced subgraph is
complete. Given two nodes s, ¢ of G, an (s, ¢)-path is a path between s and ¢. A graph
G = (V, E) is said to be conflict graph if there exists a logical relation between each
node and its complement in G such that each node in G represents a binary variable
for an integer programming problem. An edge is formed between each node v and
its complement in a conflict graph G, which is equivalent to say that atmost one of
the variables represented by node v and its complement can equal to one in a feasible
solution of the problem. Two distinct nodes u and v are said to be adjacent in a graph
G = (V, E)ifu and v form an edge in G. Given a graph G = (V, E), a subet of nodes
C form a cycle in G if C can be represented as a sequence of adjacent and distinct
nodes in G such that we can start from each node v in C and ends at the same node
v. An optical spectrum S can be seen as a set of contiguous frequency slots numbered
from 1 to 5. An interval I = [s;, s;] of slots is a set of contiguous frequency slots
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numbered from s; to s; with j > i + 1 and s; < 5. The cardinality of any given set of
elements S is denoted by |S].

2 The constrained-routing and spectrum assignment problem

The Constrained-Routing and Spectrum Assignment Problem can be stated as fol-
lows. Consider a spectrally flexible optical network that can be seen as an undirected,
loopless, and connected graph G = (V, E) with lengths £, € R (in kms) and costs
c. € Ry ontheedges e € E.Each fiber-link e € E is associated with § € N contigu-
ous slots numbered from 1 to 5. Let S = {1, ..., 5} be the set of available frequency
slots. Also, let K be a set of demands. Each demand k € K is given by its origin node
or € V, a destination node d; € V\{ox}, a slot-width requirement wy € Z, and a
transmission-reach ¢; € R4 (in kms). The C-RSA problem consists in determining
for each demand k € K, an (ox,dy)-path py in G whose total length does not exceed
n (.e., ZeeE(pk) L, < Zk). Also, each demand k € K must be assigned a subset Sk
of wy contiguous slots, in such a way that the slot assignments satisfy the so-called
non-overlapping constraints. Non-overlapping constraints here mean that if two dis-
tinct demands k and k' are assigned to paths py and pys, which share an edge, then the
slots subsets Sy and Sy, assigned to k and k" must be disjoint. Finally, the total routing
COSt, i.€. D ek Do E(py) Ce Must be minimized.

Figure 1, below, gives an illustration of a feasible solution of the C-RSA problem for a
graph with 7 nodes, 10 edges and 4 demands. Here s = 9, and each link e has a triplet
(e, e, §). We can remark that the slots assigned to each demand are contiguous and
each pair of demands whose paths intersect (like demands 1 and 2, and 2 and 4) must
have disjoint slot sets.

In what follows, we introduce an extended formulation for the C-RSA problem.

3 Integer linear programming formulation

Foreveryk € K, let P* denote the set of (ox,dy)-paths pg in G such that ZeeE(pk) e <

E_k. Forke K, p € Pkands €S, let y’,‘,’s be a variable which takes value 1 if slot s is
the last slot considered on path p for routing demand k, and O if not. For k € K and
ee€E,let xé‘ be a variable which takes value 1 if demand k goes through edge e and
0 if not. Also, fork € K and s € S, let z’S‘ be a variable which takes value 1 if slot s is
the last slot assigned for the routing of demand & and 0 if not. The C-RSA problem is
equivalent to the following integer linear program

minZZcexf, (D

keK ecE
subject to
wi—1
YD W =0VkeKk, )
pepPk s=1
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Fig. 1 Instance of the C-RSA and a feasible solution
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vy €{0.1}).Vk € K. Vp € P¥ Vs €S. (10)

Constraints (2) express the fact that ademand k € K cannot have a slot s as the last slot
before its slot-width wy. Constraints (3) ensure that exactly one slots € {wy, ..., §}is
assigned as last slot for the routing of demand k, and exactly one single path from P¥
can be used by each demand k € K. Equations (4) and (5) express the use of an edge
e € E and the assignment of slot s as last-slot by demand k, respectively. Constraints
(6) impose that a slot s on an edge e can be used by at most one demand k € K going
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through e. Constraints (7)—(9) are the trivial inequalities, and constraints (10) are the
integrality constraints. Remark that in this formulation, we do not explicitly mention
that variables x* and z¥ are binary. Indeed, it is not hard to see that if variables yf,y s
satisfy constraints (2), (3) and (10), then equations (4), (5) and (6) imply that variables
x¥ and z¥ are binary.

Note that variables x and z are not strictly necessary for the formulation. The main
role of these variables is to introduce some valid inequalities to strengthen the linear
relaxation of our formulation.

On the other hand, we ensure that all the demands K should be routed. For this,
the spectrum width § must be sufficient to route these demands. In what follows, we
describe how the feasibility of an instance is examined before solving the problem.

4 Instance feasibility

In practice, network operators consider the values of § and £ such that all the demands
can be routed in the network. In this section, we propose a heuristic to check if an
instance (G, K, S) is feasible.

First, we use a shortest-path algorithm to check if the transmission-reach £, of each
demand £ is feasible that is to say if there exists at least one feasible (o, dy) path for
demand k. If not, the problem is infeasible. Otherwise, we then check if 5 is sufficient
to route the demands. If not we will keep increasing s until we obtain a feasible one
that is s which enables the routing of all the demands. This is based on the following
procedure.

We first enumerate a set of feasible paths B* C P* for each demand k ( 30 feasible
(o, di)-paths for each demand k) using a brute force procedure. This aims at creating
a search tree that contains these paths. It can also be seen as a dynamic programming
algorithm.

Using the precomputed paths B¥ for each demand k € K, we check if 5 is sufficient
to route all the demands while using one path p from the set of paths B* and an
interval of slots S in S for each demand k € K. For this, we use a Branch-and-Bound
algorithm based on a new formulation. This formulation shares the same variables and
constraints with our previous MILP while taking P¥ = B¥, modifying equations (3)
as follows

S
Yy W <LVkek.

pEPk S=wg

Then, we check if there exist some demands that have been rejected due to a lack of
resources that is to say § is not sufficient to route all the demands. If this is the case,
then we increase the spectrum width s by 40. If 5 = 320, and some rejected demands
still exist, then we duplicate the most occupied edges (e.g., 80% of their capacities are
used). We solve the problem again while minimizing the number of rejected demands,
and keep adding slots or / and edges until no demand is rejected.

Using this procedure, we guarantee the feasibility of the instance, and therefore the
existence of at least one feasible solution for the problem.
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In the next section we describe some classes of valid inequalities for the C-RSA.

5 Valid Inequalities

Given an instance (G, K, S) of the C-RSA, we let P(G, K, S) denote the polytope,
convex hull of all the solutions of program (1)—(10). For a demand k € K, let E’g
(resp. E ]1‘ ) denote the set of all forbidden (resp. essential) edges for demand k that is
to say the set of edges e such that the length of each (og,dy)-path in G going through
e exceeds (resp. each (o, di)-path of length smaller than £ uses e). Note that sets
Eg and E 4‘ can be determined in polynomial time using Dijkstra’s algorithm (1959)
and network flows. For an edge e € E, let K, denote the subset of demands of K
having e as essential edge.

More details concerning the computation of Eé‘ and E ’f will be provided in Sect. 6
within the framework of the Branch-and-Cut-and-Price algorithm.

5.1 Cover-based Inequalities

The first class of inequalities can be seen as cover inequalities related to the contiguity
and non-overlapping constraints.

5.1.1 Edge-Interval-Capacity-Cover Inequalities

Given an interval of contiguous slots / = [s;, 5], a subset of demands K C K is said
to be a cover for I if and only if Zkek wy > |I]| and wy < |I| foreach k € K. And,
it is said to be minimal if in addition Zk’ek\{k} wy < |1 for each demand k € K.

Givenanedgee € E ,a subset K of demands is said to be a minimal cover for / over
edge e if and only if K is a minimal cover for / and e ¢ E](; for each demand k € K.

Proposition 1 (Hadhbi 2022) Let e € E, and I = [s;, s;] be an interval in [1, 5]. Let
K be a minimal cover for I. Then, the inequality

5
PREE D DD DEEAEI) (Ep (1
kekK keK s=sitwi—1
is valid for P(G, K, S).
5.1.2 Edge-capacity-cover inequalities

Next, we give some inequalities related to the capacity constraint on the edges.

Proposition 2 (Hadhbi 2022) Consider an edge e in E. Then, the inequality

D wext <5 ) wy. (12)

keK\K, k'eK,
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is valid for P(G, K, S).

For an edge e € E, a subset of demands C € K with e ¢ Eg NE ’1‘ for each demand
k € C, is said to be a cover if Z wr > § — Z wy. Moreover, C is said to be
keC k'eK,

minimal if in addition Z wy <§ — Z wy foreach k € K.

K'eC\ (k) k"eK,
Proposition 3 (Hadhbi 2022) Consider an edge e in E, and C a minimal cover in K.
Then, the inequality

Y oxi<lcl—1, (13)

keC

is valid for P(G, K, S).

5.2 Clique-based inequalities
5.2.1 Edge-interval-clique inequalities

Lete € E,and I = [s;, s;] be anintervalin [1, 5] with s; < s; — 1. The conflict graph
Hy with respect to e and / is the graph defined as follows. For each demand k € K
with wy < |I|and e ¢ Eg consider a node vy in Hle. Two nodes vy and vy are linked
by an edge in H} if wy + wy > |I|. That is to say v and vy form an edge in Hy if
the two correponding demands k, k¥’ define a minimal cover for I over e.

In the rest of this section, we introduce valid inequalities that come from conflict
graphs.

Proposition 4 (Hadhbi 2022) Consider an edge e € E. Let I = [s;, 5;] be an interval

in [1,5]. Let C be a clique in a conflict graph H]e with |C| > 3, and kaec wy <
5 — Zk’eKe\C wy. Then, the inequality
Sj
doxk+ D d=lc+1. (14)

veC s=s;+wi—1
is valid for P(G, K, S).
5.2.2 Interval-clique inequalities

Proposition 5 (Hadhbi 2022) Consider an interval I = [s;, sj]in [1,s]. Let k, k' be
a pair of demands in K with Ell‘ N E]f, # 0, wy < |I], wy <|I|, and wy +wy > |1
Then, the inequality

Sj Sj
!
E &+ E & <1, (15)
s=s;+wi—1 s'=si+wp —1
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is valid for P(G, K, S).

Using inequalities (15), we introduce the following conflict graph.

Let I = [s;, s;] be an interval in [1, 5]. Consider a conflict graph H IE defined as
follows. For each demand k € K with w; < |I| consider a node v in H IE . Two nodes
v; and vy are linked by an edge in HIE if wy + wy > || and the two demands k and
k' share an essential edge in G, i.e., E’f N E’f, # (). We have the following.

Proposition 6 (Hadhbi 2022) If C is a clique in a conflict graph H]E with |C| > 3,
then, the inequality

> Z A<, (16)

v €C s=s;+wi—1

is valid for P(G, K, S).
5.2.3 Edge-slot-assignment-clique inequalities

Let Hg be a conflict graph defined as follows. For each slot s € {wy, ..., 5} and
demand k € K withe ¢ E'g consider a node v s in Hg. Two nodes vy ; and vy o are
linked by an edge in H if either

—k=k or
—or{s—wir+1,....8}N{s" —wp +1,...,5)£0.

Proposition 7 (Hadhbi 2022) If C is a clique in a conflict graph Hg with |C| > 3, and

> kec Wk =3 — X pek,\c Wk then, the inequality

doak+d o+, (17)

v, s€C
is valid for P(G, K, S).
5.2.4 Slot-assignment-clique inequalities

Let HSE be a conflict graph defined as follows. For every slot s € {wy,...,s} and
demand k € K consider a node vy s in H 5 . Two nodes vy s and vy ¢ are linked by an
edge in H;f if either k =k’orE’1‘ ﬂE’l‘/ #A@and{s —wr+1,...,s}N{s —wp +
1,...,s"} # @ when k # k' (due to the constraints (6)). We have the following.

Proposition 8 (Hadhbi 2022) If C is a clique in Hf with |C| > 3, then, the inequality

dod<l, (18)

v, s€C

is valid for P(G, K, S).
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5.3 0dd-cycle-based Inequalities

In what follows we will describe valid inequalities induced by odd cycles in a conflict
graphs HE and HE.

5.3.1 Interval-odd-cycle inequalities

Proposition 9 (Hadhbi 2022) Let I = [s;, 5] be an interval in [1, 5], and H an odd-
cycle in a conflict graph H IE . Then, the inequality

Sj _
>y dsM (19)

v €H s=s;+wi—1

is valid for P(G, K, S).

5.3.2 Slot-assignment-odd-cycle inequalities

Proposition 10 (Hadhbi 2022) Let H be an odd-cycle in a conflict graph H ;5 . Then,
the inequality

H|—1
Zzﬁf' S (20)

2
vk s€H

is valid for P(G, K, S).

6 Branch-and-cut-and-price algorithm

As mentioned before, the path formulation (1)—(10) has an exponential number of
variables. We thus devise a Branch-and-Cut-and-Price algorithm to solve the problem.
Recall that a Branch-and-Cut-and-Price algorithm consists in solving a sequence of
linear programs using a column generation procedure at each node of a Branch-and-
Cut tree. Moreover, when the solution obtained by the column generation procedure
is fractional, we use, in a separation phase, the valid inequalities presented in Sect. 5
to strengthen the linear relaxation of the path formulation.

In what follows, we present our column generation procedure and the separation
algorithms for the valid inequalities. First, we present a preprocessing algorithm whose
aim is to compute and handle sets of forbidden edges and essential edges.

6.1 Preprocessing algorithm

Recall that, for a demand k, the set of forbidden edges, denoted by EF, is composed
by edges that cannot be used in a feasible (o, di)-path due to the transmission-reach
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constraint. Also, the set of essential edges, denoted by EX, is composed by edges
which belong to all the feasible (ox, di)-paths.

Our preprocessing algorithm starts by computing Eg . The idea is to choose an edge
e = ij and check if it belongs to E’g or not. For this, we first use Dijkstra’s algorithm
to compute a shortest path between the pair of nodes (o, i), (j, dk), (o, j), and
(i, di), denoted respectively by Py, i, Pj 4., Po,j and P; g4,. Then, we consider the
two (ox, di)-paths P; = (f’ok’i, ij, Pjg)and Py = (Py, j,ij, Pi g). If the length of
Py and P, is greater than £, then edge e is a forbidden edge for demand k and hence
is added to E’O‘

Next, we compute the edge set E ]1‘ First, we remove from G all the edges of Eg. We
denote by G* the remaining graph. This works as follows. For each demand k € K, we
give weight 1 to each edge of GX. Then, we compute a minimum weight (ox — dy)-cut
in GX. If the weight of this cut equals to 1, then this cut is formed by a single edge e
which is an essential edge for demand k. This edge is hence added to E {‘ and its weight
becomes 2. We compute again a minimum weight (o — dy)-cut and check the weight
as before and stop when this weight is greater than or equal to 2. The minimum weight
cut is computed using Goldberg and Tarjan’s (1986) maximum flow algorithm.
Finally, for every demand &, we add the following constraints in the path formulation

xf =0, foreverye € Eg,
xf =1, forevery e € E’f

As a consequence, the Branch-and-Cut-and-Price algorithm is now based on this new
formulation.

6.2 The column generation algorithm

The column generation algorithm starts with a restricted linear program containing a
small subset of variables which provides a feasible basis for the master problem. For
this, as it will be detailed below (Sect. 6.2.2), we compute some initial columns which
define a feasible solution for the master problem.

At each iteration, the algorithm checks if there exists a variable yf,ys not in the current
RMP having a negative reduced cost. If so, such a variable is added to the current
RMP which is solved again. The procedure stops when all the path variables y have
non negative reduced cost. The problem of finding variables having negative reduced
cost is the so-called pricing problem.

6.2.1 The pricing problem

The pricing problem consists in finding a feasible path p for a demand & and a slot s
such that variable yfm has a negative reduced cost if one exists. Let oy € R, k € K;;

BreR ke K; b eRkeK,ecE;pfeR keK,seS;ué <0,ecE,s€eS,
be the dual variables for constraints (2), (3), (4), (5), (6), respectively. The dual of the
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linear relaxation (1)—(7) is

maxZZuﬁ - Zﬁk, (21)

ecE seS keK

subject to

A
ﬂk—Z(A’;+ Z 1é) —pk >0,k € K,Vp e PX, Vs € {wy, ..., 5},

ecE(p) s'=s—wr+1
(22)
S
o — Z Z 1 >0,Vk e K,¥p e P Vs e {1,... w — 1},
ecE(p) s’=max(l,s—wi+1)

(23)

ce+2k>0,Vk e K,Ve € E, (24)

of +p5¥>0,Vke K, Vs €8, (25)

ue <0,Ye € E,Vs €8S. (26)

As a consequence, the so-called reduced-cost rc’s‘ (p), related to demand k € K, path

pE Pk andslots € {wg, ..., s}, is given by
s
ref(p =g —pi+ Y | M- Y | 27
ecE(p) s'=s—wi+1
Therefore, for each demand k € K and slots € {wy, ..., s}, the pricing problem aims

at finding a path p* of P¥ such that

s
re () = ol min | 30 —af- 30wl @)
pe

ecE(p) s'=s—wr+1

Finding a such path p* can be seen as a separation procedure for the dual con-
straints (22), which consists in identifying a path p* for a demand k¥ € K and
aslot s € {wg,...,5} such that gF — pk + ZEGE([?)[—A’; = D Vs w1 B9 <
Oand ), E(p+ e = £ Therefore, the pricing problem is equivalent to the Resource
Constrained Shortest Path Problem (RCSP) which is well known to be weakly NP-
Hard (Dror 1994). It consists in finding a RCP which does not belong to a set of paths
called forbidden-paths. To solve this problem, we propose a pseudo-polynomial time
dynamic programming based algorithm. It is an adaptation of the dynamic program-
ming algorithm proposed by Dumitrescu and Boland (2001) for the RCSP problem
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while taking into account some additional contraints related to the so-called forbidden-
paths. This is based on the following procedure.

First, for each demand k € K and slot s, we consider a graph G’S‘ = (V,E\ E’S),
and a set of forbidden-paths F*. Each edge e in Gi‘ is specified by a cost ¢, equal to
—)J; - Zi’:s—wk 41 My, and alength £, equal to £,. The dynamic programming based
algorithm consists in finding, for each demand k and slot s, the minimum-cost path
p* in G’s‘ which does not belong to set F¥ while satisfying the transmission-reach
constraint. For this, we associate with each node v in Gls‘ a set of labels L, where each
label corresponds to a sub-path from the origin o to node v in Gf. For each node
veV,weuse T, C L, to denote the set of labels of node v which have been treated.
That is the corresponding sub-paths have been used to generate a new label for each
neighbornode u € V \ {v} withuv € E or vu € E. Note that the edges of a forbidden
path p € F¥ can be used by the minimum-cost path px for demand k and slot s.

The complexity of the algorithm is bounded by O(| E| * £x) (Dumitrescu and Boland
2001) for each demand k.

Algorithm 1 summarizes the different steps of the dynamic programming algorithm.

6.2.2 The Initial Columns

We consider the set of precomputed paths By for each demand k and s obtained in
Sect. 4. Using this, we introduce a light path variable yf,,s for each demand k, path
p € By andslots € {1,...,5}. By adding the variables x§ for each demand k € K
and edge e € E, and variables zf for each demand k € K and slots € {1, ...,5}, we
obtain a feasible basis for the RMP.

6.3 Separation Procedures

In what follows, we present our separation procedures for the valid inequalities pre-
sented in Sect. 5.

As noticed in Sect. 5, our valid inequalities are based on three well known classes of
inequalities: cover, clique and odd-cycle inequalities. The separation problem for cover
inequalities was first introduced by Crowder et al. (1983) for the knapsack problem.
The cover separation problem is NP-Hard (Klabjan et al. 1998; Nemhauser and Wolsey
1988). Nemhauser and Sigismondi (1992) have proposed a greedy algorithm to obtain
an approximate solution for this problem. On the other hand, the separation problem
for clique inequalities is well known to be NP-Hard (Karp 1972; Padberg 1973).
The greedy algorithm proposed by Nemhauser and Sigismondi (1992) for the cover
separation problem can be adapted to obtain an approximate solution for the clique
separation problem. However, the separation problem for odd-cycle inequalities can
be solved exactly in polynomial time as shown by Grotschel et al. (1988). These results
are still valid for the valid inequalities presented in Sect. 5.

In the following, we adapt the greedy algorithm proposed by Nemhauser and Sigis-
mondi (1992) for the separation of the cover-based inequalities (11) and (13). This
algorithm will also be used for the separation of the clique-based inequalities (14),
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Algorithm 1 Dynamic Programming Algorithm

Data: Graph G = (V, E), ademand £, a slot s, a set of forbidden-paths F' k, and the optimal values of the
duals variables (o, 8*, A*, p*, u*)

. Result: The minimum-cost path px for demand k and slot s

Step 0: Initialization

Set Lo, = {(0,0)} and L, = ¥ for each node v € V \ {o};

Set T, = ¢ for eachnode v € V ;

Set STOP=FALSE;

Set p* = NULL;

while STOP==FALSE do

if Upey (Ly \ Ty) = ¥ then

Set STOP= TRUE;

Set p* = ¢

We select one label p from the labels L, of destination node dj having

S
BE—pk+ 3 =2k - > w1 <0, andp ¢ FE.
ecE(p) s/ =s—wy+1

if such label exists then
Set p* = p;

end
end
if Uyey (Ly \ Ty) # ¥ then
Selectanodei € V and alabel p € L; \ 7; having the smallest value of ZeEE(p) le;
for each e = ij € 8(i) such that 31 cppyle +le < I} do
if j ¢ V(p)and pU{e} ¢ F¥ then
Set p' = pU{e};
Update the set of label L = L; U {p’};

end

end
SetT; =T; U {p}k

end

end
return the minimum-cost path p* for demand k and slot s;

(16), (17), (18). The polynomial algorithm proposed by Grétschel et al. in Grotschel
et al. (1988) for the separation of odd-cycle-based inequalities will be also adapted
for the separation of odd-cycle inequalities (19) and (20).

6.3.1 Separation of edge-interval-capacity-cover inequalities
We discuss in this section the separation problem of inequalities (11). Consider a
fractional solution (y, Z, X), an edge ¢ € E and an interval of contiguous slots I =

[si, s;1inS. The separation problem associated with inequality (11) consists in finding
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a minimal cover K* for the interval I over the edge e, such that

Sj

dYoxk+ Y F sk -1

keK* s'=sitwi—1

For this, we first select a demand k € K having the largest number of requested

slots wy with ¥¥ > 0 and Zy:si—ﬁ—wk—l 7%, > 0. Then set K* = {k}. After that, we
iteratively add each demand kK’ € K \ K* to K* if )Eif/ > 0 and Zj{:s,- fw—1 _';,, >0

while Zkek* wg < |1, i.e., until K* becomes a cover for the interval I over edge e,
thatis » , _g. wx > [I|. We then derive a minimal cover from K* by deleting each
demand k € K* if Zk’ek*\{k} wy > |I|. If inequality (11) induced by K* is violated,
then it is added to the current LP.

6.3.2 Separation of edge-capacity-cover inequalities

Next, we discuss the separation of inequalities (13). Consider a fractional solution
(3,2, %), and an edge e¢ € E. The separation problem aims at identifying a minimal
cover K* for the edge e, such that

> x> K- L

keK*

First, we select a demand k € K \ K, having the largest number of requested slot
wy with )Eif > 0, and set K* = {k}. Then, we iteratively add each demand k' €
K\(K,UK*)to K*if x¥" > 0 while >, g, wx <5 — Y g wj until K* becomes
a cover for edge e. After that, we derive a minimal cover from K* by deleting each

demand k € K* if Zk/el%*\{k} wy > § — Z,;E,Q wg. We then add inequality (13)
induced by K* to the current LP if it is violated.

6.3.3 Separation of edge-interval-clique inequalities
Consider a fractional solution (Y, z, X). The separation problem of inequalities (14)

consists in identifying a maximal clique C* in a conflict graph H | for a given edge e
and an interval of contiguous slots I = [s;, s;] such that

Sj
Yo+ Y n= I+,
keC* s'=si+wr—1

For this we need to identify a maximal clique in a conflict graph I:If This works
as follows. We first associate a positive weight for each node vy in I:Ile which equal
to )Ef * ZZ{:S’_ w1 ']S‘,. Then we select a demand k € K having the largest weight
ik Zj{zsi w1 Z';,. After that, we iteratively add each demand k" having )Ef > Oand
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S -k’ g . . . . .
Do sitwy—1 %5 0 if its corresponding node vy is linked with all corresponding

nodes of demands that are already added in C*. At the end, C* defines a clique in a
conflict graph Hy . If inequality (14) induced by C* is violated, then it is added to the
current LP.

6.3.4 Separation of interval-clique inequalities

Here we discuss the separation of inequalities (16). Consider an interval of contiguous
slots I = [s;, s;]. The separation problem for inequality (16) consists in identifying a
maximal clique C* in a conflict graph H IE such that

S'l
Z Z Zf/ > 1.

keC* s'=s;+wi—1

For this, we use also the greedy algorithm introduced by Nemhauser and Sigismondi
(1992) to identify a maximal clique in a conflict graph H IE . This works as follows.

for each node vy in H IE . We then
z¥,, and set C* = {k}.

> 0if its

. .. . Si -
We first associate a positive weight > S'/’_S, w1 zf,
1

select a demand k € K having the largest weight ZZ{:S w1

After that, we iteratively add each demand k" having ijq Fup—1

corresponding node vy is linked with each node vy in H IE with £ € C*. At the end,
we add inequality (16) induced by the maximal clique C* to the current LP if it is
violated.

6.3.5 Separation of interval-odd-cycle inequalities

Let’s now discuss the separation problem of inequalities (19). It consists in identifying
an odd-cycle H* in a conflict graph H IE for an interval I of contiguous slots and a
fractional solution (¥, z, x) such that

keH* s'=s;+wi—1

if there is some. The algorithm aims at finding a minimum weighted odd-cycle in
an auxiliary graph with non-negative weight. For this, we first construct an auxiliary
graph H;E from HF which defines a bipartite graph by creating a copy v} for each

node vy in H IE Two nodes are linked in A I’E if their original nodes are linked in
HE. We assign to each link (v4, vp) in HE a non-negative weight which equal to

I_ZS{ Za/ _ZS'// Zb/
w1 2 R .
St S TSN We then compute for each node vy in H°, the shortest

path between vy and its copy v, in the auxiliary conflict graph H I’E denoted by P}
After that, we check if the total sum of weights over edges in P is smallest than
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l .
s that is

Sj Sj =b
Z - Zs '=si4+wg—1 Z Zx’:sﬁrwal Ly -
2

N =

(a0 EE (P, )

If so, the odd-cycle H* is composed of all the original nodes of nodes belonging to
the computed shortest path P} We then add inequality (19) induced by H* to the
current LP.

6.3.6 Separation of edge-slot-assignment-clique inequalities

Consider an edge ¢ € E. The separation problem for inequalities (17) consists in
identifying a maximal clique C* in a conflict graph Hg such that

Yoo+t sic+1

v, s€C*

For this, we adapt a greedy algorithm introduced by Nemhauser and Sigismondi (1992)
to identify a maximal clique C* in a conflict graph H¢. Based on this, we first assign a

positive weight Zf * )Eé‘ to each node vy in H § We then select a node vy ¢ having the
largest Weight Then set C* = {vrs}. Next, we iteratively add to C* each node vy ¢

having z z v >0andx x > 0 if it is linked with all the nodes v s already added in C*.
It 1nequal1ty a7 1nduced by C* is violated, then it should be added to the current LP.

6.3.7 Separation of slot-assignment-clique inequalities

Now, we describe the separation problem for inequalities (18). It consists in identifying
a maximal clique C* in a conflict graph H ;5 such that

Z s

v, s€C*

This works as follows. First, we assign a positive weight Z’; to each node v 5 in a
conflict graph H SE We then select a node vi s in H SE having the largest weight, and
set C* = {vk.s}. After that, we iteratively add each node vy g to the current C* if it
is linked with each node v; s € C* and z v > 0. Then we add inequality (18) induced
by C* to the current LP if it is violated.
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6.3.8 Separation of slot-assignment-odd-cycle inequalities

Finally, let’s discuss the separation problem of inequalities (20). The separation prob-
lem consists in identifying an odd-cycle H* in a conflict graph H SE such that

—k |H*|_1
> #-

U](JEH*

This can be done in polynomial time by finding a minimum weighted odd-cycle in
an auxiliary graph formed from H f To do so, we first construct an auxiliary conflict

graph HF by duplicating each node vy in H¢® (i.e., vi,s and its copy v} ). Each
two nodes form an edge in FI&E if their original nodes are linked in I:I;5 . Then we

. o . : . 1-z-24
assign to each link (v s, Uy ) @ non-negative weight which equal to ‘2 s We
then compute for each node v ¢ in HE, the shortest path Pug v, between vy s and

S0 Yk s

its copy in H gE . After that, we check if the total sum of weight over edges belonging
to this path is smaller than %, that is

a b
Z 1—Zs/—ZSn <
2

(va,x’ ’vh,x”)EE(pUk“Y ,v;{ v)

N =

If so, the odd-cycle H* is composed of all the original nodes of nodes belonging to
the computed shortest path Puggu) - As a consequence, inequality (20) induced by

H* is added to the current LP.

6.4 Overview of the branch-and-cut-and-price algorithm

In this section, we summarize the main steps of the Branch-and-Cut-and-Price algo-
rithm.

The first step of the algorithm is to apply the preprocessing algorithm described above
to find the sets of forbidden and essential edges. Recall that at the end of the prepro-
cessing phase, the path formulation is updated with additional constraints related to
forbidden and essential edges.

As mentioned before, we use the column generation algorithm to solve a sequence
of linear programs at each node of the Branch-and-Bound tree. In addition, if the
obtained solution is fractional we try to find one or more valid inequalities that are
violated by that solution using the separation procedure presented in Sect.6.3. Note
that the structure of the pricing problem remains the same given that all the valid
inequalities added to the problem are not based on the path variables yf,’s.

We repeat this procedure at each iteration of the algorithm until no new columns or
violated inequalities are found. The final solution is optimal for the linear relaxation of
the path formulation. Furthermore, if it is integral, then it is optimal for the problem.
Otherwise, we create two subproblems by branching on a fractional yg’ ¢ variable for
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ademand k € K,apath p € Pkandaslots € {wg, ..., s} with0 < yf,,s < 1. Recall

that variables x* and z¥ are binary as soon as variables yf,’s are binary. Note that the
pricing can be affected by the branching rule. For this, we don’t need to generate an
additional light path for a demand & for which y;‘]) s 1s fixed to 1 for some path p and
slot s. On the other hand, for each light path variable y;‘?’ ¢ fixed to 0, we should not
regenerate again the corresponding path p for demand k and slot s. However, the edges
of path p can be used by another path p’ for the same demand k and slot s. This has
been taken into account in our dynamic programming algorithm.

7 Computational results

Our B&C&P algorithm has been implemented in C++ under Linux using the SCIP
6.0.2 framework (Gamrath et al. 2020) and CPLEX 12.9 (Cplex 2020) as LP solver.
The program has been run on HPC with 64 Gb of memory and 8 threads running in
parallel. The maximum CPU time has been set up to 5 h (18,000 s).

For the test instances, we use two types of graphs. The first ones are called “Real” as
they correspond to real 5G network topology. The second ones, called “Realistic”, are
graphs from SND-Lib (Orlowski et al. 2007) having up to 166 nodes and 166 edges.
Table 1 below gives the details for each graph.

For each instance, the demand set K is randomly generated with |K | € {10, 20, 30, 40,
50, 100, 150}.

Our aim in this section is to show the efficiency of our B&C&P algorithm for solving
the C-RSA, and also the impact of the valid inequalities.

Table 2 below reports the results we have obtained. For each instance we give

|K |: the number of demands,

— |S]: the number of slots,

Nodes: the number of nodes in the Branch-and-Bound tree,

Gap: the optimality gap,

Cols: the number of columns added in the column generation phase,

Cuts: the number of inequalities added in the constraints separation phase,
— TT: the total CPU time.

For each triplet (G, | K|, |S|) we generate four instances. Note that for our purpose, we
have deactivated SCIP internal cut generation procedures. Based on some preliminary
results, the separation of our valid inequalities is performed along a complete B&C&P
in the following order:

— Edge-Capacity-Cover inequalities (13),
Edge-Interval-Capacity-Cover inequalities (11),
Edge-Slot-Assignment-Clique inequalities (17),
— Edge-Interval-Clique inequalities (14),
Slot-Assignment-Clique inequalities (18).

In what follows, we report in Table 2 the results obtained by the complete B&C&P
algorithm (c.f. columns B&C&P in Table 2) compared with the B&P algorithm.
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Each line of Table 2 corresponds to the average results over 4 instances. For this, we
distinguish two cases when the average CPU time is smaller than the time limit of
18000 s and optimality gap greater than 0, 00:

— we exceed the memory limit for one of the 4 instances before the time limit is
reached,

— or there exists at least one instance of the 4 instances which is solved to optimality
in less than 18000 seconds. So the average gap is positive, and the average CPU
time is less than 18000 seconds.

It can be seen from Table 2 that 37 instances over 56 (i.e.. 66% of the instances) are
solved to optimality. Out of these 37 instances, 64% (i.e., 24 instances) are solved to
optimality at the root of the B&B tree. Moreover, 44% (i.e., 25 instances) are solved
to optimality in less than 1 min. For the remaining instances, 16 instances are solved
with an average optimality gap less than 1% in more than 1h. There exist only 3 triplets
(Spain,50,35), (Brain161,50,40) and (Brain161,100,80) for which we reach the time
limit of 18000 seconds when using the complete B&C&P algorithm.

We have also analyzed the efficiency of the valid inequalities presented in this paper.
For this, we have run the algorithm on the same test instances as before, but without
using the valid inequalities. The Branch-and-Price (B&P) algorithm thus obtained is
then compared to the B&C&P algorithm.

Table 2 shows the results obtained by the B&C&P vs the B&P algorithm. As it appears,
the number of instances solved to optimality decreases when the inequalities are not
used (25 against 37 instances). Also, the number of nodes in the Branch-and-Bound
tree is significantly less when using the B&C&P algorithm (12 against 24 instances
solved at the root of the Branch-and-Bound tree).

Finally, the average CPU time over all the instances increases when the valid inequal-
ities are not used (6461, 75 sec against 4748, 58 sec). Also, 21 instances are solved to
optimality by the B&P in less than 1 min (against 25). For the remaining instances,
23 instances are solved with an average optimality gap less than 1% in more than 1h.
Fig.2 below summarizes the comparison of the results between the B&C&P and B&P
algorithms over five indicators.

These observations clearly show the effectiveness of the valid inequalities and the
whole B&C&P algorithm to solve large-sized instances of the C-RSA problem. We can
clearly see that the B&C&P algorithm outperforms the B&P for all the five indicators.
Now, we analyse the efficiency of each class of valid inequalities we have introduced in
this paper using three real graphs and three realistic graphs from SND-Lib Orlowski
et al. (2007). For this, we have solved the problem using only one class of valid
inequalities at once. Then, we have compared the results against the B&P algorithm
and the complete B&C&P algorithm. Here we compare the optimality gap for each
instance and each class of valid inequalities. These results are given in Table 3. For
each instance, Table 3 reports the optimality gap for:

The B&P algorithm (column B&P),

The B&C&P with only Edge-Interval-Capacity-Cover inequalities (11) (column
Ineq_11),

The B&C&P with only Edge-Capacity-Cover inequalities (13) (column Ineq_13),
The B&C&P with only Edge-Interval-Clique inequalities (14) (column Ineq_14),
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uB&P mB&C&P

92,86

83,93

07

3 3 3
3 3 3 I
% NUMBER OF % NUMBER OF % NUMBER OF % NUMBER OF % NUMBER OF
INSTANCES SOLVED TO INSTANCES SOLVED AT INSTANCES SOLVED IN INSTANCES SOLVED IN INSTANCES SOLVED

OPTIMALITY THE ROOT LESS THAN 1MN LESS THAN 1H WITH AVG_GAP LESS
THAN 1

66,
42,86
53,57

37,50

21,43

Fig.2 Comparison of the results: B&P vs B&C&P

— The B&C&P with only Interval-Clique inequalities (16) (column Ineq_16),

— The B&C&P with only Edge-Slot-Assignment-Clique inequalities (17) (column
Ineq_17),

— The B&C&P with only Slot-Assignment-Clique inequalities (18) (column Ineq_18),

The B&C&P with only Interval-Odd-Cycle inequalities (19) (column Ineq_19),

The B&C&P with only Slot-Assignment-Odd-Cycle inequalities (20) (column

Ineq_20),

The full B&C&P algorithm (column B&C&P).

The results show that the complete B&C&P algorithm is able to solve more instances
to optimality compared with when using only one class of valid inequalities. Moreover,
when the optimality is not guaranteed, the optimality gap achieved by the complete
B&C&P algorithm, in general, is better than when using only one class of valid
inequalities.

We have also noticed that for some instances (eg. lines (Coronet100,150,200),
(India35,150,200), (Ta65, 50, 40)), the algorithm with only Edge-Capacity-Cover
inequalities (13) provides a better optimality gap than the complete B&C&P algo-
rithm.

We compare also the number of nodes in the branching tree for each instance and
each class of valid inequalities. These results are given in Table 4. Observe that fewer
nodes are generated in the branching tree when using a complete B&C&P compared
with the case when only one class of valid inequalities is used. The results show also
that the number of nodes generated in the branching tree is smaller when using the
Edge-Capacity-Cover inequalities (13) compared with the one obtained for the other
classes of valid inequalities.

Next, we will compare the complete B&C&P algorithm with an existing Branch-
and-Cut (B&C) algorithm (Diarrassouba and Hadhbi 2022) using the same instances
and computational environment. This comparison is shown in Table 5.

The results show that the complete B&C&P algorithm solves several instances to
optimality that are not solved to optimality when using the B&C algorithm (66 %
vs 43 %). Also, we notice that 43 % of instances are solved to optimality by the
B&C&P algorithm at the root node of the branching tree, while 82% of instances
require branching when using the B&C algorithm. Furthermore, the number of nodes

@ Springer
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generated in the branching tree is in most cases very large when using the B&C
algorithm (hundreds of nodes). We notice also that the CPU time is, in general, better
for the B&C&P algorithm.

As aconsequence, the B&C&P algorithm appears to be better than the B&C algorithm
presented in Diarrassouba and Hadhbi (2022).

8 Conclusion

In this paper, we have addressed the C-RSA problem using a polyhedral approach
and propose an exact resolution algorithm. We have first given an extended formula-
tion for the problem using path variables. Then we have investigated the associated
polytope, and introduced several classes of valid inequalities. Using these results, we
have devised a Branch-and-Cut-and-Price algorithm to solve the C-RSA. The compu-
tational results show that the algorithm is efficient to solve optimality instances with
different network topologies and large size demand sets. They show also that the valid
inequalities we have introduced play an important role in improving the performance
of the algorithm. We have also demonstrated the effectiveness of the B&C&P, which
is shown to be better than any existing approach of the state-of-the-art.

Finally, it would be interesting to further address the Survivable Constrained-
Routing and Spectrum Assignment (SC-RSA) problem. It first consists in determining
for each traffic demand k € K two edge-disjoint (o, di)-paths in G namely primary
path py and backup path pj with 3", ., £e < £x and DBty = £ Moreover,
an interval of contiguous frequency slots S; C S (resp. S; € S ) of width equal to wy
is assigned to each demand k throughout its primary path py (resp. backup path p;)
while satisfying the C-RSA constraints, and optimizing some network design objec-
tive functions. For this, we plan to investigate the polyhedron of the SC-RSA problem,
and devise exact algorithms based on Branch-and-Cut and Branch-and-Cut-and-Price
algorithms to solve the problem.
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